2009 American Control Conference
Hyatt Regency Riverfront, St. Louis, MO, USA
June 10-12, 2009

FrA13.4

Continuous-time Errors-in-variables System Identification through
Covariance Matching without Input Signal Modeling

Magnus Mossberg and Torsten Soderstrom

Abstract— The continuous-time errors-in-variables system
identification problem is studied. The proposed solution is to
use a covariance matching approach in which the input signal
is not modeled, allowing for general types of input signals. As a
consequence, no input signal parameters have to be estimated.

I. INTRODUCTION

Consider the system

’U,o(t), (1)

where A(p) = p"+a1p" ' +...4+a, and B(p) = bip™ 1+
...+ by, with p denoting the differentiation operator. The
discrete-time measurements u(kh) = ug(kh) + @(kh) and
y(kh) = yo(kh) + y(kh), where h is the sampling interval
and where u(kh) and g(kh) are discrete-time white noise
sources, are available for £k = 1,...,N. The problem
considered here is the one of estimating the parameters
O=[a1 - an b1 - bp]" @
from these measurements. This is the so called continuous-
time errors-in-variables (EIV) problem, see for example [1]—
[3], that appears in several engineering applications [4]. A
survey of the discrete-time EIV problem is given in [5].

In [3] a covariance matching approach for solving the
continuous-time EIV problem was considered. It was as-
sumed that u((t) could be described as a continuous-time
ARMA process, and its parameters were estimated. The
approach taken here is more general in the sense that ug(t)
is only assumed to be a stationary process.

II. PRELIMINARIES

For the stochastic process s(t), let r5(7) be its covariance
function and ¢4(w) denote the spectrum. Then [6]

rs(T) = / v d (w)dw 3)

— 00

and

E{ps()p*s(t)} = /

— 00

o0

(iw)? (—iw)* ¢y (w)dw
S I BT

M. Mossberg is with the Department of Physics and Electrical Engi-
neering, Karlstad University, Sweden. E-mail: Magnus.Mossberg@kau.se.
His research was partially supported by Paper Surface Center at Karlstad
University, Sweden.

T. Soderstrom is with the Division of Systems and Control, Depart-
ment of Information Technology, Uppsala University, Sweden. E-mail:
Torsten.Soderstrom @it.uu.se

978-1-4244-4524-0/09/$25.00 ©2009 AACC

Apparently, i’ tE s purely imaginary when j + k is an odd

integer. However, in that case the integral is zero, as the
integrand becomes an odd function. Differentiation of (3)
gives

g (Pl = / (0) " by (@) o] —o

— 00

=i# /OO wh g (w)dw 5)

— 00

and therefore

E{p/s(t)p"s(t)} = (=1)*p""*ry(0). (6)

In (5) it is assumed that the spectrum ¢,(w) decreases for
large w at least as 1/w?**2, and similarly for (4).

I11. COVARIANCE MATCHING
Define zo(t) as

———uo(t) (7N
which means that

o) = D bip™ I z(t), uo(t) = a;p" T z(t), (8)
Jj=1 j=0

with ag = 1. From the material in Section II, we have

E{p"yo(t)p"yo(t)} = (—=1)"p" 1y, (0)

m

= (=1 3D ) R T (0), ()
j=1k=1

E{puo(t)p"0(8)} = (1) P 7 0)

= (=1 Y > (1" Fagap® I (0), (10)
=0 k=0

E{p"yo(t)p"uo(t)} = (—=1)"P" " 7yu, (0)

for p,v =10,1,....

Now, (9)—(11) can be used to get a number of covari-
ance matching equations, where {a;}7_;, {br}jL,, and
{p*r.(0)}eer, with L = {2,4,...}, are regarded as un-
knowns. The covariance matching equations can be written
as

A(0)x =c, (12)
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where the elements of the matrix

Ayo((O;
A, (0
A(0) = | L even (13)
O agn©
Ayoug (0)
depend on 6, and where
T
x = [p?rs,(0) pr.,(0) o7, (0)] ", (14)
T
c® ey, el (epm)” (eg,)] (15)
with
T
Cyo = [pQTyo(O) p4ry0(0) pﬁryo(o)] ) (16)
T
Cug = [P*Tuo(0) P74 (0) Pre, (0], A7)
ven T
Czoeuo = [pzryouo(o) p4ryouo(0) péryouo(o)} )
(18)
0 € T
Cy((]](qlm = [plryouo (0) p37’y0u0(0) P Tyoug (0)] .
(19)

The odd order derivatives of r, (0) and 7,,(0) are not
interesting to consider in the system of equations since
they are zero and carry no information. The number & of
unknowns to be estimated is £ = dim{0#} + dim{x}, where
dim stands for dimension, and the number of equations
k = dim{c}. This means that the inequality £ < k can be
seen as a necessary identifiability condition. The structure of
A(0) as well as the fulfillment of the identifiability condition
are illustrated in the following example.

Example. Consider the second order case with n = m = 2,
where the choices § =4, v =2, § =4, and € = 3 are made
in (16)—(19). This means that & = 6 in (14) and that

b2 —b2 0
A, (0) = 02 bgl b%} 7 (20)
Auy(6) = [23 —af+20, 1], @b
even _ —b2a2 by — biay 0
Ayouo(g) - | 0 boas by — b1a1:| ’ @2
odd gy _ |braz —baar by 0
Ayouo (0) - | 0 biag —bsa; by 23)

in (13). In this case, the number of unknowns ¢ equals the
number of equations k, so the identifiability condition is
fulfilled. O

The values of p**¥r,(0), p" 7y, (0), and pH 1y, (0)
are to be estimated from the measured data, giving the vector

T AT ~even )T (Aodd )T]T (24)

c= [Cyo Cuo (Cyouo Cyouo

Note that the estimate € is consistent in the case with noisy
data as long as it is not based on r,(0) and 7,(0). The
estimation can be done in at least two ways as described
next for p#*r,(0).
1) Estimate in a natural way the covariance function r,(7)
as

N
1
Fy(th) = + > y(kh)y(kh + th).  (25)
k=1

From these estimates for £ = 1,2, ..., make some nu-
merical differentiation to get estimates of the derivative
of r,(7) at 7 = 0. Avoid using ¢ = 0 in order to avoid
bias due to the measurement noise.

2) Make a numerical differentiation of the measured sig-
nal and use the so computed estimates to determine
the derivative of 7, (7) at 7 = 0. For example,

1

g(kh) = 3 (y(kh + h) = y(kh)), ~ (26)
N

Py 0) = - S0 P (kh). @7)
k=1

The first alternative is most likely preferable in situations
when the variance of the measurement noise is high.

Note that 7,,,,(0) could be included in (18) since it
is possible to estimate with high accuracy in spite of the
measurement noises. This would give an extra equation but
also an additional unknown since r,,(0) would appear in
(14).

Based on the system of equations (12), the estimator

{6,%} = arg min J(0,x), (28)
0.,x

where

J(0,x) = |le — A(0)x], (29)

for 8 and x is suggested. Here, Q is a symmetric and positive
definite weighting matrix. From the separable least squares
problem (28),

x = (AT(0)QA(6)) AT (0)Qe (30)
and
6 = arg min V(6), 31
]
where
V(0) = "Qée — e"QA(0)(AT(9)QA(9)) AT (9)Qe.
(32)

Future work includes numerical and statistical investigations
of the proposed method.
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