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Abstract

We propose a model for word of mouth (WoM) management where a firm has two tools at
hand: referral rewards and offering a free contract. Current customers’ incentives to engage in
WoM can affect the contracting problem of a firm in the presence of positive externalities of
users. Formally, we consider a classic Maskin-Riley contracting problem for the receiver of WoM
where the firm can pay the senders referral rewards and a sender experiences positive external-
ities if the receiver adopts. A free contract can incentivize WoM because the higher adoption
probability increases the expected externalities that the sender receives. We characterize the
optimal incentive scheme and show when the two tools serve as substitutes and complements
to each other depending on whether the market is niche and whether the product is social.
We show that offering a free contract is optimal only if the fraction of premium users in the
population is small, which is consistent with the observation that companies that successfully

offer freemium contracts oftentimes have a high percentage of free users.
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“Cost per acquisition: $233-3388. For a $99 product. Fail.”

—Drew Houston, founder of Dropbox

1 Introduction

In April 2010, Dropbox announced that it would start a referral program, increase visibility of its
free 2 GB option, and introduce a sharing option. All in all, this led to 2.8 million direct referral
invites within 30 days (Houston, 2010). Before the change, the costs per acquisition had been
more than 200 dollars for a 99 dollar product, so Dropbox was not even able to survive in the
market without word of mouth (WoM). The introduction of the sharing option makes Dropbox a
“social product,” with which users experience positive externalities from friends using the product.
Similarly, WoM was essential for the growth of another social product, Skype. The company
founded in 2003 spent nothing on marketing until it was acquired by eBay when it already had 54
million registered users (Eisenmann, 2006). Both Dropbox and Skype use the so-called “freemium”
(a free contract + premium contracts) strategy. However, the former combines it with a referral
program, which [Houston| (2010) emphasizes as a way to encourage WoM, while the latter only relies
on a freemium strategy.

The objective of this paper is to develop a simple model that highlights when offering a free con-
tract and referral rewards can optimally incentivize WoM about existence of a product. Specifically,
we model the incentive for old customers (senders of WoM) to talk to new customers (receivers)
who are offered a menu of contracts as in [Maskin and Riley (1984)E| The firm can reward senders
directly through referral rewards. A reward to the receivers via a free contract increases the like-
lihood of them using the product. This in turn raises the size of the expected externalities the
senders receive from talking, and thus encourages WoM. All in all, the model highlights a funda-
mental difference between referral rewards and a “freemium” strategy when it comes to encouraging
WoM. Figure 1] offers a schematic presentation of the main logic.

We provide a characterization of the optimal incentive scheme for WoM, which we use to discuss

substitution and complementation between the two strategies. This analysis allows us to understand

Van den Bulte and Joshi| (2007) consider a product diffusion model with influentials and imitators. One can
think of our model as capturing the firm’s strategies to encourage influentials to talk to imitators. |[Berger| (2014) and
Berger and Schwartz| (2011) provide a summary of the various psychological reasons why consumers engage in WoM.
Instead, we are interested in the strategic implications of different incentives for WoM.



Cost of talking < Referral rewards + Expected externalities

(referral program) / l l
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Figure 1: Schematic presentation of the sender’s trade off

two fundamentally different situations that a company might be in. First, a company might already
incentivize WoM with only one of the tools, but it could save costs by substituting the tool with
the other one. Second, the company might not be able to incentivize WoM with any one of the two
tools alone, but if it used both tools together it could successfully encourage talking as seems to be
the case with Dropbox.

We focus on two market characteristics which turn out to determine whether substitution and
complementation occur. First, a market can be either a niche market or a mass market, depending
on the fraction of premium customers. Second, the product can be a social product or a private
product, depending on the positive externalities it generates among customers. We show that
substitution occurs for social products, while complementation occurs for rather private products.
For referral rewards to substitute a free contract, the market needs to be mass, while a free contract
substitutes referral rewards if the market is niche. This difference arises because the benefit of using
a free contract is to expand the expected externalities that the senders receive. The “jump” of the
expected externalities is large (and thus effective in incentivizing WoM) only when the fraction
of users who would otherwise not use the product is high. For a related reason, a free contract
complements referral rewards only in a very niche market, while referral rewards can complement
a free contract also in a slightly more mass market.

The optimal scheme that we characterize exhibits a rich pattern of the use of referral rewards

and a free contract, and the prediction is roughly consistent with what we observe in the real world.



Most notably, our findings are consistent with a paradoxical feature of the customer base of the
aforementioned companies: While profits kept increasing, Dropbox faced consistently only 4% of
customers actually paying for the product (Economist, 2012)). Similarly, only 8% of the customers
who are served by Skype actually pay. As we discussed, our model predicts that a free contract
is useful in niche markets because it is used to boost up the expected externalities. Conditional
on the fraction of “premium users” being low, referral rewards are not used for sufficiently social
products, which is consistent with Skype’s strategy. When the externalities are not too low or
too high, referral rewards are used in conjunction with a free contract, which is consistent with
Dropbox’s strategy. For ride share companies like Uber, externalities would be low (it is a private
product) and the share of users who would be willing to pay is high (the market is mass). Our
model shows that the optimal scheme is not to use a free contract but to offer referral rewards,
being consistent with Uber’s strategy.

The positive externalities of the receiver on the sender plays a key role in our model. Exter-
nalities can be a real value of social usage , e.g., sharing documents on Dropbox, or psychological
benefit from having convinced a friend to use the same product as in (Campbell et al., [2015)). The
sender may also benefit from the continuation value in a repeated relationship with the receiver if
the receiver actually starts using the product. While we focus on the externalities generated by
the receiver, naturally, the sender can also generate externalities or the receiver can become a new
sender and generate externalities. We abstract away from this in our main analysis, as the focus is
on the sender’s incentive to talk and it would not change the essence of our analysisﬂ

The argument also requires that there is an exogenous cost of talking for the sender. There
are many reasons why talking may be costly: Senders incur opportunity costs of talking (Lee et
al. 2013), and/or they may feel psychological barriers. We assume that each sender wants to talk
if and only if the cost of talking is smaller than the benefit. Lastly, we only consider WoM about
the existence of a product. For commodities (such as online storage or phone services) and for new
products and categories (such as new startups), one of the main purposes of WoM seems to be to
inform the receiver of the existence. The study of WoM about the product quality or match value

can be especially important in other product markets, but is abstracted away from in our modelﬁ

2The Online Appendix discusses the case when the receiver receives externalities r as well.
3For example, [Anderson| (1998) studies WoM concerning evaluations of goods and services and more recently,
Leduc et al.| (2017) study WoM about quality in a network.



The paper is structured as follows. Section [2| introduces the model. Section |3| characterizes the
optimal scheme when only a free contract can be used, when only referral rewards can be used,
and when both tools are available (the full model). Section 4| compares the optimal schemes in
those three models to identify when substitution and complementation occur. Section [o| discusses
comparative statics for the full model. Finally, Section [6] concludes. The Appendix generalizes the
full model in a number of ways, and provides proofs for the results. The Online Appendix discusses

various extensions, robustness checks, and welfare considerations.

1.1 Related Literature

In general, WoM can be about either existence of a product, its quality or the match value. Papers
in marketing that consider WoM about product existence like us include Biyalogorsky et al. (2001)),
Campbell et al.| (2015), and [Kornish and Li (2010). The view that WoM can be about quality of a
product is adopted in marketing as early as Dichter (1966), and has been recently studied by Mayzlin
(2006)) in the context of reviews when advertising and WoM act as substitutes. The importance
of information contagion relative to targeted marketing has also been studied by |Manchanda et al.
(2008) and |[Iyengar et al.| (2011)), among others. Recently, papers in particular on online reviews
have studied the role of customer communication on match value (e.g. |Chen and Xie (2008)).
Godes et al.| (2005) provide a detailed survey of the literature on various aspects of WoM.

We show that a firm can encourage WoM about the existence of a product indirectly through
free contracts given to the receiver. This explanation complements the existing explanations in
the literature on how to encourage WoM: Biyalogorsky et al. (2001) compare the benefits of price
reduction and referral programs in the presence of WoM. In their model, a reduced price offered to
the sender of WoM is beneficial because it makes the sender “delighted” and thereby encourages him
to talk. Depending on the delight threshold, the seller should use one of the two strategies or both.
In contrast, our focus is on WoM in the presence of positive externalities of talking and our model
accommodates menus of contracts. In Campbell et al. (2015)), senders talk in order to affect how
they are perceived by the receiver of the information. The perception is better if the information is
more exclusive. Thus, a firm can improve overall awareness of the product by restricting access to
information (i.e., by advertising less). One could interpret the positive externalities in our model

also as a reduced form of a “self-enhancement motive” as in their model. Bimpikis et al. (2016)



analyze how advertising should be targeted in the presence of WoM. Although we discuss advertising
in the Online Appendix, we focus on the relative effectiveness of free contracts and referral rewards
instead of advertising. Kornish and Li| (2010)) consider the tradeoff between referral rewards and
pricing in a model where the sender cares about the receiver’s surplus and the firm offers a single
price. Due to the assumption of a single price, any price set by the firm generating strictly positive
profits is necessarily strictly positive, so it cannot accommodate free contracts. Our model, on the
other hand, allows for screening by the firm and we analyze how that interacts with referral rewards
in the presence of externalities. This enables us to give predictions consistent with the strategies
used by various companies.

Most of the other theoretical literature on WoM has focused on mechanical processes of com-
munication in networks. This literature mostly focuses on how characteristics of the social network
affect a firm’s optimal advertising and pricing strategy. (Campbell (2012)) analyzes the interaction
of advertising and pricing. (Galeotti| (2010) is concerned with optimal pricing when agents without
information search for those with information. Galeotti and Goyal| (2009) show that advertising
can become more effective in the presence of WoM (i.e., WoM and advertising are complements) as
well as that it can be less effective (i.e., WoM and advertising are substitutes). All of these papers
consider information transmission processes in which once a link is formed between two agents,
they automatically share information. Related to the network literature, Goldenberg et al.| (2001)
study WoM across weak versus strong ties in a network.

WoM is also analyzed empirically in the marketing literature. Godes and Mayzlin| (2009) and
Aral and Walker| (2011), among others, study other aspects of WoM management, e.g., who to
target (e.g., loyal customers, opinion leaders, etc.) and how to facilitate the referral process by
offering personalized referral features or automated broadcast notifications. Schmitt et al.| (2011])
study how valuable referred customers are in the data. Katona et al. (2011) analyze how diffusion
is affected by the network structure and characteristics of direct neighbors.

There is also a literature on contracting models in the presence of network effects. Besides the
critical difference that our focus is on how the firm can optimally affect incentives to talk, there is
a subtle difference in the optimal contracts. |Csorba (2008)) analyzes a contracting model in which

the more the other buyers use the product, the higher the utility from using the product iSE| He

4See Segal| (2003) for a seminal work on this literature. See also [Hahn| (2003).



shows that an optimal contract scheme introduces a distortion at the top because a reduction of
the quantity offered to low types should decrease the value of the product to high types. Unlike in
his model, we have no distortions at the top in the optimal contract scheme. The reason is that
receivers do not receive externalities from each other, and that we consider quantity-independent
externalities rather than assuming that the total quantity consumed generates externalities. We
discuss the implications of quantity-dependent externalities in the Online Appendix. We do not
consider the case of externalities between receivers themselves given our focus on the sender’s
incentives to talk. Introducing such a feature would not change the qualitative results on the
optimal incentive schemes to encourage WoM. The modeling difference leads to the difference in
terms of applications. When the focus is on receivers generating externalities to each other, the
model would be suitable for the analysis of, for example, social networks such as LinkedIn or
Facebook. In such a context, a recent working paper by |Shi et al.| (2017) considers a static model
of product line design without WoM when free users generate positive externalities on all premium
users. When the firm can manipulate the amount of externalities enjoyed by customers conditional
on the user type, freemium contracts can arise as an optimal strategy. In contrast, in our model,
there is no manipulation of the size of externalities and the price of the low-type contracts must
be zero because the surplus from selling to the low types is negative. Even so, the monopolist sells
contracts with positive quantities for free to the low types because those free contracts encourage
WoM which attracts premium users.

The marketing literature has offered multiple views regarding the role of WoM in the presence of
advertising, depending on the context. Campbell| (2012) and |Joshi and Musalem (2017) show that
WoM and advertising are complements to each other in their model, while Campbell et al.| (2015)
and Hollenbeck et al.[(2017) show they are substitutes. In the model of Fainmesser et al.|(2018), they
can be either substitutes or complements depending on what information is disclosed. In our model,
we show in the Online Appendix that WoM substitutes advertising. This is because advertising
increases the probability of the receiver already knowing the product before the sender’s talking,
which necessitates the firm to pay a higher referral reward conditional on the receiver starting to
use the product due to the sender talking. Hence, advertising may be detrimental to the firm in
the presence of WoM. This rationale for substitutes hinges on the firm offering referral rewards,

and is a an insight new to the literature.



While the focus of this paper is not to add another rationale for freemium strategies, it is impor-
tant to note the connection to the literature on “freemium” strategies. The literature has identified
various other reasons: (i) free contracts may be useful in penetration of customers or information
transmission about the quality of the product to them, which can induce their upgradeﬂ (ii) the
firm may hope that the free users will refer someone who will end up using the premium Versionﬁ
(iii) free products attract attention of customers and prevent them from purchasing the competitors’
products, and (iv) the increased number of customers due to free contracts raises the advertising
revenue or sales of dataﬂ None of these reasons pertains to the senders’ incentives. Instead, our
focus (with regards to free contracts) is on how free contracts help firms to manage senders’ incen-
tives. Thus, instead of convoluting our model with these other aspects of free contracts, we aim to
isolate the effect of the tradeoff that the senders of information face. Similarly, we do not intend
to create a “complete” model that incorporates all conceivable features that are relevant for firms’
decision making. Instead, the goal of this paper is to understand how the incentives for WoM can
be managed. Our simplification allows us to isolate the factors pertaining to the encouragement of

WoM and to examine the tradeoffs involved.

2 Model

We present a simple model using a specific functional form to illustrate our main points. The
model and the results are generalized in the Appendix in a number of ways. Proofs of the results
presented in the main text follow from the general results presented in the Appendix. In the main
text of the paper we focus on explaining the implications of the results without going into technical
details.

A monopolist seller produces a product at marginal cost ¢ = 0.2 and zero fixed cost. There
are two customers, the sender (he) and the receiver (she). The sender already knows about the

existence of the product, while the receiver does not. The receiver is either a high type (H) with

SFormally, we rule out this effect by assuming that, after learning about the existence of the product, each customer
has a fixed valuation to (and information about) the product that does not change over time.

A recent working paper by |Ajorlou et al.| (2015) builds a social-network model that highlights this effect. [Lee et
al. (2015) empirically analyze the trade-off between growth and monetization under the use of freemium strategies,
in which the value of a free customer is determined by upgrade as in (i) and the free users’ referrals as in (ii).

"See |Shapiro and Varian| (1998)) for (i)-(iii) and [Lambrecht and Misra| (2016) for (iv).



probability « or a low type (L) with probability 1 — aﬁ The H-type receives 10,/q for consuming
quantity /quality ¢ > 0 of the product. Meanwhile, the L-type receives ,/q for consuming q. We
can also interpret ¢ as the quality of the productﬂ Each receiver incurs a fixed installation cost of

= 3 if the consumed quantity is strictly positive (¢ > 0). Thus, the net benefit of consuming a
quantity ¢ > 0 is 10,/¢ — 3 and ,/q — 3 for the H- and L-type receiver, respectively. The type is
private information to the receiverH

The game consists of three stages. First, the seller offers a scheme ((pr,qr), (PH, qu), R), which
consists of a menu of contracts ((pr,qr), (pm,qu)) € (Ry x Ry)? as well as the referral rewards
Re R+E Here, for each 8 = H, L, py is a price offered to the #-type buyer, and gy is a quantity
offered to that buyer. The referral rewards are a payment from the seller to the sender that are
made if the sender talks to the receiver. The rewards are assumed to be paid irrespective of the
subsequent purchase behavior by the receiver. In the Appendix, we allow for the possibility that
the seller makes the referral rewards conditional on the receiver’s purchase behavior and show that
such conditioning does not increase the seller’s profit. In the second stage, observing the menu
offered by the seller, the sender decides whether to talk to the receiver or not.Third, the receiver
makes a purchase decision if and only if the sender has talked to the receiver.

The objective of the receiver is to choose the contract that maximizes her surplus (as in Maskin
and Riley| (1984)). The sender incurs a constant cost £ = 10 of talking.The benefit of taking is the
sum of two components. The first component is the referral rewards paid by the seller. The second
is the expected externalities, which can be calculated as follows: If the receiver purchases and uses
the product, then the sender experiences the externalities of level r > 0.

Hence, if the sender expects that both types buy the product, then the expected externalities
are r. If instead he expects that only the H-type uses the product, then the expected externalities

are QTE The seller’s objective is to maximize the expected profit from the receiver net of the

8 Although the Introduction discussed the “share” of each type, here we consider probability because there is only
one receiver in this simple setup. This assumption is generalized in the Appendix.

9Interpreting ¢ as quality would make a difference if we had learning about quality in the model, where using
different contracts may result in different ex-post valuations.

107 is not crucial for our results that the sender does not know the type of the receiver, while it is important that
the seller knows less about the type of the receiver than the sender does, which we view as a reasonable assumption.

"1n the generalized model in the Appendix, we allow for negative prices as well and we show that they cannot be
optimal if we distinguish between purchase and consumption of the product.

12The assumed functional form of the payoff functions implies that there is no possibility of only the L-type using
the product.



referral rewards, subject to the following participation constraints (PC)

(10y/q —3) —pu >0 and  (Var —3) —pr > 0[]

and incentive compatibility (IC) conditions for the two types

(10v/q —3) —pr =2 (10y/qr —3) —pr  and  (\/qr —3) —pL = (V/au — 3) — pH,
as well as the incentive compatibility for the sendef]

r if the sender expects that both types buy
E<R+

ar if the sender expects that only the H-type buys

In order to be able to formally state our results, we denote the (non-empty) set of optimal

schemes (i.e., maximizing the seller’s profit) given parameters («,r) to this problem by
S(a,r) € Ry x Ry)? x Ry [

3 Optimal Scheme

In this section, we characterize the optimal scheme for the model described in Section Before
doing so, we first consider two benchmark models, in which either referral rewards or a free contract
is not allowed. We analyze these benchmark models in order to later compare them with the full
model. This helps us understand the role as substitutes or complements of referral rewards and
a free contract in the optimal scheme. Note that these cases are also interesting in themselves to
understand 1) for which parameters a firm can incentivize WoM solely with referral rewards and
2) for which parameters it can incentivize WoM solely with free contracts.

Section [3.1] considers a benchmark model in which using referral rewards is prohibited and

13 An implicit assumption in the participation constraints is that the outside option generates zero surplus. The
result that the price for the L-type buyer is 0 still holds (although the quantity offered is adjusted accordingly) even
if the outside option generates a positive surplus.

14YWe assume the sender has already purchased the product so there is no additional revenue from the sender.

15Existence is proven in a more general environment in the Appendix. We will also introduce notations SNR(Oc7 )
and SN (a,r), and one can show by analogous proofs that those are also nonempty.



characterizes the optimal scheme. Section [3.2] then characterizes the optimal scheme for the model
in which using a free contract is prohibited. Finally, Section characterizes the optimal scheme
for the full model. Although we will not be detailed about the derivation in Section we give
rather detailed explanation in Sections 3.1 and [3.2] as they provide some relevant intuition in a very

simple setting.

3.1 Benchmark without Referral Reward

First, we consider the situation where the referral rewards R are exogenously set to be equal to
0. We call this model the no rewards model. The set of optimal schemes in the no rewards model

given parameters (o, r) is denoted by
SNR(OC,T> - (R+ X R+)2 X {0}

Fix an optimal scheme ((p},q7 ), (P}, 457),0) € SNR_ Notice that, if the L-type uses quantity ¢
of the product, then her value is nonnegative only if \/g —3 > 0, and the L-type’s marginal benefit
from using the product is 2%/21. This implies that the marginal benefit is at most % when the value
is nonnegative. Since the marginal cost of production is ¢ = 0.2 > %, the only reason that the seller
would offer a positive quantity of the product to the L-type in an optimal scheme is to induce the
sender to talkE Since the sender’s cost of talking is 10, the L-type is offered a product only if
10 > ar (assuming that doing so results in a nonnegative profit). Moreover, when the L-type is
offered a product under the optimal scheme, ¢; must be the lowest quantity in order for the L-type
to use the product. Hence, we must have \/ﬁ —3=0,0rq; =09.

If the seller offers a contract to the H-type only, then as in the standard model of screening,

the price is set to extract the entire surplus from the H-type, and gj; is a solution of the first-order

10
2\/a9%
H-type pj; satisfies the PC, we must have pj; — (10625 — 3) = 0, or pj; = 247. The sender’s IC

condition of the seller’s problem, —0.2 =0, ie., ¢ = 625. Since the optimal price for the

constraint is £ = 10 < ar.

If both types are offered a contract, then only the H-type’s IC and L-type’s PC are binding as

16This conclusion can be different if the L-type buyer generates other revenues such as advertising revenue. In our
applications (Skype, Dropbox, Uber, etc.), however, advertising revenue seems not to play an important role.

10



in the standard screening models:
10v/q}; — pyy = 10\/q} —p;, and +/q¢; —3—p} =0.
Since we know ¢; = 9, we have p; = 0. Also, ¢7; = 625 implies that p7; = 220. The profit is thus
(220 —0.2-625) 4+ (1 —a)(0— 0.2-9) = 96.8cx — 1.8.

This is strictly positive if and only if o > %. The sender’s IC constraint is simply & = 10 < r.

Given this, the following theorem characterize the optimal scheme.

Proposition 1 (Characterization for the No Rewards Model). 1. (Positive profits) There ex-

ists an optimal scheme generating a strictly positive profit if and only if

1.8
— 10. 1
a>96.8andr> 0 (1)

If (1)) is satisfied, then SN® C {((0,0), (247, 625),0), ((0,9), (220,625),0)}.
2. (Free vs. no free contracts) ((0,9), (220,625),0) € SN if and only if r < 1.

Figure [2| depicts the optimal scheme for each («,r) pair. The figure labels each region with a
description of an optimal scheme in that region (including the boundaries of the region) whenever
its interior generates a strictly positive profit. It also shows a region in which the maximized profit
is zero (including the boundaries of the region). In the interior of each region with a name of a
scheme, Theorem [l| implies that the scheme achieves the unique optimumm The theorem implies
that a free contract is used in an optimal scheme if 10 < r < % and o > %. The reason is that,
if the externality r is too low (r < 10), then the sender cannot be incentivized to talk even if a free
contract is offered and if it is too high (r > %), the sender talks anyway to receive externalities
from the H-type even absent a free contract. If the probability « is too low (a < %), the revenue

from the H-type is not enough to cover the cost of a free contract (we will be more explicit about

what this cost is in Section [3.3)).

1"The same remark applies to other figures in this paper, too.

11
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Figure 2: No Rewards Model

Remark 1. Note that a free contract arises endogenously in our model. If the firm serves the L-
type customer to incentivize WoM, it is optimal to offer just enough to make her use the product,
making zero the only possible price to the L-type in any optimal scheme. Although this might seem
like an artifact of having only two types, we show in the Online Appendix that free contracts arise
endogenously even with a continuous type space. Thus, in a sense, the L-type in the two-type model
can be interpreted as the customer who the firm should not serve absent of the need to encourage
WoM. In the extension with a continuous type space, we also show that only the marginal type
who buys a free contract is made indifferent between using the product and not using the product

while other “higher” low types enjoy some surplus from using the free product.

3.2 Benchmark without a Free Contract

Second, we consider a model in which the seller is restricted to offer only one contract to the
receiver. We call this model the no free-contract model. The set of optimal schemes in the no

free-contract model given parameters («,r) is denoted by

SN (a,r) C ({0} x {0}) x (R x Ry) x R

12
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Figure 3: No Free-Contract Model

In this model, in a reasoning similar to the one in the no rewards model, the firm only offers
one contract that only the H-type buys, which means that if ((0,0), (pl,qly), R*) € SV'(a,r),
then we must have (pj;,qj;) = (247,625). The sender is incentivized to talk even with R* = 0
if ar > 10, while referral rewards of the amount 10 — ar need to be paid to incentivize WoM
otherwise. However, if the revenue from the H-type, which is 122a (= (247 — 0.2 x 625)), is less
than the reward payment 10 — ar, then WoM cannot be incentivized under the optimal scheme

and the maximized profit is zero. This leads to the following characterization.
Proposition 2 (Characterization for the No Free-Contract Model). 1. (Positive profits) There
exists an optimal scheme generating a strictly positive profit if and only if

10 < ar 4+ 122a. (2)

If is satisfied, then S™MF (o, ) = {((0,0), (247,625), R)} for some R > 0.
2. (Rewards vs. no rewards) SM" = {((0,0), (247,625), R)} with R > 0 if and only if r < 2.

The result is illustrated in Figure |3] The intuition is simple: Referral rewards are useful if the
size of the expected externalities is not enough to cover the cost of talking (ar < 10), while covering
the cost of talking by paying the referral rewards is not too expensive relative to the revenue from

the receiver. Since the rewards payment and the revenue from the receiver (conditional on the
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receiver buying) are both decreasing in «, the region for which referral rewards are used in a

optimal scheme requires a not to be too low.

3.3 The Full Model

Now we consider the full model. As in the no rewards model, the optimal menu of contracts is
either {(0,9), (220,625)} or {(247,625)}, depending on whether the L-type is served or not. One can
completely characterize the optimal scheme, which we present below. To state the result formally,

it is useful to define the following “cost of a free contract,” denoted by CF™*:

CF* =27a +1.8(1 — a).

To understand this, note that there are two disadvantages of providing a free contract. The first
is that the seller has to pay the cost of production when the buyer is of L-type L. The quantity
provided to the L-type is 9, and the firm incurs the marginal cost ¢ = 0.2 for each unit. Since there
is a 1 —« probability of the buyer being the L-type, this part of the cost amounts to 0.2 x9 x (1 —«),
which is the second term of CF*. Second, the fact that the L-type is offered a positive quantity
implies that the H-type must be incentivized to choose the contract offered to her over the one
offered to the L-type. For this purpose, the seller needs to reduce the price by the amount of
information rent, which is the valuation difference between the two types for the quantity that the
L-type is offered, which is given by (10v/9—3) — (v/9—3) = 27. Since the probability of the receiver
being an H-type is «, this part of the cost amounts to 27 x «a, which is the first term of C'F™*.

Furthermore, it is useful to note that the profit for a hypothetical case in which, as in a classic
screening model, the cost of talking is zero and hence the sender always informs the buyer of the
existence of the product is given by a(10v/625 — 3 — 0.2 - 625) = 122cr, where 625 is the quantity
that we solved for in the previous section in analyzing the no rewards model.

Using these two values, we can now characterize the optimal scheme for the full model.

Proposition 3 (Characterization for the Full Model). 1. (Positive profits) There exists an

14
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Figure 4: Full Model

optimal scheme generating a strictly positive profit if and only ’LH
10 < max {122a — CF* + min{r, 10}, 122a + ar}. (3)

If @) is satisfied, then S C {((0,0), (247,625), R)|R € R, }U{((0,9), (220,625), R)|R € R, }.

2. (Free vs. no free contracts) There exists ((0,9), (220,625), R) € S for some R if and only
gre g mer ]

3. (Rewards vs. no rewards)

(a) (With free contracts) If r € [$£- =01 then ((0,9), (220, 625), R) € S with R > 0

1—a? «

if and only if r < 10, and

(b) (With no free contracts) If r ¢ [$£- =Y then ((0,0), (247,625), R) € S with

T—a’' «
R > 0 if and only if r < %.
The optimal scheme is illustrated in Figure As one can see, the characterization of the
optimal scheme in the full model entails a rich pattern. In particular, there are five different

regions, a region in which the profit is zero, only a free contract is used, only referral rearwards are

1810 < 1220 — CF* + 10 is equivalent to o > %.
191¢ ff* > 10=CF" 4}on [ff*, 10—CF*] =0,
«@ «@ «@ «@
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used, both are used, and none is used while the profit is strictly positive. The detailed intuition for
this rich pattern will be investigated in the next section by comparing the full model with the no
rewards and no free-contract models. We only note here that if the probability of the H-type is too
small (i.e., a < %), then profits generated become too small to make it worthwhile to encourage
WoM (i.e., the maximized profit is zero)m With small externalities r, the sender has little innate

benefit from WoM, so the lower bound of o above which the profit is positive is large.

4 Substitution and Complementation

In Section |3| we show that the optimal scheme can take many different forms depending on the
relevant parameters in the model. Using the characterizations in the previous section, this section
aims to shed light on the interaction of referral rewards and free contracts. There are two funda-
mentally different situations that a company might be in. First, a company might only use one
of the tools and be successfully incentivizing WoM, but substituting the tool with the other one
could be cost-saving. Second, the company might not be able to generate WoM with any one of
the two tools alone, but if it used both tools together it could successfully encourage talking. For
example, in the leading example of Dropbox that we discussed in the Introduction, it seems that
it was important to use both tools together. To understand the profit-maximization problem faced

by such companies, we address the following research questions:
1. When are referral rewards better substitutes for free contracts and vice versa?
2. When can referral rewards and free contracts complement each other?

To answer those questions, we first clarify what we mean by substitution and complementation.
First, the introduction of the possibility of referral rewards can make it unnecessary to use a free
contract in incentivizing the sender to talk in the optimal scheme. In such a case, we say that
referral rewards substitute a free contmct@ In contrast, the introduction of the possibility of

referral rewards may make a free contract useful in incentivizing the sender to talk in the optimal

29This region disappears with heterogeneous priors as we show in the Online Appendix.
21Formally, it corresponds to the case where it is uniquely optimal for the seller to offer a free contract under the
no rewards model, while it is uniquely optimal not to offer it while offering referral rewards in the full model.
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scheme. In such a case, we say that referral rewards complements a free contmct@ A free contract
substituting and complementing referral rewards is defined analogously, by comparing the full model
with the no free-contract model.

We will discuss for which parameters o« and r substitution and complementation occur. We
can interpret markets with high « as mass markets and markets with small a as niche markets.
We can also interpret products with high degrees of positive externalities r as social products, and
those with low degrees as private products. In the following, we identify for which « and r one of
the two tools substitutes or complements the other and explain the intuition behind it (Sections
and . We show that there is a subtle difference between referral rewards substituting and

complementing a free contract, and a free contract substituting and complementing referral rewards

(Section [4.3).

4.1 Referral Rewards Substituting and Complementing a Free Contract

We first compare the full model with the no rewards model. By doing so, we aim to understand
when referral rewards can substitute as well as complement a free contract. To this end, the left
panel of Figure [5| reproduces Figure [2| while the right panel shows the regions where substitution
and complementation occur due to the introduction of referral rewards. Specifically, the interior of
the black region in the right panel of Figure [5] corresponds to the parameter combinations under
which referral rewards substitute a free contract, and the interior of the red region of the same
panel shows the parameter combinations under which referral rewards complement a free contract.

Substitution and complementation occur in the regions shown in Figure 5| for the following reasons.

e Substitution: Substituting a free contract with referral rewards is an effective strategy if
it is cheap enough to do so. Notice that offering a free contract boosts up the benefit of
talking by (1 — a)r. By using referral rewards instead of a free contract, the seller must pay
referral rewards up to that amount. This payment is small if « is high (mass market). Hence,

substitution occurs when « is high.

e Complementation: The reward payment required to induce the sender to talk can be kept

low enough if a free contract alone could have already covered most of the cost of talking.

2ZFormally, it corresponds to the case where it is uniquely optimal for the seller not to offer a free contract under
the no rewards model, while it is uniquely optimal to offer it with also offering referral rewards.
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Figure 5: Referral Rewards Substituting and Complementing a Free Contract

This is the case when the externality level r is not too low (social product). Moreover, for a
free contract to be offered, o cannot be too low as then the revenue from the receiver is too
low, while it cannot be too high as then (1 — «)r is too small so offering a free contract is not

worth the cost and it is better to use only referral rewards.

Before closing this subsection, we formalize our findings. Recall that each of ((pr,qr), (pH,qH), R) €
S and ((pr,qr), (pa,qw),0) € SR implies p;, = 0 and gy = 625, and either (i) ¢z = 0 and
pr = 247 or (ii) qp = 9 and py = 220. Say that (a,r) € SUB™v™ if ((0,9),(220,625),0) €
SNR(q,r) while there is no R > 0 such that ((0,9),(220,625),R) € S(a,r). Similarly, we say
that (o, r) € COM™vards if ((0,9),(220,625),0) € SN®(a, ) while there exists an R > 0 such that
((0,9), (220,625), R) € S(a, 7). That is, SUB™V4S and COM™"¥9S correspond to the parameter

regions such that referral rewards substitute and complement, respectively, a free contract. Finally,

let TIN® (o, ) be the maximized profit under parameters (a,r) in the no rewards model.
Theorem 1 (The Effect of Referral Rewards).

1. (Substitution) Suppose that (o, 1) € SUB™VS  Then, for any o such that ((0,9), (220,625),0) €

SNE(o! 1), (of,r) & SUB™YS implies o/ < a.
2. (Complementation)

(a) Suppose that (a,r) € COM™Y&S — For any v such that TV (a, ") = 0, (a,1') &

COM™vards jmplies v < r.
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(b) Fiz r. There are « > 0 and & < oo with a < @& such that the following holds. If

(o, 7) € COM™V 9 then o € (a, @).

The proof immediately follows from Propositions [[]and 3] The first part of this theorem states
that it is cost efficient to completely substitute referral rewards with a free contract in mass markets,
but not in niche markets. The second part states that if a firm cannot incentivize WoM only with a
free contract alone, referral rewards can complement a free contract and help to incentivize WoM in
markets that are niche but not too niche to guarantee a positive profit, while having a sufficiently

high level of externalities.

Remark 2. We note that a parameter combination («,r) is in the region in which neither tool is
needed to incentivize WoM in the no rewards model if and only if it is in such a region in the full
model since the sender talks anyway without any additional incentives in either model in such a
region. Also, the region in which the profit is zero under the full model is a subset of such a region
in the no rewards model because the profit is always weakly greater in the full model than in the
no rewards model. An analogous set of comments applies to the comparison between the full model

and the no free-contract model.

4.2 A Free Contract Substituting and Complementing Referral Rewards

Now we compare the full model with the no free-contract model. Analogous to Section 4.1} we aim
to understand when a free contract can substitute as well as complement referral rewards. The
comparison is displayed in the right panel of Figure [6] together with a reproduction of Figure [3|in
the left panel. It entails a region such that a free conract “partially substitutes” referral rewards.
We explain this in Remark 3] Substitution and complementation occur in the respective parameter

regions for the following reasons:

e Substitution: The interior of the black region in Figure[6]is such that it is uniquely optimal
for the seller to offer referral rewards under the no free-contract model, while it is uniquely
optimal not to pay referral rewards when offering a free contract. This region has the feature
that r is not too low and « is not too high so that the size of the additional expected

externalities, (1 — a)r, is high enough.
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Figure 6: A Free Contract Substituting and Complementing Referral Rewards

e Complementation: The interior of the red region in the right panel of Figure|3|is such that
it is uniquely optimal for the seller not to offer referral rewards under the no free-contract
model, while it is uniquely optimal to offer both referral rewards and a free contract under
the full model. In this region, r is not too high but not too low. On the one hand, r cannot
be too high because high r implies high additional expected externalities (1 — a)r, so a free
contract would rather substitute, not complement, the referral rewards. On the other hand,
r cannot be too low because even in the presence of a free contract, the referral rewards of
10 — r must be paid to incentivize WoM. As a result, the reduction in the referral rewards
due to the introduction of a free contract is not enough to cover the cost of a free contract
CF*. In addition, o needs to be high enough in this region because otherwise the revenue

from the H-type is too low and thus incentivizing WoM would not generate a positive profit.

As before, we say (a,r) € SUBT® if there is R > 0 such that ((0,0), (247,625), R) € SN¥(a, 7)
while there are no (¢},p%;) and R’ > 0 such that ((0,q}), (py,625),R’) € S(, 7). Similarly, we
say (a,r) € COM™® if there is no R > 0 such that ((0,0), (247, 625), R) € SNF(a, ) while there is
R’ > 0 such that ((0,0), (247,625), R') € S(«, r).

Theorem 2 (The Effect of a Free Contract).
1. (Substitution) Suppose that (a, ) € SUBee,

(a) For any o such that there is R' > 0 satisfying ((0,0),(247,625), R") € SN¥(o/,7),

(o/,7) & SUB™®® implies o < o.
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(b) r > 10.
2. (Complementation)

(a) Fiz . There are r > 0 and ¥ < oo with r < 7 such that the following holds. If

(o, 1) € COM™®® then, r € (r,7).

(b) Suppose that (o, r) € COMT. Then, for any o such that INF(o/,r) = 0, (o/,r) &

coMf™ee implies o/ < a.

The proof immediately follows from Propositions [2] and The first part of this theorem
states that it is cost efficient to completely substitute a free contract with referral rewards in niche
markets, but not in mass markets. It also shows that substitution can only occur if the product is
“sufficiently social” compared to the cost of talking. The second part states that if a firm cannot
incentivize WoM only with referral rewards alone, a free contract can complement referral rewards
and help to incentivize WoM in markets that are “sufficiently mass” and with intermediate positive

externalities.

Remark 3. One can think of the grey region as describing parameters under which a free contract
“partially substitutes” referral rewards. In the interior of this region, the unique optimal scheme
under the full model entails positive payment of referral rewards, but its amount is strictly less than
under the no free-contract model. The substitution is only “partial” because the benefit from a free
contract (1 — a)r is not large enough to incentivize WoM due to small . Note that an analogous
region (referral rewards “partially substituting” a free contract) does not exist in Figure |5 because
a free contract can either do or do not exit, being different from referral rewards that can take a

value from R..

4.3 Comparing the Two Directions of Substitution and Complementation

Having completed the analysis of substitution and complementation in both directions, we are now
in a position to make a few remarks on the similarities and differences between referral rewards
substituting/complementing a free contract and vice versa.

First, a company that can induce WoM with one of the tools alone should think about substi-

tuting it with the other tool based on whether the company expects a high level of externalities
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between customers and whether the market is niche or not. In general, substitution occurs when
the externalities are expected to be high. This is because a strictly positive profit needs to be
generated in the no reward model for substitution to occur, and for that, » must be high enough
to cover the cost of talking. If the market is niche, the company should use a free contract, while
if it is mass, referral rewards should be used.

A company that cannot incentivize WoM with one of the tools, can incentivize WoM by adding
the other tool and offering both tools together when externalities are not too small but not too
high either. Even if referral rewards complement a free contract, the latter may not complement
the former under the same parameter values. The reason for the difference is that a free contract
is useful in incentivizing WoM only in markets that are not too mass, so there is a region in which
referral rewards are used in the no free-contract model while a free contract is not used in the no
rewards model. Thus, it is not sufficient to test the effectiveness of the two tools separately, but
it is essential to consider the combined effect. More precisely, the intersections of the red areas in
panels (b) of Figures [f] and [6] (which is just the red region of panel (b) in Figure [f]) is the region
where both tools are absolutely necessary in order to incentivize WoM. Dropbox seems to be in
this region given the history of how it grew. The grey region in panel (b) of Figure @ in turn, is
a region where a free contract only is not effective to incentivize WoM, but referral rewards alone
are. However, combining the two is the most cost-effective. Thus, as long as the profit is positive,
the more “niche” the market, the more important it becomes to combine both strategies.

We formalize the findings about the difference between the two-way substitution and comple-

mentation follows.
Theorem 3 (Difference between the Two-Way Substitution and Complementation).

1. (Substitution) Fiz r. Suppose that (a,r) € SUB® and (o/,r) € SUB™Y™, Then, a < o

holds.

2. (Complementation) Fizr. Suppose that (a, ) € COMT™ and (o/,r) € COMrevards\ comree,

Then, a < o holds.
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5 Comparative Statics for the Full Model

The characterization in Section also allows us to conduct comparative statics of the full model.

We first analyze the different implications for the optimal scheme as the market size « varies.

Proposition 4 (Market Structure and Free Contracts).

(i) Consider two markets that are identical to each other except for the probability of the buyer being
the H-type, denoted a and ag. Suppose that a free contract is offered under an optimal scheme in
the market with «q, the maximized profit is strictly positive in the market with ao, and as < aj.

Then, a free contract is offered under any optimal scheme in the market with as.

(i) If o > :_;218_82 (er< %Fot), then a free contract is never offered under any optimal scheme.

This proposition shows that the monopolist should encourage WoM using a free contract in a
niche market with a small fraction « of H-type buyers as long as the market is profitable enough.
Intuitively, if the probability of the H-type is low, the seller is better off using a free contract
because a free contract significantly increases the probability of purchase. The exact trade-off is
determined by the comparison of the information rent and the per-low-type surplus r — 1.8 that
the seller can extract. The cutoff for « is increasing in this surplus.

These findings are consistent with the observation that digital service providers with small
production costs who successfully offer free contracts (e.g., Dropbox or Skype), have a large number
of free users. Moreover, free contracts are combined with a reward program, if the externalities are
not large (as in Dropbox: one may use it for oneself to store files and access them from multiple
computers, or share files with others), while only free contracts are offered if the externalities are
large (as in Skype: any usage generates externalities). In contrast, transportation services such
as Amtrak or Uber that solely rely on referral rewards programs would correspond to monopolists
facing high o and low 7, as many customers would be willing to pay for such services and those
services would not be subject to significant externalities@

We next consider how the optimal scheme depends on r. One might think that the smaller the

23Note that the fraction of the consumers purchasing free contracts is an endogenous variable, and one might think
that our association of observable fractions for these real products to the exogenous parameter « is not justifiable.
However, such association is justified because the map from consumer types to the choices of contracts is one-to-one
given that free contracts are used. That is, if a positive fraction of consumers purchases free contracts, then within
our model, such a fraction is exactly equal to 1 — a. Yet, it may be hard to empirically test our predictions for firms
that do not offer free contracts because we do not observe o when free contracts are absent.
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Externalities H r<%F; ‘ %F;<r<10 ‘10<7’<w w<r<%‘ %<r ‘
Referral rewards Yes Yes No Yes No
Free contract No Yes Yes No No
Profit Positive or zero | Positive or zero Positive Positive Positive

Table 1: Comparative Statics with respect to r when 10 < % The use of referral rewards and

free contracts is conditional on the firm generating positive profits.

externalities are, the more likely rewards are used. Figure[d]illustrates that this type of comparative
statics fails for externalities. For example, at o = 0.15, referrals are used when r = 30 but not
when r = 15. The reason is that (i) when r is high, only one of a free contract and referral rewards
suffices to incentivize the sender, i.e., these two are substitutes, and (ii) the cost of offering a free
product C'F* is constant across r’s while the optimal reward monotonically decreases with r. Thus,
conditional on offering a free contract being sufficient to encourage WoM (i.e., » > 10), offering
a free contract is more cost-saving for smaller r while rewards are more cost-saving for larger r.

Table 1 summarizes the different regions as functions of r for the case in which 10 < %

6 Conclusion

In this paper we propose a model that shows how referral rewards and offering a free contract can be
effective tools to incentivize WoM for new products. They can be used separately, but substitution
can result in cost savings while the two tools can also complement each other and encourage WoM
in markets in which one tool alone is not effective. The main take-aways can be summarized as

follows:

1. In general, substitution and complementation may or may not occur depending on whether

the market is niche and whether the product is social.

2. Substitution occurs when the product is social, while complementation occurs when it is not

too social but not too private either.

3. For social products, it is better to substitute a free contract with referral rewards when the
market is mass, while it is better to substitute referral rewards with a free contract in niche

markets.

241f this condition is not satisfied, some regions cease existing.
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4. For less social products, a free contract can complement referral rewards in niche markets.
Referral rewards complement a free contracts for the same markets, but also for markets that
have more premium customers (i.e., are “more mass”). Those markets, however, cannot be
too niche as the revenue from the product needs to be sufficiently high to make it worthwhile

to incentivize WoM.

5. The pattern of the optimal scheme is consistent with the strategies we observe for companies

such as Dropbox, Skype, Uber, and Amtrak.

In the Appendix and the Online Appendix we employ several robustness checks in order to
show that our insights are not an artifact of the assumptions we impose in the model and analyze
a few extensions. First, we generalize the functional forms and also allow for the possibility that
the seller makes the referral rewards conditional on the receiver’s purchase behavior. We show that
such conditioning does not increase the seller’s profit. We also prove that introducing heterogeneity
in the costs of WoM does not change the qualitative results. Moreover, for a continuous type space
of receivers (rather than only allowing for low-valuation and high-valuation receivers), we show
that free contracts correspond to bunching at the bottom, i.e., among the customers who purchase
positive quantities, customers buying the free contract correspond to a positive mass at the bottom
of the type distribution. Importantly, all receivers who buy the free contract (except for the very
lowest type) receive positive surplus. We also consider a model in which a receiver can be reached
by many senders, and illustrate qualitative robustness of our results. If, in contrast, a sender can
reach many receivers, he can be thoguht of as simply solving many identical WoM problems. For
posting on social media, the cost of talking per receiver is lower, while the main tradeoffs remain
unchanged.

A few results change if we allow for externalities both on the sender and receiver side, as well as
when externalities depend on the quantity consumed. In yet another extension, we let the senders
be better informed than the firm, and conclude that in general the optimal reward must additionally
depend on the type of receiver being acquired. We then discuss what the socially optimal contract
scheme would look like if the social planner had control over the sender’s actions. It turns out that
free contracts are underutilized under the optimal scheme relative to the social optimum because

the firm does not fully internalize the benefits from externalities and gains from trade with the
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receivers (corresponding to the information rent). Our final extension concerns with dynamics. We
consider a steady-state overlapping generations model in which a receiver in one period considers a
continuation value of becoming a sender, which complicates the problem. We show that the basic
pattern of the characterization of optimal schemes is unchanged. In particular, there is an open set
of parameter combinations such that providing both a free contract and referral rewards is optimal.

There are many direction of future research that are beyond the scope of this paper. For
example, we have enumerated potential reasons for the use of free products in Section and it
would be interesting include those effects in the analysis. One possibility is to enrich our model by
having the receiver take the role of the sender once she is informed. This can be done in either a
diffusion-type model in which the penetration takes place over time, or in a stationary environment
in which the population size is constant through time. Possible challenges in such models are
that, when a customer decides whether to adopt the product, she not only considers the price and
quantity (as in the receiver in our model), but also the future benefit from talking as a sender. In
turn, the sender has to take into account this tradeoff of the receiver.

In another interesting extension, the receiver could be uncertain about the quality of the prod-
uct, and the sender might have a higher incentive to talk when he knows the quality is higher. In
such a model, if the receiver knows that the sender would receive referral rewards, then she may
adjust their belief about the quality downwards. This requires a significant divergence from the

Maskin-Riley model, but may be a worthwhile direction for future research.
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APPENDIX

This Appendix generalizes the “full model” provided in the main text. Section [A] presents such
a generalized model and Section [B] analyzes the model. Section [C] provides proofs of the general

results, which also prove the results presented in the main text.

A  Generalized Model and Results

Basics. We consider a monopolist producing a single product at constant marginal cost ¢ > 0.
Senders (male) {1,..., N} can inform receivers, (female) {1,..., N} about the existence of the
product. The monopolist’s goal is to maximize the expected profit generated by receivers by
offering them a menu of contracts and, in addition, offering a referral scheme to senders.
Receivers’ preferences. Each receiver privately observes her type 6 € {L, H} that determines
her valuation of the product. It is drawn independently such that a receiver is of type H with
probability a € (0,1) and of type L otherwise. A type-6 receiver is associated with a valuation
function vg : Ry — R that assigns to each quantity (or quality) ¢ her valuation vg(q). Over the
strictly positive domain, i.e., ¢ € (0,00), we assume that vy is continuously differentiable, strictly
increasing, strictly concave, v (q) > vr(q), viy(q) > v (g) for all ¢ and lim, o v (¢) < c. We
assume that vy (0) = vz (0) = 0, which can be interpreted as the utility of the outside option of not

using the product at all. We make the following additional assumptions:

Assumptions. 1. (Minimum quantity for low types) 3 ¢ > 0 such that vy (¢) = 0.
2. (No gains from trade with low types) v} (¢) < c for all ¢ > q.
3. (Gains from trade with high types) There exists a ¢ > 0 such that vg(q) > ¢ - c.

The first assumption can be interpreted as low types incurring some fixed installation cost of
the product, and the low valuation buyer only wanting to start using the product if a minimum
quantity of ¢ > 0 is consumed@ This makes a distinciton between purchase and consumption
necessary. This distinction only becomes relevant if prices are negative. In that case, the receiver

can buy the product in order to receive the negative price, but then refuse to use it if she receives

2>Note that this does not preclude the possibility of positive fixed installation costs for high types.
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negative utility from it (e.g., because the installation cost is too high). Note that ¢ is uniquely
defined because vy, is strictly increasing. This first assumption together with the normalization
that v, (0) = 0 and the assumption that vy, is strictly increasing in the strictly positive domain
implies that the function vy, is necessarily discontinuous at ¢ = 0 because vy, is strictly increasing
on the strictly positive domain@

The second assumption captures that there are some consumers who would never use the product
if they were not needed to incentivize WoM. Without the third assumption, the monopolist would
not be able to earn positive profits, so the problem becomes trivial.

Senders’ preferences and WoM technology. First, each sender ¢ observes the monopolist’s
choice of menu of contracts and referral scheme (specified below). Each sender i then decides
whether to inform receiver ¢ at a cost £ > 0 or not. We denote sender i’s action by a; € {Refer, Not},
where a; = Refer if sender i refers receiver i and a; = Not otherwise. If (and only if) receiver ¢ learns
about the product, she decides whether to purchase a contract or not, and whether to consume
the product or not upon purchasing. If receiver i consumes a positive quantity, sender ¢ receives
externalities r > 0.

Monopolist’s problem. As in Maskin and Riley| (1984)), the monopolist offers a menu of
contracts given by ((pr,qr), (pr,qr)) € (R x Ry )? to receivers, where gy is the quantity type 6 is
supposed to buy at a price pg. Furthermore, she offers a reward scheme R : {L, H} — R such
that a sender receives R(#) if he has referred a receiver who purchases the §-contract. Rewards
are assumed to be nonnegative because otherwise senders would be able to secretly invite new
customers. We assume that the monopolist only receives revenue from new customers who do
not know about the product unless a sender talks to them. In order to exclusively focus on the
senders’ incentive to talk, we assume that the monopolist receives no revenue from senders. Thus,

the monopolist solves

N
max Zl(ai = Refer) - (a- (pg —qu -¢))+ (1 — ) - (pL —qr - ©)
pL, PHER, 91,95 20, RER(f'H} i=1

total average profit per referred receiver (4)

—(eR(H) + (1 - a)R(L)))

26Recall also that continuous differentiability of vy, is assumed only on the strictly positive domain.
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subject to the incentive compatibility and participation constraints given by

max{vy(qn),0t —pr > max{vp(qr),0t —pr  (H-type’s IC)

max{vr(qr),0} —pr = max{vr(qu),0} —py  (L-type’s IC) 5)
max{vy(qu), 0} —pr = 0 (H-type’s PC)

max{vr(qr),0t —pr = 0 (L-type’s PC)

and for all i, a; = Refer if and only if

E<r(a+(1—a) 1 >q) + (eR(H) + (1 — &)R(L)) (Senders’ IC)

Let IT* denote the value of this problem. The monopolist chooses contracts given by quantities
and prices, while managing WoM. The management of WoM appears as the senders’ incentive
compatibility (IC) constraint. On the left hand side is the cost of talking, &, which we assume
to be homogeneous across senders. This simple case allows us to illustrate the main trade-offs.
As a robustness check, the Online Appendix analyzes the case of heterogeneous costs in detail.
On the right hand side, the quantity sold to L-type receivers ¢y affects WoM by controlling the
expected externalities given by r (a +(1—-a) 1(qr > g)) The senders’ optimal decision determines
the value of the indicator function in the objective function and thereby controls the number of
informed receivers.

Let us explain a few assumptions implicit in this formulation. First, as standard in contract
theory, we assume tie-breaking conditions for senders and receivers that are most favorable for the
monopolist. Senders who are indifferent between referring and not will refer, and receivers that
are indifferent between buying and not buying always buy. Second, we assume that if the buyer
purchases a contract (p,q) such that vg(q) < 0, then the monopolist cannot “force” the receiver to
consume even if she pays the buyer a negative price. Thus, a type-6 receiver who purchases such
a contract enjoys utility max{wvg(q),0}. There is no such max operation in the constraints in the
main text. This is because, in the model in the main text, we assume for simplicity that prices
are nonnegative. Under such an assumption it is straightforward to see that vg(q) is always the

maximum under any optimal scheme.
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A.1 Benchmark with free WoM

We first consider a benchmark case where € = 0, i.e., WoM is costless and customers are automat-

ically informed about the product. Then, the monopolist simply solves the classic problem as in

Maskin and Riley| (1984)):
Hclassic =

max - — o)+ (1 —a) - — -C
PH, PLER qH,q1.2>0 (pH i ) ( ) (pL @ )

subject to the constraints . It is always optimal for the seller not to sell to L-type buyers such
that ¢ = 0 and the optimal quantity ¢J; sold to H-type buyers satisfies v};(q};) = ¢. Assumption
strict concavity, continuous differentiability of vy and limg U}I(q) < c ensure that there is a
unique such ¢j;. The price for high types is given by p}; = vg(qj;) and the maximal static profit is

[Ielassic — o . (p%, — gf; - ¢). All in all, we can summarize our findings as follows:

*

vi(ai) =¢, P =vn(gy), and I =a. (pj; —qf o).

A.2 Preliminaries

Before proceeding to the main analysis, we present several preliminary results. First, observe
that R(-) affects the monopolist’s optimization problem only through the ex ante expected reward
R=aoR(H)+ (1 — «)R(L). Thus, profits are identical for all reward schemes R(-) that share the

same expected value. Formally, this means:

Lemma 1 (Reward Reduction). If a menu of contracts ((pr,qr), pa,qu)) € (R x Ry)? and a
reward scheme R*™ : {L, H} — R, solve ()), then the same menu of contracts ((pr,qr), (Pr. qu))
and any reward scheme R : {L, H} — Ry with E[R] = E[R**] solve (4).

Despite being a simple observation, this result implies an important feature of the optimization
problem faced by the firm. As long as the firm and the senders have the same expectation about the
receivers’ types, there is no reason for the firm to condition their payment on the purchased contract.
Indeed, in the Online Appendix, we show that if the senders have more accurate information about
the receivers’ types than the firm, the conclusion of Lemma [I| no longer holds. Thus, the detail of

the optimal reward scheme crucially depends on the senders’ knowledge. We relegate the analysis of
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this detail to the Online Appendix, while here we consider senders who have the same information
about the receiver’s types as the firm does. Note also that Lemma[I] does not imply that the sender
receives referral rewards when the receiver does not end up using the product, for example when
the low types are offered zero quantity@

Plugging the sender’s IC constraint into the objective function and noting that all senders share
the same IC constraint, Lemma [I] allows us to simplify the problem as follows:

I = max N-1¢(<r(a+(1—-a)-1(qr > q)) + R}
pL,pHER, q1,qg >0, RER (£ - ( ( ) (qL = Q)) }

la-(pg—qu-c)+ (1 —a)-(pr —qr-c) — R]

(6)

subject to the constraints . We prove the existence of a solution to this problem. It is not
immediate as the objective function is not necessarily continuous, but right-continuity of those

functions and the fact that the number of discontinuous points is finite suffices to establish exis-

tence@

Proposition 5 (Existence). The mazimization problem (@ subject to has a solution.

Given parameters (o, r), we denote the (non-empty) set of solutions to this problem by
SCRxR)? xR,.

Moreover, for any menu of contracts ((pr, qr.), (pr, qr)) satisfying , we denote the firm’s expected

profits obtained from a receiver conditional on being informed by

7((pr,qr), (pr,qu)) = oalpg —qu-c)+ (1 —a)(pr —qr - c).

The monopolist can always choose not to sell to anyone and attain zero profits, i.e., II* > 0.
Furthermore, whenever IT* = 0 the seller can attain the maximum by inducing no sender to talk.

This can be done by offering unacceptable contracts to receivers and no rewards@ We, thus, focus

2TWe can set R(L) = 0 and R(H) = R/a, so that senders who refer low types receive zero referral rewards.

28The proof is done in a more general context, in which after each sender i sees the menu of contrast, he privately
observes his cost of talking drawn from an independent and identical distribution with a cumulative distribution
function that has at most finitely many jumps.

2%Note that if there is a positive mass of senders with ¢ = 0, then by Assumption [3| the seller can attain strictly
positive profits by only selling to H-receivers and offering no reward.
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the characterization of optimal menu of contracts and rewards programs on the case when II* > OFE]

The following lemma summarizes some basic properties of optimal menus of contracts.

Lemma 2. IfII* > 0 and ((pr,q1), (PH,qH), R) € S, then:
(i) Low types don’t pay: ¢ € {0,q} and p;, = Oﬂ

(i1) No distortions at the top: ¢y = ¢j;.

(iii) No free contracts: If g1 =0, then py = pj;.

(iv) Free contracts: If q;, = q, then pg = pj; — vir(q) = pyy-
q q

information rent

We have illustrated these results in the context of the no rewards model in the main text. Note
that parts (iii) and (iv) follow because the incentive compatibility constraint of H-type receivers
must be binding.

Lemma [2| restricts the set of possible optimal contracts significantly. In particular, it uniquely
pins down the price offered to low types and the quantity offered to high types whenever IT* > 0.
At a price of zero for low types, the seller either chooses g, = 0 (no free contracts) or qr, = ¢
(free contracts). A full characterization of optimal contracts requires us to characterize the optimal
reward scheme R and whether free contracts are optimal for the monopolist. These choices depend
on the parameters that have not been used so far: the cost structure, the magnitude of externalities,

and the composition of different types of buyers.

B Analysis of the Generalized Model

Here we aim to characterize the optimal schemes. Technically, the full characterization is involved
for two reasons. First, there is a non-monotonicity of the use of rewards with respect to the size of
externalities. That is, it is possible that the optimal reward changes from positive to zero and back
to positive when externalities are increased because free contracts substitutes rewards. Second,
the total cost of offering free contracts is determined by two factors, that is, the production cost
(which is low for products such as Skype and Dropbox) of the free products and informational
asymmetry, which forces the firm to pay an information rent to high-valuation buyers. This total

cost of offering free contracts plays a key role in fully characterizing the optimal incentive scheme.

3%Tn part [1] of Theorem [4] we give a necessary and sufficient condition for IT* > 0 to hold.
31The proof shows that we do not need to restrict prices to be nonnegative in order to obtain this result.
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B.1 Characterization of Optimal Scheme

We characterize the optimal contracts in steps. First, we characterize the optimal referral reward
scheme given a menu of contracts satisfying (Lemma [3)). Then, we solve for the optimal menu
of contracts (Lemma [4]) and finally, use these optimal contracts to derive the optimal reward using
Lemma [3] (Theorem [4)).

With homogeneous costs of talking, if r (a +(1-a)- 1{qL>0,vL(qL)ZO}) + R > £, then for any
menu of contracts satisfying the constraints (), profits are given by n((pr,qr), (pu,qu)) — R
Otherwise, profits are zero. Thus, if incentivizing WoM is not more expensive than the expected
profits, the monopolist would like to pay senders just enough to make them talk. The following

lemma formalizes this intuition. Let

R™*((pr.qr), (P, qu)) = max{&—r-[a+(1—a)-1(q, >q)],0p. (7)

expected externalities

Lemma 3 (Referral Program). Given contracts (pr,qr) and (pm,qm) satisfying and vy (qg) >
0, the optimal referral reward is unique as long as R*((pr,qr), (pr,qm)) < 7((pr,qr), (PH,qH))

and is giwen by R**((pr,qr), (PH,qm))-

Using Lemma [2] and the formula of the optimal reward function R** in Lemma (3| we can
determine whether it is optimal to offer free contracts or not, which then pins down the full optimal

menu of contracts. As in the main text, we define the cost of free contracts:

CF* = a wg(g +(1—-a)- c-q . (8)
—— ~—
information rent production cost of free product

Using this variable, let us first provide a heuristic argument: In order for free contracts to be
optimal, this cost has to be outweighed by the benefit generated by providing the product to low

types, i.e.,
CF*<(1—-a)r, 9)
or equivalently % < r. Notice that % represents the “break-even externalities” necessary to
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compensate for the cost of free contracts. Moreover, % is increasing in «. The average profit

generated by a receiver if free contracts are offered can be written as
7((0, @), By, qly)) = TS — C

The following result shows that, with additional boundary conditions, @ is also sufficient to

guarantee optimality of free contracts. We denote the set of optimal g7, by Q7.

Lemma 4 (Free Contract). Whenever ITI* > 0, an optimal contract to the type-L receiver must
satisfy the following:

(i) Let r € [%, 00). Then, Q7* = {0} (i.e., it is not optimal to provide free contracts).
g -
(i) Let r € [€, 2).

1. (Free contracts) g € Q7" if and only if

¢—ar > CF*. (10)

reward w/o free contract

2. (No free contracts) 0 € Q7" if and only if §{ —ar < CF*.

(i1i) Let r € [0,€).

1. (Free contracts) q € Q7" if and only if r > gF

-«
2. (No free contracts) 0 € Q7" if and only if r < %F;

The intuition for this lemma is the following. First, there is no need for the seller to provide
any incentives for WoM (i.e., q;, = 0) if the cost of talking & is smaller than the lowest expected
externalities ar because in that case people talk anyway (Lemma (i)). If r € [€, g) (Lemma (i1)),
then the cost of talking is larger than ar, but free contracts can boost the expected externalities
to r > £. Then, free contracts are used whenever the referral reward that the seller had to pay
without free contracts £ — ar is larger than the cost of offering a free contract C' F* which is the sum
of the information rent and cost of producing ¢. Note that in this case, whenever free contracts are
offered, the optimal reward is zero by Lemma |3| Finally, for high costs of talking £ > r (Lemma

(iii)), by Lemma the seller pays a reward as long as the optimal reward does not exceed expected
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profits. If free contracts are offered, the expected externalities can be increased by (1 —«)r. Hence,
free contracts are offered only if this benefit exceeds the cost of production and the information
rent so that r > % as explained above.

Lemmas [2] B and [4] pave the way for a full characterization of the optimal menu of contracts
and reward scheme summarized in the following theorem. It shows that the optimal incentive
scheme depends on the market structure given by parameters such as the cost of production ¢, the

externalities 7, the cost of talking &, and the fraction of H-type receivers a. Note that Proposition

is a special case of this theorem applied to the model in the main text.

Theorem 4 (Full Characterization). 1. (Positive profits) IT* > 0 if and only if
¢ < max {Hd“sm — CF* + min{r, £}, IIclessic . ar} . (11)

For the following cases, assume that s satisfied:

2. (Free vs. no free contracts) There exists ((0,q), (Py, q5;), R) € S for some R if and only
yre [ 856

3. (Rewards vs. no rewards)

(a) (With free contracts) If r € [¢£- S=CF7 then ((0,9), (P, q3), R) € S with R > 0

l-a? «

if and only if r < &, and

(b) (With no free contracts) If r ¢ [ S=SE0] then ((0,0), (py, %), R) € S with

T—a' «
R > 0 if and only if r < g

First, it is straightforward that the monopolist should provide no incentives for WoM either
if senders talk anyway because the cost of talking is small (i.e., £ < ar) or if it is too expensive
because the cost of talking £ is too large relative to its benefits given in . A necessary condition
for free contracts to be optimal is that r is large enough (i.e., r > %) An immediate implication
is that without any externalities, free contracts are of no value to the seller. At the same time,
free contracts are more effective to encourage WoM than rewards only if the cost of talking & is
sufficiently large relative to r (i.e., £ > C'F* + ar which is derived from the upper bound of r in

part [2| of Theorem . Otherwise, it is cheaper to pay a small reward for talking.

32 CF* £—CF* CF* ¢(-CF*y _
If T > T then [E’ T] = @
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We can also generalize the comparative statics in Proposition [4] as follows.

Proposition 6 (Market Structure and Free Contracts).

(i) Consider two markets that are identical to each other except for the share of H-types, denoted
a1 and as. Suppose that free contracts are offered under an optimal scheme in the market with o,
II* > 0 in the market with as, and as < ay. Then, free contracts are offered under any optimal

scheme in the market with os.

r—cq

o @Fr—a (er< %) implies that free contracts are

(ii) Suppose vi(q) +1 > cq. Then, a >

never offered under any optimal scheme.

In the interest of brevity, we do not generalize Theorems [I| and [2| here, but one can show that

analogous results hold in the generalize model, too.

C Proofs of the General Results

Proof. (Proposition |5)) As discussed in footnote we prove the result for a general environment
in which, after each sender i sees the menu of contrast, he privately observes his cost of talking
&, drawn from an independent and identical distribution with a cumulative distribution function
G : Ry — [0,1] that has at most finitely many jumps. With this formulation, the present proof
shows that the existence result is also valid for the general setup discussed in the Online Appendix.
First, we show that it is without loss of generality to restrict attention to choice variables in
a compact set. To see this, first note that, as we will show in the proof of Lemma [2| a scheme
((pL,qr), (pH,qu), R) with g1, € (0, g) generates a strictly lower profit than a scheme ((pr,0), (pr, qu), R).
The same proof also shows that a scheme ((pr,qr), (pH,qm), R) with qr > ¢ generates a strictly
lower profit than a scheme ((pr,q), (pm,qw), R). Thus it is without loss of generality to restrict
attention to {0, ¢} as the space from which g, is chosen. This and the participation constraint for
low types imply that if a scheme ((pr,qr), (pH,qm), R) satisfies the constraints then p;, < 0. Also,
the proof for Lemma [2| shows that for any scheme ((pr,qr.), (PH,qm), R), pr, < 0 implies that the
participation constraints for both types are non-binding, hence there exists € > 0 such that there
exists a scheme ((pr + €,q1), (P + €,qm), R) that satisfies the constraints and generates a higher

profit than the original scheme. Consequently, it is without loss of generality to restrict attention

to a scheme ((pr,qr), (pH,qm), R) with pr, = 0.
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Also, since limg_,o v} (q) < ¢, there exists ¢’ such that any scheme ((pr,qz), (pH,qu), R) with
g > ¢ generates a strictly negative profit. Thus it is without loss of generality to restrict attention
to [0,¢'] for the space for gm, where ¢’ is any number satisfying v/;(¢’) < ¢. Fix such ¢’ < o0
arbitrarily. Then, any scheme ((pr,qr), (pr,qm), R) with R > vy (q") generates a strictly negative
profit, so again it is without loss to restrict attention to [0, vy (q’)] as the space for R.

These bounds for q and ¢, together with the PC constraints imply that it is without loss of
generality to consider py < vg(q’). The incentive compatibility condition for low types implies
that 0 = max{vr(qr),0} — pr > max{vy(qg),0} — pg, which implies pg > max{vr(qm),0} > 0.
Thus, it is without loss of generality to consider py € [0,vg(q")]-

These facts and the fact that all constraints are weak inequalities with continuous functions
imply that the optimal scheme is chosen from a compact set. Now, note that the objective function
is right-continuous in each choice variable because G is a cumulative distribution function, and all
jumps are upwards.

These facts and the assumption that G has only finitely many discontinuities imply that there
exists a partition of the compact space of the choice variables C' with a finite number of cells
(P1,. .., Pk) for some integer K € N, such that over each cell, the objective function is continuous.

Let 7 be the supremum of the objective function over C. Then there exists a sequence (yk Jk=1.2,...
with y* € C for all k such that the value of the objective function under y* converges to #. Since
K < oo, this implies that there exists a cell of the partition, denoted P« (choose one arbitrarily if
there are multiples of such cells), and a subsequence (zk)k:1,27,,, of (yk)k=1,2,... such that zF € P
for all k.

Since Pj« is a bounded set, (zk)k:1727__. has an accumulation point. Let an arbitrary choice of an
accumulation point be z*. If z* € P+, then by continuity the objective function attains the value
T at z*. If 2* € Py, then by the assumption of the upward jumps, the objective function attains

the value strictly greater than 7 at z*, which is a contradiction. This completes the proof. O

Proof. (Lemma [2)) Let ((pr,qr), (pr,qm), R) be an optimal scheme.
(i) Given a menu of contracts with qr > ¢ that satisfy , continuity of vy implies that
the monopolist can decrease gz, and pr, slightly, such that max{vz(qr),0} — pr, remains constant

(by Assumption |1|) without violating because v (qr,) — pr, decreases with such a change (as
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vy > v7). This strictly increases profits by Assumption [2| Similarly, given a menu of contracts
with 0 < qr < ¢ that satisfy and such that IT* > 0, the monopolist can decrease g;, to zero and
increase profits without violating .

The equation p;, = 0 can be shown by noting that type L’s participation constraint must be
binding: Assume p; < max{vg(qr),0} = 0. First, note that then type H’s participation constraint

cannot be binding: If it was, then

0 = max{vpy(qn),0} — py > max{vy(qr),0} — pr > max{vr(qr),0} —pr >0

which is a contradiction. Thus, the monopolist can strictly increase profits by increasing pr,
and pyg by the same small amount such that remains to be satisfied. Consequently, p; =
max{vr,(qr,),0} = 0.

(ii) Given a R, p, = 0 and fixing q1, € {0, ¢}, H-type’s contract (pg, ¢ir) must solve maxy,, 4, o(pg—
gmc) subject to max{vg(qm),0} — pg > max{vg(qr),0} and max{vg(qm),0} — py > 0. If we
ignored the participation constraint, and solved a relaxed problem, the incentive compatibility con-
straint must be binding and it follows that ¢i = ¢}; and py = max{vy(q};),0} — max{vg(qr),0}.

This automatically satisfies the participation constraint:

max{vg(qy),0} — [max{vg(q¥),0} — max{vg(qr),0}] = max{vg(qr),0} > max{vr(qr),0} = 0.

The above proof shows that IC constraint of the H-type is binding. Using this fact, parts (iii) and

(iv) follow by plugging g7, into type-H’s incentive compatibility constraint. ]

Proof. (Lemma (3, Referral Program) A sender talks if and only if
(<r(a+(1—a) 1(qg >q) + R

As a result, the monopolist must pay at least in order to assure that senders talk and thus,

the monopolist pays exactly this as long as it is profitable to inform receivers, i.e., as long as

R*((pr,qv), (pu>qm)) < ©((pr,qr), (pu, qm)) holds. 0

Proof. (Lemma Free Contracts) (i) If £ < ar, then the senders’ IC constraint is always
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satisfied, so that the seller’s problem collapses to

max N-la-(pg—qu-c)+ (1 —a) (pr—qr-c) — R]
pL.pHER, q,qu >0

which is equivalent to the maximization problem in the benchmark case with free WoM. Thus, no
free contracts are offered under any optimal scheme.

(ii) First, note that if II* > 0, it suffices to show when profits with free contracts (and the
optimal reward scheme given by Lemma [3)) are greater than profits without free contracts.

Let ar < & < r. First, if £ — ar > 1921 then by Lemma [3| not offering free contracts yields
negative profits and cannot be optimal. If &€ — ar < II9%5i® then by Lemma |3, the optimal reward
is R = 0 whenever ¢q;, = g and is R = { — ar whenever q;, = 0. With p;, = 0 and (py,qg) as in
Lemma [2] it follows immediately that offering free contracts generates weakly higher profits than
offering ¢z, = 0 if and only if IT*° — qup(q) — (1—a) - g+ ¢ > IS — (£ — ar), which is equivalent
to (T0).

(iii) Let £ > r. Then, by Lemma (3| if the monopolist chooses g, = ¢, then profits are given
by II¢@ssic — OF* — (¢ —r) and if ¢ = 0, then profits are given by II¢®si¢ — (¢ — ar). Thus,
offering free contracts generates a weakly higher profit than offering no free contracts if and only if

[Iclassic _ G F* — (& —r) > TI¢assic — (¢ — ar), which is equivalent to CF* < (1 — a)r. O

Proof. (Proposition (3| and Theorem Full Characterization) Since Proposition (3] is a
corollary of Theorem |4}, we only prove the latter.

1. By Lemmas [2| and [3, IT* > 0 if and only if TI¢ssic — CF* — max{¢ — r,0} > 0 or IIclassic _
max{£ — ar,0} > 0. Since II¢#5i¢ > 0, this can be rewritten as 1925 — CF* — max{¢ —r,0} > 0
or [Ieassic — (¢ — ar) > 0.

2. This follows immediately from Lemma [4]
3. (a) By Lemma 3| in the presence of free contracts, a reward must only be paid if r > &.

(b) Similarly, if no free contracts are offered, positive rewards are only being paid if ar < &. 0

Proof. (Propositions [4] and [6])
Since Proposition [ is a corollary of Proposition [6] we only prove the latter.

(i) Denote the maximal expected profit without free contracts (i.e., g = 0 is offered to low
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types) under a by I1"°* f*¢(q). Similarly, denote the maximal expected profit with free contracts
under « by Hfree(a)ﬁ The function I ¢(q) is concave as long as It fre¢(q) > 0, and TI7¢(a)
is linear in « as long as I1™¢(a)) > 0. Moreover, we have that

lim %*(a) = lim a(p}; — gjze — vir(g) — (1 a)ge — max{g .0}

a—1

< lim1 a(ply — ¢ic) — max{€ — ar, 0} = 1"t free ().
a—

This implies that I17°* f*¢() and T1%°¢(«) intersect at most once. Hence, if II°¢(ay) > TI7°t free (),
then TTe¢(ap) > It fre¢(qy) for all ap < ay. This concludes the proof.

(ii) This part follows directly from part |2 of Theorem O

Proof. (Proposition @ (i) Denote the maximal expected profit without free contracts (i.e., g = 0
is offered to low types) under o by I1"°* (). Similarly, denote the maximal expected profit with
free contracts under o by 117 () P4 The function 11" f*¢(q) is concave as long as Tt ¢ (a) > 0,
and IIf*° (@) is linear in o as long as II™¢(a) > 0. Moreover, we have that

lim T%(a) = Tim a(ply — ajze — vrla)) — (1 — a)ge — max{e — 7,0}

a—1

< lim1 a(pyy — qiye) — max{€ — ar,0} = 1"t re¢(q),
oa—r

This implies that TI"°* e¢ (o) and I17*° () intersect at most once. Hence, if II*¢(q;y) > TPt free(q)),
then T () > 17t f¢(qy) for all ap < aj. This concludes the proof.

(ii) This part follows directly from part [2[ of Theorem O

33Existence of these maxima follows from an analogous proof to the one for Proposition
34Existence of these maxima follows from an analogous proof to the one for Proposition
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D Discussion

In this section we discuss various extensions and their implications, as well as the social plan-
ner’s problem. For generality, we base the discussion on the generalized model introduced in the

Appendix.

D.1 Heterogeneous WoM Cost

In Section [B] we have entirely focused on homogeneous costs of talking, in order to emphasize
the core trade-off faced by a firm when encouraging senders to engage in WoM. In the Online
Appendix, we consider an extension in which different senders have different costs of talking. With
heterogeneous costs of talking, the optimal reward scheme is more complicated as it can be used to
fine-tune the amount of WoM, while with homogeneous costs either everyone or no one talks. We
analyze the optimal scheme for a fairly general class of cost distribution GG, and discuss how our
results from Section |B| change. Here, we summarize the main findings of that section.

We show that the results from Section [B| are robust in the following sense. Free contracts are
not optimal for large o because in that case the benefit of free contracts given by (1 — «)r is small
compared to the cost CF*. Referrals and free contracts remain strategic substitutes. We also show
how the homogeneous cost case can be thought of as the limit of models with heterogeneous costs.

New insights can be derived in the heterogeneous cost model with respect to the reward scheme.
The optimal reward scheme is not constant in « when a free contact is offered (as it is when the
cost of talking is homogeneous), but is increasing in «. The reason is that expected profits are

higher with higher o and hence, the seller has a stronger incentive to increase WoM. If no free

“Kamada: Haas School of Business, University of California, Berkeley, Berkeley, CA 94720, e-mail:
y.cam.24@gmail.com; Ory: School of Management, Yale University, New Haven, CT 06511, e-mail:
aniko.oery@yale.edu.



contracts are offered, in addition to the aforementioned effect, there is an opposing effect (that is
present also with homogeneous costs), as the seller only needs to pay less to senders if the expected
externalities are large in order to induce the same number of senders to talk. Thus, if no free
contracts are offered the effect of @ on rewards is ambiguous, where rewards are decreasing in « if

costs are sufficiently homogeneous.

D.2 Continuous Type Space

In the model with two receiver types, the optimal scheme results in the low-type customers experi-
encing zero value from the product, a feature that may not be realistic. Our intention in the main
section was to provide the simplest model that highlights the role of free contracts as a way to
incentivize WoM, and the unrealistic feature is an artifact of the simplification, not an implication
of the effect we want to highlight. The aim of this section is to make this claim formal.

To this end, we provide an alternative model with a continuous type space and characterize
the optimal scheme. In particular, the characterization shows that under an open set of param-
eter values, conditional on a customer purchasing a free contract (which happens with positive
probability), with probability one the customer receives a strictly positive value from the product.

Formally, let us consider the same model as in the main section with a continuum of receiver
types. The receivers’ types 6 are uniformly distributed on [0, 1] and type €’s valuation for quantity

q is given by

0 ifg=0
vp(q) =
Oln(g+1)—K ifg>0
for some constant K > 0 that is independent of # and ¢. Since limg\ g vp(q) = —K, one can think

of K as the fixed cost of starting to use the product. To simplify the exposition, let us assume
c < K < —In(c) =1+ cand ¢ < 1. Moreover, let us define, for § € (0,1], ¢(0) = % — 1 which
is the smallest quantity that must be offered to a type-6 receiver to make her indifferent between
using the product and not. Note that ¢(#) > 0 for all # € (0,1] and the receivers with 6§ = 0 would

not like to use the product for any ¢ > 0. For simplicity, let us also assume N = 1.



The seller solves

" 1
I (5) = max 1{a1:Refer} : (fg (pf(e) - QS(Q)C) df — RS) (12)
pe(); ag(), b5 Re =
where pe € RO and qe € R[E’H are integrable functions, #, € [0,1], and Rs € R subject to the

:f
receiver’s incentive compatibility and participation constraints which are given byE|

max{vp(gc(0)), 0} — pe(6) = max{vg(ge(¢).0) — pe(#) V0.0 (6-type’s IC)

(13)
max{vg(qe (6)), 0} — pe(6) > 0 ¥ >0, (0-type’s PC)
and the sender’s incentive compatibility (IC) constraint which is given by
a1 = Refer if and only if & <r(1— Qg) + Re. (14)

Define a strengthening of the constraint by imposing a condition that the sender must talk,

ie.,

a; = Refer holds and £ < r(1 — Gg) + Re. (114])

We denote by I1(£) the optimal profit of the problem subject to and ((14])).

In order to characterize the optimal scheme, we first define several notations. First, for £ = 0,

there exists a unique (up to measure-zero set of #) solution to subject to and (14]), which

satisfies

q¢*(0) ifo>0"

g5(0) := ° (15)

0 if 0 < QE‘)

where
20 — 1
() = -1
q™(0) .

and a @7 which is the unique solution to (26 — 1) In (&6_1) —1] = K 4+ ¢ = 0 (we will prove this
below).

!Note that an analogous result to Lemma holds in this setup.



Second, let us denote by 6’ the unique solution to ¢**(¢’) = ¢(#'). Finally, if

(20 — 1) [m (20/0_1) 1} —K+c+7<0, (16)

let #” denote the unique value of 6 that solves (20 —1) [ln(%)T_l) — 1] = K+c+r =0, which always

exists.

Proposition 7. Let £ > 0.

(i) Whenever T1(€) > 0, there exists a unique solution (up to measure-zero set of types to the

problem (@ subject to and , and it is a solution to (@ subject to and ’).
(ii) There is a unique solution (up to measure-zero set of types) to the problem (13) subject to
and ’) given by (pz(),qg(),QZ,RZ) It has the following properties:

1. If¢E<r(1— Q;), then neither a free contract nor reward is offered, i.e., pE(@) > 0 if and only

if a;(0) > 0, and R; = 0. Moreover, qf(-) = ¢;(*) for 0 € [0,1] and QZ = 0.
2. Suppose r(1 —07) <¢&.

(a) If 1s satisfied, then the following hold.
i. No free contract is offered, i.e., p;(0) > 0, if and only if g;(6) > 0.
i. q¢(0) = q™(0) for 6 > Qé* and q¢(0) = 0 otherwise.
191. Qg =0"
w. A positive reward is offered, i.e., Rf = {—r(1 —Qg*) >0, if and only if € > r(1—6").
(b) If is not satisfied, then there exists a 0 > 6 such that the following holdﬁ
i. For 0 > 0, no free contract is offered, i.e., pz(G) > 0. For 0 ¢ [QE?QA: a free
contract is offered, i.e., pj (0) = 0. Otherwise, pZ(G) =0.
i. qg(0) = q™(0) for 6 > b, qz(0) = g(gz) for 6 € [QZ,Qg], and qg(0) = 0 otherwise.
111. Qz <.

w. A positive reward is offered, i.e., R = E—r(1 —Qz) >0, if and only if £ > r(1 —QZ)

2Tt is not payoff-relevant for the firm if for a zero-mass of types a different contract satisfying the constraints is
offered.
20,1

3The type QE is determined such that — = g(

gg)'



The proof is presented at the end of this section. The proposition highlights that, as in the
two-type case that we consider in the main analysis, the optimal scheme exhibits a rich pattern
of the use of free contracts and referral rewards. In particular, it allows for the parameter regions
such that both are used, only free contracts are used, only referral rewards are used, and none are
used. To see our main point about the size of the surplus the receiver purchasing a free contract
experiences, first note that a free contract is offered under an open set of parameter values because
it is offered whenever r(1 —0*) < £ holds and is not satisfied, and those conditions hold (case
of Proposition for an open set of parameter values. Second, whenever a free contract (Q(QZ), 0)
is offered, it is purchased with a positive probability as all types [Qg’ Qg] purchase that contract and
Qs < 0, but everyone but Q§ receives strictly positive surplus vy (g@g)) from it.

Proof. (Proposition [7)) Part (i) is straightforward, so we prove part (ii). Fix a solution to the
problem subject to and ) and denote it by (pi(-).q (),QE,RE). We first rewrite
the firm’s problem. To this end, let us denote the utility received by type 6 under the contract
(pe(0),qe(9)) by U(0) = vo(qe(F)) — pe(). Then, by a standard argument in mechanism design, the

receivers’ IC constraints can be rewritten as

0
U@):/‘m@d@+1M9+Uwg
0
Z¢
ford > 0 0 q¢(+) being non-decreasing and q¢(0) > ¢(0) for 6 > 0 The PC constraint and optimality
then imply U(Qg*)

U(0) = vo(ag(6)) = pe(0) into fy (pe(0) — ae(0)c) db:

0. Then, the seller’s objective function can be rewritten by substituting

1
LAWM%@+”_K‘%@@w =
=¢

1 1,1 ~ B
/Qé (61n(qe(9) +1) — K — U(6) — ge(6)c) df — /9 5 /0 iso) nlac®) + ) a9

1
/9 ((20 —1)In(ge(0) + 1) — K — qe(0)c) db
Ze



yielding

fi(e) = mx o Jp (20~ 1)1n(ge(6) + 1) = K = (6)c) 40 - R 1)

subject to
q¢(+) being non-decreasing and g¢(6) > ¢(6) for 6 > Q{’ (113])

and p*(0) = v(ge(0)) — fgi In(qe(0) + 1)d6.

Next, we solve this maximization problem for £ = 0. Point-wise maximization of the integral

20—1 =0
)

with respect to go(f) for a fixed 6 results in the first-order condition given by o ¢ =

ie., q(0) = 29771 — 1 and a second-order condition given by —@ﬁgﬁ < 0. Thus, the solution
of the first-order condition gives a maximum if 8 > % and otherwise the unique solution of the
maximization problem is ¢o(6) = 0.

If we plug this into (20 — 1)In(go(#) + 1) — K — go()c, we get for 6 > 3,
(20 —1)(In((260 — 1)/c) — 1) — K + 1

which is strictly greater than zero for § = 1 if —In(¢) — 1 — K 4+ ¢ > 0 which we assumed. It is
exactly zero at some Q; as long as K > c¢. Thus, is a solution to the maximization problem
as it is increasing. Also, note that 6" given by qo(6") = ¢(#') is well defined as the equation has a
unique solution no more than 1 as long as K < — In(¢) which is implied by the parameter restriction
K < —In(c) =1+ cand ¢ < 1. Then, ¢;5(¢) > ¢(#) if and only if 6 > ¢'.

Part 1: If £ <r(1 —6;), then the unconstrained solution (the solution to subject to )
is also achievable with the constraint (the solution to subject to and (14])), so it is the
unique optimum and no free contracts or rewards are provided under the optimal scheme.

Part 2: If £ > r(1 — QE‘)), then profits are zero unless some reward is paid or the good is sold
to more buyers. It is immediate that the sender’s IC ) must be binding. To find the optimal

scheme, we can, hence, substitute £ — r(1 — QS) for R¢ in the optimization problem, yielding

M(¢) = max max [, (20— 1)In(ge(0) + 1) — K — qe(0)c +7) db — &
9, ae() "=



subject to 1i) c=&—r(1- Qg) and p*(0) = v(ge(8)) — f: In(ge(f) + 1)df. Point-wise maxi-
%

mization of ((20 —1)In(ge(0) +1) — K — ge(0)c + r) with respect to g¢(0) yields g¢(6) = ¢*™*(6) for

0> QZ where QZ solves

20 — 1
c

(201)111( >K20+10+r=0

as long as the solution satisfies q**(gz) > g(gz) (i.e., Qz > #'), which is equivalent to ([16]).

Otherwise, since ¢(-) is strictly decreasing, we need to apply bunching and offer a free contract
at the bottom because the pointwise solution max{q**(¢),¢(0)} is decreasing for § € (0,6’). More
precisely, there exist ¢, and QZ such that for 6 € [Qz, 0¢], a free contract is offered, i.e., 2 0) =0
and g; (0) = Q(QZ) for 0 [Qz,Qg] under the optimal scheme.

A strictly positive reward is paid if and only if £ is strictly higher than the induced externalities

r(l— Qz) This concludes the proof of (ii). O

D.3 Two-Sided Externalities

In the main analysis we assumed that only the senders receive externalities, and claimed that even
if we assumed the receivers would receive externalities as well, the essence of the analysis would
not change. The goal of this subsection is to make this formal. Consider a model as in Section
with an additional feature that if receiver 7 uses the product, she receives externalities r. In this
model, for each 6§ € {H, L}, if a type-0 receiver uses quantity ¢, she experiences utility vg(q) + .

Note that this is a change that shifts the valuation functions by a constant, i.e., they change
from vy(q) to vg(q) + r for each § = H,L. Hence, it does not alter the nature of the optimal
contract scheme under each fized r, assuming that our restrictions are met for the new valuation
functions. This implies that all comparative statics with respect to parameters that are not r (e.g.,
Proposition @ are robust. Below we show that our main comparative statics with respect to r
(provided in Theorem [4)) goes through as WGHH

Note that Theorem [4] states that the use of free contracts is optimal if and only if the condition

r e [ ?_F ;, 5_(0’:1:*] is met. Then, the use of rewards is determined by conditions given by the

bounds independent of the size of r (the conditions are r < £ in the presence of free contracts and

“We keep assuming that our restrictions are satisfied after the shifts of the valuation functions.



r < g otherwise, and ¢ and g do not depend on r). It is immediate that the same characterization
goes through in our modified model, but now the size of CF™* depends on r. If we show that C'F™*
is nonincreasing and CF* + ar is nondecreasing in r, then the region of r such that free contracts
are used is still given by a convex interval, guaranteeing that the essence of the comparative statics
does not change. We first show that C'F™ is strictly decreasing in r. To show this, let us write

down the modified CF™* as follows:

CF*(r) = a(vm(g(r)) + ) + (1 — a)eq(r),

where CF*(r) and g(r) denote the cost of free contracts under r and the break-even quantity for
low-types under 7 (i.e., vr(g(r)) + r = 0), respectively. It is immediate that the second term is
strictly decreasing in r because v} (q) is strictly increasing in ¢ and thus g(r) is strictly decreasing
in . The first term is strictly decreasing in r for the following reason: Take r and r’ with r < r’.

Then, by the assumption that v};(q) > v} (¢) and the definition of the ¢(-) function, it must be the

case that:

(v (q(r) +1") = (v (q(r)) +7) < (vr(g(r')) —ve(a(r)) + (" =) = (=) = (=) + (' =) =0

Overall, CF*(r) is strictly decreasing in . We next show that CF*(r) + ar is strictly increasing
in r under an additional assumption about the valuation functions. Specifically, suppose that
207 (q) > viy(q) + 1770‘0 for all ¢ > 0. That is, the marginal values of the two types are not
too different from each other, which ensures that the information rent vy (g(r)) does not vary
too much with r. Then, taking the first-order condition of C'F* with respect to r and by noting
q(r) = —m (by the Implicit Function Theorem), one can show that CF*(r) + ar is strictly
increasing in r. All in all, free contracts are used if and only if r is in a convex interval.

Note that this analysis provides an interesting observation that the cost of free contracts de-
creases in the size of externalities because both the production cost and the information rent
decrease. The reason is that if low types receive externalities it becomes easier for the firm to make

them willing to use the product (implying low production cost) and high types have less incentives

to switch to the low-type contract at such a level of quantity provided to low types (implying lower



information rent).
To sum up, the model of two-sided externalities provides qualitatively equivalent comparative

statics as our main model with one-sided externalities.

D.4 Quantity-Dependent Externalities

The main analysis is based on a model in which the magnitude of externalities is captured by a
single parameter r. As Theorem [4 shows, this is the key parameter that determines the optimal
scheme. However, one can imagine that a Dropbox user who wants to refer his co-author receives
higher positive externalities from joint usage if the co-author uses Dropbox more. The objective
of this section is to formalize the idea of quantity-dependent externalities and discuss how such
dependencies affect our predictions.

To this end, consider a function 7 : Ry — R, that assigns to each quantity level consumed the
value of externalities generated. We employ the normalization that 7(0) = 0. Note that our main
model corresponds to the case in which 7(¢) = r for all ¢ > 0. In this section we assume that 7 is
differentiable, strictly concave, 7(q) > 0 for all ¢ > 0 and lim,_,o, 7(q) = 0.

Fix an optimal scheme ((p},q; ), (P} zj}"q),ﬁ*). Then, the L-type’s PC constraint and the H-
type’s IC constraint must be binding. First, consider the case when the sender’s IC constraint is

binding. In that case, (generically) positive rewards are being paid. Then, if a contract is offered to

the low types (¢; > 0), then the optimal scheme must satisfy the following first-order conditions:
a(vy (@) —c+7 (@) = 0
and g}, € {0,¢} (as in the main model) if
(1 —a)(vr(qr) — c+7(qr)) + a(vp(qr) —vplar)) < 0 (18)

holds for g, = ¢, and g}, satisfies the above inequality with equality otherwiseﬂ For simplicity, we
focus the discussion on the case when the inequality in is satisfied for ¢ = q.

Otherwise, the contract has a positive price. If low types are not served under the optimal

®The solution exists and is unique as we assume 7 is strictly concave and the limit of its slope is zero.



contract scheme, then only the first-order condition for g7, need be satisfied. Thus, as in the
main model, there are only three possible levels of realized externalities corresponding to the three
contracts that the firm optimally chooses conditional on rewards being paid, 7y := 7(q3;), rz := 7(q)
and 7(0) = 0. Note that in this case, gj; < q}; holds because 7(q};) > 0 and v/, is decreasing.

If the sender’s IC constraint is not binding, then the sender’s IC can be ignored and thus, the
optimal contract is the same as in the main model, and in particular, g7; = ¢j;. Let us denote the
externalities received if the high type’s contract is purchased by 7, := 7(¢j;).

Here we consider how the conditions for offering free contracts change. In the absence of free
contracts, expected externalities are given by arp, while in the presence of free contracts, expected
externalities are given by arg + (1 — a)ry. Now, consider part [2| of Theorem 4| It says that, for
free contracts to be used in the optimal scheme, two conditions have to be met: r(1 — «) > CF*
and & — ar > CF*. The first inequality says that the cost of free contracts has to be no more
than the increment of the expected externalities. The second says that it has to be no more than
the rewards necessary to be paid to compensate for the difference between the cost of talking and
the externalities that are generated anyway by high types, in the absence of free contracts. Since
the first inequality automatically holds when the sender’s IC constraint does not bind, and the
second inequality automatically holds when the sender’s IC constraint binds, these conditions can
be rewritten as:

r(l —a) > CF* and £ —ary, > CF*.

Since CF* is unchanged, these conditions imply that low externalities for low types and high
externalities for high types both reduce the set of parameters for which free contracts are optimally
offered. Thus, free contracts can be optimal only if the dependence of the magnitude of externalities
does not vary too much with the quantity consumed by the receivers. Our main analysis corresponds

to the (extreme) case with constant 7 functions, and hence best captures the role of free contracts.

D.5 Informed Senders

To simplify the analysis, in the main analysis we assume that each sender has the same information
about the type of his receiver as the firm. However, in some markets one can imagine that senders

have better information about their friends’ willingness to pay than the firm. The objective of

10



this section is to consider a model that accommodates this possibility, and to discuss robustness of
and difference from the results of the main analysis. Specifically, let us assume that each sender
independently observes a signal s € {sr, sy} about his receiver. If the receiver’s type is § = H,
the sender sees a signal s = sy with probability 5§ € (%, 1), and if the receiver’s type is § = L, the
sender sees a signal s = sy with probability 1 —J ﬁ Thus, by Bayes rule, a sender who has received
a signal sy believes that the probability of facing a H-type receiver is ag = Wg)(l%(> a),
while a sender who has received a signal sy, instead believes that the probability of facing a H-type
receiver is ap = %(< Q).

How does the firm’s optimization problem change? The firm’s objective function is a weighted
sum of the profit generated by WoM of senders who have received a high signal and the profit
generated by WoM of senders who have received a low signal. The two profit functions are as in
with the fraction of high valuation receivers being ay and «y, respectively. More precisely, a
fraction a8 + (1 — a)(1 — ) of senders have received a high signal sy and the expected profits
generated by those senders is just with the fraction of H-type receivers being ay. A fraction
a(l = B) + (1 — «)B of senders has received a low signal and the profit generated by those senders
is with the fraction of H-type receivers being ay. Note that the receivers’ constraints remain
unchanged. However, the firm now faces two IC constraints for the senders - one for the senders
who observed sy and one for the senders who observed sy..

An important difference to the model we consider in the main part is that Lemma [I]is not valid

anymore as the firm can utilize the informational differences with the reward scheme.

Proposition 8 (Rewards with informed senders). 1. Suppose that all senders choose “Refer”

under the optimal scheme.

(a) If the firm does not offer free contracts, then the optimal reward scheme R satisfies

7aL

R(H) < R(L) with the inequality being strict if r € (0 L)

(b) If the firm offers free contracts, then the optimal reward scheme R satisfies R(H) =

R(L) = max{{ —r,0}.

51t g = % was the case, then senders and the firm would have exactly the same information about receivers. Our
main model corresponds to this case.

"R(H) =€ —r <R(L) = ¢ for € > and R(H) = 0 < R(L) = max{ﬁ—““,o} for £ < 7.

1—ay,
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2. Suppose that senders who received sy choose “Refer” but other senders choose “Not” under

the optimal scheme.

(a) If the firm does not offer free contracts, then there exists an optimal reward scheme
R such that R(H) > R(L) = 0. Moreover, any optimal reward scheme R satisfies
R(H) > R(L) —r.

(b) If the firm offers free contracts, then there exists an optimal reward scheme R such that

R(H) > R(L) = 0. Moreover, any optimal reward scheme R satisfies R(H) > R(L).

Each of the four cases arises given a nonempty parameter region that we compute in the proof
of Proposition |§| presented at the end of this sectionﬁ An important implication of this proposition
is that, if the firm wants to incentivize all senders to talk, then she must pay more for referrals of L-
type receivers than for H-type receivers because L-type senders’ expected externalities are low. In
contrast, if the firm is better off excluding senders who received signal sy, then one optimal scheme
only rewards referrals of premium users. Note that if the firm wants to induce sy -senders to talk,
it should also induce sg-senders to talk because it is cheaper to provide incentives to sg-senders
and they talk to a better pool of receivers.

Solving the full problem is a daunting task because there are multiple cases to analyze depending
on which type of senders are encouraged to talk. If the monopolist decides to encourage every sender
to talk, the choice between free contracts and referral rewards can be tricky: offering free contracts
can be very attractive in a market with fraction «j of high types but not attractive in a market
with fraction oy of high types. As the firm cannot differentiate between buyers who have generated
a high signal versus a low signal, it needs to trade off the benefits in both markets when deciding
whether to offer free contracts. One can, however, easily derive the following results for the extreme

cases:

Proposition 9 (Signal strength). 1. If £ —r < a(ply — cqly), then there exists B < 1 such that
for all B > B, the unique optimal menu of contracts is given by ((0,0), (pl,q};)), and there
exists an optimal reward scheme R, which satisfies R(L) = 0. If € —r > a(p}; — cq};), then

for any B € (%, 1), the firm cannot make positive profits.

8The proof for Proposition [8|is presented at the end of this section, too.
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2. Suppose that there ezists a unique optimal menu of contracts ((pr,qr), (PH,qm)) in the model

without signals. Then, for all r & {é g M}, there exists B > % such that for all

a’ l—a? a

RS (%,B), there exists a unique optimal menu of contracts and it is ((pr,qr), (Pe,qmH))-

Part 1 shows that, if the signal strength /3 is too large, free contracts are not used by the seller.
Part 2 then shows that the model we analyze in the main section without signals is reasonable
when we think of the introduction of a new product category because in such a case § would be

close to %

Proof. (Proposition 1. If all senders choose Refer, the IC constraints for all senders— those
who see sy and those who see s;— must be satisfied. (a) Without free contracts, the senders’ IC

constraints are given by:
{<apr+(agR(H)+ (1 —-ag)R(L) and ¢ <apr+ (apR(H)+ (1 - ar)R(L)).

The optimal reward conditional on these constraints minimizes referral reward payments by making

both senders’ IC constraints binding whenever possible. The firm is able to do this if and only if

r < ¢ and in that case the optimal reward scheme is given by R(H) = £ —r and R(L) = £. If
. . . _ o E_

r > ¢, it is optimal to set R(H) =0 and R(L) = max{%of;,()}.

(b) With free contracts, the senders’ IC constraints are given by:
E<r+(agR(H)+ (1 —ag)R(L)) and &<r+ (o R(H)+ (1 —ar)R(L)).

Thus, it is optimal to set R(H) = R(L) = max{{ —r,0}.

2. If senders who saw s;, do not talk, then only the IC constraint of a sender who sees sy must
be satisfied and the IC constraint of the sender who sees s;, must be violated.

(a) Without free contracts, the firm minimizes reward payments subject to these constraints by
minimizing agR(H )+ (1 —ag)R(L) (i.e., making the IC for the sender with sy binding whenever

possible) such that

arr + (QLR(H) + (1 — aL)R(L)) <&<agr+ (OZHR(H) + (1 — aH)R(L))

13



First, note that these inequalities imply R(H) > R(L) — r. Second, if a referral scheme with
R(H),R(L) > 0 that satisfies these inequalities exists (this is the case whenever % —r >0), then
the referral scheme given by R(L) =0, R(H) = max{% — 7,0} must maximize the seller’s profits:
The seller cannot increase profits by decreasing agR(H) + (1 — ag)R(L).

(b) With free contracts, the constraints become
r+ (atR(H)+ (1 —ar)R(L)) <& <r+ (agR(H)+ (1 —ayg)R(L)),

which imply R(H) > R(L). By an analogous argument as in (a), a reward scheme satisfying these

constraints exists if and only if £ —r > 0 and in that case the scheme given by R(H) = i;HT,
R(L) = 0 maximizes profits. O

Proof. (Proposition E[) 1. First, note that any optimal scheme results in one of the following
three types of behaviors by the senders: Either (i) no senders talks, or (ii) all senders talk, or (iii)
only senders who have received a spg signal talkﬂ

If £ —r > a(pj; —cqjy), then for all g € (%, 1) the firm cannot make positive profits. We assume
from now on £ —r < a(pj; — cqjy). We will show that for sufficiently large /3, the firm can make
positive profits, i.e., that we are in case (ii) or (iii).

Fix g € (%, 1). If ¢ — rayp <0, then all senders talk even without any reward payments as long
as H-type receivers consume a positive quantity. Thus, we are in case (ii), and so for any optimal
scheme ((pm,qn), (pr,qr),R), R(L) = 0 and ¢7, = 0 hold.

We assume from now on that ray < £ < a(pj; — cq¢j;) +r. Under a reward scheme R with
R(L) = 0 (as specified in Proposition [§) and R(H) = %}?m,o}, the senders who have seen sy
talk, while senders who have seen s;, do not talk.

Next we show that, there exists 8 < 1 such that for all 3 > §, it is not optimal to offer free
contracts and the firm always chooses to be in case (iii). For this purpose, we compute the profits

from cases (ii) and (iii).

e Case (iii): Since ay — 1 as B — 1, there exists f < 1 such that for all 3 > f, it

9Note that there is no optimal scheme in which sy-senders talk while sg-senders do not talk. This is because
amg > ar and thus, given a scheme ((pm,qu), (pr,qr), R) where only sz-senders talk, the seller can strictly increase
profits by choosing a reward scheme R’ with R'(H) = R'(L) = arR(H) + (1 — ar)R(L) while holding the menu of
contracts fixed. Under this scheme, both sender types talk.
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is not optimal to offer free contracts by the analysis in Section [B] Thus, the profits are
given by aB(pj; — cqj;) — (af + (1 — o) (1 — ) max{{ — ayr,0}, which is greater than zero
for sufficiently large 8 because it converges to Iy = a(py — cqfy) — amax{¢ — 7,0} >

max{a(py — cqy) — (§ —7),alpy —cgy)} > 0as f— 1.
e Case (ii): We consider two cases: £ > r and £ < r.

— &>r: By Proposition without free contracts, profits are given by a(pj;—cqj;)—(§—ar)
and with free contracts they are given by «(p}; — cqj;) — CF* — (£ —r). Both profits are

strictly smaller than ﬁ;.

— & < r: Without free contracts, profits are given by a(p}; —cqj;) — (1 —a) max { glioéyLLT , 0}
and with free contracts, they are a(pj; — cqj;) — CF*. Both profits converge to numbers

that are smaller than II; as 8 — 1.

Hence, there exists 8 < 1 such that for all 3 > 3, it is not optimal to offer free contracts and the
firm always chooses to be in case (iii). This concludes the proof.
2. If g = %, then one can immediately see from the expressions above that profits coincide with

the ones in the main section. Thus, by continuity, for any r < g, there exists a § > % such that

for all B € (3,8), r < % and r < % Similarly, for any r € ( ¢ CF

arp’ 1l—ay,

>, there exists a § > %

aL’l—aL aH’l—aH

such that for all 8 € (%, B), re ( ¢ CF ) and r € ( ¢ CF ) Analogous conclusions hold for

intervals (CF* f_CF*> and <€_CF*700). Thus, there exists a 8 > % such that for all 8 € (%,B),

1—a? « o

the same analysis as in the main section applies for 3. O

D.6 Multiple Senders per Receiver

In the main model, we consider a stylized network structure between senders and receivers, i.e.,
receiver ¢ is connected only to sender i, and wice versa. In reality, however, it is possible that
a receiver is connected to multiple potential senders of the same information. Similarly to the
discussion in the Online Appendix where the receiver can learn from an advertisement, a receiver
has multiple sources of information if there are multiple senders. Such a situation can arise when
senders and receivers are connected through a general network structure.

In this section we discuss how the predictions change when there are multiple senders per

receiver. To make our point as clear as possible, let us assume that once a receiver adopts a
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product, each sender who talked to the receiver experiences the same externalities of . That is, if
there are m senders for a given receiver, then the total externalities generated by the receiver are
mr. The reward can be conditioned on the set of senders who talked.

Let m > 1 be the number of senders connected to a given receiver. Suppose that, when there
is only one sender, R is the optimal expected referral reward. The conclusion in Lemma (1| (or the
analysis in the Online Appendix on advertising) entails that, by paying R in expectation to each
sender, the firm can give the same incentive of talking to the senders. However, such an adjustment
changes the firm’s total payment. This is because the expected payment of referral reward is no
longer R, but mR.

This implies that the firm becomes reluctant to use referral rewards. More precisely, if the
optimal reward level is zero in the model with one sender per receiver, then it is still zero in the
model with multiple senders per receiver. At the same time, free contracts become relatively more
attractive as it incentivizes senders in the same way as with only one sender. Thus, when there are
multiple senders per receiver, the range of parameter values such that only free contracts are used

becomes wider because free contracts can substitute referral rewards.

D.7 Social Optimum

In order to understand the monopolist’s strategy better, we consider the social planner’s solution
and compare it with the solution obtained in the main section. Specifically, we consider a social
planner who has control over the senders’ actions a; € {Refer, Not} and the quantities q7, and gz
offered to receivers, while she does not have control over receivers’ choice of whether to actually
use the product after it is allocatedm Rewards and prices do not show up in the social planner’s
problem because they are only transfers between agents.

We start with two basic observations. First, whenever WoM takes place under the monopolist’s
solution, there is a surplus from WoM. Hence, it is also in the social planner’s interest to encourage
WoM. Second, under the monopolist’s optimal scheme, free contracts always make senders weakly

better off by increasing the probability of receiving externalities, high-type receivers better off

1%Tn the classic setup of Maskin and Riley| (1984), all buyers get positive utility from using the product, and thus,
they always use the product after purchase. If we were to allow the social planner to have control over the use of the
product and v, (g) < c for all ¢ > 0, then she would have low types use just a little bit of the quantity and generate
the externalities r, which we view as implausible.
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by reducing the price due to the information rent, and low-type receivers indifferent because their
participation constraint is always binding. This implies that, if the monopolist firm optimally offers
free contracts, then it is also socially optimal to offer it. We summarize these two observations in

the following proposition:

Proposition 10. 1. If there exists a monopolist’s solution under which a; = Refer for all i,

then there exists a social planner’s solution that entails a; = Refer for all i.

2. If there exists ((0,q), (P} 4f;), R) € S for some R under the monopolist’s solution, then there

erists a social planner’s solution that entails q = q.

The converse of each part of the above proposition is not necessarily true, i.e., the monopolist
may be less willing to encourage WoM than the social planner or not offer free contracts despite
it being socially optimal. To see this clearly, we further investigate the social planner’s problem in
what follows.

Conditional on free contracts being offered, the welfare-maximizing menu of quantities (¢, qr.)
is exactly the same as the menu offered by the monopolist in the main section. To see why, first
note that, as in the classic screening problem in Maskin and Riley]| (1984), the monopolist’s solution
results in no distortions at the top, i.e., v'(¢qy) = ¢. Conditional on selling to the low types, the
low-type quantity gr under the second best in Maskin and Riley| (1984) is distorted to deter high
types to switch to the contract offered to low types. This means that the social planner’s solution
dictates that low types receive more quantity in the first best than in the second best. In our
problem, however, the welfare-maximizing quantity cannot be strictly higher than ¢ because the
marginal cost ¢ is higher than the marginal benefit v} (¢q) for all ¢ > ¢ (Assumption , and the
incentive-compatible quantity cannot be strictly lower than ¢ because the low types would not use
the product for ¢, < g.

Finally, whether or not the sender talks under the social planner’s solution depends on the
comparison between the total benefit from talking and the cost of talking, &: In total, WoM is

efficient if and only if

a(vi(qy) — cqi + 1) + (1 — o) max{r — cq,0} > &. (19)
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Note that there are two social benefits of WoM. First, WoM creates network externalities because
the senders and receivers become aware of each other using the product. Second, it creates gains
from trade because some high-valuation buyers learn about the product.

In the monopolist’s solution, free contracts are not used if r < %Fa* Substituting the definition
of CF* shows that this is equivalent to r» — cq¢ < 7%;vm(g). Since the social planner uses free
contracts if 0 < r — cg, the monopolist uses free contracts too little from the social planner’s point
of view conditional on it being socially optimal to encourage WoM if r is high, and o or vg(q) is
high. The reason is as follows. On the one hand, high externalities r imply a high additional benefit
r from having a receiver using the product, so that the social planner wants all receivers to use
the product. However, such r pertains to the senders and the monopolist cannot extract the entire
corresponding surplus. On the other hand, the monopolist is reluctant to use free contracts if the
information rent necessary to induce high types to purchase a premium contracts is high relative

to the number of low types who choose the free contracts. The “per low-type” information rent

12=vp(q) is high if a or vy(q) is high.

D.8 Effect of Advertising

In this section, we investigate how the optimal incentive scheme changes if the firm can also engage
in classic advertising. Formally, consider the situation in which the firm has an option to conduct
costly advertising before WoM takes place. The firm spends a € Ry for advertising and this is
observed by all senders but not by any receivers. Then, each receiver independently becomes aware
of the product prior to the communication stage with probability p(a), where p(0) = 0 and p(a) > 0
for @ > 0. The firm simultaneously chooses a menu of contracts, a reward scheme, and advertising
spending. We assume that the sender does not observe whether the receiver is already aware of
the product and only enjoys externalities if the receiver starts using the productand she engages
in WoM (independently of whether the receiver learns through advertising and/or WoM) since
otherwise she cannot know whether the receiver uses the product or not. The reward scheme is
now a function R: {L,H} x {A, N} — R;. Here, R(6, A) denotes the reward paid to the sender
whose receiver purchases the contract offered to 6-types and becomes aware of the product through

advertising. Similarly, R(6, N) denotes the reward paid to the sender whose receiver purchases the

18



contract offered to 6-types and does not become aware of the product through advertisingE
Having completely specified the model with advertising, let us now analyze it. Note first that
Lemma [2| again holds without any modification. Suppose now that the reward scheme R and
the advertising level a is part of the optimal scheme, and all senders choose Refer under such
an optimal scheme. We assume a > 0 and derive a contradiction. To show this, consider the
following modification of the scheme. First, let R = a(p(a)R(H, A) + (1 — p(a))R(H,N)) + (1 —
a) (p(a)R(L,A) + (1 — p(a))R(L, N)) be the expected reward, and construct a new reward scheme
R’ such that R/(f,x) = R for all # = H,L and 2 = A, N. As in Lemma (I} this new scheme also
satisfies the constraints and gives rise to the same expected profit, so it is optimal, too. Now,
consider changing a > 0 to a new advertising level a’ = 0. With the new scheme (R’,d’), the
constraints are still satisfied; in particular all the senders choose Refer. Also, the expected profit
to the monopolist increases by a > 0. This contradicts the assumption that the original scheme
with (R, a) is optimal. All in all, this argument implies that either (i) the firm chooses a positive
advertising level and no WoM takes place or (ii) WoM takes place and a = 0. Note that, in case
(i), compared to the model in Section [2| advertising either substitutes WoM or allows the firm to

inform some receivers if encouragement of WoM was too expensive.

D.9 Dynamic Extension

Our base model assumes a static environment, in which the receiver does not become a sender. A
full analysis of a dynamic extension of the model is beyond the scope of this paper, but here we offer
a simple dynamic model in a stationary environment to demonstrate the robustness of our results
to dynamic extensions. Specifically, our objective is to show that coexistence of a free contract and
referral rewards in the optimal scheme.

Specifically, suppose that time is discrete and double infinite, t = ..., —2,—1,0,1,2,.... Before
the entire dynamic process starts, the seller offers a scheme ((pr,qr), (pm.qu), R) € R%. At each
time ¢, there are a continuum of customers who know the product and consume a positive amount,
and their measure is denoted by p; > 0. Each of them talks to another new customer, so that

measure j; of new customers are informed. Among the customers who are informed, a fraction p

1VWe assume that the externalities » do not depend on a. Such dependence may arise if WoM is conducted with
self-enhancement motive as in [Campbell et al.| (2015). In such a model, r would be decreasing in a, and advertising
becomes an even less attractive option for the firm than in the current model.
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of them drop out from the market for some exogenous reason. Then, depending on the menu of
contracts offered by the seller, each new customer makes a purchase decision. Finally, there is also
an inflow of customers of size S, who know the product and make purchase decisions depending
on the menu of the contract. The sum of the measures of the customers knowing the product and
consuming a positive amount is then denoted psy1. In total, each customer lives for two periods
unless the customer drops out of the market with probability p.

We are interested in the steady state of this process, i.e. pusr1 = py. The seller’s objective is to
maximize the per-period profit, which we define to be the per-customer profit times stationary py.

There are two differences from the static (full) model. First, the total population size is larger
if a contract is offered to the L-type compared to if the L-type does not purchase in equilibrium.
To see this, suppose first that the menu of contracts is such that the L-type customers do not make

a purchase. Let uff := p; for each ¢t in this case. Then,

(1= p)ap + a5 = p", or p" =

Second, let ¥ := p; for each t be the population size at each period when the menu of contracts

is such that the both types make a purchase. Then,

(1= p)u™ + 8 = p"", or p't =

)

|

hence pfl < pfl,

The second difference is the participation constraint of the receiver. When deciding between
purchasing and not, the receiver has to take into account the surplus from talking in the next
period. Especially, if a free contract is used, this surplus may be strictly positive.

One can solve this model analytically for each parameter combination. In particular, for param-
eter combinations specifying a niche market and a not-too private product, one can show that both
a free contract and referral rewards are used in an optimal scheme (e.g., any parameter combina-
tions around o = 0.05, r = 58, and p = 0.8). Although we do not present the full characterization
for the entire parameter space as it is beyond the scope of this paper, this demonstrates that the

key insights and tradeoffs are also present in a dynamic environment, showing the robustness of
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our results in a generalization to a dynamic model.

E Heterogeneous Costs of WoM

In this Online Appendix, we consider the case with heterogeneous costs of talking. Specifically, we
assume that, after each sender i sees the menu of contrast, he privately observes his cost of talking
&, drawn from an independent and identical distribution with a cumulative distribution function
G : Ry — [0,1]. The firm maximizes the expected profits where the expectation is taken with
respect to G. We restrict attention to twice differentiable G with G’ = g satisfying g(&) > 0 for all
£ eR, and

Assumption 4. G is strictly log-concave, i.e., & is strictly decreasing.

This condition is satisfied by a wide range of distributions such as exponential distributions, a
class of gamma, Weibull, and chi-square distributions, among others. Note that those restrictions
are sufficient to imply the conditions for the existence result (Proposition [5)) which are stated in
the proof of Proposition

Section characterizes the optimal scheme. Section conducts comparative statics of the
optimal scheme. Section contains all the proofs for these results. Section discusses how the

main model with homogeneous costs can be viewed as a limit of models with heterogeneous costs.

E.1 Properties of Optimal Contracts

First, we characterize the optimal reward. If free contracts are offered, it acts as a substitute for
reward payments, which results in higher optimal rewards absent free contracts. The following

proposition provides conditions under which a positive reward is optimally offered.

free not free

Lemma 5 (Optimal Reward). In the model with heterogeneous costs, there exists r'™¢ and r

with r™ot free > pfree sych that the following are true:
1. If r < vfree, then ((pr,qr), (pe,qm), R) € S implies R > 0.
2. If rfree < < protfree then ((pr,qr), (pm,qm), R) € S implies either R > 0 and q;, = 0, or

R =0 andqL =q.
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3. If pnot free <r, then ((PL;QL), (pH7QH)7R) € S implies R = 0.

In order to prove this, we fix a menu of contracts with and without free contracts satisfying the
conditions in Lemma [2] and solve for the optimal reward scheme. That is, conditional on offering
free contracts (¢ = ¢), we define the maximal profit under (r,a) by

I (r, a) = max ([m((00), Bir,air)) = B] - G(r + R))

and conditional on offering no free contracts (¢, = 0), define the maximal profit under (r, o) by

[mot free (. o) = max ([x((0,0), (ply,q};)) — R] - G(ar + R)) .

Let us also define the unique optimal reward given that free contracts are offered and that no free
contracts are offered by RT°°(r, a) and Rt °¢ (1 ), respectively.

There are three reasons why 7t free > pfree holds.  As opposed to a situation without free
contracts, with free contracts, (i) positive quantity is offered to low types, (ii) information rent is
provided to high types, and (iii) the sender receives full externalities conditional on talking. All

these effects reduce the incentive to provide referral rewards. Note that 2 fe¢ corresponds to g

free corresponds to €. In the homogeneous-cost setting, only

in the homogeneous model, while r
reason (iii) affected the comparison of ¢ and "t free The effects (i) and (ii) were present, but
they only determined whether offering free contracts generates nonnegative profits.

The following theorem summarizes some general properties of optimal contracts. Unlike Theo-

rem [4] it is not a full characterization, but it shows that many features of the optimal scheme with

homogeneous cost carries over to the ones for heterogeneous costs.
Theorem 5 (Optimal Contracts). The following claims hold in the model with heterogeneous costs:
1. (Positive profits) 11" **(r ) > 0 for all r € [0,00) and a € (0,1).

2. (Using both rewards and free contracts) There exists ((0,q), (P}, qf;), R) € S such that

R >0 (i.e., it is optimal to provide both free contracts and rewards) if and only if

*

rfree > p > (20)

1—a’
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3. Suppose that % 1S conver.

(a) (Free vs. no free contracts) There exist r,7 € [%,oo) such that there exists

((0,9), Py, q31), R) € S for some R > 0 (i.e., it is optimal to provide free contracts) if

and only if r € [r,T|.

(b) (Never free contracts) If % > pnotfree then [r, 7] = ().

First, unlike in the homogeneous-cost model, profits without offering free contracts are always
positive: With homogeneous costs, profits without free contracts are negative when the share of
high types are low, so the expected externalities are low. This is because low expected externalities
imply that a sufficient size of reward is necessary to encourage WoM, but such a cost cannot be
compensated by the profits generated by only a small fraction of high types. With heterogenous
costs, there always exists some fraction of customers with sufficiently small WoM costs, who do not
need to be rewarded to initiate referrals.

Part 2 of the proposition shows that even with heterogeneous costs we can derive necessary
and sufficient conditions for a combination of free contracts and rewards programs to be offered.
As with homogeneous cost, free contracts are only optimal for sufficiently large externalities r and
rewards are only offered for sufficiently small externalities.

For a full characterization of the optimal menu of contracts, it is useful to impose the additional
assumption that % is convex. This condition is, for example, satisfied by the exponential distribu-
tion. Given this assumption, free contracts are only offered for an intermediate connected range of

externalities 7. We can extend these results qualitatively as follows.

Remark 4. If we do not impose % to be convex, one can still show that lim,_,q IT% fe¢(r o) >
lim,_,o I (r, @) and lim,_,oo I (1 ) > lim,_, I™°(r, ), i.e., free contracts can only be

optimal if r is not too large and not too small.

Remark 5. With homogeneous cost ¢ > 0, r, ™, 7 and 7" fee correspond to %, , 57§F ,

and g, respectively. In Section we formalize this correspondence by considering a limit of

models with heterogeneous costs converging to the one with the homogeneous cost.

Table 2 summarizes the results of Lemma |[5| and Theorem 5| for the case when % is convex.
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‘ Externalities H r < plree ‘ plree . pnot free ‘ ot free . ‘
Referral rewards Yes No or Yes No
Free contracts || No & r < %

Yes No | Yes < r is small

Table 2: Comparative Statics with respect to » with heterogeneous WoM costs

E.2 Comparative Statics

Deriving precise comparative statics in the heterogeneous setup is daunting. While it is straightfor-
ward to show that IT"°t free (1~ o) and IIf'®®(r, ) are increasing in the size of externalities (r) and the
fraction of the high types («), it is hard to pin down how the comparison between these two values
are affected as we change parameters (r and «). Nevertheless, using the partial characterization of
the optimal contracts we can make comparative statics to understand robustness and changes of

our results with the introduction of heterogeneity of WoM costs.

Proposition 11 (Market Structure and Free Contracts). The following claims hold in the model
with heterogeneous costs for any fived r € [0,00). limg o ™/ (r ) > limy_o I/(r, @) and

limg_yy I8 (1, @) > limg_yq I (r, @)

The intuition for Proposition is as follows. The only reason to offer free contracts is to
boost up the expected externalities by (1 — a)r, and such boosting is not significant if « is high,
hence offering free contracts is suboptimal in those cases. With homogeneous costs, we showed
in Section [B] that free contracts are optimal only when « is small. Similarly, with heterogeneous
costs, a free contract cannot be optimal for high a. Moreover, if « is too small, Hfree(r, a) <0
holds because there are too few high types to compensate for the high cost of free contracts, and
[not free(r, «) > 0 holds because a strictly positive share of senders with very small WoM cost talk
by part [I] of Theorem [5, This effect was not present with homogeneous costs, where the seller does
not incentivize WoM at all, resulting in IT* = 0.

The previous arguments imply that if there exists a set of parameters such that free contracts
are optimal, then the choice of free versus non-free contracts is non-monotonic with respect to both
r and a.

The comparative statics of the optimal reward scheme is more intricate with heterogeneous

costs of WoM as the sender can fine-tune the number of senders that she wants to incentivize to

12These limits exist because of the monotonicity in c.
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engage in WoM.

Proposition 12 (Optimal Reward Scheme). Let r < r/™. Then, the following hold in the model
with heterogeneous costs:

(i) RFre(r, @) is increasing in a. R™I(r, ) is increasing in o if and only if arG' (ar+R"! free(r ) <
[1¢lassic where we define G(€) = % for all £ € Ry

(ii) RI™(r,a) and R™!/™(r, ) are decreasing in r.

(iii) Referrals and free contracts are strategic substitutes, i.e. RI™(r,a) < R™!f¢(r o) for all

r € (0,rmtfree) and o € (0,1).

Although part (ii) has the same prediction as in the case with homogeneous WoM costs, the
prediction in part (i) is different. We first explain the comparative statics regarding R (r, ).
Under homogeneous costs, every sender talks and every receiver buys anyway under the usage of
free contracts, so a does not affect the optimal reward level. With heterogeneous costs, however,
the firm needs to tradeoff the gain and loss of increasing the rewards. The gain is the additional
receivers who hear from the senders who start talking due to the increase of the rewards. The loss
is the additional payments. The gain is increasing in «, so the firm has more incentive to raise the
rewards.

The relationship of the optimal reward and « conditional on no free contracts being offered is
ambiguous because two forces are present. First, higher o means more benefit from the receivers,
and this contributes to the incentive to raise the rewards. On the other hand, higher o means more
expected externalities, so there is less need to bribe a given sender. This contributes to lowering
the rewards. Naturally, the second effect dominates when senders are relatively homogeneous, and
indeed the optimal reward is strictly decreasing when G is completely homogeneous as in the main
analysis. To formalize this idea, define

= (€) (o

which can be interpreted as a measure of homogeneity of costs. If HMG is large, it means that
there is a small range of costs of WoM that are held by many senders and HMG goes to infinity
in the limit as G converges to the completely homogeneous one. An implication of the condition

in part (i) of Proposition |12|is that there exists HMG > 0 such that if HMG < HMG, then
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Rrot free(r ) is increasing in a.

Recall that both free contracts and positive rewards are used if and only if r € [%, riree),

Proposition 13 (Market Structure and Using Both Rewards and Free Contracts). The following

claims hold in the model with heterogeneous costs:

1. % and v/ are strictly increasing in o.
2. % is strictly increasing and 77 is strictly decreasing in c.

As in the homogeneous-cost model, free contracts can only be optimal if the size of externalities
r is larger than % Since this number is increasing in «, free contracts are optimal for small r
in niche markets with small «. Thus, free contracts and referral rewards should be jointly used in
niche markets (small «) if externalities are rather small, while they should be used in mass (larger
a) markets if externalities are comparably larger.

With homogeneous costs, all receivers use the product under free contracts. Thus, what corre-
sponds to 7 (which is £) does not vary with o or ¢. With heterogenous costs, however, it varies
with these parameters. This is because the increase in «a or decrease in ¢ contributes to an increase

of the expected profit per receiver, which increases the firm’s incentive to offer referral rewards.

E.3 Proofs

Proof. (Lemma |5)) First, we show the existence of unique cutoffs ¢ and 7t fr*¢, The first-order

condition of IT*¢(r, o) with respect to R is that (i) R =0 or (ii) R > 0 and

g9(r+ R) - |7((0,9), (Pr, qm)) — R —

Note that the expression in the bracket on the left-hand side is strictly decreasing given Assumption
and varies continuously from oo to —oo as R varies from —oo to oco. Hence, the optimal reward
is always unique in R. Also, the same argument implies that there exists a unique r such that

7((0,9), (B3 qFr)) — j((:)) = 0. Let this unique r be rf*. That is, the left-hand side of the first-

order condition is nonpositive and thus R™(r, o) = 0 if and only if r > rfree.

Analogously, conditional on offering no free contracts (¢, = 0), the optimal reward is unique

_ G(ar)
g(ar)

in R and there exists a unique r such that 7((0,0), (p};,q5)) = 0. We denote this r by
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protfree - Ag before, we have that R™!°¢(r o) = 0 if and only if r > rnot free,

G(ar) < G(r)

ar 7

Finally, we show that rffe¢ < pot free T gee this, note that Assumption [4| implies
for 7 > 0 and a € (0,1). Together with m((0,0), (pf;,q5)) > 7((0,9), (i a51)) plree o pnot free
follows by Assumption [4] and the definitions of r*® and r"°t free Since a < 1, this implies 7 <

Tnot free ) 0

Proof. (Theorem

1. By Assumption [3, 7((0,0), (pj;, 7)) > 0 holds. Also, since g(£) > 0 for all £ € Ry, G(£) > 0
for all £ > 0. Hence, for any r € [0,00) and « € (0,1), [7((0,0), (p};,¢5;)) —R]-G(ar+R) >0
holds if R € (0,7((0,0), (pl,q5))). Thus, Tt fee(r ) > 0.

2. Note that the use of both, free contracts and positive rewards, is optimal only if r < rfree,
Also, r < rfr implies that rewards are positive. Furthermore, in that case the maximiza-
tion problems defining II*°(r, o) and II"°! f*¢(y o) both have inner solutions, so the two

maximization problems can be rewritten as:

[1free r,) = maxy, Afree _ ). Gz
(r.0) (AT~ 2) - Gi(a) o
Hnot free(

ra) = maxgep(A™t e — ). G(x)
where A = 7((0, q), (B}, q};))+r and A"t e = 7((0,0), (p};, ¢fy))+ar. Thus, IIT(r, o) >

et free (o) if and only if

7((0,9), (P, qr)) + 7 = ((0,0), (P, q5r)) + or.

This is equivalent to r > % Also, by part 1 of the current theorem, IIfe¢(r o) >

IImot free('r, «) implies Hfree(r, a) > 0. Overall, there exists an optimal scheme such that
both free contracts and positive rewards are used if and only if r € [%, riree),

3. Consider a variable
Hfree(,r.’ Oé)

I[not free(h CM) : (22)

This variable is well-defined because the denominator is always strictly positive by part 1 of

the current theorem.
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Step 1: Note that for > r"°t fre¢ Lemma [5| shows that the rewards are zero in any optimal
scheme. Hence, 1™ = 7((0,q), (5}, q};)) - G(r) and 1™ e = 7((0,0), (p};, q3y)) - G(ar)
hold, and thus is differentiable with respect to r. If % is convex, then

0 Hfree(r «@)

2 77( O’ ) (PHAE)) G(?“)
or )

O 1ot free(r, o) 7((0,0), (P, q5)) - Glar)
(Sterk —aC) - x((0,), (i 4ir)) - 9(r) - glor)
< 0
[7((0,0), (P3: a7r))] - Glar)?
Thus, when r > 72t free either (i) free contracts are not optimal for any r € [r"°t free oo),

not free

or (ii) there exists a 7 > r such that there exists an optimal scheme in which free

contracts are offered for r € [r°t fe¢ 7] and no free contracts are offered under any optimal

scheme for » > 7. It must be the case that ¥ < oo because

), (P 4ir))

Y Wi

lim =

m((0,9), (P 4ir)) - G(r) m((0,
r=o0 7((0,0), (py» q3)) - Glar) ((0,

4
0

We let 7 = 7 in case (ii).

< free CF* c [Tfree7rnot free]

Step 2: Next, we consider the following three different cases: ) T

9

*
and ?f‘a > pnot free'

e Let %F; < rfee. Then, it follows from part 2 of the current theorem that no free
contracts are offered for r» < % and free contracts are offered for r € [?f o rfree]. For
re [Tfree’ pnot free]

Y

9 me(ra) 9 (7((0, 9), (PEr»a71))] - G(r)
Or IInot free(r, Oé) or maXRGR[ﬂ'(((l O)a (p?{a Q}:{)) - R] : G(O” + R)
ar not free ra r * * not tree
(Sl — a5 - w((0.9). (P 4i7)) - 9(r) - glar + R (1, )
[7((0,0), (P37, qF;)) — Rt ree(r, )] - G(ar + Rrot free(r, )2

Note that I free( ) is differentiable in r by the Envelope Theorem. Moreover, if

G(6)

Glart+R) Gn) 0, then ar + R < r because G is increasing in £ by Assurnption

glartR) — Yg(n)

Moreover, Rt free (1 o) is differentiable in 7 by the implicit function theorem applied to

the first-order condition of IT"° free and, letting G({ )= ((5)) for all &,

ERnot free(r7 a) _ OZG/(OH’ + Rnot free(r’ a))

= < 0.
or 1+ G’(ow“ + Rnot free (n OJ))
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Thus,

0 (G(ar+ Rt free(ra))  G(r)
( )

or \glar+ R T a)) ~ “g(r) )
a (G’(ar + Ruot free(h Oé)) _ G/(T)> + @’(ar + Rvot free(r,a))%Rnot free(,r’ a) —

al not free)2
a (G/(Oﬂ’ + Ruot free(r7 Oé)) o G/(T) G (Oﬂ‘ +R ) )

- 1+ GI(OJT 4+ Rnot free(r’ a))

Thus, if the derivative of (22) is negative at ' € [rfree_pnot free] then (22)) is decreasing

for all r € [r/,r"°t free] Together with Step 1, this implies the following. In case (i),

Tfree

there exists 7 € [rfree, pnot free) qych that free contracts are offered in an optimal scheme

if and only if r € [%F;,F]. In case (ii), the current analysis shows that it is optimal to
offer free contracts for all r € [rfree protfree] s free contracts are offered if and only if

CF*
1—a?

re| 7], where 7 is the variable that we defined in Step 1.

e Let % € [rfree,rn‘)t free]. In that case, offering free contracts is not optimal for any

r o< ’I”nOt free

Then, either free contracts are not optimal for any r or by the same
argument as above, if free contracts are not used in an optimal scheme for r = 7’ then
they are not used in any optimal scheme for any r > r/. This proves the desired claim
for this case.

o If % > protfree then offering free contracts is not optimal for any r < 7. For

r e [rfree, oot free] free contracts are also not optimal because

1> maXRGR[W(E)Oag)v (f)j{v (1?1)) - R] : G(T + R) > [W((Ov Q)7 (ﬁ;ﬁq* ))] : G(T)

maxger[T((0,0), (P, ¢5r)) — R] - Glar + R) — maxger[n((0,0), (P, ¢y)) — Rl - Glar + R)’

The first inequality follows from the proof of part 2 of the current theorem. For r >

oot free - offering free contracts is never optimal by Step 1.

This concludes the proof.
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Proof. (Proposition First, note that we can write the limiting profits as

lim II™(r,0) = max(py — cgly +r — 2)G(z) <
a—1 x>r
lim I (o) = max(pl; — cqly +r — 2)G(x).
a—1 z>r

It follows immediately from part 1 of Theorem |5| that there exist ¢’ > 0 and € > 0 such that

Ifree (r, o) + € < It free (o) for any « € (0, @), hence the limit result as o — 0 holds. O

Proof. (Proposition Applying the implicit function theorem to the first-order conditions of

IIfree and IOt free gives us:

(i Rfee(ra) _ pp—dire—vm(9)+eg

da T —1-G'(r+R) >0 and

ORrot free(r, a) _p*H —qjc— r@’(ar + R)

Ja —1-G'(r + R)

which is strictly greater than zero if and only if 7G’ (ar + R e (1 o)) < p¥; — qf¢, or arG! (ar +

Rnot free (1" a)) < Hclassic
s .

(ii) Rfre;ff’a) = __I_G/é(}?};i)r) < 0and &2 f(;ie(r’a) = —:la_cé;,(g;_ag) < 0 because G'(x) > 0 for all

x>0,s0 -1 —G'(z) <0,

(iii) First, note that for 7 > rfr*®  referral rewards are always zero when free contracts are offered,
i.e., the statement is trivially true. If r < r™° then the optimal reward with free contracts

Rr*¢(r ) satisfies the first-order condition:

G(r + Ree(r, o))
g(r+ Riree(r,a))

R™(r, @) = 7((0,9), (B, 4iy)) — (23)

By the first-order condition for the maximization problem for the case with no free contracts with

respect to the reward, the solution R™°* free(r, «) must satisfy:

not free
g(ar 4+ Rt e q)) . (W((O, 0), (P, qir)) — R ™ *°(r, ) — et & a))> -0

g(O[T + Rnot free(,r.7 Oé))

30



Since g(-) > 0, this implies that

G(OKT =+ Rnot free(r’ Oé))

=0. 24
g(ar + Rnot free(r’ Od)) 0 ( )

7((0,0), (Pfy. air)) — B™* "*°(r, @) —

Now, substitute R r*¢(r o) by the expression for R™®(r, ) given by on the left hand side

of , to obtain:

G(r + Rfe(r,a))  G(ar 4+ R™°(r, a))

W((070)7 (p;hq}[)) - 77((07@, (ﬁ?lvqg)) + g(’l“+Rfree(7“, a)) - g(Oé’I“+Rfree(T’, Oz)) :

This is strictly positive by log-concavity of G (Assumption [4)) and because 7((0,0), (p};, ¢57)) >
7((0,9), (P} qf;))- Noting that the left hand side of is strictly decreasing in referral rewards,

the optimal reward without free contracts R"* r¢(r ) is strictly greater than R™(r, ). O

Proof. (Proposition The comparative statics with respect to % are straightforward from
the formula of CF*. The ones for ¢ follow from the first-order condition with respect to rewards

that appears in the proof of Lemma [5] and Assumption [4] O

E.4 Homogeneous Costs as the Limit of Heterogeneous Costs

Consider a sequence {G"}{° that converges pointwise to the G defined by G' = 1¢¢} such that for
each n, G" is twice differentiable with (G™)(£) = ¢"(&) > 0 for all £, and Assumption {4 holds. Let
the set of all such sequences be G. The set G is nonempty. For example, consider {G"}$° such that
for each n € N, G™ is a normal distribution with mean £ > 0 and variance % truncated at & = 0.
By inspection one can check that {G"}$° € G. For any given G", we can define r", " 7 and
protfreen " Then, the following statement can be shown: For any {G"}$° € G,

CF* n

lim r" = 7 ,  lim r lim 7 = >——  and lim r

free,n g
r =S
n—00 — n—00 n—00 o n—00

not free,n __

Q |y
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