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Abstract

In this paper, we study the error behavior of the nonequispaced fast Fourier transform
(NFFT). This approximate algorithm is mainly based on the convenient choice of
a compactly supported window function. Here, we consider the continuous Kaiser—
Bessel, continuous exp-type, sinh-type, and continuous cosh-type window functions
with the same support and same shape parameter. We present novel explicit error
estimates for NFFT with such a window function and derive rules for the optimal
choice of the parameters involved in NFFT. The error constant of a window function
depends mainly on the oversampling factor and the truncation parameter. For the
considered continuous window functions, the error constants have an exponential
decay with respect to the truncation parameter.

Keywords Nonequispaced fast Fourier transform - NFFT - Error estimate -
Oversampling factor - Truncation parameter - Continuous window function
with compact support - Kaiser—Bessel window function
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1 Introduction

The nonequispaced fast Fourier transform (NFFT) (see [6, 7, 16, 20] and [15, Chap-
ter 7]) is an important generalization of the fast Fourier transform (FFT). The
window-based approximation leads to the most efficient algorithms under different
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approaches [8, 18]. Recently, a new class of window functions were suggested in
[3] and asymptotic error estimates are given in [4]. After [20], the similarities of the
window-based algorithms for NFFT became clear. Recently, we have analyzed the
window-based NFFT used so far and presented the related error estimates in [17].
Now, we continue this investigation and present new error estimates for some other
window functions. More precisely, we consider the continuous Kaiser—Bessel win-
dow function and two close relatives of the sinh-type window function, namely the
continuous exp-type and cosh-type window functions. All these window functions
have the same support and the same shape parameter. We show that these window
functions are very useful for NFFT since they produce very small errors.

In this paper, we present novel explicit error estimates (3) with so-called error
constants (1). The error constants of NFFT are defined by values of the Fourier
transform of the window function. We show that an upper bound of Eq. 1 depends
only on the oversampling factor 0 > 1 and the truncation parameter m > 2 and
decreases with exponential rate with respect to m. In numerous applications of NFFT,

one uses quite often an oversampling factor o € [%, 2] and a truncation parameter

m € {2, 3, ..., 6}. Therefore, we will assume that o > %.

The outline of the paper is as follows. In Section 2, we introduce the set @, y, of
continuous, even window functions with support [ — it Nﬂl], where m € N\ {1}
and Ny = oN € 2N (with N € 2N and 2m < Np) are fixed. We emphasize that
a continuous window function ¢ € @,, y, tends to zero at the endpoints :i:%1 of its

compact support [ — £-

oo %] cl- % %] In Section 3, we show that the simple
rectangular window function Eq. 4 is not convenient for NFFT.

The main results of this paper are contained in Sections 4-7. For the first time,
we present explicit estimates of the error constants (1) for fixed truncation parameter
m and oversampling factor o. In Section 4, we derive explicit error estimates for
the continuous Kaiser-Bessel window function (8). In comparison, we show that the
popular standard Kaiser—Bessel window function (20) has a similar error behavior as
Eq. 8. A very useful continuous window function is the sinh-type window function
(22) which is handled in Section 5.

The main drawback for the numerical analysis of the exp-type and cosh-type win-
dow function is the fact that an explicit Fourier transform of this window function
is unknown. In Sections 6 and 7, we develop a new technique. We split the con-
tinuous exp-type/cosh-type window function into a sum ¥ + p, where the Fourier
transform of the compactly supported function v is explicitly known and where the
compactly supported function p has small magnitude. Here, we use the fact that both
window functions (28) and (49) are close relatives of the sinh-type window func-
tion (22) which was introduced by the authors in [17]. The Fourier transform of p is
explicitly estimated for small as well as large frequencies, where o and m are fixed.
We present many numerical results so that the error constants of the different win-
dow functions can be easily compared. After this investigation, we favor the use of a
continuous window function with small error constant, which can be very fast com-
puted, such as the sinh-type, standard/continuous exp-type, or continuous cosh-type
window function.
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2 Continuous window functions for NFFT

Let o > 1 be an oversampling factor. Assume that N € 2N and Ny :=oN € 2N
are given. For fixed truncation parameter m € N\ {1} with 2m < N1, we introduce
m m

the open interval I := ( - N_l) and the set @,, y, of all continuous window

functions ¢ : R — [0, 1] with the following properties:
e Each window function ¢ is even, has the support 7, and is continuous on R.
o Each restricted window function ¢|jo, /N, is decreasing with ¢(0) = 1.
e For each window function ¢, the Fourier transform

. m/Ny
P(v) := /go(l)e_zmm dt =2/ @(1) cos(2m vt) dr
1 0

is positive for all v € [-N /2, N/2].

Examples of continuous window functions of @, y, are the (modified) B-spline win-
dow functions, algebraic window functions, Bessel window functions, and sinh-type
window functions (see [17] and [15, Chapter 7]). More examples are presented in
Sections 4-7.

In the following, we denote the torus R/Z by T and the Banach space of contin-
uous, 1-periodic functions by C(T). Let Iy := {—N/2,..., N/2 — 1} be the index
set for N € 2N.

We say that a continuous window function ¢ € @, y, is convenient for NFFT, if
the C (T)-error constant

eq(p) == SUPN s, N (p) (D
Ne2
with
P +7rN1) orirn
es. N (@) == ma}x ” Z T e2mrN1()||C(T) )
nelv oy ¥

fulfills the condition e, (¢) <« 1 for conveniently chosen oversampling factor o > 1.
The norm in C(T) is defined by || f|lc(T) := maxyeT | f (x)].

Now we show that the error of the nonequispaced fast Fourier transform (NFFT)
with a window function ¢ € @, y, can be estimated by the error constant (1). The
NFFT (with nonequispaced spatial data and equispaced frequencies) is an approxi-
mate, fast algorithm which computes approximately the values p(x;), j =1,..., M,
of any 1-periodic trigonometric polynomial

p(x) — Z Cx eZﬂikx

kely

at finitely many nonequispaced nodes x; € [ - %, %), j=1,..., M, wherecy € C,
k € Iy, are given coefficients. By the properties of the window function ¢ € @, y,,
the 1-periodic function

Gx) =) p(x+k), xeT,
keZ
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is continuous on T and of bounded variation over [ — l, %] Then, from the Conver-

gence Theorem of Dirichlet—Jordan (see [22, Vol. 1, pp. 57-58]), it follows that ¢
possesses the uniformly convergent Fourier expansion

oL =) plky e

keZ
with the Fourier coefficients

. 1 )
(27(]() = / </’(x) e*Z?leX dx = / (,Z(x) efzﬂlkx dx .
R 0

We approximate the trigonometric polynomial p by the 1-periodic function

l
s() =Y ged(x - N ecm

[EINI
with the coefficients
1 Ck :
g = — (k) o2mike/Ny . tely,.
keI
The computation of the values s(x;), j = 1,..., M, is very easy, since ¢ is com-

pactly supported. The computational cost of the algorithm is O(N; log Ny + (2m +
1)M), see [15, Algorithm 7.1] and [11] for details.

We interpret s — p as the error function of the NFFT which we measure in the
norm of C(T).

Theorem 1 Leto > 1, N € 2N, and N| = o N € 2N be given. Further let m €
N\ {1} with 2m < Nj.
Then the error function of the NFFT can be estimated by

Is = plea <eo(@) Y leal. 3)

nely
The proof of Theorem 1 is based on the equality
s(x) — px) = Z Z w(n-’_er) 2711(n+rN1)x’ xeT.

nely reZ\{0} (p(n)

For details of the proof see [17, Lemma 2.3] and [13, Lemma 2.1].
In order to describe the behavior of C(T)-error constant ( 1), we have to study the
Fourier transform of a window function ¢ with the support 1.

3 Rectangular window function
In this section, we present a simple discontinuous window function which is not con-
venient for NFFT. Later, we will use this discontinuous window function in Remarks

1 and 3, where we estimate the C(T)-error constants for the standard Kaiser-Bessel
window function and the original exp-type window function, respectively.
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The simplest window function is the rectangular window function

1 xel,
Prect(X) == 3 x=HH, )
0 xeR\I,

Now, we show that the rectangular window function (4) is not convenient for NFFT.
The Fourier transform of Eq. 4 has the form
2m . 2mmv

Prect(V) = N, ey Ve R. ®)

The discontinuous window function ¢ec; does not belong to @, v, .

Lemma 1 Foreachn € Iy \ {0}, the Fourier series
n 1

Ny r4+ &+
lrEZ +N1

eZmer X

converges pointwise to the N%—periodic function of the form

mni

- (1 _ e—2nin/N1)—1 e—27rinx , x e (07 L) .
N1

Ny

Proof For fixed n € In\{0}, we consider the Fourier series of the special Nil-periodic

function g, (x) := e 2Tinx for x € (0, Nll) with

1 1 ,
gn(0) = gn(—) == (1 + 672n1n/N1).

N 2
For n = 0, we have go(x) = 1. Then, the rth Fourier coefficient of g, reads as
follows:
e i 1 . 1
M / gn(t)e NI dr = — (1- e_zm"/Nl) n
0 i P

for r € Z. By the Convergence Theorem of Dirichlet-Jordan, the Fourier series of g,
is pointwise convergent such that for eachx € Rand n € Iy \ {0}

1 ; 1 ;

gn(x) = (1 . 672n1n/N1) Z . e2mrN1x )
71 ez r+ V]

This completes the proof. O

Lemma 2 The C(T)-error constant of the rectangular window function (4) can be
estimated by

0.18 —1 - —1 < ((P ) < —1 - 1.3 (6)
. < e, =+ < 1.5,
) —= €o \¥rect) = )

i.e., the rectangular window function (4) is not convenient for NFFT.
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Proof By Eq. 5 we obtain for n = 0 and r € Z that
(ﬁrect(er)_{l r=20,

Prect (0) 0 reZ\{0}
and hence
@rect("Nl) eznierx —0.
reZ\{0} @rect(o)
By Eq. 5 we have forn € Iy \ {0} and r € Z, ‘ﬁ“gr(e'zz;v‘) = ;77w - Thus, we obtain

by Lemma 1 that for x € (0, NLI) andn € Iy \ {0}

Z (prect(n+rN1) 2711erx _ i Z 1 eZnirN.x

n
reZ)\{0})  fealtn N T T
— ﬂ (l _ 67271in/N1)*1 ef2rrinx _ i )
N1 Ni
Using |1 — e=271"/N1| =2 |sin F2|, it follows that
mni . — . b4 /4
Tm (1 _ e—2ﬂ1n/N1) le—Zmnx _ i| > M (_ | sin—n|_1 _ 1)
Ny N Ny ‘2 Ny
m —2|sin 22| 1 T 1
- ""_'# > — (r—2|sin|) > — (1 —2).
2N |smm| 2 oN 2

Analogously, we estimate

i i - i b4
ﬂ(l—efzmn//\h) o—2miny _ " |§ |n| (Z |sin ”nrl +1)
N N' TN N2

n| 7'r+2|sin’;]—’1’ 1 an 1
= ———F— =< (m+2]sin—]) = (T +2).

2N [sin | < g (m+2sin ) < 7 +2)

Consequently, the rectangular window function is not convenient for NFFT since the
corresponding C (T)-error constant e, (¢rect) can be estimated by Eq. 6. O]

Lemma 3 The Fourier transform of rectangular window function (4) has the
following property:

2 3
(1= 2) 3 bine™ < | 3 Gt oM o < T 9)
d g reZ\{0} 1

Proof By Egs. 1 and 2, we obtain

max ” Z Prect(n +rNy) e?miri- ” cm = > eg (Prect) mln | @rect ()] -
reZ\{0}

Then from Lemma 2 and Eq. 5 it follows immediately the lower estimate in Eq. 7.
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Now we show the upper estimate in Eq. 7. For each n € Iy \ {0}, the ——perlodlc
Fourier series

: 2
Ju(x) = Z@reet(” + er)eanerx = Vm ZSinC

2mm (n +rNp) Q2mirNyx

N
rez 1 rez 1
1 . 2mmn 1 .
— v sin N Z . eZmerx
b4 r4 4=
1 1 rez + Ni
is pointwise convergent by Lemma 1 such that
. _ . -1 _ .
2;,1 sin 2717an (1 _ 2711n/N1) e~ 2minx . o (O NL] ,
Jn(0 = L gip Zzmn cot 7t € {0, -}
Im Ny N X v NS
In the case n = 0, we have x) = sinc(2rmr) e "NX — 1 For arbi-
0 rez

trary x € R and m € N, it holds obviously |sin(2mx)| < 2m|sinx| and so
1 — e 2min/Ni| =3 | sin%| . We obtain for n € Iy \ {0} that

2nrmn TN —1

| [sin 7| <
Ny

m

1
ma. < —— | SsIn
max | f, ()| < v, | si

Thus forn € Iy \ {0} and x € [0, Nil], we receive

2mrmn

R - 2m
rec W= n I
Z ) (1 + rNy) XTI Su(x) N sinc
1

reZ\{0) !

and hence

. 3m
~ 2mir Ny -

Z (prect(n+er)e ! ”C(T)EVI

reZ\{0}
In the case n = 0, the above estimate is also true, since
Z @rect(er) e2nirN1x =0.
reZ\{0}

This completes the proof. O

4 Continuous Kaiser-Bessel window function

In the following, we consider the so-called continuous Kaiser—Bessel window func-
tion
_(Nix)2) _
QKB (X) = 10(/3) 1(10(/3 1 ( P ) ) 1) xel,
0 xeR\ T

®)

with b := 27 (1 — %), o>1,:=bm, N € 2N, and Ny € 2N, see [13], where
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denotes the modified Bessel function of first kind. Furthermore, we assume that m €
N\ {1} fulfills 2m <« N;. We emphasize that the shape parameter 8 in Eq. 8 depends
on m and o. Obviously, .k € @, N, 1s a continuous window function. Note that
a discontinuous version (20) of Eq. 8 (see Remark 1) was considered in [9], but the
C(T)-error constant of Eq. 20 was not determined.

By [14, p. 95] and Eq. 5, the Fourier transform of the continuous Kaiser—Bessel
window function (8) has the form

. 2m sinh (8 /1 — (%VJZZ)Z) . 2mmu
@cKB(U)Z(I B —DN ( — — sinc— )
' LAY (FD) 1
for |v| < 1\2/11; and
A _ 2m . 2mv 2N 2w muv
s ) = gy, (snel8 | ()" = 1) = sine =)

for |v| > Ig—;f. One can show that (ﬁcKB|[ L. is positive and decreasing such that

0, 2)

2m [sinh (an«/l — 1/0) ©)

~ B -HN L 2mryT=1jc n_m]
Using the scaled frequency w = 2wrmv/N1, we obtain
sinh(y/ B2 —w?) .
—F—— —sincw w| < B,
2em) = (o)~ DN, = ) s (10)
T 0 ! (sinc(y/w? — 2) —sincw)  |w| > B.

Note that we have ]\2]‘]’ = N| — % > % by the special choice of b.

. ~ N
min @k (n) = GﬂcKB( ) =
nely

2m

(Z)CKB (

Lemma 4 For |w| > S we have
2 2
|sinc(y/w? — 2) — sincw| < iz
w

Proof Since the sinc-function is even, we consider only the case w > . For w = 8,
the above inequality is true, since [sincO — sinc 8] < 1 4 |sinc 8| < 2. For w > B8
we obtain

2 .
et 5 —sne ] = | S‘Zf“|

l 2 2 _ 2 2
w|sm,/w - B s1nw|+|51n,/w - B |
< % |sin%(,/w2—,32 —w)] +‘sin,/w2—,32’(—w2_'32 _
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From
2
2 1—(1= £ 2
w2—pr—w=w(l- l—ﬂ—)zw—( wz)fﬂ— (1D
w? 82 T w
I+ 1=
it follows that
1 1 2
|sin§( w?—p2—w)| < E( w? — B2 —w) <f—w
Furthermore, we receive by Eq. 11 that
| sin/w? ,32| — —|s1n,/w ,32|
w
< fw? — B2 )
|s1n ws — B | w2 < w2
This completes the proof. O

In our study, we use the following:

Lemma 5 Let f : (0, co) — (0, 00) be a decreasing function which is integrable
on each interval [1 — |u|, oo) with arbitraryu € (—1, 1). Furthermore, we extend f

by f(—x) := f(x) forall x > 0.
Then for each u € (—1, 1), it follows:

o
Y futr) <2 f@ydr,
reZ\{0,£1) 1=Jul

o

Y futr) <2f0—|u)+2 F()dr.

reZ\0) 1—ul

Proof. For arbitrary u € (—1, 1) and r € N, we have

fu+r)= fr—lul). (12)
Using Eq. 12, the following series can be estimated by

Yo fwtr) <Y fr—lul),
r=2 r=2
Y fu—r) <> fr—ul.
r=2 r=2

Hence, it follows by the integral test for convergence of series that

Yo futn =) fu+r+ > fu—r) <2 fr—u)
rezZ\{0,£1} r=2 r=2 r=2

< 2/°°f<x—|u|>dx=2 F@)dr.
1

1=|ul
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Hence, we conclude that
Y futr)=2f0—|u)+2 f@)dr. O
reZ\{0}
We illustrate Lemma 5 for some special functions f, which we need later.
Example 1 For the function f(x) = x™#, x > 0, with & > 1, Lemma 5 provides
that for each u € (—1, 1) it holds
2(1 — Jupt—+
> i 20— 2 (13)
reZ\{0} =

Especially for u = 2, it follows that

L, 4—21u 4
S lutr < 1 7= . (14)
o (1= uD? = (1 —[ul)

For the function f(x) = e™%*, x > 0, with a > 0, we obtain by Lemma 5 that for
eachu € (—1, 1),

Z e—a [u+r| < (2 + z) ea lul—a . (15)
reZ\{0} a

Choosing the function f(x) = % e—Vax ,x > 0, with @ > 0, Lemma 5 implies that
foreachu € (—1, 1),

1 —Jalu+r| 2 —Ja—a lu| 4
E - < +—-FE 1 - , (16
a|u—i—r|e _a(1—|u|)e a 1( @( |u|)) (16)

reZ\{0}

where E| denotes the exponential integral E1(x) := |, xoo %e_t df, x > 0.
Lemma 6 Forall n € Iy we estimate
> |éekp(n+rNy)| < __Sm
(Io(B) — D Ny

reZ\{0}

Proof By Eq. 10 and Lemma 4, we obtain for all frequencies |v| > 2_1nb = N; — %
that
mb*N 1

bm) — )22’

|Gk (V)| < 3 o

Thus, we have for eachn € Iy

N bB n._»
Z |gekB(n + rNY)| < o) — D) N2 Z (r+-—)

reZ\{0} reZ\{0} M
= G ow )= e a)
lo(B) = 1) Ny Ny (Ip(B) — 1) N1 20
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since by Eq. 14 it holds for all n € Iy,

na-2 [n]\ - 1\
reZ\0) 1 1

By the special choice of b = 27 (1 - %), we obtain the above inequality. O

From Lemma 6, it follows immediately that for all n € Iy,

_ &m
N 2mir Ny - %) T s eeE————
Z ¢ckB(n+rNp)e “C(’Jl‘) = Z |Gexn (n+rNp)| < (Io(B) — 1) Ny~
reZ\(0} rea\o}
(17)

Theorem 2 Let b = 2 (1 — %), o>1,8=bm, N € 2N, and Ny = oN € 2N.
Furthermore, m € N\ {1} with 2m < Ny is given.

Then, the C(T)-error constant of the continuous Kaiser—Bessel window function
(8) can be estimated by

-1
e (pexB) < 16mm /1 —1/o [ez”mvl—l/f’—e—hm VIST/o g\ /02 — a] . (18)

Note that for o > %, it holds 277 /T — /o > 27/+/5 and hence

e—27rm J1-1/o < e—2nm/\/§ < 0.06™ . (19)

Proof By the definition (1) of the C(T)-error constant, it holds

€5 (9ckB) = SUp €5 N (@cKB)

Ne2N
with
<p kB(n +7rNp)
€0, N(PcKB) = max I Z - ) S ”car)
reZ\{0} Pex
1

IA

Z Pekp(n +rNp) N1 ”car) ,

min, ey PcKB (n) rezn0)

where it holds (9), i.e.,

N 1 . 5
Pk (= )_(Io(ﬁ)_1)N1nm[smh(2nm,/l—1/0)—2 o2 —o]

— 1 [eZHm«/l—l/a _ e—Zﬂm«/l—l/a —4Je2 — U].
2((B) — DN /1 —=1/0
Thus, from Eq. 17, it follows the assertion (18). ]
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Remark 1 As in [9] and [4], we consider also the standard Kaiser—Bessel window
function

2
ﬁﬁ)lo(ﬁ 1- (857 yer,

= 1 —
oxp(0) =1 P (20)
0 xeR\T

with the shape parameter 8 = mb = 2mwm (1 — %), o>1,Ne2N,and N; € 2N.
Furthermore, we assume that m € N\ {1} fulfills 2m <« N;. This window function
possesses jump discontinuities at x = :i:Nﬂl with very small jump height Io(8)~!,
such that Eq. 20 is “almost continuous.” The Fourier transform of Eq. 20 is even and
reads by [14, p. 95] as follows:

om sinh(ﬂ 1*(12\’%'!):)2) lv| < Nib
Gxp(v) = Io(B) N ’3\/17(%2)2 2r

T sine(B (?v”—lZ)2 —1) v =2,

is positive and decreasing such that

1 sinh (2nm V1= 1/0)
~ 1o(B) Nim J1=1/o '

Thus, ksl me,

min ggg(n) = (N)
nely ¢kB(n PKB
Splitting gkp in the form
=(1 - —— eR,
¢KB(x) = ( I7 (IB))QOCKB( X))+ — I7 (,3) Prect(x), X
we can estimate for all n € Iy,

1

Z oxB(n + er)ezni’Nl'HC(T) <(1- A0

reZ\{0}

) Z |GekB (n + rND|

reZ\{0}

2mwir N
1 (,3) I Z Grect(n + rNy) XNt ”C('IF)
reZ\{0}
Then, from Lemma 6 and Eq. 7, it follows that

11m

max | Y éxp+rNy™ N g < BN

reZ\{0}

Consequently, we obtain the following estimate of the C(T)-error constant of Eq. 20

eo (pxp) < 1lmm \[1— = [sinhQ@rmy/1—1/0)]”"

1

ik

am,|l— — [ehmm _e2mm m]—
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Foro > 3

7> we sustain by Eq. 19 that

1 -1
eo (pKB) < 227Tm |1 — — [ez’”"vl—l/“ - 0.06’”] . 1)
o

5 sinh-type window function

For fixed shape parameter 8 = bm withm € N\ {1}, b = 2x (1 - %), and
oversampling factor o > %, we consider the sinh-type window function

{msinh(ﬂm) rel.
0

xeR\I.

@sinh (¥) = (22)

Obviously, @sinh € P, n, 18 @ continuous window function which was introduced by
the authors in [17] (with another shape parameter § = 4m). Let N > 8§ be an even
integer. For a sampling factor o > % and b =27 (1 — %), we form Ny = o N € 2N
and the shape parameter § = bm, where m € N\ {1} with 2m < Nj.

Substituting ¢+ = Njx/m, we determine the even Fourier transform

— 27[ mut
(psmh(v) / @sinh (x) €™ vaxdx N smh,B / Slnh /3 1 - tz) N dr.

1

Using the scaled frequency w := 2wmuv/Nj, the Fourier transform of Eq. 22 reads
by [14, p. 38] as follows:

amp [ B wHTPL(B —w?)  we (=B B),
1/4 w==x8,
w? = )72 h(Vw? - 82)  weR\[-B, Al
(23)
By the power series expansion of the modified Bessel function /7, we obtain for

w e (_ﬂ7 /8)7

le)_
2wrm’  Nj sinh

@sinh (

]

1 1
2 _ 212 2 2) — L P R N
(B = w) Py B2~ w?) 2;4kk!(k+l)!(ﬂ w)
such that @ginn (v) is decreasing for v € [0, Ni(1 — 2-)]. The frequency v = &
corresponds to the scaled frequency w = = < g = 27rm(1 — —) Hence, we have
. . N
521111\1/ @sinh(n) = (Psinh(g)
mm B 7Zm? _i1p 72m?
L
Njsinh 8 o

__ B gL 1
_2N1sinh,3(1 o) N (@mmy 1 0)'
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Bym >2ando > i, we maintain

T 1 ! > 4 1 ! >
—_— —_ :—_.
2 m,/ T 4/ X0 [

By the inequality (see [1] or [17, Lemma 3.3])
V2rxge ™0 I1(xg) < V2mxe ™ L;(x), x>xp,

we preserve for all x > xo,
2
L1 (x) > V/xge ™ I (xg) x /% e > gx*‘/z e*

and hence

. N B L\ —3/4 2pmy1=1/6
inn (=) > 1—— ermmVi=l/o (24)
Punn(5) = 5 Ni<2am sinh = © )

Now we estimate @sinh(an) for |[w| > B = bm. For |w| > 8,0 > 71’ and N > 8, it
holds
N1|w| 1 1 3

O I

By an inequality of the Bessel function J; (see [12] or [17, Lemma 3.2]), we have for
allx > 6,

1
J < —.
1)) < NG
Using Eq. 23, it follows that for [w| > 8,
- Niw prm 2 2\—1/2
. — _ J 2 _ 32
9o (5| = 5, song @A) |71 (y w? = 82|
prm _
< ' 2 _ g2y-3/4
N sinh 8

e, for [v] > Ny (1 — ),

. JTm v? 1 .o\ —3/4 1
G| = ST (= (150 f) = 50) @9

Gsinh (V)| <
o V2N sinh g \N? o

Foreachn € Iy with [n£N{| > Nl(l— ) we obtain by Eq. 23 and | /1 (x)| < 5 x|
that

D (n £ Np)| = 5P (26)
inh (1 —_—
@sinh V= 2 Ni sinh 8
In the case —% + Ny = Ni(1 — 5=, we get by Eq. 23 that
N N Tmp
: Ny) = — P
Gsinn (= 7+ N1) = 4N sinh g’

i.e., we can use Eq. 26 for all n € Iy.
Foralln € Iy andr € Z\ {0, £1}, we have by o > % that
2

n 1 8
|—+r>22——2>2-=_.
N 20 55
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Since the decreasing function 4 : [§, 00) — R,

h(x) :=x/? (xz_ (1 _ ZL) ) 3/4 _ (1 B (1 B %)2{2)_3/4’

(o}
is bounded by

8 25 1 —3/4 25, 3
MR=(-G0-5)) <0G =5

we receive foralln € Iy andr € Z \ {0, £1},
i<r+ n )2_(1_L)2)—3/4
V2 Nj sinh g 20

__ 3Jam Ir + 1|—3/2’

- 2«/_N1 sinh B N
Therefore, we get by Eq. 13 that for all n € Iy,

A 3»,/7Tm n —3n
§ ’¢Bessel(”+rN1)| < \/_— E |r+ﬁ| /
reZ\(0, £1} 2¥2Nysinh B 005 1) 1

< 3«/%71”1 (1_L)_1/2
Njp sinh 8 20
and hence by Eq. 26,

|@sinn (n 4+ rNp)| <

Z ’@Bessel(n‘i‘er)’ = h,B
reZ\{0}

Then, from Eqs. 23 and 26, it follows that

[nmﬂ+3J_(1——) ] en

1
€5, N (@sinh) < —————— max @Bessel (n + 7 N1)
. Sin (pSIHh(N/z) }’lEIN rGZ\{O} | €SSe. |
1. 1
< [5nmv2nm + 3(1 — 2—) 3/2] (1 — —)3/4 g Zmm1-1/o
o o

Using 5t+/27 < 40, we summarize:

Theorem 3 Let N € 2N, N > 8, and o0 > % be given, where Ny = o N € 2N.
Furthermore, let m € N\ {1} with2m <« Ny and B = 27rm(1 — %)

Then, the C(T)-error constant of the sinh-type window function (22) can be
estimated by

|- 1
s (Psinh) < [40”13/2 + 3(1 — Z) 3/2] (1 — ;)3/4 e_Z”MW’

i.e., the sinh-type window function (22) is convenient for NFFT.
For a fixed oversampling factor o > 4, the C(T)-error constant of Eq. 22 decays
exponentially with the truncation parameter m > 2. On the other hand, the computa-
tional cost of NFFT increases with respect to m (see [15, pp. 380-381]) such that m
should be not too large. For 0 = 2 and m = 4, we obtain e, (¢sinn) < 3.7 - 1079,
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6 Continuous exp-type window function

For fixed shape parameter 8 = bm withm € N\ {1}, b = 2n (1 - %), and
oversampling factor o > 3 we consider the continuous exp-type window function
. eﬂl—l (e’g\’ L=(Nyx/m)? _ 1) xel,
‘pcexp(x) =
0 xeR\I.

(28)

Obviously, gcexp € Pim,n; is a continuous window function. Note that a discontinu-
ous version of this window function was suggested in [3, 4]. A corresponding error
estimate for the NFFT was proved in [4], where an asymptotic value of its Fourier
transform was determined for § — oo by saddle point integration. We present new
explicit error estimates for fixed shape parameter 8 of moderate size.

In the following, we present a new approach to an error estimate for the NFFT with
the continuous exp-type window function (28). Unfortunately, the Fourier transform
of Eq. 28 is unknown analytically. Therefore, we represent (28) as sum

Yeexp(X) = ¥ (x) + p(x), 29)

where the Fourier transform of i is known and where the correction term p has small
magnitude |p|. We choose

_2 i 27,2
_ ) g sinh (B 1= (N1x)?/m?)  xel,
Y(x) = {0 1

xeR\ I

and

p(x) = 7 (e_ﬂ e 1) xel,
' xeR\I.

The Fourier transform of i reads as follows (see [14, p. 38]):

Iy = —=2mP (30)
YT DN
2 2\—1/2 2 2
(1= =) 1= £ 2) <M1=,
4_1‘ v::i:Nl(l—%),
2 2\—1/2 2 2
A (=2 P nem [E (-4 7) M=),

Since p is even and p|, my is increasing, we have 0 > p(x) > p(0) = e;—l (e F —
- -

1) = —e~# (Table 1). )
Since p has small absolute values in the small support I, the Fourier transform p
is small too and it holds

. 2
)] = |/p(x)e*2’“"x | < e f
I Ny
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Table 1 Upper bounds of the
function —p for m —p(0) = e P
m=2,3,...,6ando =2

2 8.06- 1073
3 7.24-1077
4 6.51-107°
5 5.85.1071
6 5.25.10713

Substituting t = Nyx/m, we determine the Fourier transform
(ﬁcexp(v) = /roexp(x) e—2mivx g :/w(x) e—2mivx 4, —i—/p(x) e—2mivx g,
1 1 I

1
= Z—m[z/' sinh (Bv'1 — 12) cos 2mmut dr
0

ef —1) N N
1
1 2 2 t
+/ (e_’3 1= _ 1) cos nl;nv dt].
0

1

For simplicity, we introduce the scaled frequency w := 2wrmv /N such that

1
g?)cexp(le = 2m [2/0 sinh (ﬁ\/ 1— t2) cos(wt) dt

) = e - 1N,
+/01(e—f‘m —1) cos(ur) dr]. 31)
From [14, p. 38], it follows that
/01 sinh (ﬂﬂ) cos(wt) dt

ap [(B—wHT PO/ —w?) we=B P,
=514 w==%p,

Ww? =g~ 12 5 (Vw2 — B2 weR\[-B, B,

where I; denotes the modified Bessel function and J; the Bessel function of first
order. Therefore, we consider

1
,5(le) _ Zm /0 (e7FV =2 _ 1) cos(wt) dr

2mm (e —1) N,
1 .
- L/ (e PVI=? 1) el ar (32)
ef —D N J,

as correction term of Eq. 31. Now, we estimate the integral

1
I(w) = / (e PVI= _1)elv ar (33)

1

by complex contour integrals.
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Lemma 7 For each w € R with |w| > 8 = bm, m € N\ {1}, we have
2
)l < (24 2) BY5 1wl 44w~ e VT4 (2072 4 1) e

Proof Here, we use the same technique as in [4, Lemma 10], where the integral
1
/ (eﬂ«/lftz . 1) el W gy
-1

for |w| > B* was estimated. Since Z(w) = Z(—w), we consider only the case w > S.
Let C{ be the line segment from —1 to —1 + i. Furthermore, C» is the line segment
from —1+ito 141, C3 is the line segment from 1 +ito 1, and C; is the line segment
from 1 to —1. Since the principal square root function is holomorphic in C except the
nonpositive real axis, the complex function

8() = (VI — 1) e
is holomorphic in C except the set (—oo, —1]U[1, o0). Hence, g is holomorphic on

the interior of the closed curve C := C{ U C> U C3 U C4 and continuous in D U C,
since a simple calculation shows that

lim g(z) = lim g(z) =0.

zeD zeD
Then, the stronger form of Cauchy’s Integral Theorem (see [5]) provides

I(w) =Z1(w) + Ia(w) + Z3(w) (34)

with the contour integrals

Ik(w)=/C (e PYI=Z _1)ei"idz, k=1,2,3.
k

Note that Z3(w) is the complex conjugate of 7 (w) such that |Z3(w)| = |Z1 (w)].
The line segment C; can be parametrized by z = +1,¢ € [—1, 1] such that

1

I(w)y=e" / (eFV 2-£2-2it _ 1)el ™ dt
-1

and hence

1 -
|Zo(w)| < eV / {efﬁvszzfzﬂ dr +2e7v.
1
Then, we have |e’ﬂ\’ 2”2’2“} — e BReV2-1=2i Gince fort e [—1, 1],

12— 2 —2it| = V12 +4 e [2, V5],

we obtain the estimate +/2 < Ren2 — 12 —2it < J5fort € [—1, 1].
Note that Rea/2 — 2 — 2it > O for all t € [—1, 1]. Thus, we have

Ta(w)] <27 (e +1).

A parametrization of the line segment Cy is z = —1 +1it¢, ¢t € [0, 1], such that
1
Ti(w) = ie_“”/ (e PV 2t _ l)e " dr.
0
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For w > B > 0, we split Z; (w) into the sum of two integrals
w172

Tio(w) = ie / (e—ﬂ N T e dr,
0

. 1 :
Tia(w) ==ie ™ / (efﬁ V2412 _ 1) Ty

w—1/2
Since 2 < [v2i + 1| < ¥/5,t € [0, 1], the integral Z; o(w) is bounded in magnitude
by

—12

Zrow) < max (1 —cFVIY5) / ——
0

tel0, w—1/2]

From

and
max (1 —e_ﬁ‘ﬁ%) —1—e PV < Bl >
te[0, w—1/2] w
it follows that
T o)l < (14e71) pY5w 4.
Above, we have used the simple inequality 1 —e™ < x forx > 0.
Finally, we estimate the integral Z; 1 (w) as follows:

1 1
IZ1.1(w)] < / e PVIReViFi—wi 4 / e W dr.
w

—1/2 w172
From Re+/2i+t > Oforallt € [0, 1] and
1
f e Wt = w! (e_ﬁ —e ) <w! e V¥
w172 -

it follows that
1
Tz [ emasue ¥ <20 e T,
w172
Thus, we receive for w > 8,

Z(w)| < [Zi(w)| + [Za(w)| + [Z3(w)| = 2 |Z1(w)| + [Z2(w)]
2170wl + 21211 (w)| + [Z2(w)]

2+ %),Bf/gw_s/4+4w_le_ﬂ+ (26_‘6’3 +1)e ™.

IATA

IA

This completes the proof. O

Remark 2 In the proof of Lemma 7, it was shown that for real w with |w| > B, the
contour integral Z; (w) can be estimated by

IZiw)| < (1+ %)ﬂ%|w|—5/4+2|w|—1e—m.
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Splitting the integral Z; (w) in the form

o plogww el .
Ti(w) =ie ' (/ +[ )(e—ﬁ N2 1)e ™ dr,
0 (log v/w)/w

this yields the better estimate for |w| > B,

1T1 (w)| < (% BN'5 iog|w| + 2) |w| =32,

Lemma 8 Let § = bm be given. Then for each w € R, it holds the estimate
1
—sincw — y(m, o) < / (e*ﬂ Vi-r? 1) cos(wt)dr < —sincw + y(m, o)
0

with the small positive constant

1
y(m,o) :=/ e AVI= gp
0

Proof For each w € R, we have

1 1
|/ (eFv =2 _ 1) cos(wt) dt + sinc w| = ]/ e PVI= cos(wt) dr|
0 0
1
= f e VI dr = y(m, 0)
0

such that
1
maﬂ)é |f (e_/SV -2 _ 1) cos(wt)dtr + sincw| <y@m,o),
we 0

see Table 2. O]

Using Eq. 31 and Lemma 8, we receive for w € (-8, B),

. Nw 2m 2 2-1/2 2,2
beexr(3mm) = i B v ) G9)
_ sincw — y(m,cr)]. (36)

Table 2 Maximum error
y(m, o) between m y(m,2)

fol (e7PV 1= _ 1) cos(wr) dr

and —sinc w for 2 1.17-1072
m=2,3,...,6ando =2 3 508103
4 2.84-1073
5 1.81-1073
6 1.25-1073
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The function 4 : [0, 8] — R defined by

h(w) := 7B (B> — wH) 21 (y/B? — w?) — sincw

S 2 2\S
LB B owd
- 7S§22m(s+1)!_smcw

has the derivative
2 w2)s—l d

oo (B _d
h(w) = nﬂ;zzs(s—l)!(s+l)! 3 Sinew. 37

Obviously, it holds 2’(0) = 0, and ’'(w) < O for w € (0, 7]. For w € [x, B] and
m > 2, we obtain
|isincw| < L + l
dw 2 x
and hence by Eq. 37,
h’(w)<—ﬁ+L+l<O.
8 n? xm
Thus, h(w) is decreasing with respect to w € [0, B].
For f = bmand v = 2% € (— Ni(1 — &), Ni(1 — o)), the inequality (35)
implies

2m 1.2 vE\-12 1., 2
5 >—2(1—— ——) 1(2 1— — ——)
Geexp(V) = 1)N1[ (1=55) N? 1(2m [(1=20) N2

) v
— sinc — y(m, U)] .
Consequently, the Fourier transform @cexp(v) is positive and decreasing for
1
e |0, Ni(1 ——)).
velo. M- 5))
Hence, we obtain
min @cexp (n) = @cexp(ﬁ)
nely 2
2m b 1 —1/2 1 . Tm
>— |- (1—— (2 1——)—sinc— — , ]
> (eﬁ—l)Nl[Z( 0) 1(27m U) sinc— y(@m, o)
2m b L1 1
> —|-(1—— L(2 1——)—-1- , ]
—(eﬂ—l)Nl[z( ;) h(amm p y(m. o)
Fromm > 2and o > %, it follows that

2 1/1——>4 1——> = —
am T X0 - .
= = X0 [

Hence, by the inequality (see [1] or [17, Lemma 3.3])
V2rxge ™ I1(x0) < V2mxe ™ L1(x), x>xp,
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we sustain that

Li(x) = Vxge ™ Ii(xo) x~ 2"
Thus, for x = 2rm+/1 — 1/0, we get the estimate

11(27rm,/ 1— é) > 5; (1 _ l)—1/462ﬂmm.

2wm o
Thus, we obtain the following

X = XQ.

Lemma9 Let N € 2N and o > % be given, where N1 = o N € 2N. Furthermore,

let m € Nwith2m <« Ny, § = bm, and b = 271(1 — %)
Then, we have

. N 2m b s =i
ben(3) 2 G mmls s 1) e L= ym.o)].

By Eq. 2, the constant e, N(gﬁcexp) can be estimated as follows:

1 .
e N (Peexp) < ———— max @ (n—{—er)eZ””Nl‘ )
o cexp (Pcexp(N/z) nely ” re;\:{o} cexp || C(T)
where it holds by Eq. 29,

| D" GeprrND SN L < Y WrNDI+ Y AN
reZ\{0}

reZ\{0} reZ\{0}

Lemma 10 Let N € 2N and o > % be given, where N = o N € 2N. Furthermore,
let m € Nwith 2m < Ny, p = bm, and b = 27 (1 — 5-)
Then, it holds for all n € Iy,

; p
2 IWmn+rinl <

S S U AR
reZV(0) -~ V2mm 20

Proof Foralln € Iy and r € Z\ {0} with (n,r) # (— 5, 1), it follows that
N 1
In +rNi| >N1—?=N1(1——

20)
and hence by o > %,

12 > 1- s

AR R
Thus, by Eq. 30, we receive .

Y(n+rNp)

__ B oy Mooy
= T ((N1 +r)’ = (1-5-)) J](an\/(Nl +r) = (1-52)).
In the case (n,r) = ( — %, 1), from Eq. 30, it follows that

., N 9 ! il
W_E+NQ=MMU—7”=Z¥TFE'
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Now, we estimate the sum

Y W4 rND| = 1§+ NDl+ Y (= N
reZ\{0}
+ > [Ww+rN)l.

reZ\{0,£1}

Forn € Iy andr € Z \ {0, £1}, we have by o > 2,

1 7
|—+V|>2—ZZ§
and therefore by m > 2,
n 2 1.2 \/ 1.2 12
2nm\/(N1+r) (1-57) z4m/(2-5-) - (1-5-)

/ 1 [11
=4n,/3 — —>4n,/]— > 6.
o 5

By an inequality for the Bessel function J; (x) (see [12] or [17, Lemma 3.2]), it holds
for all x > 6,

1
[J1(x)| < ﬁ
such that for x = 2wm+/(r +n/N1)2 — (1 — 1/(20))2,
n 2 1.2
om0 )

< ¢217,_m <(N£1 +r)2 . %)2)71/4.

The decreasing function 4 : [%, oo) — R defined by

1 \2\-3/4 10 _,\—34
3202 (1 _ 4 _ (1 _(1_ 2
h(x) :=x>"* (x* = (1 20) ) = (1 (1 20) X ) ,
is bounded by
Sy (g to Loy 16034 S S
m@=(1-550-5))  =0-5)""=G" <3

Thus, we receive foralln € Iy andr € Z\ {0, £1},

n 2 1 2 -1/2 n 2 1 2
(o= = ) o [ 40— - )
1 n ) 1 .0\ —3/4 5 n -3/2
— (- — S :
= 27m ((N1 )=l 26) ) = 2427wm ’Nl +r
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Hence, for all n € Iy, we obtain by Eq. 13 that

N 56 n -3/2
Y Wam+rN)| < >
reZ\(0, %1} 2V2rm (e =M reZ\0, %1} Ni
10 1 .-
- P (1— =),
A 2mm (ef — 1) N 20

Now, we estimate ¥/ (v) forv =n = Nj, n € Iy. Forv = S+ N =N(1- %),
it holds by Eq. 30,

Tmp

2P DN, (38)

e R G )

For all the other v = n £ Ny # —% + Ny, n € Iy, we have
In £ Ni| > (1 —i)Nl
20
such that by Eq. 30, IZ/(n =+ N) reads as follows:

= _ﬂl)Nl <(1 " Nil)z (- i)z)fl/z 7 (zjrm\/(l + NL)Z - %)2).

1

Since

1

an\/(l ) = (1-52)" >0

1

can be small for n € Iy, we estimate the Bessel function Jj(x), x > 0, by Poisson’s
integral (see [21, p. 47]):

b4 T
X .9 X . X
[Ji(x)| = — ‘/ cos(x cost) (sint) dt| < - / (sint)“dr = —,
T 0 T Jo 2

such that
n £ N < — 2P
n —_— .
R
By Eq. 38, this estimate of |1/Af(n 4 Np)| is valid for all n € Ip. This completes the
proof. O

Now for arbitrary n € Iy, we have to estimate the series
> 1B+ Nl
reZ\{0}
By Eq. 32 and Lemma 7, we obtain for any v € R\ {0},
R 2m I, B 4 5 /|vl\-5/4
< — |1+ -)—J]—(—=
P = ef —1) N [( e) 2am V 2mm (Nl)
M BTN (V28 %) o—2mm |v|/N1] .

Tm |v|
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Thus, we obtain that

DR e p— I h P 2 g
NS - 1
B _
reZN0) (e 1) Ny e’ 2mm 271
+28(n) + (e V2 + )Sa(n)]
with
n -5/4
S = — 3
)= > 5 (39)
rezZ\{0}
1
S = e A 2amr+n /Ny , 40
20m) Z 2mm |r—|—n/N1|e (40)
reZ\ (0}
S3(n) = Z efZJTmlrJrn/N]\. 41)
rezZ\{0}
The inequalities (13), (15), and (16) imply that
4o I 14
S < 8) (1 — — , 42
1 = (= +8) (1= 7)) “2)

2 2
Sz(n) < me—«dnm—nm/o_k%E1(\/2nm—7rm/0), (43)

1
S3(n) < (2 + )ef2nm+nm/o ) (44)
mm

Thus, we obtain the following

Lemma 11 Let N € 2N and o > é be given, where N\ = o N € 2N. Furthermore,

let m € N\ {1} with2m < N],ﬂ_bm andb_ZJT( 20)
Then, for each n € Iy, it holds the estimate

~ 1 1. B 4 do 1 1/4
> lpn Nl e [(40) T 5 S (T 4 8) (1)

reZ\ {0} 20
8 8
+ _ %0 ~mm—mm/o + — Ei(v2rm —m/o)
Qo —1m T
1 2
+ (e_ﬁﬁ + 5) (4m + ;) e—2nm+nm/a] )

Hence, from Lemmas 10 and 11, it follows that

/3

2
max | ,6%0} Geexp(n + 7N N o <
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with the constant

10 (1 _ i)_l/z
2mm 20

1.1 4 5 4o _i_1/4
+(1+e)n 2nm(20—1+8)(1 20)

b(m,o) ;= 2xm +

8 T 8
+—O-e— 27Tm—7'[m/0+_E1( /27Tm—n’m/(7)
2o —1)np B
4rm + 2 —ﬁﬁ 1 —2mm+nam/o
_— = - . 46
+ b (e + 2)e (46)

Using Lemma 9, we obtain by

max | Z Geexp(n +rNyp) eV ||C(T)
reZ\{0}

eo N (Geexp) € ———— m
N eexp) = G s (N/2) n

the following:

Theorem 4 Let N € 2N and o > 45—‘ be given, where N1 = o N € 2N. Furthermore,

let m € Nwith2m < Ny, B = bm, and b = 27 (1 — 5-).
Then, the C(T)-error constant of the continuous exp-type window function (28)
can be estimated by

—1
eg((pcexp) S ,Bb(m,O') [ b 1_1 _3/46271"1\/1—1/0'_1_)/(’”’O,)] (47)

2m 5/2wm ( 0)

In other words, the continuous exp-type window function (28) is convenient for
NFFT.

Note that for o € [2, 2] and m > 2, it holds by Eq. 46,

)

b 1 372
w mb(m, o) (1 — —)§%m+bo<15m+bo
m

20
with by < 17.

In order to compute the Fourier transform ¢ of window function ¢ € @, y,, we
approximate this window function by numerical integration. In our next numerical
examples, we apply the following method. Since the window function ¢ € @, y, is
even and supported in [—]’\,—"1, %], we have

1
i m m .
(ﬁ(v) = / @(x) e—2mvx dx = — f ¢ —2mimvt /Ny dt
R Nl — (N1 )

2m (1 m 27 mvt
= — | ¢(—1) cos
Ny Jo "N Ny

We evaluate the last integral using a global adaptive quadrature [19] for ¢(k),
k =0,..., N.In general, these values can be precomputed; see [2, 10].
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Remark 3 As in [3, 4], we can consider also the original exp-type window function

exp (Bv1— (Nix/m)>2—B) xel,

(pexp(x) = %e_ﬂ X = :i:%l s
0 xeR\ T

(48)

with the shape parameter § = mb = 27rm(1 — %), o > %, N € 2N, and N| =
o N € 2N. Furthermore, we assume that m € N\ {1} fulfills 2m <« Nj. This window
function possesses jump discontinuities at x = :tNﬂl with very small jump height

e #, such that Eq. 48 is “almost continuous.”
We split (48) in the form

Pexp(X) = (1 - e_ﬁ) Peexp(X) + e? Prect(x), x €R,

with the window functions (28) and (4). Then, the Fourier transform of Eq. 48 reads
as follows:

(ﬁexp(v) = (1 - e_ﬂ) @cexp(v) +ef Prect(v), vER,
By Lemma 9, it follows that

N

@exp(?) = ;2112 @exp(n)
= min [(1 — e*ﬂ) Peexp(n) + e P @rect(”)]
nely
2m b 1\ 23/4 onm o=
> — [ ——— (1 — — enmy1=1/o _ (m,a].
TN eﬁ[S«/an( o) 4 )

Using Eqs. 45 and 7, we estimate for all n € Iy,

“ Z (‘A’exP(fl + er)eZnier ‘ ”C(T) = (1 - e_ﬂ) Z |¢cexp(” +rNp|
reZ\{0) reZ\ {0}

+e7 P ” Z Prect(n +rNy) e ”C(T)
reZ\{0}

< ﬁ(ﬁb(m,o*)er)-

Thus, we obtain

Bbm,o) 3 b 1,_ ST -1
o (Pexp) = (T+§) [m (1_;) 3/4 2mmT=T]o _ y(m’a)] _

Thus, the discontinuous window function (48) possesses a similar C(T)-error
constant as the continuous exp-type window function (28).
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7 Continuous cosh-type window function

For fixed shape parameter 8 = bm = an(l - —) and oversampling factor o > %
we consider the continuous cosh-type window function
1 (cosh Bl — (My - 1) xel
@eosh (x) 1= { coshp=1 n ’ (49)
0 xeR\I.

Obviously, @cosh € P, N, is a continuous window function. Note that recently a
discontinuous version of this window function was suggested in [3, Remark 13]. But
up to now, a corresponding error estimate for the related NFFT was unknown. Now
we show that the C(T)-error constant e, (¢cosh) can be estimated by a similar upper
bound as e (@cexp) in Theorem 4. Thus, the window functions (28) and (49) possess
the same error behavior with respect to the NFFT.

In the following, we use the same technique as in Section 6. Since the Fourier
transform of Eq. 49 is unknown analytically, we represent Eq. 49 as the sum

@eosh(X) = Y1 (x) + p1(x),

where the Fourier transform of | is known and where the correction term p; has
small magnitude |p;|. We choose

S Y _ 2/ m2
) {(C)OShﬂl sinh (81— (Nix)2/m2)  xel,

xeR\ I

and
1—(Nx)2/m?2
p1(x) == Coshﬂl( —B V1= /m? _ ) vel
’ xeR\I.

Since py is even and o], m is increasing, we have
1

e -1 2

> p1(x) = p1(0) oshf — 1 F 1

Since p; has small values in the compact support 7, the Fourier transform p; is small
too and it holds

. 4m
A 2mwivx
f— dx < _—
101(v)] |f1,0(X)e | < PO

Substituting t = Nix/m, we determine the Fourier transform

Peosh (V) = /ﬁocosh(x)eizmvx dx =/¢1(x)e’2”i”x dx +/,01(x)e’2”i”x dx
1
2m 27rmvl
= —[/ sinh (,3\/ 1 —t2)
N

(coshp — 1) Ny
1
/ 2 t
+/ (e? 1= _ 1) cos n]:]nv dt].
0

1
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For simplicity, we introduce the scaled frequency w := 2wmv/Nj such that

1
@exp(Nl d 2m [ /0 sinh (Bv/'1 — 2) cos(wr) dt

) = (cosh B — 1) Ny
1
+/ (e=PV1=" 1) cos(wr) dt].
0

From [14, p. 38], it follows that

1
/ sinh (Bv'1 — 12) cos(wt) dr
0

2 [B—wHTPL(B —w?) we =B P,
="=11/4 w=+8,

2 w22 (V2 — B weR\[-B. Bl

where I; denotes the modified Bessel function and J; the Bessel function of first
order.
Using Lemma 8, we receive for w € (—8, B),

. Niw 2m B _ .
Geon(qm) Z T g N L 2 B (B =) —sincw—y (m. ) .

This means for 8 = bm and v = 1% ¢ (=N (1- %), Ny (1 - %)),

— 2mm
A 2m b 1 2 v2 —1/2 1 2 v2
> — |- (1-—)"—— I (2 l1——) ——
¢COSh(v) jl (COSh/S _ l) Nl [4 (( 20,) Nl2) 1( am ( 20.) le
. 2mmv

— sinc —y(m, a)] .
Since the function 4 : [0, 8) — R defined by

h(w) = % (B* - wz)*l/2 Ii(y/B* —w?) —sincw > 0
is decreasing and

. B . 5 1 372

lim h(w)=— — > l——)—1>="—1,

w—lrél—o (w) 2 sincg >m ( 20) -

the Fourier transform @cosh(v) is positive and decreasing for v € [O, Ni (1 — %))
too. Hence, we obtain

o . N
IETEIIIIAII @cosh(n) = (Pcosh(E)

2m b L1 [T1, . am
Zm[z(l—;) 11(271'm 1—;)—81110?_}/(77’1,0')]

2m b 112 1
EM[Z(I_J) 11(27”"\/1—;)—1—1/("1,6)].
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Fromm > 2 and o > %, it follows that

2nm 1——1>4TL’ 1——1> = —
\/ v/ X0 : .
o - o =0 \/g

By the inequality (see [1] or [17, Lemma 3.3])
V2rxoe 0 I1(x0) < V2mxe *L1(x), x> xp,

we sustain that
2
L(x) > /xpe ™ I (xo) x /26" > gx_l/z e’, x>xg.

Hence, for x = 2nm /1 — 1/0, we get the estimate

1 V2 [ v
11(2nm 1 C—r)>5m(l—;) e .

Thus, we obtain the following:

Lemma 12 Let N € 2N and o > % be given, where N1 = o N € 2N. Furthermore,
let m € Nwith2m <« Ny, B = bm, and b = 271(1 — %)
Then we have

o 2m NI R R R o v
¢°°Sh(2)5(cosh/3—1)zv1[ (1=55)(1=0) e 1’/('”"’)]'

5+4/2m o
By Eq. 2, the constant e,y (@cosh) can be estimated as follows:
. 1 . 2irN
es,N(@Qcosh) < ———————— max @eosh(n + rNp) eI
7 o8 min,egy Peosh () nely ” re;\%O} o8 “C(T)
1 N 2rwirN
= ————— max @cosh(n 4+ rNp) e ,
@cosh (N /2) nely ” re;\%O} o8 ”C(T)

where it holds

I Z @cosh(l’l+I’N1)eznier.||C(1l‘)

rezZ\{0}
< Y Wi@+rNDl+ Y p+rNDI (50)
reZ\{0} reZ\{0}

Analogously to Lemma 10, we get

Lemma 13 Let N € 2N and o > % be given, where N| = o N € 2N. Furthermore,
letm € N with2m < Ny, B =bm, and b =27 (1 — 5-).
Then, it holds for alln € Iy,

) B 10 1 p
re;\%o}hﬂl(n +rNp| < Coshp— DN, [2nm + W (1 20) ]
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Finally, for any n € Iy, we estimate the sum
DORFICESS IR
reZ\{0}

Analogously to Lemma 11, we obtain

Lemma 14 Let N € 2N and o > % be given, where N1 = o N € 2N. Furthermore,
let m € Nwith2m <« Ny, B = bm, and b = 271(1 — %)
Then, for alln € Iy,

PR

reZ)\{0)
1

LB 4 5 4o 11y
g [+ 07 V(7 +90 - 5)

8 A 8
—i——ae_ 2”m_”m/g+—E](\/2nm—7rm/U)
Qo —1Dm T

—V28 l % —271m+7rm/a:|
+ (e +2)(4m+n)e .

=<

From Lemmas 13 and 14, it follows that by Eq. 50,

) b(m,
> ‘f’cosh(”+’N1)"2mrN"||c<T>5ﬁhLal)N GD
reZ\{0) (coshp —1) Ny
with the constant (46).

Using

max “ Z Peosh (n + VNl)eznier.“C(T) ’

1
4 ,N(‘P sh) < ———=—
T Geon(N/2) nely | L=

it follows from Eq. 51 and Lemma 12:

Theorem 5 Let N € 2N and o > % be given, where N| = o N € 2N. Furthermore,

let m € Nwith2m < Ny, B = bm, and b = 27 (1 — 5-).
Then, the C(T)-error constant of the continuous cosh-type window function (49)
can be estimated by

Bb(m,o) [ /7 1 1\ =3/4 onmyT=T/5 -
- [Sm(l—g)(l—g) e —l=ymo)]

i.e., the continuous cosh-type window function (28) is convenient for NFFT.

es (Qeosh) <

8 Conclusion
In this paper, we prefer the use of continuous, compactly supported window func-

tions for NFFT (with nonequispaced spatial data and equispaced frequencies). Such
window functions simplify the algorithm for NFFT, since the truncation error of

@ Springer



53 Page320f34 Adv Comput Math (2021) 47: 53

Error for o = 1.25 Error for 0 = 1.5 Error for o = 2

10-1FT T T T e T T T T

—& PcKB 10-2| - PcKB 4 10
) — PKB —— PKB
10721 —*= Psinh=Pcosh=Pexp || 15-3| —— Psinh=Pcosh=Pexp | | 10711

1072 1

—— Psinh=%cosh=Pexp

1071

—6 |
10 10-8 |

1077 1 1 107

10-5 L 1010 . | \ ]

1075k
2

Fig. 1 The constants ¢, (¢) of the different window functions with shape parameter § = 7m((2 — 1/0)
foro € {1.25,1.5,2} and m € {2, 3, 4, 5, 6} based on numerical experiments

NFFT vanishes. Furthermore, such window functions can produce very small errors
of NFFT. Examples of such window functions are the continuous Kaiser-Bessel
window function (8), continuous exp-type window function (28), sinh-type window
function (22), and continuous cosh-type window function (49) which possess the
same support and shape parameter. For these window functions, we present novel
explicit error estimates for NFFT and we derive rules for the convenient choice of
the truncation parameter m > 2 and the oversampling parameter o > %. The main
tool of this approach is the decay of the Fourier transform ¢(v) of ¢ € ®,, v, for
|v] = oo. A rapid decay of ¢ is essential for small error constants. Unfortunately, the
Fourier transform of certain window function ¢, such as Egs. 28 and 49, is unknown
analytically. Therefore, we propose a new technique and split ¢ into a sum of two
compactly supported functions v and p, where the Fourier transform U is explicitly
known and where |p| is sufficiently small. Furthermore, it is shown that the standard
Kaiser-Bessel window function and original exp-type window function, which have
jump discontinuities with very small jump heights at the endpoints of their support,
possess a similar error behavior as the corresponding continuous window functions.
In summary, the C(T)-error constant of the continuous/standard Kaiser—Bessel
window function is of best order O(m e~ 2mmVi=1/ "). For the sinh-type, continu-
ous/original exp-type, and continuous cosh-type window functions, the correspond-
ing C(T)-error constants are of order (’)(m3/ 2 g 2mmy/1-1/ "). Nevertheless, our
numerical results show that all window functions proposed here yield a very similar

Error for 0 = 1.25 Error for 0 = 1.5 Error for 0 = 2

T T
= PcKB || 10-3]
== YKB
—— Pexp

Fig. 2 The constants ¢, (¢) of the different window functions with shape parameter § = 7m((2 — 1/0)
foro € {1.25,1.5,2} and m € {2, 3, 4, 5, 6} based on the error estimates of Eqs. 18, 21 and 47.
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error (see Fig. 1). The presented error estimates are very precise (see Fig. 2). Thus,
we can recommend the use of all these window functions.
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