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1. Introduction

Consider a seller who wishes to sell a service to a buyer. If the
seller doesn't know the buyer's willingness to pay for the service, he will
set a price~quantity schedule in such a way as to screen for the buyer's
valuation. An optimal price-quantity schedule will generally have the
property that a buyer with a low_willingness to pay will consume an
inefficiently low amount of the service and may be shut out of the market
altogether, even in cases where it is common knowledge that there are gains
from trade.

This one period nonlinear pricing or principal-agent problem has been
the subject of much analysis and its solution is by now well understood (see,
e.g.,.Guesnerie—Laffont (1984) for a unified treatment and references). Much
less attention, however, has been paid to dynamic extensions of the model,
where trade is repeated over time. This paper is concerned with such an
extension.

The main new issue that arises in the multiperiod case concerns
commitment. If the seller can comnit himself at the first date to a
particular priée—quantity schedule that will rule for all periods, it is easy
to show that the multiperiod solution is simply the one period solution
repeated in each period (under the assumption that the buver's valuation is
constant over time). 1In the absence of commitment, however, this solution
will be infeésible. The reason is that as trades with the buyer are
consummated, information about her type is revealed, and the seller will find
it in his interest to modify the price-quantity schedule in light of this
information. The buyer, recognizing this, will alter her early trading
behavior accordingly.

Noncommitment has been analyzed in two ways in the literature. The

first approach is to suppose that the seller and buyer can agree on a price-



gquantity schedules which rules in the first period, but cannot in any way bind
themselves to future price-quantity schedules. In other words, the parties
can vwrite binding short-term contracts, but not long-term contracts. It has
been shown that the consequence of this is a "ratcheting” effect (Laffont and
Tirole _(1985)).1 If the buyer's valuation is identified early on, the seller
(assuming that he has all the bargaining power) can use this to price
discriminate perfectly and capture all the buyer's consumer surplus in later
periods. As a result the noncommitment equilibrium will involve very little
information being revealed in early stages of the game, i.e. it will be
characterized by extensive pooling.

The assumption that long-term contracts are infeasible is a strong one
unless the parameters of trade are a priori ill—defined.or too complex to be
written down (or the identities of the parties change over time). It is
therefore interesting to consider how the possibility of long-term contracts
affects the analysis. At first sight it might appear that binding long-term
contracts would allqw the eommitment solution to be implemented. This is not
correct, however, as is shown in an interesting recent paper by Dewatripont
(1985). To see why, consider the following simple example. Suppose the
buyer's willingness to pay for the service is known to be either $10 per
perioé or $% per pericd. The commitment solution might involve the seller
offering the price of 10 in each period, with.the low valuation buyer buying

in none of them.2 Let the seller try to implement this by offering a long'

See also Baron-Besanko (1986), Fréixas—Guesnerie—Tirole {(1985), Hosios-
Peters (1985) and Skillman (1986).

2 The reader may wonder why the buyer would accept such a contract. Suppose
however that the seller offers a lump-sum £ if the contract is accepted.
The low valuation buyer, knowing that she will not have a surplus in the
future if she refuses the contract, accepts it. The high valuation buyer
therefore also accepts it, because if she did not, she would reveal her type
and get a zero surplus in the future.



term contract at date 1 which says that if he ever reduces the price below 10,
he-wiil pay a large penalty to the buyer. Then a high valuation buyer who
believes that this penalty makes it credible that future prices will not fall
will be prepared to purchase at date 1. Consider the situation at date 2,
however. The seller will now know that any remaining buyer has a low
valuation, which means that he has an incentive to go to such a buyer and
propose that they tear up the old contract and agree to a new one in which the
buyer releases the seller from the penalty and purchases the good for a rental
equivalent of b. The buyer may as well accept this since he will never gef
the penalty specified by the original contract. For this reason, the
commitment not to lower prices is not credible after all.

This logic suggests (and it can be verified) that the commitment
solution cannot be sustained via a long-term contract unless the parties can
bind themselves not to renegotiate the contract at a later date. In practice
it may be difficult for the parties to bind themselves in this way and it is
therefore interesting to ask what.form an optimal long-term contract will take
given that renegotiation (by mutual consent) is always possible.3 The purpose
of this paper is to provide-an answer to this question.

Our analysis will be concerned'with a situation where the seller can

supply zero or one unit of the service and :the buyer's valuation can take on

just two values (high or low). Ve consider two cases. In the first, there is
y 2

a physical constraint that if the seller has supplied the service once he must

supply it in all future periods. This correéponds to a sale of a durable

3 . . .
Note that having the seller pay the penalty to a third party in the above

example will not work as a bonding device if the third party can be included
in the renegotiation. The third party knows that he will not get the
penalty under the initial contract and, so, if approached by the seller and
buyer, will be willing to tear up the original contract for even an
infinitesimal reward. For more on this, see Hart-Holmstrom [1987].



good. In the second case, no such constraint is present; that is, supply
today has no implications for supply tomorrow. This cérresponds to the rental
of a durable good or of a service (for example, the seller might be a worker
and the buyer a user of labor services).

These cases can possess very different features. For example, in the
absence of any form of commitment (i.e. in the absence of long-term
contracts), the equilibrium in the sale model exhibits a declining price path
along lines familiar from the work of Coase (1972). In contrast, as we have
noted, the noncommitment solution in the rental model exhibits a form of
ratcheting. Indeed we show that the equilibrium converges to a no-
discrimination equilibrium {(in which the seller always charges the lowest
valuation each period), as the horizon tends to infinity. One implication of
our analysis is that the seller's profits are lower in the rental model
without any form of commitment than in the sale model. This is in striking
contrast to the traditional conclusion that the seller always prefers leasing
to selling. (Indeed the usual result is that he can achieve the commitment
solution by renting.) The reason for the difference is that in the
traditional durable good model, there are many buyers and the seller is unable
to discriminate among them at any given point of time. Here, by contrast,
there is one buyer whose behavior in one period has an inmpertant effect on the
seller's offers in future periods.

We will find, however, that the two models become much closer once long-
term contracts are allowed. ¥e will establish two main results (under the
assumption that renegotiation of a long-term contract cannot be prevented).
First, the introduction of long-term contracts has no effect on the
equilibrium in the sale model. Second, in the rental model, long-term
contracts do have an impact and in fact cause the equilibrium of the rental

model to coincide with the equilibrium of the sale model. That is, the rental



model with long-term contracts is equivalent to the sale model with or without
long-term contracts, i.e. the optimal contract is "Coasian" in nature.

The assumptions that supply is zero or one and that there are only two
types of buyers are quite restrictive. Even in this case, as the reader will
see, the analysis turns out to be surprisingly involved. In future work, it
would be desirable to generalize the analysis. At this stage we do not know
vhether fhe techniques presented here will be useful for such a
generalization.

The paper is organized as follows. The model is introduced in Section
2. In Section 3, we consider the case of full commitment, and in Section 4
the case of no commitment at all (between periods). Sections 5 - 7 constitute
the main part of the paper; here we analyze the optimal long-term contract in
the presence of renegotiation. Section 8 summarizes the results. Finally in
Section 9 we show that our results have implications for dynamic versions of
the standard hidden information moral hazard model, where the parties sign an
initial contract before the buyer knows ﬁer valuation (i.e. there is symmetric

information at the initial contract date).



2. The Model

We suppose two parties, a buyer and a seller. The buyer consumes per
period 1 or 0 unit of the good manufactured by the seller. She has per-period
valuation b for the good (which is constant over time). This valuation can
téke two values b ¢ b (where b > 0). The valuation is known to the buyer from
the start of the game; the seller does not know b, but has prior beliefs ”1

that the valuation is b (and (l-ul) that the valuation is b). We will denote

by u_ the posterior probability at the beginning of date t that the seller

t
assigns to the buyer's being of type b. Ve assume without loss of generality
that the seller's production cost is equal to zero.

There are T periods: t=1,.., T (where T ¢ »). After T periods, the
good becomes obsolete. The two parties have common discount factor s. We let
Xt be equal to 1 if the buyer consumes the good at date t, and 0 if she

doesn't. (We will actually allow mixed strategies, or random consumption, in

which case x, is a number between 0 and 1.) The (present discounted) number

t

. . . T (s-t) y
of consumption periods from t on can be written Xt = sgt 8 xs. Let At =
sgt s(s—t) denote the (present discounted) number of periods from t on.

Ls mentioned in the introduction we consider two models. The "sale" or

"durable good" model assumes that the good is sold once and for all: x_ =1

A
implies %, = 1 for s eft,...,T}.” The "rentzl" or "non-durzble gocd” model

imposes no such constrzint. The seller is free not to rent the good at date
(t+1) even if he has rented it at date t. (In a labor context, the seller is
the worker, and the good is labor. The appropriate model is then thg rental
model.)

Both parties are risk-neutral. Let p denote the present discounted

. In the case of a random sale, the same is true if the realization of the

random variable at t is equal to 1.



value of payments from the buyer to the seller. The buyer's utility (U) and

the seller's utility (w) are:

(=}
n

E(-p + le)

and

where the latter expectation is taken over the buyer's valuations.

In the rest of the paper, we will study the trades which will take place
between the buyer and seller. We will distinguish between three cases: (A)
vhere the parties can commit themselves to a mechanism or contract once and
for all (Section 3); (B) where the parties can write short-term contracts
which rule within a period, but cannot commit themselves at all between
periods (Section 4); (C) where the parties can vwrite a long-term contract
vhich rules across periods, but cannot commit themselves not to renegotiate
this contract by mutual agreement (Sections 5-7). We will analyze each of
these cases for the sale model and for the rental model. Throughout we shall
assume that the seller makes all the offers and the buyer simply accepts or
declines these, i.e. we give all the bargaining power to the seller. The
purpose of doing this is twofold. Tirst, this assumption is consistent with
tﬁe rest of the liﬁerature, vhich allows useful comparisons. Seconéd, we want
to abstract from the issues of renegotiation of a contract by an informed

party.

3. Commitment
Suppose that the seller can commit himself at date 1 to a mechanism.
From the revelation principle, we know that he can content himself with asking

for the buyer's valuation at date 1.



The commitment solution is the same in the sale and rental models, and,

as is well known, involves a constant consumption over time for the buyer: Xy

= .. T Xp = 0 or 1. The solution is the one-period one replicated T times.

Suppose that the seller charges p for the right to consume; let b = p/Al

(where 8y = Lo 8 4 oo 3 sT_l) denote the rental equivalent of p. Clearly the

optimal pricing policy for the seller is to charge a rental equivalent equal
to b or b. If he charges b, then both types consume; if he charges b, only
the high valuation buyer consumes. So the seller's decision depends on

whether Db 4 4, b. To make things interesting, we will assume that the seller

< 1
prefers to run the risk of not selling. Define El = (9/5). Then:
i g b, i.e. T
Assumption 1 b « uy b, 1.e Myo>omy

This assumption will be maintained throughout the paper. (If it is violated,
no price discrimination occurs in any of our models; the rental equivalent is

always equal to b.)

Proposition 1: Under commitment, the rental and sale models yield the

same solution. Only the high valuation buyer consumes.

That is, U(b) = U(Db) 0 anéd w = 4, b a,_.

4. Noncommitment

¥e now make the polar opposite assumption that the parties cannot commit
at all between periods. In each period, the seller makes an offer. 1In the
sale model, he offers to sell the good (and will not buy it back later on if
the buyer accepts the offer). In the rental model, he offers to rent the good
for the period.

Because the sale and rental solutions differ in the absence of



commitment, we study the two models sequentially.

4a. Sale Model Under Noncommitment

The model here is the familiar durable-good monopolist one, pioneered by
Coase (1972).5 Our version differs from most studies of the model in that the
horizon is finite. But this is an inessential difference; our finite-horizon
equilibrium converges to the infinite-horizon one.

Becguse what follows is well-known, we only sketch the main features.
The seller's strategy is a sequence of price offers Pir o ces pT (the offer at
date t of course is relevant only if the buyer has not purchased prior to date
t). The buyer's strategy consists in accepting or rejecting the seller's
offers. Last the seller's date t beliefs about the buyer's valuation is a
number My that depends on previous offers (and the buyer's having rejected
them). These strategies and beliefs are required to form a perfect Bayesian
equilibrium: strategies are sequentially optimal given beliefs (perfection)

and beliefs are derived from equilibrium strategies and observed actions using

Bayes rule (Bayesian updating).

Proposition 2. Under noncommitment and in the sale model, the egquilibrium

path is (generically) unique and takes the following form:

There exists a sequence of numbers:

0 = ”0 < ”1 < .. < ”i < .. < ”T < 1, such that:

at date t belong to

(i) If the current posterior beliefs uy

5 g .
And studied by Bulow [1982], Stokey [1982], Sobel-Takahashi [1983],
Fudenberg-Levine-Tirole [1985], Gul-Sonnenschein-Wilson [1986], and Ausubel-
Deneckere [1986] among others.
6 . . . . .
Which we know is unique from Fudenberg-Levine-Tirole [1985] and Gul-
Sonnenschein-Wilson [1986].
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the interval [Bi-l’ ﬁi) for i € T-t+l, bargaining will end
with probability one exactly at or before date t + (i-1)
{(i.e., the process will take i more periods including the

current one). Posterior beliefs are Hi-l at t + 1, ﬁi-z at t

+ 2 and so on. The sequence of prices charged by the seller

is given inductively by p . = & p ., + b, with p, ;) =

b At+(i—l)' The buyer's utility from date ¢t on (discounted
from that date on), Ut (b), is given by:

u, (B) =0,

and

U, (B)=(5-p) e’ L

(ii) If current beliefs are such that u the seller

£ = Hp-ter
charges b As for each s 2 t. The buyver's utility from date t

on is

Remark 1. To find the equilibrium starting from date 1, one simply sets t = 1
in the above; 1i.e. if ul € (Ei-l’ ﬂi) for 1 ¢ T, bargaining ends with

probability one at date i, while if u. 2 a_, bargaining continues through cdate

1 T
s

Remark 2. For a given “1’ case (ii) becomes irrelevant when the horizon is

large enough (because lim ;k =1).

k-dw
Remark 3. The equilibrium thus exhibited has the Markov property on the
equilibrium path, in that the strategies depend only on current beliefs and on
the length of the remaining horizon. It is known that off-the-equilibrium-

path strategies cannot be Markov with a finite number of buyer valuations
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(see, e.g., Fudenberg-Tirole [1983]).

Remark 4. Because of the finite horizon, the pricing strategy cannot be
stationary {(i.e., depend only on current beliefs on the equilibrium path). It
must also depend on time. A remarkable fact however is that the "cut-off

beliefs" “i are time-invariant.

An informal proof that the behavior described in Proposition 2 is an
equilibrium path is given in the Appendix.

The following trivial corollary will prove useful later on:

Corollary: Under noncommitment and for the sale model, given two posterior
beliefs My and ut' at time t such that both M and ut' belong to
[Ei—l’ ﬁi) for some i, the equilibrium path and the buyer's

utility are the same. Furthermore, they are identical to those for

beliefs equal to any convex combination of ut and ut'.

Coasian dynamics

A physical constraint in the sale model is that if the buyver consunes
the good at date t, she doe; so at éates t+l, t+2, .., T. Such a constraint
does not exist for the rental model. However one of our main concerns in this
paper will be to analyze whether the actual dynamics look like the sale ones.

This motivates the following two definitioms: -

where x, €{0,1] exhibits durable-

T
=1 t

Definition: A sequence of trades {Xt] t

good dvnamics if Xt =1 = xt+l = .. =% =1.
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i
t=1

where xt(b) € {0,1}, with associated payments) exhibits Coasian

efinition: An equilibrium (consisting of a sequence of trades lxt(b)}

dynamics if
(1) for all b, [xt(b)} exhibits durable good dynamics
(ii) u(p) =0

(11) U(B)=X, (B) (B-b)=,E

t =
(£18 %, (b) (b-b).

From Proposition 2, the durable good equilibrium exhibits Coasian

dynamics.

4b. Rental Model Under Noncommitment

We now assume that, at each period t, the seller makes a rental offer rt

for that period. This offer, if accepted, is binding for the current period,
but it is supposed that the seller cannot, at date t, commit himself to
particular rentals in future periods (this assumption is relaxed in the next

}

section). The seller's strategy is thus a sequence of offers |[r Tor oer T

ll

where ry is contingent on the history up to time t. Posterior beliefs about

T

the buyer's valuation are again denoted by M The buyer's strategy consists

£
in accepting or rejecting the offers. The strategies and beliefs are zgain
required to form a perfect Bayesian equilibrium.

The dynamics of the rental model differ considerably from those of the

sale model under noncommitment. The following lemma provides a first

intuition about why this is the case

Lemma 1: Suppose § + 52 2 1. Then ”t 2 El for all t < T-1.



Proof:

for “l slightly above X
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Note first that if “t < ;1’ the seller charges T = 5, Ew T o b
(which is accepted by both types). This follows from the fact that if
e < El’ the commitment solution from time t on is to charge b
forever. That is, the seller can get exactly his commitment payoff
even in the absence of commitment. Trying to price discriminate would
only yield a strictly lower payoff.

Now consider an offer r.. If r, s b, r, is accepted by both: it
is accepted by b because, from time (t+1) on, the seller will never
charge strictly less than b (this is trivially shown by backward
induction). It is also accepted by type b: if it were not accepted

by type b, the latter would lose (b - rt) > 0 at date t and

furthermore would reveal her type, which would lead to a price

sequence rt+1 = rt+2 = .. = rT = b, and a zero surplus. Thus the
posterior beliefs do not change: Beo= M-
Suppose next that r, > b and ut+1 < ;l if the offer is rejected.

Then Piyq = pt+2 = = pT = b from our previous observation. When

accepting the offer type b reveals her identity and obtains exactly

¢ b - b from time t on. By rejecting the offer, type b

T-t
s

utility b - r,

obtains (b - b) (5 + .. +

W . . , . . ; .
condition 6 + 8- 2 1 implies that the gain from rejecting

). Now for t ¢ T-2, T-t 2 2 and so the

-automatically exceeds that from accepting. So r_ > b cannot yieid

t

M <

£+1 uy if it is rejected. We conclude that beliefs always stay

above ;l until at least (T-1) (recall our assumption that ul > ul).

Q.E.D.

Lemma 1 must be contrasted with the results for the sale model. There,

for instance, one had . = 0 (the high valuation

1 2
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buyer accepted the first-period offer). The reason for the difference is that
in the durable good case, the seller has more leeway to price discriminate.

He can get the high valuation buyer to buy the good at a rental equivalent
just above b, say. But this may not be possible in the rental case. Because
the high valuation buyer gets a zero surplus forever after having revealed her
type, she must be given a rental price that is low enough to offset this
future loss of surplus. Hoﬁever such a rental price may fall below b with
more than 2 periods to go, in which case the low valuation buyer accepts the
rental price as well so that no information is revealed.

Ve will not need to give a full characterization of the equilibrium of
the rental model. We will, however, consider the limiting behavior of
equilibrium when the horizon becomes large. With an infinite horizon, there
exists a very large number of equilibria. Technically the game is a supergame
and some form of the Folk theorem applies. We now show that the limit of the
finite horizon equilibrium is an infinite horizon equilibrium with a simple
form.

Consider the following sfrategies. "Regardless of the previous history
of the game, 1) the seller charges b and 2) the buyer, whatever her type,
accepts any offer at or under b and rejects offers above b". These strategies
form an eguilibrium of the infinite horizon game if the discount factor
exceeds one-half: The seller's strategy is clearly optimazl given the buyer's.
The high valuation buyer ought to reject any offer r above b because:

b-rs(-bi+s +.) =31 (G-b.

We call this equilibrium the no-discrimination equilibrium. The seller always

charges the low price and does not try to price discriminate.7

Hosios and Peters [1985] only consider the infinite-horizon game and derive
the no-discrimination equilibrium. They also show that for small discount
factors, there exists an equilibrium that exhibits Coasian dynamics. (Their
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Proposition 3. Assume that & + 82 2 1. Then the finite horizon equilibrium

converges to the no discrimination equilibrium when the horizon tends to
infinity (i.e. for any prior beliefs ul, there exists k such that for all T

and t €T -k, r_ = b).

t

Remark 5: We conjecture that the assumption & + 52 2 1 can be relaxed to s =2

1

E.

Proposition 3 (which is proved in the Appendix) exhibits the striking
result that for long, but finite, horizons, the seller is unable to price
discriminate in the no commitment rental case, whatever his beliefs about the
buyer's type. That is, the seller charges b and rents to both types until
close to the end of the horizon. Clearly the seller has a lower profit and
the buyer a higher utility than in the sale case where discrimination is

possible. [In Section 8 below, we show that this result holds for any T, and

not only for long horizons]. Note that this conclusion is at odds with the

traditional conclusion that the seller always prefers leasing to selling.

(Indeed the usual result is that he can achieve the commitment solution by
renting.) The difference is that in the traditional éurable good nodel, there
are many anonymous buyers and the seller is unable to discriminzie among them
at é given point of time. Here, by contrast, we assume that there is only one
buyer or equivalently a group of non-anonymous buyers, whose consumption the
seller is able to keep track of. One buyer's behavior has no effect on the

future offers in the traditional model (because she is atomistic), while it

set-up is more complex than the one considered here. They also allow for
the possibility of directly monitoring the buyer's type.)
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has an important effect in the current model. Note that by contrast, whether

buvers are anonymous or not does not make any difference for the outcome in

the sale model.

Proposition 3 has the interesting implication that the noncommitment
rental equilibrium will not exhibit Coasian dynamics when T is large. The
Proposition tells us that the seller will charge b for many periods. However,

he will not charge b in all periods. The reason is that this would imply Ho_q

= u, > u, and it is easy to show that the seller would then prefer to

1 1

discriminate in the last two periods by offering r = b (1-8) + & b followed

T-1
= b if the buyer buys in period (T-1) and r

by r = b if she doesn't.

T T

Since r, rises above b sometime during the last few peribds, it follows

that a low valuation buver will buy early on, but not in some later periods.

Hence we have:

Proposition 4: In the noncommitment rental model with ul > ;1 and T > 2, the

finite horizon equilibrium dynamics are not Coasian.
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55 Commitment and Renegotiation

S5a. Introduction:

The previous two sections highlighted the following features:
- The commitment mocdel is characterized by the absénce of price or allocation
dynamics. It does not distinguish between the sale and the rental cases.
- Selling under non-commitment yields downward adjustments in the price. The
seller ends up learning the buyer's information in finite time. The dynamics
are Coasian: (i) from the technology, consumption today implies consumption
tomorrow, (ii) the low valuation buyer has no surplus from the relationship,
(iii) the high valuation buyer's surplus is equal to (b - b) times the present
discounted consumption of the low valuation buyer. Renting under non-
commitment yields different dynamics. The seller does not learn the buyer's
information perfectly before the last period (never learns it if the horizon
is infinite). The dynamics satisfy (ii) and (iii). But they do not generally
satisfy (i) if the horizon is finite and therefore are not Coasian. We
éxplained this in terms of the difficulty for the seller to make an offer that
is attractive to the high valuation buyer, but not to the low valuation one.
The scope for discrimination is even more limited than in the sale case.

¥hen the seller sells or rents to a single buyer, the assumption of non-
commitment is strong (uniess the parameters of trade are a priori ill-defined
or too complex to put into a long-term contract). The seller and the buyer
might sign a long-term contract. In the case of a durable good, the contract
night for instance specify that the buyer will have the right to buy at date 3
at some fixed price Py- In the case of a non—-durable good, the contract might
specify future trades between the parties and their prices. For instance it
could specify that trade (or employment) today implies trade (or employment)

tomorrow (durable good dynamics).
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As we noted in the introduction, some long-term contracts are not
"credible" because the parties will agree to renegotiate them in the future.
In the rest of the paper, we will assume that the buyer and seller can write a
(possibly complete) contract, which is enforced if either of the parties wants
it to be. However, if, at any point of time, both parties agree to replace
the old contract by a new one (or by no contract), they are free to do so.

We will assume that the seller offers the original contract as well as
renegotiated ones. (So we continue to give all the bargaining power to the
seller.) We will find that the possibility of signing long-term contracts
does not have any force in the durable good model, i.e. the equilibrium is
unchanged. However, long-term contracts do have a significant role in the
rental model. 1In fact the rental equilibrium with long-term contracts turns
out to be the same as the durable good equilibrium with or without long-term

contracts.

5b. The renegotiation game:

Before defining the renegotiation game, we need the following

definitions:

S

A contract or mechanism C is a sequence of message spaces M:, Mt for the

puyer ané the seller; a seguence of prodbzbilities that the buyer consumes the

. t N N : . t
good at cate t: xt(m ), where xt depends on all messages up to time t: m =

(ml, e mt) and B = (m?, mi), and x, belongs to [0, 1]; and a transfer from

t

the buyer to the seller p(mT), where p denotes the present discounted value of
the transfer at date 1. So a contract takes the form C = {xt(mt), p(mT)}.

A truncated contract or mechanism Ct from date t on, given previous messages

-t-1 . _ —t-1 —t-1
m , 1s the contract or.mechanlsm Ct = {xt+T(m . mt,..,mt+T), p(m 0

mt,..,mT), =0,...,T-t}.
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Note that we allow the seller to send messages after the contract is
signed. The various messages at date t can be simultaneous or sequential (as
usual, a date t equilibrium with sequential messages is also an equilibrium
for the date t normal form).

Suppose that renegotiation is impossible. Then one can define contract
allocations that are obtained for some perfect Bayesian equilibrium of the
corresponding message game. And one can also associate posterior
probabilities ut(m#—l) that go together with the messages.

Note that there is no loss of generality in assuming that the parties
are always bound by a contract. The null-contract {xt(mt) = 0, p(mT) = 0} for
any message space is indeed the legal status-quo. There is no loss of
generality either in assuming that the seller offers a contract accepted by
the buyer. For any current truncated contract Ct and any new truncated
contract C that the seller wants to offer, the seller can offer the larger

t

contract in which the buyer has the choice between C, and Et just after

t
signing it.

We now define the renegotiation game between the buyer and the seller.
At date t, the parties are bound by a previous (truncated) contract Ct (vhere
C1 is the null contract). The seller offers a new (truncated) contract Et’

= ~ . N . ~ ~‘-$T .o~ ~T . .
with messages B, € H‘¢T and allocations xt*T(m° ) and p{m°), for all v = 0,
S : i

LW

.. . T=t. TIf the buyer accepts, the previous contract becomes obsolete and
the new contract is in force. If she rejects the contract, the previous
contract is still valid (at least until the date (t+1) renegotiation). Date t
renegotiation occurs before date t messages.- The strategy space for the
seller includes not only messages, but also contract proposals; similarly the
buyer's strategy space includes contract acceptance or refuszl at each period.

¥We denote by u, the seller's beliefs about the buyer's valuation at the

t
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beginning of date t (before renegotiating). We will require strategies and
beliefs to form a perfect Bayesian equilibrium.

Next we define the set of renegotiation-proof contracts by backward

induction. Suppose that at date t ¢ T, the seller has beliefs My and the

incumbent contract is Ct' Consider a continuation equilibrium !mt, o Gif mTl

from date t on for contract C

£ assuming that €, will never be renegotiated.
|

That is, a continuation equilibrium is a perfect Bayesian equilibrium for the

(truncated) game defined by C This continuation equilibrium in particular,

.

yields beliefs “t+1 (mt) at date t+i. We will say that Ct’ assoclated with

the continuation equilibrium, is renegotiation proof at date t for beliefs My

if (1) for all equilibrium beliefs u (mt) at date t+1, the truncation C

t+1 t+l
of Ct {(associated with the truncated continuation equilibrium from t+1 on) is
renegotiation proof at t+l1, and (ii) there does not exist C. and an associated

t

continuation equilibrium {Et, 2ol ET} that both types of buyer weakly prefer

to Ct and (mt, P mT), which yields a strictly higher expected profit to the

seller and such that for all beliefs ﬁ (Et) at date t+1, the truncation

t+1

Et+l of Ct (associated with the new continuation equilibrium) is

renegotiation-proof at date t+l. (As noted earlier, assuming that the
contract is accepted by both typves of buyer involves no loss of generality.)

Renegotiation-proofness of C, at date t given belieis u, means that the
©

b
-

seller's offering contract Et = Ct is (part of) an equilibrium behavior. Note

that our definition allows the seller to "pick"™ among equilibria if he
deviates and offers'Et. That is, we do not want renegotiation proofness to
depend on the particular choice of an eguilibrium.

We can now enunciate the renegotiation-proofness principle: For the

sake of the analysis one can restrict contract proposals to belong to the
class of renegotiation-proof contracts. For consider an equilibrium of the

full game with both contract proposals (together with acceptances or refusals)
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and messages; one can always design an alternative game with bigger message
spaces, but no renegotiation. It suffices to include the contract proposal in
the seller's message and the contract acceptance or refusal in the buyer's
message. Clearly the corresponding contract, which leads to the same
allocation (allocations, if there are nmultiple equilibria), is renegotiation-
proocf. Furthermore one can always ignore the seller's message at date t. As
is well-known, any equilibrium of the message game at date t is also an
equilibrium of a game in which both parties announce simultaneously; and the
seller's message can be subsumed into the allocation (so that for instance a
mixed strategy by the seller amounts to a random allocation for a given
message by the buyer).

An equilibrium allocation of the renegotiation game is thus identical to
an equilibrium allocation in some renegotiation-proof contract €. We now look

at renegotiation-proof contracts in the sale and rental models.

6) Renegotiation in the Rental Model

ba. Branching processes: some definitions.

Because of the possibility of renegotiation, the exact amount of
information revezled by a buyer at a given date matters: the seller cannot
connit not to use the information to offer a mutually advantageous contract in
the future. 1In particular the revelation principle in general does not hold.
For instance suppose that the buyer announces her true type at date 1.
Renegotiation at date 2 takes blace under symmetric information, and therefore
only an efficient contract from that date on (x2 S R RXn ¥ 1) is
renegotiation-proof. Hence the seller loses almost any ability to
discriminate between the two types.

In the following, we will demonstrate the crucial role played by
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branching processes.

. A deterministic branching process is a contract C1 in which the seller's

message space at each date is empty, the buyer's message at date t is a choice

between 0 (does not consume at t) and 1 (consumes). In other words, the buyer
decides sequentially on whether to consume. The total transfer p depends only
on the consumption path, but not on "payoff irrelevant" messages. An example

of a branching process is given in Figure 1:

?(brl)

P(brz)

‘P(b:B)

p(b:4)

Figure 1

The branching process depicted in Figure 1 has four branches (where a
branch starts at date 1). The transfer corresponding to branch bri is p(bri).
So, for instance, if the buyer chooses not to consume at date 1, then chooses
not to consume at date 2 either and finally consumes at date 3, the transfer
to the seller is p(br3). Note that in a branching process the buyer does not
commit to future consumptions in advance.

Remark 6. In Figure 1, all potential branches could have been represented (it

suffices to assign a very high transfer to other branches so as to discourage
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the buyer from selecting them). Our convention will be to depict only

relevant branches, i.e., those which are chosen with positive probability on

the equilibrium path.

A branching process is a contract C1 in which the seller's message space

at each date is empty, and the buyer's message at date t is selected from a

set of (distinct) probabilities {xt,k}§=1 in [0,1]. A stochastic branching
process is a non-deterministic one. In short, branching processes generalize
deterministic ones, in which the buyer decides sequentially on the probability
to consume at each date. A branch is a sequence of t probabilities. The
total transfer p depends only on the sequence of selected probabilities
(because of risk neutrality, it will become clear that there is no need to
consider transfers that depend also on the realizations of the random

consumptions).

- A durable-good branching process is a deterministic branching process

such that (i) on all branches, X, = 1 implies xt_l_T =1 for t in {1, .., T-t}.

The branching process depicted in Figure 1 is not a durable-good one because

of the first branch. Figure 2 exhibits a durable-good process:

e T e U,

—_ et e e e n e e e e e

Derse 1 Date 2 Date 3
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- A Coasian branching process (CBP) is a durable-good one that satisfies

(ii) Let I denote the set of branches i that are optimal for the low

valuation buyer (i.e., yield U(b)). Then

U(B) = max(( £ " = (br)) B - plbr) = maxl(E s x (br )) (B - b)1+U(D).

i i€l %

(The high~valuation buyer's surplus does not strictly exceed the highest
payoff that she would get by following a branch that is optimal for the low-
valuation buyer.) Aand

(iii) X, = 1 is an available option (or the only available one) at each
date t.

In words, (ii) says that the rent accruing from having the high
valuation rather than the low one is minimal. That is, it is egqual to the
valuation differential (b - b) times the highest expected present discounted
consunption by the low valuation buyer (we know that this number is a lower
bound on the high valuation buyer's rent, because she can always mimic the low

valuation buyer. So there is no extra rent).

Finally, a Generalized Coasian Branching Process (GCBP) from date t on is a

(tight) Coasian branching process, except that at date t, the buyer is offered
the choice between 1 and a probability y in [0,1] of buying (instead of a

choice between 1 and 0).

A GCBP is depicted in Figure 3.



Figure 3

The following simple lemma applies to all branching processes:

Lemma 2 ("Incentive Compatibility", "Monotonicity"). Let i and j denote two

branches of a branching process. Suppose that i is optimal for buyer b

(belongs to I) and j is optimal for buyer b (belongs to I). Then

t-1 i t-1
1 6 xt(bri) 2 5,08 xt(brj).

oof: Write the two incentive constraints (buyer b prefers branch i to

m
1
z

t
B

H

branch j and buyer b prefers branch j to branch i) and add them up. Q.E.D.

Note that in a durable-good branching process, discounted consumptions

tgl at—l xt(bri) are ordered by their terminal point (discounted

Xl(bri) =
consumption decreases from top to bottom in Figure 2). Lemma 2 implies that,
because all the branches represented in a tree are by definition relevant

(optimal for some type of buyer), the upper branches are followed by the high-
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valuation buyer and the lower branches by the low-valuation buyer, with at
most one common intermediate brénch. See remark 7 below for a further
characterization in the case of a renegotiation-proof durable good branching
process.

Let us define the length of a durable-good branching process to be the
highest number of zeros in a branch. For instance the durable~good branching
process depicted in Figure 2 has length 2. This means that the consumption
pattern is uniformly efficient from date 3 on. Also we define the length of a
Generalized Coasian branching process in the same way except that we include
the y component as part of the length (even if y=1). So the length of the
GCBP in Figure 3 is 3.

Remark 7: Note that a renegotiation-proof durable-good branching process has
the properties that every branch but the last is followed only by a b buyer
and that the last is followed only by a b buyer. To demonstrate the first
property, observe that if this were not so, Lemma 2 implies that the
penultimate branch must be followed by a b buyer; however, wﬁen date k arrives
(so that there are two branches left), the buyer and seller will agree on a
new contract where each buyer type follows branch k (see, e.g., Figure 2).
That is, at date k, the seller could offer the penultimate (efficient) branch
to both types instezd of discriminating for one more period. Both typesﬂ
utilities would remain unchanged; and the low type's consumption.is increased
while the hiéh type's consumption is unchanged. This increase in efficiency
raises the seller's profit from date k on, contradicting renegotiation-.
proofness of the original contract. The second property stems from the fact
that if buyer b follows the last branch, having him follow the penultimate
branch at date k with (conditional) probability one instead would increase the
seller's profit without affecting the buyer's utility (alternatively, the

seller could offer a new contract at date k that lowers the price associated



27

with the penultimate branch by €; this would break the high valuation buyer's
indifference between the last two branches, without affecting the low
valuation buyer).

Remark 8: From now on, we will abridge "branching process" by using "BP".

6b. A roadmap.

In the next subsection, we show that when we allow for general contracts
and renegotiation, (1) the equilibrium is generically unigue, (2) its outcome
is a Coasian BP and coincides with the noncommitment equilibrium of the
durable good model described in Proposition 2. To prove this, we will
demonstrate (not guite in this order).that:

i) there is no need for the buyer to send payoff-irrelevant messages (like
announcing the weather...). Furthermore the buyer does not announce her
future consumption, only her current one. That is, the buyer's message at
date t is in a sense'minimal; it is just sufficient to determine the date-t
allocation. The optimal path is thus a BP.

As a benchmark, it is useful to recall that, under full commitment (that
is, when renegotiation is prohibited), the optimal incentive scheme for the
seller can bé implemented fhrough a single announcement of the buyer's type at
date 1 (revelation principle); eguivalently, it can be implemented through a
choice of a whole cbnsumption path (branch) ét date-l (see, e.g., Hamﬁond
(1979) and Guesnerie (1981)). Here, because of the possibility of
renegofiation, only current consumption should be announced at e;ch date, as
we will show. That payoff-irrelevant messages (beyond current consumption)
are useless is not nearly as obvious as in the commitment case. 1In
particular, for a given level of date -t consumption chosen by the buyer, the
seller might want to split the "populations" of buyers who choose this level

of consumption into two subpopulations by using payoff-irrelevant messages on
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top of the choice of consumption in order to relax the renegotiation-proofness
constraint at date t+l.

ii) stochastic mechanisms are suboptimal. This property, linked to risk
neutrality, is well-known under commitment.8 As in the case of payoff-
irrelevant messages, it is much less trivial under renegotiation, because, for
instance, using stochastic BP increases the number of branches, which might
give more leeway concerning posterior beliefs and help relax the
renegotiation-proofness constraint at future dates.

1ii) branching processes that are not tight are not renegotiation-proof.

This follows directly from the fact that starting from a branching process
which gives the high valuation buyer extra rent, the seller can increase the
consumption of the low valuation buyer and raise the price she pays without
disturbing the incentive compatibility constraint for the high valuation
buyer. The resulting new process will be acceptable to both buyer types and
will increase the seller's profit, which implies that the original process was
not renegotiation-proof.

iv) Any optimal renegotiation-proof branching processes which guarantees both
types of buyer particular utility levels (U for the high valuation buyer, U
for the low valuation buyer) is equivalent to a Generalized Coasian branching
process. We prove this by backward induction. To understand the intuition,
note that the seller's desire to price discriminate is best accomplished by
separating the two types and "frontloading"” the inefficient consumption of the
low type, just as in the usual Coasian model. This suggests that an optimal
branching process should be a CBRP. However, such a CBP may not provide the
high valuation buyer with the required U. In order to meet this constraint,

the low valuation buyer's consumption will be increased along the lines of

It stems from the bang-bang nature of the incentive problen.
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(iii) above. It turns out that the cheapest way for the seller to do this,

consistent with renegotiation-proofness being preserved in later periods, is

to increase the minimum probability of consumption at date 1 from zero to y.
(Putting this y later will make it more difficult to resist renegotiation.)
v) At date 1, U = U = 0 and so the reason for including a non-zero y in the
first period disappears. That is, the optimal renegotiation-proof branching
process at date 1 is simply a Coasian branching process. (Note that while we
can ignore the U constraint at the first date, we cannot ignore it at later

dates since it is then a restriction imposed by the date 1 contract.)

6c. The main result

Theorem 1: The ocutcome of the rental model with commitment and renegotiation

coincides with that of the durable good model without commitment.

Proof of Theorem 1: The building block for Theorem 1 will be Proposition 5,

stated below. First, we derive two simple lemmas.
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Lemma 3: Let “t < “1'

t is the efficient one (CBP of length 0).

Then the only renegotiation-proof contract at date

Proof of Lemma 3: Let U and U denote the utilities in the renegotiation proof

contract at date t (where U and U do not include past consumption). Note
that, because a type can always mimic the other type's behavior from date t

on, and because each type's consumption lies between 0 and 1 + .. + 5T_t

0sU-Us(Q+..+5 ) (b-b.
Now consider the fictitious (commitment) program:
_ = *
- 1% = - 1I*
Max lut (th U*) + (1 ut) (gtg U*) }
st
= S
(IC) U* 2 U* + X_ (b - b)

(IR1)} Ux 2 U

The choice variables in this program are the new utilities Ux, U* (again these

do not include past consumptions) and present discounted consumptions from

*

=%
date t on, X_ and gt

t for the two types. 2As the reader will easily check, the

unigue solution of this program for y < ul is:

Note that U* 2 U.
Note also that the maximand is the seller's profit, and that (IC) and
(IR1) are satisfied by the initial allocation {X, X, U, U}. If the initial

contract is not the solution to the program, the seller can offer the

efficient contract {X*, X*, u*, U*}. He makes strictly more profit; the two
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types of buyer are willing to accept this contract (as U* 2 U and U* 2 U); and
the new contract is renegotiation-proof because it is efficient. This
contradicts renegotiation proofness of the original contract.

Q.E.D.
Lemma 4: A GCBP of length 1 with first probability y ¢ 1 starting at date t

is renegotiation-proof if and only if My 2 M. Furthermore if M2

;1, the CBP of length 1 yvields the highest profit among GCBP's of
length 1 (for a given utility for the low valuation buyer).

Proof of Lemma 4: Let us check that a GCBP of length 1 with arbitrary first

probability v and current beliefs u, is renegotiation proof if and only if the

t

beliefs ”t exceed El' Note that the consumption of the b type is efficient.

So renegotiation (which, since it makes everyone better off, must strictly
increase efficiency and therefore consumption of at least one type) must
strictly increase the consumption of the low type. But we know that any
increase € of the consumption of the low type raises efficiency by € b (1—ut)
and raises rent by £(b - é)ut. Hence the GCBP of length 1 is renegotiation-
proof if and only if (b - P)”t 2 Db (1—ut) or ¥, 2 M,. The same argument shows

t 1

that for &, > & and given U, the CBP yields the highest profit to the seller

t 1’

among GCBP's of length 1. Q.E.D.

¥e now prove the following proposition:

Proposition 5: (1) For a given date t and posterior beliefs u,, consider a

t

renégotiation—proof contract (with an associated perfect Bayesian
egquilibrium). Let ﬂ, U and r denote the utilities and profit from t on (that
is, U and U do not include consumption prior to t; but they include payments,
which, wlog, can be made at the end). Then there exists a renegotiation-proof

GCBP starting at date t that yields utilities U and U to the two types of
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buyer and profit = to the seller.
(2) A Coasian branching process of length k starting at date t with

(where u

posterior beliefs u . A

" is renegotiation-proof if and only if “t 2 A
is as in Proposition 2).
Proof: As mentioned above, we proceed by backward induction. Our induction
hypothesis are items 1) and 2) of the proposition. Without loss of
generality, we ignore the seller's messages and random contracts (but we allow
mixed strategies for the buyer). Because of risk neutrality, the same proof
goes trivially through by taking expectations in the case of random contracts.
In this proof we will repeatedly replace the current contract by another
contract. In these substitutions we will always keep the utility of the b
type constant; furthermore all the contracts will be tight. These two
properties imply that the b type's change in utility from one contract to
another is equal to the change in the b type's consumption times (b - b).
This means that to know whether the b type accepts the new contract (assuming
the new contract is renegotiation-proof itself), it suffices to look at the
change in the b type's consumption.

First consider date T. Suppose that the current renegotiation-proof

contract yields utility U and U to the two types, where the utilities are

Because T is the last-date, the revelation principle holds at that date.
The renegotiation-proof allocation must then be a solution to:

Max {ng (b x* = UX) + (1 - ug) (b xx - U¥)

T
{;{*r }_{*r I_J*, ﬁ*}

st
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(*)  (IC) U* - Ux 2 x* (b - b)
(IR1) U* 2 U

(IR2) U* 2 U

The maximand denotes the expected profit at date T. The probabilities
of buying at date T are x and x for the two types. And the two types'
utilities are U* and U*. As is now usual, we write expected profit as the
difference between expected aggregate welfare/efficiency (“TEE* + (l—uT)Q X*)
and expected buyer utility (uT U* + (1—uT) U*). The first (incentive
compatibility) constraint expresses the fact that the high type can mimic the
low type's behavior. There is actually another incentive compatibility
constraint, but this constraint turns out to be non-binding at the optimum.
(IR1) and (IR2) express the fact that the two types will renegotiate only if
they get at least as much utility as in the original contract.

It is clear that the solution of the program has x* = 1, and that (IC)
is binding. These two facts imply that the allocation is equivalent to a
GCBP. Hence induction hfpothesis (1) is satisfied at date T.

To establish induction hypothesis (2) at date T, suppose that we are
given a Coasian branching process at date T of leﬂgth k. Clearly k=0 or 1

k=0, x =x=1, vhile if k =1, x =1,

th

(1 = 0). If ¥ = 0, the allocation

1>

is efficient and thereiore obviously renegotiatién proof. Hence, recalling
that ;O = 0, we may conclude that a date-T Coasian BP of length 0 is
renegotiation-proof if and only if o2 EO'

Suppose next that kX = 1. Since a Coasian branching process is by
definition tight, U = U. Hence, a Coasian process of length 1 is
renegotiation-proof if and only if X = l, x =0, Ux =1, U* = U = U is a

solution to the program (*). But it is easy to check that x = 1, x =0, Ux =
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u, Ux = U = U is a solution to (*) if Hyo2 ;l (in fact it's a solution to the

program (*) deleting (IR2)), while it is not a solution if Hp <My (x=x=1,

U* = U and Ux = U + (b - b) gives the seller higher profit). Hence we may

conclude that a date-T Coasian BP of length 1 is renegotiation proof if and
only if My 2 M. This confirms induction hypothesis (2) at date T.

Next suppose that the induction hypothesis (1) and (2) hold at date t+1.
Let us show that they hold at date t. Without loss of generality, let us take
t = 1. Consider a date 1 renegotiation-proof contract, with associated
utilities and profit U, U and w.

Let us consider two messages m, and m, that can be sent at date 1 by the

1 2

buyer. Let Xy and %, denote the associated probabilities of purchasing the

good at date 1. (Without risk of confusion, we ignore the time subscript for
messages and probabilities, which all refer to date 1.) Wlog, suppose that X,
P X5- Let us also assume that both types are willing to send messages ml and

m, (the case in which some message s is optimal for only one type is actually

2
easier and will be handled later).
From our induction hypothesis (1), we can replace what happens following

message m, (i = 1,2) by a GCBP starting at date 2. Let ' denote the date 2

probability in the GCBP following message m. . and ki the length of the GCBP.



Figure 4

First note that without loss of generality, X. can be taken equal to 1:

1
Assume that x4 < 1. Raise both X4 and X, by (l—xl). Raise all prices by
(1—x1)§. The low type's utility is unchanged. The high type's utility
increases by (l—xl)B = (1—x1)§ = (1—xl)(5 - b). Efficiency increases by
Hy (1—Xl)b + (1—u1)(1—x1)§. So profits increase by

#y(1-x )b + (1-u)) (1-x,)b - #,(1-%,) (b - b) 2 0 because 4, 2 4, (from Lemna

1
3). The new allocation is still incentive compatible because payments have
been uniformly translated and the new allocation in each of the subtrees
starting in period 2 is renegotiation-proof for the same reason that the

original allocation is.

So, taking Xl = 1, we consider two cases:
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Case 1: X, < 1.
First we claim that Y, = 0. In order to show this, we make use of the
following lemma, which is proved in the Appendix.

Lemma 5. If for given t 2 2, & and U, a GCBP of length kX > 1 with first

t
period probability y > 0 is renegotiation proof, then any GCBP of the same
length but first probability y' ¢ vy is also renegotiation proof unless k = 2
and y = 1. Furthermore, it yields higher profit for the seller. [For a
renegotiation-proof GCBP of length 2 with y = 1, there exists a renegotiation-
proof GCBP of length 1 that yields the same utilities to the two types and the
same profit to the seller.]

Suppose that Y, > 0. Consider increasing X, by € and reducing Y, by €/s

2

{(so that x, + 8y2 remains constant). The consumption of the low type

2

following message m, is unchanged, while the consumption of the high type

2
increases by € for those who follow the top branch of the lower subtree and is
unchanged for the others. Thus increase the payment of this top branch of the
lower subtree by € b. This, together with the change in the consumption
pattern, leaves the high type indifferent between all branches. Again the two
types of buyer are left indifferent and profit is increased. The new
allocation is incentive compatible, and furthermore is renegotiation-proof
from date 2 from Lemma 5 (together with Lemma 4 if kz =1). So; in order for
the date 1 contract to be renégotiation proof, either Y, = 0 or %y = 1. The
case x, = 1 is examined later.

Next note that for both types to be willing to send both messages and

from the tightness of the two GCBP's we have:
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k,+1 k.+2 k. +1 k. +2
(1) 1 + syl + 3 1 + 5 g + .. + sT o X, + 8 2 + 5 - + .. + sT &

This, together with 1 » Xo i implies that kl > kz.

Let us show that the seller can offer a better contract that eliminates
all the branches of the upper subtree but the efficient one. We have got to
relocate the types of buyer that were following these branches.

The buyers of type b who previously fecllowed branches 2,3, .., kl = k2
of the upper subtree are allocated to the efficient branch of the same upper
subtree (there are no such branches in Figure 5 below). The types of buyer
who previously followed branches kl = k2 + 1, .., kl + 1 of the upper subtree
are allocated to the branches 1, .., k. + 1 of the lower subtree respectively.

2

Thus we fold part of the upper subtree onto the lower subtree:

uﬁoer
Ladlan
Pro[u.d
(ben 5&4 )

bowrer
Gadian
ff‘OCéM

/&n;b{ 1)
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This "displacement of populations" raises three questions:

1) Is the new configuration incentive compatible for the various types of
buyer?

2) Is the new configuration renegotiation-proof?

3) Does the new configuration yield a higher profit to the seller?

The answers to questions 1) and 3) are straightforward. Note first that
we are eliminating branches and leaving the others unchanged. Hence each type
has less choice, and therefore the allocation remains incentive compatible.
(Note also that the allocation for other messages is left unchanged, because
the utilities in the subset {ml, mz} of messages remain the same.) Second,
the utility of each type of buyer is unchanged, because announcing m, was an
optimal strategy for both. So, to show that the seller's profit is increased,
it suffices to show that efficiency increases.

Consider the types who previously followed branches kl = k2 + j of the

upper subtree for j =1, .., k, + 1. Their present discounted consumption

2
increases by:
: : _ Ko~k +3 k. -k +j+1 _
{>~:2+zs:'+a~::'ﬂ+..+asTl}—{xl+ayl+¢sl 27451 2 AT
. kz kl—kz
= (69 + ..+ 5 °) (1-s )y 20 .
The efficiency of branches 2,3, .., k. — k., of the upper subtree is trivially

1 2

increased (because the consumption of the types that followed these branches
is efficient).

Next let us show that the new lower subtree is renegotiation proof from
date 2 on (the new upper subtree is efficient from date 2 on and is therefore

renegotiation—-proof). Notice that the Coasian process in the upper subtree
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starting at date k1 -k

2 +3j+1 (=1, .., k2 + 1) is folded onto a Coasian
. . . u 3
+ 1. . .

process in the lower subtree starting at date jJ 1 Let “kl—k2+3+l and “J+l
denote the posterior beliefs in the old contract at date kl - k2 + 3+ 1 in

the upper subtree and date j + 1 in the lower subtree. From induction

hypothesis (2), and renegotiation-proofness in the old contract, we have

u

. 2
k1 k2+3+l

2 -
R g

u “k and u

2*173

Because the beliefs at date j + 1 in the new lower subtree (“j+l) are

. . u R
a convex combination of “kl-k2+j+l and “j+1 , one has:

which, together with induction hypothesis (2), means that the new lower

S )

subtree is renegotiation proof from date (j+1) on (for j 2 1).
We conclude that there exists a GCBP which yields the same utility to
both types, a profit at least as big as the original one and which 1is

renegotiation proof from date 2 on.

We consider two subcases.

2

Merging them (i.e. superimposing one onto the other) does not affect utilities

Either Yy =Y, and then k, = k,: the two subtrees zre identical.

and profits. We then obtain a BP starting with both types consuming at date 1
and followed by a GCBP with first probability Yy = ¥y- Note that this is
equivalent to the following BP (in which no type of buyer takes the first

efficient branch):
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Figure 6

Note further that the Figure 6 GCBP with probability Yo starting at date
2 1s renegotiation proof. If it were not, the seller would offer a new
contract at date 2. Because the current contract at date 2 is renegotiation
ﬁroof from cdate 3 on, [this results from the convexity argument above and the

induction hvpothesis. At date 3 the two Coasian BP are merged. For both,

beliefs at date 3 exceed ;u -1° Hence, by convexity, the new beliefs also

1

exceed ;k _1.], the new contract necessarily strictly increases the seller's
;7L

profit (and does not lower the utilities). Thus the seller could bffer a new

(renegotiation proof) contract at date 2 that makes him better off and the two

types at least as well off. But this would mean that the same contract, with

consumption 1 with certainty at date 1 would alsoc upset the date 1 original

contract, which contradicts renegotiation proofness at date 1.
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If yl # Yo we can assume wlog that yl > Y, Because of (1), we also
have kl > kz.

Suppose first that kl 2 3 or yl ¢ 1. We claim that the upper tree
starting at date 2 is not renegotiation-proof after all. To show this, note
that both types are indifferent between the two date 1 messages, which yields:

k, +1 k2+1

1+ 6y, + 8 1 o R 5y, + 5 W B .

kz kl—l
Thus: yl = yz + & + .. + & -

Following message m the seller could offer the contract corresponding to the

17
lower subtree. This would leave both types of buyers indifferent from the
last equation. Furthermore, by a now standard reasoning, efficiency is
increased and the new upper subtree is renegotiation proof from date 3 on.
Furthermore efficiency increases strictly. So the original upper subtree is
not renegotiation proof at date 2.

So let k1 = 2 and Y, = 1. Consider date 2 following message m, . The
upper subtree is a GCBP of length 2. Note that beliefs at date 3 exceed El
for this GCBP to be renegotiation proof. Replace this GCBP by the GCBP of
length 1 and first probability Y, (ve know that Y, + 5 = yl). This GCBP of
length 1 is identical (except possibly for the beliefs) to the one in the
lower subtree. So we can nmerge the two messages without affecting utilities
aﬁd profits. Last the new contract is renegotiation proof at date 2 from
Lemma 4. We ignore this trivial case which satisfies induction hypothesis
(1).

¥We thus conclude that for Yq > Yo either the original GCBP is.not
renegotiation proof, or it can be replaced by a BP similar to Figure 6, which

yields the same profit and utilities and is renegotiation proof from date 2

on.
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Both subcases (y1 =y and ¥y > yz) yield a new BP that gives the same
utilities to the buyer, at least as much profit to the seller, is
renegotiation proof from date 2 on, and is depicted in Figure 6.

The BP depicted in Figure 6 is a GCBP if Py 0. 1If Yy 0 0, define an

integer k by:
k. +1 k.+2

5k+l V oo W sT-l <1+ 5y2 + 5 g + 5 2 + .. + BT-l
and
k,+1 k., +2
1+ sy, + 5 T o e R
Such a k ¢« k2 exists
since for k = kz, one has
k. +1 k. +1
1+ 8y, + s P N S I
and for k = 0
k,+1
1+ Y, + 5 4 + ..+ 6T 1 <1+6+ ..+ sT . o
Let y be defined by:
) - k,+1 _
{2) y + sk'L + ..+ 8t 1 =1+ 5y, + 5 B + ..+ 5T 1 .
kol T-1 k41 7-1
{Note that 1 + 5Y, + 5 + ..+ 8 Ty 8T T4+ L.t o8 , so that such a vy

exists.’

Consider the GCBP with initial probability y (at date 1) and length k
and giving the same utility to the low type as the BP of Figure 6. From
equation (2), the consumption of the low type is the same as in the BP
depicted in Figure 6. Hence the utility of the high type is also the same

(because both processes are tight). We claim that efficiency, and thus
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profit, is increased:

{ | | } | | | | | |

FIGLRE 7 (k2-2.k-2)

Figure 7 represents the displacement of populations. The last branch's
efficiency is unchanged. The penultimate branch's efficiency is raised by:
k k2

(y + 5k T oo 5r_l) = (i a5 5y2 + 5 2 + .. + 5T—l) = 5 - & 20

using (2) and k < k2' 2nd similarly for the other branches. Last we must
prove that the new lower subtree is renegotiation proof from date 2 on.
Because it is.a Coasian process, and from the induction hypothesis, wWe must
show that 32 2 ;k-l’ where ﬁz are the date 2 beliefs in the GCBP. But in the

renegotiation proof subtree of Figure 6 at date k2 - k + 2, one had
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~
Because 4 the new lower subtree is renegotiation-

"k -x+2 2 Px-1 - 2 = Mk -k+2’

2 2
proof (the same reasoning applies to date k2 -k +2+ 3 for j=1,..,% - 1).
So again we could find a GCBP that gives the same utilities to the buver,
increases profit and is renegotiation procf from date 2 on.

Iterating this operation we are left with a unique GCBP (after
considering messages that are optimal for both types), as well as messages
that are optimal for only one type of buyer. Suppose that message m is sent
by b only. Then, because of symmetric information at date 2, the contract is
efficient from date 2 on. Now suppose that m is optimal for b only, and let x
denote the first period probability of trading given m. We can take x = 1
wlog, because one can raise this probability by (i1-x) and raise the payment on
this now totally efficient branch by (l1-x)b. This raises profit and does not
affect utilities. Now this efficient branch can be merged with the efficient
branch of the GCBP without affecting utilities and profit. So m can be
deleted. Suppose last that m is optimal for buyer b only. Raise the
corresponding probability by x' < 1-x and increase payment by x' b until
message m becomes optimal for b (such a x' exists because x' = 1 - x yields
the efficient branch, which would violate the monotonicity lemma ). -Because m
is now optimal for both types, the previous znalysis applies and message m can
be gotten rid of.

So far we have shown that induction hypothesis (1) holds at date 1. We
novw show that induction hypothesis (2) also holds at date 1.

Consider a date 1 renegotiation-proof Coasian process of length k

starting at date 1. Because M, 2 M WL

2 2 Hy-1 M3

profit that the seller can make is when

k=2" uk 2 ul, the highest

N, = M.

“3E Sreor R )

o o2 1

This consists in having the high type accept as fast as is consistent with

renegotiation proofness later on (it raises efficiency without affecting
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utilities). And indeed, one must have My = ;k—l’ eer My = ML Otherwise the

seller could offer the same Coasian BP with the perfect Bayesian equilibrium

that satisfies uz = ;k—l' L uk = ;1 (from the induction hypothesis (2), we
still have renegotiation proofness from date 2 on). So the seller gets
exactly this payoff under non-commitment in the durable good case when he
chooses to discriminate for t periocds.

So consider the Coasian process of length k. Suppose that “1 < ;k' For
the Coasian process to be renegotiation proof from date 2 on, one must have
My 2Ry
(2), »

(because by monotonicity My o2 oH, and by the induction hypothesis

2 2 ;k-l)' Now we know from Proposition 2 that, in the durable-good
non-commitment case, the seller ﬁrefers the Coasian process of length Xk -1to
that of length k (both are feasible if ;k—l S ﬁk). Furthermore the b
buyer prefers the shorter Coasian process because the type b's consumption is
higher. So the Coasian process of length k - 1 would yield a strictly higher
profit, be accepted (and is renegotiation proof from date 2 on, using the
induction hypothesis (2)). We conclude that B2 ;k'

Suppose that the Coasian process of length k is not renegotiation proof.
The seller then offers at date 1 a renegotiation proof contract that both
types of buyer accept. Let us assume that the low type's utility is unchanged
(the following reasoning holds a fortiori when it is increased). From the
induction hypothesis (1) (which we just checked for date 1), this new contract
can be taken to be a GCBP wlog.

Let us first show that this dominating GCBP has length at most k.
Suppose it has length k' > k and that the fifst probability is y in this GCBP.

We know that, because type b accepts the new contract:
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Thus there exists y' in [0,1)

such that

k' T-1 . k T-1

Again replacing the GCBP of length k' with probability y by the
renegotiation-proof GCBP of length k ¢ k' with probability y' leaves both
types of buyer indifferent, and raises efficiency, and thus profit, if either
k' 2 3 or y ¢ 1, contradicting renegotiation proofness of the GCBP of length
k' with probability y. If k' = 2 and y = 1, then this contract is equivalent
to the GCBP of length 1 and prebability y' = 1 - s (which, from Lemma 4 and g
2 ﬂl' is renegotiation-proof). But we know that the CBP of length 1 yields
higher profit than any GCBP of length 1 (because uyo2 ﬂl). Hence a CBP of
length 1 cannot be renegotiated to yield a renegotiation proof GCBP of length
2. {(And of course a CBP of length 0 is renegotiation-proof.)

Next the dominating GCBP cannot be of length k from Lemma 5.9 Suppose
that it has length k' ¢ k. Then, also from Lemma 5,9 we know that the
seller's new profit is bounded above by that in the Coasian process of length
k'. But we know that the seller makes strictly less profit with the Coasian
process of length k' than with that of length kX from Proposition 2.

Last, the Coasian process of length k (with un 6 2 uk) is renegotiation

1
proof from date 2 on by the induction hypothesis (2). Because no
renegotiation proof contract dominates it at date 1} it is thus renegotiation

proof at date 1. This concludes the proof of Proposition 5. Q0.E.D.

2 We are here using only the part of Lemma 5 which states that a
renegotiation-prcof GCBP cannot yield more profit than the CBP of the same
length. This does not require induction hypothesis (2) to be satisfied at
the first date.
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Theorem 1 is a trivial corollary of Proposition 5 and Lemma 5. We have
proved that, to obtain the best renegotiation proof contract for the seller at
date 1, we can restrict attention to Coasian branching processes of length k
such that Myo2 Hk' The one that maximizes profit in this set has length k*

given by ﬁk*+1 > “1 2 Hk*' Last U is optimally chosen equal to 0 (choosing U
> 0 raises utilities uniformly by U and lowers profit by U).

It remains to prove existence. There are two ways of doing so. The
first transforms the game into a finite one by presuming a finite number of
messages, probabilities of trade and prices, and applies standard theorems of
existence of a perfect Bayesian Equilibrium (Selten (1975) or Kreps-Wilson
[1982]). The uniqueness proof is then the same as in the continuous case,
except that we obtain approximate results: when the size of the grid tends to
zero, the equilibrium aliocation is arbitrarily close to the durable-good
Coasian allocation. While conceptually identical, the discrete framework is
less elegant than thé continuous one. Another way of proving existence is to
stick to the continuous framework, but require that the seller only offér

contracts such that a continuation equilibrium exists.10 This completes the

proof of the theoren. Q.E.D.

-

This method requires a brief discussion. Roughly, the set of contracts
such that there exists an eguilibrium is defined by backward induction.

The definition takes into account the possibility of renegotiation. Note
that the Coasian contract belongs to this class (from the uniqueness proof,
it cannot be profitably renegotiated, and therefore the continuation
equilibrium consists in the buyer following the Coase path and the seller's
never renegotiating).
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vh) Renegotiation in the durable good model

Due to the technological constraint, the set of contracts that can be
offered by the seller in the durable good model is a subset of that in the
rental model. For instance, a BP i1s automatically a durable good one. The

following result is therefore not surprising.
Theorem 2: The outcome of the durable good model under commitment and
renegotiation coincides with that of the same model without

commitment.

In short, commitment is useless in the durable good model because of the

possibility of renegotiation.

Proof of Theorem 2: Ve do not give a complete proof. It is very similar to

that of Theorem 1. It is actually simpler because once somebody has consumed
the good in one period, they must consume it in all remaining periods.
Q.E.D.
8) Summary
The following tables summarize our findings for the nonanonymous buyer

case, and also what is known from prior work about the anonymous buyer case.

Define

i seller's expected profit under commitment (vl = ul Al b),

T, = seller's expected profit under non—commitment in the sale model
("2 is the Coase profit)

Ty = seller's expected profit under non-commitment in the rental model.

We know that e > L We also know from Proposition 3 that, for T
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large, L) > LEE It turns out that the latter property holds more generally.

Proposition 6: L2 3 LEY

The proof of Proposition 6 is available upon request from the authors. From
Theorem 1, it suffices to show that the equilibrium of the rental model yields
less profit under non-commitment than under commitment and renegotiation. The
proof of Proposition 6 relies on a backwards induction argument. The
induction hypothesis is that for any period t, posterior beliefs at that date,
and continuation equilibrium in the rental non-commitment model, there exists
a renegotiation-proof GCBP that yields the same utilities to both types of

buyer and at least as high a profit to the seller.

We will say that the buyer is nonanonymous if the seller can keep track
of her past consumption and price discriminate on the basis of this record.

The following tables yield the seller's expected profit in the various

circumstances.
Coxritment Non-comnmitment
Sale T .
1 2
Rental w b
1 1

Table 1: Anonymous buyers
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Commitment Non-commitment Commitment and
Renegotiation
Sale ﬂl "2 “2
Rental “1 n3 "2

Table 2: Nonanonymous buyers

9. Contracts Written Before b is Known

So far we have assumed that the buyer knows his valuation b at the
initial contract date. VWe now briefly consider the case where there is
symmetric information at the initial contract date (0, say) and the buyer
learns b between this date and date 1 when trade first becomes possible. The
model then becomes a dynamic version of the hidden information principal-agent
model.

It is well known that if the buyer is risk neutral the first-best can
now be achieved by z long-term contract which obligates the buyer to rent the
good each period at a fixed totzl price of p {discounted from date 1). (In
this section we will confine attention to the rental model; all our results
epply to the sale model too, however.) Such a contract achieves efficiency
without sacrificing any risk-sharing benefits (the buyer, who is risk neutral,
bears all the risk). If we céntinue to give the seller all the bargaining

power, p will be such that the buyer's expected profit is zero:
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The situation becomes more interesting when the buyer is risk averse.
Now there is a tradeoff between efficiency and risk-sharing, and in the static
or one period case the optimal contract will generally involve some
inefficiency (see, e.g., Hart-Holmstrom (1987)). We now show how the results
of previous sections can be used to characterize the optimal contract in the

dynamic case.

T
We will represent the buyer's preferences by V( £ at 4 Xy b - p),
t=1

where V is an increasing, concave von Neumann-Morgenstern utility function.
For simplicity we suppose that the seller is risk neutral (the generalization
to seller risk aversion is straightforwardl. As in previous sections we give
all the bargaining power to the seller. We assume that the buyer accepts a
contract at date 0 as long as it gives her an expected utility greater than or
equal to V(0).

L long-term contract at date O is defined in exactly the same way as in
Section 5. Now, however, we will restrict attention to contracts which are

deterministic branching processes. That is, the seller's message space at

each date is empty, and the buyer's message at date t is a choice of current
consumption level. (Furthermore, the total price paid by the buyer, p,
depends only on the consumption path and not on "payoff irrelevant" messages.)
Such a restriction was unimportant previously when both parties were risk
neutral. When the buyer is risk averse, however, random schemes can be used
to screen a high valuation buyer from a low valuation one. An analysis of
optimal stochastic schemes is unfortunately very complicated under risk
aversion, and we shall not attempt such an analysis here (but see Maskin
(1981) and Moore (1984)).

Aithough we rule out stochastic consumption, we will keep things

"smooth" by supposing that the good is divisible. Hence in this section per
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period consumption can be any number x in [0,1], with corresponding benefits
bx.

It is useful to begin with the commitment solution. For this case it is
well known that an optimal contract consists of a choice of consumption levels
X (selected by a b buyer) and X (selected by a b buyer), and a pair of utility

levels U, U for the two types, where X = a, is efficient; X is such that a b

1

buyer is indifferent between choosing X and i e

U=X(b-Db) +U;
and

X, U, U solve: Max u,(a,b-X(b-b)-U) + (1-u

(A ) (%b-0)

1
s.t. u V(ﬁ)+(1-ul)V(U)2V(O).

1 =
Furthermore, it is easy to see that this commitment solution corresponds to a
GCBP (where y now stands for the level, rather than the probability, of first

period consumption). Simply find k such that

Such 2 % exists since whea k = 0 the left-hand side exceeds X, and whea k = T
the left-hand side falls short of X. Now let y satisfy

y + S o it

The commitment solution is then equivalent to a GCBP of length k with minimum
first period consumption equal to vy, where any b buyer chooses the efficient

branch for sure (i.e., consumes every period), and any b buyer chooses the
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most inefficient branch for sure.

We turn next to the case where, as in Sections 5-7, long-term contracts
are feasible, but the parties cannot commit not to renegotiate them. Let the
seller offer a contract C at date 0, which is accepted by the buyer. &as in
our previous analysis, we can suppose without loss of generality that C is
renegotiation-procf. Now consider the position at date 1. At this stage, the
buyer knows her type and so the situation is as in Section 5 (specifically,
all the analysis of that section applies with y interpreted as a consumption
level rather than a probability). In particular, C must be renegotiation-
proof in the sense of that section. Therefore we may apply Proposition 5 to

conclude that C is a Generalized Coasian branching process. Let U(b), U(b) be

the (maximized) utilities of a high valuation buyer and a low valuation buyer
respectively from following this process. Since the buyer accepts the
contract we know that My V(U(b)) + (1—u1) V(U(b)) 2 V(0).

We now consider how the length k of this process is determined. Suppose

i - . < . .
k%41 2 ul > uk*, 1.e. k* periods of bargaining are optimal in the

durable good model without commitment (see Proposition 2). Then we know from

that X

Lemma 5 that no GCBP of length greater than k* is renegotiation-proof. Hence
kX < k*. Consider a GCBP of length kX € k* with minimum first consumption level
Y. Such a GCRP is illustrated in Figure 8 (in the Appendix). The prices

corresponding to branches i =1, ..., k + 1 are given by:

D =AlS"U(S),

pl= v+t LT HE - u(d), I 2
k+1 h

PPl (v sf e L+ sy - u).

i o S
Let 4~ denote the probability that the buyer follows branch i (i=1,..,k+1).

It follows from renegotiation-proofness from date 2 onwards, profit
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1

maximization by the seller and Bayes rule that u° = (ul ~ ;k—l) / (1 - ;k—l)’
(ul - ul - uz S T I e ul = uz = L5 = ul) = Jk—i for i=2, .., k, and
uk+1 =1 - u, (where u is as in Proposition 2). Therefore the seller's

1 k-1

expected profit is given by

utpt o+ (1 - u) pia

(3)

(1 v iy

i=1

An optimal date 0 contract is one that maximizes this last expression over all
GCBP's which are renegotiation-proof from date 1 onwards, subject to the
constraint u V(U(b)) + (1-u7) V(U(B)) 2 V(O).

The trade-offs facing the seller are as follows. On the one hand, a
reduction in k or an increase in y raises efficiency and hence total expected
surplus. On the other hand, because consumption of a b buyer increases, so
does U(b) - U(b) = 3(5 - b), i.e. the buyer is exposed to more uncertainty.

An optimal contract balances these two effects. Of course, if the buyer is
risk neutral, the second effect is unimportant, and so k¥ = 0 is optimal under
these conditions (it is optimal to have no inefficiency at all). At the other
extreme, if the buyer is infinitely risk averse, U(b) = 0, which means that
(3) coincides with the formula for seller profits in the duraﬁle—good model
without commitment. Hence Theorem 1 implies that k¥ = k* and y = 0 are optimal
in this case (recall that in a Coasian path, the seller can always shorten the
process, which implies ;(k) < ;(k*) for k¥ € k*). For levels of buyer risk
aversion between these extremes, k will lie between 0 and k*.

We may summarize the above results as follows.

Theorem 3: Suppose the parties can sign a long-ternm contract before b is

known to the buyer, and the good is divisible. Then an optimal
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(deterministic) contract is a Generalized Coasian branching process of length
k, where 0 € k < k*. Here k*, which satisfies “k*+1 2 ul D] “k*’ gives the
length of bargaining in the corresponding durable-good model without
commitment. In addition: (a) k = 0 if the buyer is risk neutral; (b) if V(I)

= —e—XI, k = k* and y = 0 for sufficiently large values of x.

Actually so far we've only established that k = k* and y = 0 in the
limit » = . But the stronger result that k¥ = k* and y = 0 for large values
of % follows from the argument in the proof of Lemma 5. (Since (k,y) ->
(k*,0) as » => o, X = k* and y ¢ 1 for large x. Suppose y > 0. The proof of
Lemma 5 shows that u15 > b since otherwise increasing y and reducing U(b)
slightly would yield a strictly superior contract at date 0. It follows that
a reduction of y to zero increases seller profit by (“15 - b) vy > 0 and
decreases U(b) by v(b - b). Increase U(b) by €y where € is small. Then for
sufficiently large %, the change from the initial contract with v > 0 to a new
contract with y = 0, U = U(b) - y(b - b) and U = U(b) + ey can easily be seen
to be a Pareto improvement at date 0. Contradiction.)

It is interesting to contrast our results with those of Dewatripont
(1985). Dewatripont's model, like that of this section, deals with a
situation where the initial contract is written before the buyer knows her
valuation. Devwatripont in fact ailows for a more general specification than
ours in that the quantity traded is a continuous variable %nd the buyer's
valuation can take on more than two values. However, Dewatripont analyzes
renegotiation in an éxiomatic way rather than as a formal game. Moreover, he
obtains different results: for our model he finds that, depending on buyer
risk aversion, the optimal contract is a GCBP of length zero or one.

Since Dewatripont's approach is axiomatic, it is difficult to provide

detailed comparisons with ours. Naturally, we do not feel that Dewatripont's
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characterization of renegotiation corresponds to the case where the seller
makes the offers since our results suggest that longer GCBP's are feasible in
this case. However, Dewatripont's treatment of renegotiation may apply to the
case where the buyer makes the offers. In particular, suppose the date 0
contract specifies a GCBP of length k 2 2. Then if the buyer finds that she
has valuation b at date 1, she can propose a new contract in which she
consumes one unit at every date for a price slightly below p1 (this makes her
better off). This is acceptable to the seller since in the original contract
a2 high valuation buyer with positive probabilitv follows branches 2, ..., k
and pays less than pl. Hence with the buyer making the offers, only GCBP's of
length k € 1 are "renegotiation proof" -- which is precisely Dewatripont's
result. The proof of this, which uses the Cho-Kreps (1987) refinement of
perfect Bayesian equilibrium, is available upon request from the authors.

These ideas are still qguite tentative, and more work needs to be done on
the relationship between Dewatripont's approach and ours. At this stage,

however, it lzckz =22 if the resulis “-~ £hig area, =& in wany others involving

(711

asymmetric information, will be sensitive to whether it is the seller or the

buyer vwho proposes new contracts.
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APPENDIX

Proof of Proposition 2: Let “t denote the seller's posterior beliefs at date

t. Suppose that t = T (we are in the last period). The seller's optimal

price is obviously either b or b. His optimal strategy then depends on

( - - -
whether n, ., where uy o= b/b.
Next consider t = T - 1. The seller can sell for sure at price b & =

T-1

b(1+s). Or he can try to price discriminate. If the price at t induces

posterior beliefs the buyer-expects price b in the last period. The

b
high valuation buyer accepts if and only if b 8.9 T Pqoq 2 §(b - b) or Pp_q €

§b + b = apT + b. Clearly the best such price for the seller is &b + b, which

) &b b + sb. On the other hand,

yields profit uT_l(ap + b) + (1-uT_l b = gy

suppose that the seller charges a price between apT + b and EAT_l; the high
valuation buyer must then reject the offer with some probability. If the last
period beliefs are below ;1' Py =.b-~and the ‘high valuation bu§er should reject

the offer with probability 1 because b(1+s) < §(b - b). 1If they are

T P

above 51, Be = b and the high valuation buyer should abcept the offer with

i

probability 1. In both cases, we obtain a contradiction, and therefore uT =

Mo This means that the acceptance probability is independent of the price

charged a

(@)

(T-%1) (in this price range). So the seller is best off charging b
AT—? in this range. (For more detail on the two-period model, see Fudenberg-—
Tirole {1983].)

Now the cut~-off belief uT—l such that the seller is indifferent between
charging b 4,_, and &b + b is given by:
b + = -+ = = B = =_
b(1+s) = u; o b+ 6b <=> b Ho_q b <= ug g = 0y,
Let us derive the other cut-off belief u' such that the seller 1is

T-1'
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indifferent between charging b + sb and charging S’(1+8). If he charges the

latter price, the higher valuation buyer accepts with probability x such that

Myo= Hp g (Imx) /g L (1-x) o+ (1-u, ;). So w', . is given by:
T 1 - a
(-332---d) 5 (ave) + (=1 s = wp B+ ap
1 - Ky L& Hy

where use is made of the fact that, if the seller charges b (1+s) at (T-1),

posterior beliefs at T are ;l and the seller is indifferent between charging b

and b.

= s y { <Ly,
-1 = #5 where n, is such that for t T-1

the seller is indifferent between "going to time (t+2)" and "going to time

Now it is easy to see that u'

(t+1)" ("going to (t+2)" means that he will charge price gAt+2 at t+2). This

is because ﬁz is defined by:

(-2-——-1) (5 + B + 529) e G e ) b(1 + &)
1 - “1 1 = “1
= Gy (B+b (s459) +8(1-4) b (1+3),
or
b [(1+s) (uz = ul) - Ay (1 - uz)] =b & (”2 - ul).
This yields “2 = “T-l'

The rest of the proof for t ¢ T-1 is similar.

Proof of Proposition 3: First it is trivial to show by backward induction

from the horizon T that the seller never makes an offer under b. So b is
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accepted by the low valuation buyer; it is also accepted by the high valuation
buyer who would lose some current surplus and reveal her type (and therefore

have a zero surplus in the future), were she to reject the offer. Hence the

seller can guarantee himself b o, =b (1 + s + .. + 5T—1) by always charging

1
b.

Second suppose that the seller offers a price r, ? b in the first
period, that is accepted with some probability by the high valuation buyer (if
it is not accepted, the seller might as well charge b). It must be the case

that:

where X, (b) = tgz A Xy (b) is the expected present discounted consumption

of the low valuation buyer from date 2 on given that rl has been rejected.

Using the fact that r, > b, we get & X, (b) < 1.

1 2

Third we use Lemma 1 in the text. We knovw that posterior beliefs never

fall under ;1 before time (T-1). Hence if T is large, there exists € (with

%iym € = 0) such that the profit from offering r, in the first period is

1
bounded above by:

§ X

Tne first term in this expression comes from the fact that a fraction

1 (—-——:;) of high valuation buyers will not accept any offer
M
1

other than b before T-1 and therefore yield the same profit (up to €) to the

exceeding u

seller as the low valuation buyer. The second term is an upper bound on what
the seller can get from the high valuation buyers who reveal before T-1.

Now suppose that r. is optimal for the seller. Ve get:

1
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1 - u, - M
ba < = b+ba (-1---1) 4 ¢ .
1 - ul 1 - uy
Using the facts that ul 2 El' and that Al ~1/ (1 - s) for T sufficiently
large, we obtain
_my-my
8§ b/ bsg-7--—-=+ €' (with lim €' = 0).
1 - ul T-)ew

We conclude that, there exists TO and ;2 ) ;1 such that for all T = TO and “1

< I, the seller charges b in the first period.

2!

The idea of the rest of the proof is to iterate this reasoning to show

that above u the seller also charges b if the horizon is sufficiently long.

2!
{The only thing we have really got to check is that the "increments in

~

beliefs" (u , where 1. = ﬁl) do not become so small that }i§m ;k < 1.)

k- Mx-1 1
Fix € small and positive; and consider a multiple of TO' K TO, such that

s(K_l)TO b < e (everything that happens after (K-1) T0 is "negligible"). Now,

;&

from the previous result, the seller charges b until at least (K-l)TO if

beliefs are under ;2' Hence beliefs cannot fall under ;2 until at least (K-

T Suppose that the seller offers r, > b at Gate 1 and that this offer is

Ty
accepted with positive probability. RAgain we get & X2 (b) 1. &2nd

similarly:

N B
baysbs Xy (b) (1-u +u, (-=--23))
1 -
2
u, - 1
+ba (2% 4 e,
1 ~
1 -



61

SO

with lim g' = 0.

KTO—)m

Thus there exists %l and 33 > ;2 such that for T 2 %1 and “1 < 53, the
seller charges b in the first period. (Note that there exists « > 0 such that

one can choose u3 2 x + (1-«) ”2' Hence, when one iterates this reasoning,

one necessarily has lip u = 1.)

We thus conclude that whatever the beliefs the seller charges b in the
first period for a sufficiently large horizon. This, combined with the fact
that beliefs ny cannot increase with t, implies that the finite horizon

equilibrium converges to the infinite horizon non-discriminatory equilibrium.

Q.E.D.

Proof of Lemma 5: We establish the second part first: that is, we show that

if we replace vy by 0 in the renegotiation proof GCBP starting at cdate t in

Figure 5, the seller's profit rises.



Figure 8

In Figure 8, ui is the number of buyers following branch i = 1, ..., k+1
(where ul + ..+ uk =4y uk+l = (1-u,)). Vhen we reduce y to zero {(the same
reasqning will. hold more generally when y 1s reduced to y' < y, by linearity)
ve keep these numbers the same. Notfe that this preserves renegotiation
prooiness from Cate 2 .onwards.

The reduction in vy reduces the high valuation buyer's rent by yib - b).
It also reduces efficiency by yS for each high valuation buyer except those
following the first branch. Finally it reduces efficiency by yb for low
valuation buyers. Hence the change in the seller's profit is given by:

(&) wr G -»1+ e+ b (B - b vh) - (1-u,)yb = (5 - b)y.

Suppose first that u15 < b. Then if y ¢ 1 it follows from the
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expression in {(4) that an increase in y raises the seller's profit.
Furthermore since the consumption of a b buyer increases, U rises. It follows
that a contract with y raised would be accepted by both types of buyers and is
preferred by the seller, which contradicts renegotiation proofness of the
original Figure 8 contract. Therefore in the case ulS ¢ b, we must have

y = 1.

But now consider replacing the Figure 8 contract (with y = 1) by the

following which is of length (k-1).

Figqure 9

That is, we combine the first two branches. Note that this preserves
renegotiation proofness from date 2 onwards.

The consumption of a b buyer is given by
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y' o+ el S P Tt

in the new contract as opposed to

1+ 51 4 ST

in the old. Hence if we choose y' + 5k = 1, we keep this consumption, and

hence U, constant. However overall efficiency rises since the consumption of

b buyers following branch i, i = 3, .., k, in the old contract increases fronm

;-1 -2 T-1 i-2 _ k

81—1 + to y' + st + .. + & , a net gain of & § . This

1+ co

net gain is strictly positive as long as k = 3. Therefore if k = 3 the Figure
9 contract gives the seller strictly higher profit and is accepted by both

types of buyer. This contradicts renégotiation proofness of the original

Figure 8 contract. Hence if k 2 3, ulﬁ ¢ b is impossible in (4).

Suppose now ulb < band k = 2. Then y = 1. But with y =1, the GCBP of
length 2 is equivalent to the GCBP of length 1 and first probability y' such

that 1 = y' + 5. Now because the GCBP of lengfh.z is renegotiation proof from

2 M. (because the truncated GCBP is a CBP of

£
date t + 1 on, one has ”t 2 ut+l 1

length 1) so that the eguivalent GCBP of length 1 is renegotiation proocf.

This establishes the parenthetical part of the Lemnma.

Next suppose that u15 2 b. Hence replacing y by 0 increases profit,

which proves the second part of the Lemma. Let us next show that the CBP of

length k is renegotiation-proof. For this, notice that ”t 2 ;k—l' This is
because monotonicity implies that M2 oM and renegotiation-proofness at

date t+1 of the corresponding CBP together with induction hypothesis (2)

applied at date t+1 imply that u 2 M

¥ PR cHiEn
t+1 k-1 Now there are two cases; el
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neo2 ;k and then, by the induction hypothesis (2) applied at date t, the CBP
of length kX is renegotiation-proof. Or ;k—l IR ;k‘ Then we know from
Proposition 2 (on the durable-good non-commitment case) that the seller
prefers the (k-1) period CBP to the kX period one. Hence profits are higher in
the (k-1) period CBP than in the original GCBP. Furthermore u o2 ;k—l implies
that the (k-1) period CBP is renegotiation-proof. If the high-valuation buyer
prefers the (k-1) - period CBP to the original GCBP, then the original GCBP
was not renegotiation proof, a contradiction. Suppose that the high valuation

buyer strictly prefers the original GCBP to the (k-1) period CBP. This means

that:

Hence there exists y' such that y' + 5k = y. Again replacing the original
GCBP by the GCBP of length k-1 and first probability y' yields strictly higher
profit to the seller and the same utilities for both types of buyer (and the
new GCBP is renegotiation proof from date 2 on) as long as k¥ > 2 or vy ¢ 1. 1If
k=2 and y =1, we know from a previous reasoning that the GCBP of length 2
and first period probability y is eguivalent (in terms of utilities and
profit) to a renegotiation proof GCBP of leng:th 1 with probability y' =1 - s.
So far we have shown that if the GCBP of length k » 2 with probability vy
(which yields profit wy ,8ay) 1s renegotiation proof, the CBP of length k
(vhich yields profit wo)_also is. We must show that the GCBP of length Xk with
probability yv' in (0,y) (which yields profit wy,) is also renegotiation proof.
Suppose it is not. Then it is dominated by a renegotiation proof GCBP by
induction hypothesis (1). Let y" and k' denote the first probability and its

length and v* denote the associated profit. BRecause the GCBP of length k with

probability y' is renegotiation proof from date t + 1 on, renegotiation can
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only benefit the seller: w* ) "y" Now recall that

“y' - = (ul b - b) (y - y') and o T Ty = (ul b - b) y'. Furthermore for

the b buyer to accept the new GCBP, one must have:

k' T-t k T-t

y" + & T oo v 8 2y' + 8 + ..+ 8 o
Now since 0 sy € 1, y" - y' < 0 implies y+(y"-y') € 1. Hence either y" + (y
-y') <1l or y" - y' 2 0. Suppose for instance that y" - yv' 2 0. Consider

the GCBP of length k' and with probability y" - y'. It is renegotiation-proof
from date t + 1 on (because the GCBP of length k' and probability y" is). The
low type's consumption is:

' — =
" - y' o+ 5k + .. + 5T s 2 5k SR aT 5 .

Thus starting from the CBP of length k the high type is willing to accept the
GCBP of length k' with probability y" - y'. The seller's profit starting from

the same CBP increases by:

ez A Lo ~4 . P 5 & X .
1 N” 2 #7, where u~ denote the probadility that the buyer chooses the

1

efficient branch in the GCBP of length k'. Now it is easy to show that iz
ul. {First note that k' < k. If k' =2 k, starting from the GCBP {y', %} and
increasing v' until y" + R Sl v' o+ S AT e e profit
under wy,. But for a given utility for type b, the pfocess is more efficient

than the {y",k'} process since it is shorter, by the now usual reasoning.

This contradicts n* > “y" So k' ¢ k. But Bayves rule implies that ul = (ut =
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;k-l) / (1 - ;k—l) and A' = (wg - ﬁk'—l) / (1 - Ek'—l)’ Finally k' ¢ k
implies that Ek'—l < ;k—l and thus ;1 2 ul.] Hence starting from the CBP of
length k the GCBP of length k' with probability y" - y' is accepted by both
types, yields a strictly higher profit and is renegotiation proof from date t
+ 1 on, which contradicts renegotiation proofness of the CBP of length k. The
case y" + (y - ¥') € 1 is similar (it contradicts renegotiation proofness of
the GCBP of length k with probability y). This concludes the proof of Lemma

5. Q.E.D.
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