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Fellowship, during th e  tenure  of which m ost of th is work was carried out.

Sum m ary.

(1) The m easurem ents of Shaw and B utler of the  partia l pressures of w ater 

and  ethyl alcohol in  solutions containing lith ium  chloride have been extended 

to  solutions containing 2 and 4 mols. per cent, of ethy l alcohol.

(2) A discussion is given of th e  therm odynam ics of salting out. I t  is 

pointed  o u t th a t  th e  salting  ou t is properly  m easured, no t by th e  change of 

th e  ac tiv ity  of th e  non-electrolyte produced by  th e  salt, b u t by  th e  difference 

betw een th is  q u an tity  and  th e  norm al effect, which is defined.

(3) The p a rtia l free energies of transfer of lith ium  chloride from  w ater to 

alcoholic solutions have been calculated  from  th e  pa rtia l pressures of w ater 

and  alcohol. The varia tion  is approxim ately  linear w ith  th e  m olar fraction 

of alcohol.

Contributions to the Mathematical Theory of Epidemics.

I I I .—Further Studies of the Problem of Endemicity.

B y W. 0 . K e r ma c k  and  A. G, Mc K e n d r i c k .

( F r o m  t h e  L a b o r a t o r y  o f  t h e  R o y a l  C o l l e g e  o f  P h y s i c ia n s ,  E d in b u r g h .)

(Communicated by Sir Gilbert Walker, F .R .S .— Received January  27, 1933).

Introduction.

In  a previous p a p e rf  (P art I I  of th is  series) an  a tte m p t was m ade to  tre a t 

from a general po in t of view th e  problem  of a single disease in  a population 

which consisted of th ree  categories of people—nam ely, never infected, sick 

and  recovered— and in which th e  in fectiv ity  of th e  disease was a function of the 

period of illness, w hilst th e  susceptibility  of a  recovered person was a function 

of the  period which had  elapsed since th e  tim e of his recovery. New individuals 

entering th e  population  either by  b irth  or by  im m igration natu ra lly  entered 

th e  category of th e  never infected which for convenience we called “ virgins.” 

I t  was pointed  out th a t  th e  results obtained were subject to  two im portan t 

lim itations : (1) th a t  th e  disease under consideration was the  only cause of

f  ‘ P r o c .  R o y .  S o c . , ’ A ,  v o l .  1 3 8 ,  p .  5 5 ,  (1 9 3 2 ) .
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Mathematical Theory of Epidemics. 9 5

death , and  (2) th a t  th e  age of th e  ind iv iduals d id  n o t affect th e ir in fectiv ity , 

susceptib ility  or reproductiveness.

I t  is th e  purpose of th e  p resen t p ap er to  rem ove th e  first of these lim itations 

by th e  in troduction  of co n stan t non-specific d e a th  ra tes, w hich for th e  sake 

of generality are assum ed to  be different for virgins, sick, an d  recovered. . I t  

m ay be s ta ted  a t once th a t  th e  in tro d u ctio n  of th is  add itiona l fac to r produces 

surprisingly little  change in  th e  general n a tu re  of th e  resu lts  previously  obtained, 

and  th a t  th e  conclusions of th e  previous p ap er hold w ith  very  little  m odifica­

tion.

In  th e  previous p ap er th e  resu lts  were first of all w orked ou t for constan t 

in fectiv ity , recovery and  d e a th  ra tes, and  th e  m ore general problem , in  which 

these ra tes  were variab le, was th e re a fte r  considered. The algebra for constan t 

coefficients was re la tive ly  very  sim ple. I t  is now found, however, th a t  w ith  

th e  in troduction  of non-specific d e a th  ra tes, th e  sim ple case increases in  com ­

p lex ity  re la tively  m uch m ore th a n  does th e  general case, so th a t  th e  advan tage  

of trea tin g  it  separa te ly  largely  d isappears. In  p a rticu la r, whereas th e  various 

expressions for s tead y  s ta te  levels p reviously  cam e ou t explicitly  as fairly  

simple functions of th e  co n stan t coefficients, th e y  are  now dependent on a 

som ew hat com plicated  q u ad ra tic  equation . On th e  o th e r h an d  th e  equations 

which refer to  th e  case w ith  variab le  ra tes , a lth o u g h  th e y  now con ta in  a few 

ex tra  term s, rem ain  q u a lita tiv e ly  sim ilar in  ty p e  to  those  previously  ob tained , 

and  th e  sam e m ethod  of tre a tm e n t leads a t  once to  iden tical or closely sim ilar 

results. W e shall n o t therefore , in  th e  p resen t com m unication, t re a t  in detail 

th e  case of con stan t ra te s  b u t only give some of th e  m ain  resu lts. I t  m ay  be 

m entioned , how ever, th a t  th e  general equations have been checked a t  th e  

various po in ts  b y  th e  in tro d u ctio n  of co n stan t ra tes, an d  com parison has been 

m ade betw een th e  formulae so ob ta ined  an d  those  found w hen con stan t ra tes 

were used th roughou t.

As in  th e  previous p ap er th e  equations w hich describe th e  progress of sm all 

varia tions ab ou t th e  s tead y  s ta te  are form ulated , b u t th e ir  fuller discussion 

has a t presen t been reserved.

I t  will be recalled th a t  in  P a r t  I I  a num ber of special cases were discussed 

either because th e y  h ad  some special p rac tica l im portance, or because th ey  

exhibited peculiarities from  th e  m athem atica l po in t of view. W ith  th e  in tro ­

duction of non-specific d ea th  ra tes, a num ber of new special cases requiring 

detailed consideration cam e to  light. To apprecia te  th e  relationship  betw een 

all these cases i t  becam e necessary to  ad o p t a  scheme of classification, which 

although m ultip ly ing  th e  to ta l num ber of special cases considerably, m ade
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9 6 W .  0 .  K e r m a c k  a n d  A .  G-. M c K e n d r i c k .

th e ir tre a tm e n t m uch sim pler, and  except in  tw o instances only very brief 

discussion was required. The five special cases of P a r t  I I  are readily accom­

m odated  in th e  new scheme.

A question of some practical im portance is th e  effect upon th e  size of the  

population , th e  num ber of sick, and  th e  re la tive incidence of th e  disease, of 

changes in th e  various param eters which characterize either th e  population 

or th e  disease. These points were investigated  to  some ex ten t in  th e  previous 

paper, b u t are m ore fully  considered in th e  presen t com m unication bo th  in 

connection w ith  th e  general case, and w ith  a  num ber of the  special cases 

referred to  above. The resu lts obtained are no t alw ays in  accordance w ith 

expecta tion .

General Case.

General Equations.— A detailed  descrip tion  of th e  population  under dis­

cussion will be found on pages 59 and  63 of th e  previous paper (P art II). The 

nom enclature and  n o ta tio n  previously adop ted  rem ains unaltered, and to  

economize space will no t be explained again here. The new dea th  rates, which 

are  now in troduced, are denoted by t t , tz and  p for virgins, recovered persons* 

and  sick, respectively, so th a t  certain  equations in P a rt I I  have to  be modified. 

F o r convenience of reference th e  sam e num bers are used to  denote th e  equations, 

an  asterisk  being added  where a lte ra tio n  has been necessary. In  th e  case of 

equations which do no t correspond to  num bers in  P a rt I I , index num bers 

consecutive to  those in th a t  paper have been em ployed. I t  is to  be noted th a t  

th e  variables em ployed refer th roughou t to  population  densities, bu t if th e  

area be considered as fixed, the  population  size m ay be em ployed in place 

of th e  less usual conception of population  density.

E quations (15), (16), and  (17) become

d x  . —  — —
— -f- 7T X =  ,
dt

(15*)

dx  .
TT +  K X ^ U t —
at

(16*)

(k  +  py =  v t — Wt — Ut, (17*)

equations (19) to  (27) rem ain unaltered .

To express in  term s of u t we have the  equation

(28*)
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Mathematical Theory oj Epidemics. 9 7

whence

In  a sim ilar m anner i t  can be shown th a t

vie =  vt_e e - i W +do'+p)de',

(32*)

(29*)

whence
_ rao _
/  (() =  I M ,  w here N , =  <r)o‘V+<V+'>>'“ ' (30*)

Jo

=  I K ev t_ e dd, w here K e =  N<,. (31)
JO

By equation (19),

J  0

(33*)

Also

u i7 =  u t_ Te - fo l/(t- T+t)a,i +,rldi, (37*)

ere F  (t —  t, t ) =  e~Jo[^(<~ T+f)" i+,r]^ ,  (38*)

whence by equation (20)

F  (t — t , t ) u t_ r dx. (39)

E quations (40) to  (45) rem ain  form ally  una lte red .

Equations fo r  Steady State .— In  finding th e  conditions for a  s tead y  s ta te  

certa in  m odifications are  necessary.

Clearly

L  +  D +  pN =  T  (ly  +  d y  +  p) e - lo ^ '+ V + ^ ^ 'd O  =  1, (46*)
J 0

while as before

U  =  pX  +  (xX ■-}- vY -f- m . (47)

The o ther relations in equations (47), (48) and (49) no longer hold. 

B y (33*)

X  =  U

b u t

whence

J o

f ( t )  =  KY,

X  =  U  f * 6-(KV+5)ArfX

(50)

KY  +  re
(5 1 * )

VO L. O X L I.—  A .
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9 8 W .  0 .  K e r m a c k  a n d  A .  G .  M c K e n d r i c k .

By (39)

X  =  U  f00 F  (t -  x, x)dx.
J 0

B u t
F  (t — T, t ) =  e“ lo [/(*~T+*) "£+ir]d* ,

and
f ( t ) =  OV, (52)

hence

r  F  {t — T, t ) d x  =  r  e - \ V ^ M̂ )d^dx, 
J o  J o

=  F  (V), (53*)

th u s
X  =  U F  (V). (54)

As previously
=  NY, U  == LV and  X  =  LV F(V ).Y (55)—(57)

Also

V =  OVG (V) U, (58) (in part)

w here

Gj(V) =  f * G { t - x ,  x) dx,
Jo

coT F  (t — t )
o

"  oiT'e r i l {̂ +K)^  dx,
JO

1 — tcF (59*)
<DY

Thus

v  = U (1  -T tF ) . (58*)

As before

V =  X K Y and  W  =  DV. (60) and (61)

F rom  these relations it follows th a t

U =  LY,

V =  LY (1 -  tcF), 

f _ _KVU

KV +  t c’

W  =  DV,

x  =  _ L - ,
KV +  tc 

X  =  LFY,

Y  =  NY.

(6 2 * )
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Mathematical Theory of Epidemics. 9 9

The condition for a  s tead y  s ta te  of th e  to ta l popu la tion  is by  equations 

(15*), (16*) and (17*)

U =  W +  t tX +  t tX  +  pY,

whence after su b stitu tin g  th e  above values of X , X , Y  an d  W ,

^  _  (D +  7CLF +  pN) (K V  +  7C)

K

B ut by equation (47),

U  =  m +  (ZX fxX -f- v Y ,

whence, on substitu tion ,

j j  __ {m +  pL F V  +  vNV) (K V  +  

K V  +  tu — pi

Continuing these tw o expressions for U, we have, for th e  s tead y  s ta te , V 

given by

0  (V) =  L F  |x -  tc +  71 ( +  vN -  D  -  PN  +  ^  - f  =  0.
I K V  1 V K V

(6 5 )*

Also the  to ta l num ber of indiv iduals is

»  =  X  +  X  +  Y ,

=  P  +  ^  +  pN +  LFy  +  NV,

K

=  ?— j ^ n Z E g )  +  (LF +  N) V. (64*)|
K

W e shall now consider th e  n a tu re  of th e  real positive roots of equation  (65*), 

and  we shall assum e th a t  p. >  t t , an d  p. >

Clearly as V -* 0, 0  (V) -* +  oo . I t  is also obvious by  inspection th a t  0  (V) 

decreases, as V increases. Thus th e  equation  0  (V) =  0 will have one real 

positive roo t or no real positive roots, according as 0  (V)v_>» is negative or 

positive.

Clearly

0 ( V ) v - * ,  =  (L F (p . _  n) +  v N  -  D  -  pN }V- * „ .

E r r a t u m : E q u a t i o n  (6 4 )  o f  P a r t  I I  s h o u ld  r e a d  n |  +  (L F  +  N ) v ] ,
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1 0 0 W .  0 .  K e r m a c k  a n d  A .  G .  M c K e n d r i c k .

As in P a r t  I I ,  p. 70, we shall assum e th a t  has th e  following properties. 

I t  is equal to  zero betw een t  =  0 and  t  =  e, i t  increases monotonically, and 

i t  has a  constan t value <o when t  >  t j. Then

F  =  j** e~nrcIt  +  j V < * v o T+"> d v  +  J°° e - * v m n+ «  dT}

- £ “ * 4
where as before Q

+  Co — £) e - m n <r+^ -j-
g — Trrj)

O V co —f- TC

(where a  is some value of t  betw een e and t j). 

Thus

F  ( V ) v ^  =  1 = 1
71

and

® (V )v-.„ =  ( ( i - 7 t ) L ^ ---- L l I l  +  v N - D - p N .  (68*)
7T

Therefore 0  (V) =  0 has no real roo t if D  +  pN — vN — (pi — L - ~  —

is negative, and  has one real roo t if th is  expression is positive. If  i t  is zero 

th en  th ere  is a  roo t V  =  oo .

Thus th e  sufficient conditions th a t  there  should be one and only one real 

positive roo t are

and
[X >  7 1 ,  p i  >

D  -f- p N  —  v N  —  ( p i  —  7c) L  —---- - —  ̂ >  0 .
n

l
r

j

(103)

The th ird  condition m ay also be w ritten  in th e  form

1 — L  — vN — (pi — 7t)L  >  0.
7Z

I t  m ay be rem arked th a t  these conditions although sufficient are no t 

necessary. AVhen e is zero the  th ird  condition becomes 5  _j_ p >  v, and

in th e  case of constan t coefficients th is gives -j- p >  v. This means th a t the  

to ta l deaths am ongst th e  sick are g reater th a n  th e  b irth s am ong the  sick, and 

this is clearly necessary to  balance th e  excess of births over deaths in the 

healthy , if a  steady  s ta te  is to  be m aintained.

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



Mathematical Theory of Epidemics. 1 0 1

As has been rem arked in  th e  in troduction , we do not propose to  give th e  

detailed working for th e  case w ith  co n stan t coefficients. I t  m ay, however, 

be shown either by w orking from  first principles, or by  using equation (65*), 

calculating all the  term s in i t  for co n stan t coefficients, and  su b stitu ting  

V =  Y (d -f- l -f- p), th a t  Y  is given by  th e  q u ad ra tic

i t  (d +  p - v )  Y 2 — k k  j m  +  t e - r c H ^  +  p) _  * ( d  +  ? - v )  +  ( ^  11 Y

— tc -{- (p« — tc) ( -f- l d- p)} == 0. (104)

The quadratic  has one real positive an d  one real negative root if pi >  t c, 

and  dp >  v. On account of th e  com plicated  n a tu re  of th e  quad ra tic , it 

happens th a t  i t  is in  som e respects easier to  deal w ith  th e  general case th a n  

w ith  th is very  special case of co n stan t coefficients.

Effect o f  Variations o f Parameters on Steady State.— H aving  assum ed th a t  the  

three conditions found above are satisfied, we shall now investigate  th e  v a ria ­

tio n  of th e  absolute ra te  of incidence of th e  disease V, and  of th e  proportional 

V  .
ra te  of incidence T =  —, w ith  changes in th e  im m igration , b ir th  an d  d ea th  

n

rates.

F rom  equation (65*) we have

and

B ut

3 0

3 V _ _ 3 r c  

dm  30 ’ 3 tc 30 ’

3 0

dm

3 0

dV

(105)

Also 0 0  1

dm V

3 0  =  D +  p N - f  L t tF =  1 -  L (1 -  tcF) 

KV KV

S 0 _ TP, 3 0 _ xt  30 _  1 — L (1 — 7tF)
3 p  ’ 3v ~ 3 r c —

> (106)

|®  =  - L F < 5 I ^ i i ± J E ) + L i ( ) +  TC( ! i ^ | 3 F .  (107)

K y  K V  '

di = - r  m - r r ^ +’u (  d r ,
OTC J 0

and  is therefore negative ; and, by  (15*)

^ = = U  — V

=  m +  piX +  p.X -f- vY -  K V X (by (47) and  (60)),
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1 0 2 W .  0 .  K e r m a c k  a n d  A .  G .  M c K e n d r i c k .

hence

X  (KY — [x +  7c) =  +  [xX +  vY,

which is a  positive q u an tity , so th a t

KV  — [i +  
is necessarily positive.

Thus 0 0 /0m, 00/0(x, 0 0 /0 [x and  0 0 /0 v  are each positive, whilse 0 0 /0 tc 

and  00/07T are  negative. As p is contained in  th e  expressions N, L, D, F, etc., 

th e  value of 0 0 /0 p  does n o t seem to  be unam biguously either positive or 

negative.

F u r th e r

fx — +
71 ((X — 7r)

K Y

m  _{1 L (1 ttF)} (jx 7r) (109)

V2 K V 2 ’ V

and  m u st be negative since F  is positive, and  F ' is negative.

H ence 0V/0m, 0V/0]x, 0V/0[x, and  0V/0v are each positive, w hilst 0V/0 

an d  0V Jd tc are  negative.

[The sign of 0V/0p m ay  be e ither positive or negative. I t  m ay readily be 

show n th a t  if ]x =  nand  [x =  7r, 0 0 /0 p is negative, w hilst if pi >  tc, (x

v =  0 and  le =  0, 0 0 /0 p  is positive.]

L e t T =  V/w, so th a t ,  as before, 100T is th e  percentage ra te  of incidence of 

fresh cases of th e  disease, th en

1 X  X  Y  

T V t V + V

=  1---- ^ +  L F  +  N, (110)
KV

a » d _  1  ST =  - { 1  - -  L (1 — 7tF)} l f  tcL F  ( i n )

T2 0V K V 2 J K V  ’

Since F ' is negative, 0T/0V is positive.

Consequently as T does no t contain  m, [x, |x, v or except im plicitly in V, 

0T/0m, 0T/0(I, 0T/0[x and 0T/0v are positive, w hilst 0T/07I is negative.

The varia tion  of T w ith  it requires fu rth er consideration.

0T _  0 T  0T 0V

07T 0'7T +  0V07C’

where d'T/d'nrefers to  p artia l differentiation w ith respect to  n  directly, and

ap a rt from  V.
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Mathematical Theory of Epidemics. 1 0 3

Thus

a r  _  _  t s

071 0 0

0V

0 '

1

T

0/7T

00

07T ’

0Y

0 0

0V

A fter su b stitu tin g  in  th e  Jacobean  and  reducing, we find

0T

071

T2 r r L « F 0 F /  

0 0  |_ \K V  0V 1 [l 

0V

— 7t -j- 7C
[A — 7t\

K V

1 - L ( 1 - tcF ) t f  . L2 (KV H~ -p 0F  K Y  — jl +  t c) 

KV2 K V  0V K Y  J

, L F  . y K V  +  ^  0F \ m

- S v +  T T S . ^

1 -  L  (1 -  ttF) 

KV2
• (H 2)

The term s w ith in  th e  curly  b rackets  are  read ily  seen to  be negative, w hilst 

th e  last te rm  is positive o r negative according as

a  =  (g, — 7i) — ({A — 7C), (113)

is g reater o r less th a n  zero. H ence if m  —  0, an d  0 , 0T/0tx is negative. 

If  ct >  0, or if m  is n o t zero, th e  sign of 0T/0 tc is n o t certa in . B y  considering 

th e  ex trem e case w =  0, i t  m ay  easily be shown th a t  th e  coefficient of m  is 

n o t necessarily negative.

So fa r we have been investigating  th e  effect on th e  s tead y  s ta te  of th e  

disease of changes in th e  param eters which characterize th e  population . I t  

is of in terest to  find th e  effects of a lte ra tions in  th e  pa ram ete rs  w hich ch arac te r­

ize th e  disease. These are Jc, <f>, co, l, and  d. Owing to  th e  fac t th a t  l and  d  

(like p) appear in N i t  does n o t seem  possible to  o b ta in  any  sim ple general 

resu lt as to  th e  effect of a lte ra tio n  of these param eters.

As th e  factor Jc en ters in to  th e  equations for 0  and  T only in  th e  form  of K ? 

i t  is sufficient to  investigate  0V /0K  and  0T/0K .

0 0  =  _  (1 -  L  (1 -  t tF)} 

0K K2V
(t* ~  *0, (114)

and  is necessarily negative [or zero if pt =  tc], hence 0V/0K is negative (or 

zero if p. =  n).

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



Now

1 0 4 W .  0 .  K e r m a c k  a n d  A .  G .  M c K e n d r i c k .

d r _  a " r  a v

0 K ~  0 'K  +  0 V 0 K ’

rp2

0 0

0V

0 'i
T

0K

0 0

0K

a j
_ T

0Y

0 0

0Y

T2 1 — L (1 - k F) T 0F

00 k 2V ( Y2 ^  0Y
(115)

w hich is positive if cr =  (fJ — t v) — (p  — nis neg

<t  is positive, th e  sign is am biguous unless m  0, in which case 0T/0K  is 

negative. I f  m  —  0 and  a =  0, 0T /0K  =  0, th a t  is, T is ind

Sim ilarly as <f> occurs in  0  and  T only in th e  form of 4> it is sufficient to 

investigate  0 V /0 O  an d  0T/0 O.

0 0 _ 0 0  0F

0O ~  0F  0O

0F
L{p — 7T +  7T(p — 7t)}

0d>*
(116)

Thus as 0F/0O  is negative, 0 0 /0  0  is negative, so th a t 0V /0O  is negative. 

Also

0T

0O

0 ' - 0-1
T , T

ip2 0'O 0V

~  0 0 0 0 0 0
0V 0 V ’ 0V

0 '1 0 1
T , T

T2 6F 0 'F 0V

0 0  0O 0 0 0 0
0Y 0F  ’ 0V

T2 0F _ n r  k v  +  tc

0 0  0 O ( y2/
m  —

KV
+  v  {1 — L (I — 7tF)}1 (117)

Sim ilarly it  m ay  readily be shown th a t  0V/0o> is negative, and th a t dT/doi 

is equal to  th e  sam e expression as the  above for 0T /0O , except th a t 0F/0co
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Mathematical Theory of Epidemics. 1 0 5

takes the  place of 8F /0  0 ,  where 0F /do*like 0F /0  0  is nece

I t  follows th a t  0T /8O  and  0T/0co are positive if a  is positive or equal to  zero. 

If  g  is negative 0 T /0 0  an d  0T/0<o are am biguous in  sign unless m  is zero, in

which case th ey  are  of negative sign. If m  is zero and  <7 is zero, 0T/0(D and  

0T/0<o are bo th  zero. I t  m ay  be no ted  th a t  if th e re  is a  general increase in 

infectivity or susceptib ility , T will increase p rovided  th a t  <7 is zero, unless m  

is also zero, w hen T will rem ain  co nstan t. If  <7 is no t zero th e  net result would 

appear to  be am biguous.

From  equations (65*), (110) and  (46*) wre m ay  o b ta in  T in  th e  form

[X — 7T

1 — L +  N  (pL -  n  — v) +  o L F  -  j ? '

(A — 7Z

D +  N (p  — 5  — v +  p) +  a L F  -  ^
V

(118)

I t  is a t once evident th a t  if m =  0, and  or L  =  0, T is independent of K , 

O  and  w, th u s  verifying th e  above som ew hat unexpected  result. If in add ition  

(I — tc =  v — p, th a t  is if th e  differences betw een b irth  and  d ea th  ra tes  are 

th e  sam e for all th ree  categories— virgin, recovered an d  sick—then

(119)

The conclusion th a t, if (I —  n  =  p. —  7t (a condition  which, it m igh

will p robab ly  be satisfied in  m any  cases), T is independent of th e  infectiv ity  

of th e  disease and  of susceptib ility  to  it, is one w hich w ould scarcely have been 

an tic ipated .

I t  is to  be noticed th a t  when V is zero, th e  equation

n  =  ~--- ) + ( L F  +  N )V
K

becomes

=  1 

K*
( 1 2 0 )

In  th is  case X  =  1 /K , X  =  0, and  Y =  0. I t  follows th a t  no endem ic disease 

can exist in  a population  which has a density  of less th a n  1/K . This conclusion 

m ay be com pared w ith  th e  resu lt found in th e  first paper of th is  series,f viz.,

f  ‘ P r o c .  R o y .  S o c . , ’ A ,  v o l .  1 0 5 ,  p .  7 0 0  ( 1 9 2 7 ) .
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1 0 6 W .  0 .  K e r m a c k  a n d  A .  G .  M c K e n d r i c k .

th a t  no epidem ic can tak e  place in  a non-m ultiplying population provided th a t 

th e  density  is less th a n  1/A. If  i t  be no ted  th a t  K  is essentially equivalent to 

A , i t  is clear th a t  th e  tw o resu lts in a  general way agree w ith  one another. 

A ctually  th e  threshold value n 0 =  X  =  1 /K  can only

when jx =  7r. If  ]I =  n-f  s, where s is a  sm all q u an tity , and if 

following approx im ate  results are readily found :—

K  (1 — vN — L
\ 71

\* ( 1 2 1 )

Y  =

K  (1 — vN — L
\  7 1  /

( 1 2 2 )

X  =

7tK f 1 — vN -  L  £
\  7t

(123)

where

X  =
1 L 007TE,

K 2 ( l  — vN — L  —

=  1 f*

7T J o
o)Te ni d'z.

There are  tw o possibilities

( 124)

(1) 1 — vN — L  if >  0. In  th is  case, when e is sm all, V represents the

unique positive solution know n to  exist, when th e  th ree conditions m entioned 

above are satisfied. W hen s tends to  0, V tends to  0, and n  tends to  1/K , 

so th a t  1 /K  does in fac t constitu te  a  threshold value for n.

(2) 1 — vN — L — <  0. In  th is  case, when s is sm all and positive, th e  real
TC

positive roo t which necessarily exists does n o t become zero w ith s, so than  

e -> 0 does n o t im ply th a t  V -* 0. I t  is, however, tru e  th a t  n  is never less th an  

1/K , so th a t  in th is  case 1 /K  m ay be regarded as a lower lim it to  th e  density  of 

a  popu la tion  in  which th ere  is an endem ic disease in a  steady  sta te .

I t  is readily  found th a t

X  +  X  =  L  -I- - - - - - - - - - - - - - h i -----------  | (K -  <Dcot ) dr, ( 125)

K K 2 (1 -  vN -  L -£ )  J o
7T /
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Mathematical Theory of Epidemics. 1 0 7

and therefore m ust exceed 1 /K , p rovided  th a t  OcoT never exceeds K , th a t  is, 

as long as those recovered from  th e  disease are n o t a t  any  stage m ore liable 

to  infection th a n  th e  virgins.

Equations fo r  Variations about S teady State.

The equations re la ting  to  th e  s tab ility  of th e  s tead y  s ta te  are as follows :

d i '
U t — v ' t —

dx , ./ /
— —  =  U t —  V t — TZX ,
dt * *

dy t t t  /
-±. =  V t —  w t —  u t — py ,

—/ 
u t — \xx 4- [LX' +

73
u \  =  1 L  e t /*_e d 0 , ((3 =  00 )

Jo

v ’t =  v 't +  v 't,

v 't  =  x 'K V  +  X  f  K ev 't_e dO, ((3 =  oo)
Jo

Iv't =  f  B eV 't-edQ ,([3 =  oo )
Jo

y  —  [ NgV t -o  dO -j- f dOl5 (J3 =  oo) 
Jo Jo

x ' =  [ V t_ Ae - (* v+ *)Ad X - U r  
Jo Jo

-(KV+ff) A

(74*) 

(75*)

(76*)

(77)

(78)

(79)

(80) 

(81)

(82)

|* a riS- A ' _

K ev 't_ y _ edO
J o  J o

C O D

j Utk, dXj, 
Jo

(84*)

v 't =  OYU f coTF ' (t —t , t ) dx-J- d>Y f <oTF ,V t_ T
Jo Jo

+  u g  f  ae, (85)t

t  I n  t h e  p r e v io u s  p a p e r  a s l i g h t  o m is s io n  o c c u r s  in  e q u a t i o n  8 5 ,  w h ic h  s h o u ld  r e a d  

a s  a b o v e .
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1 0 8 W .  0 .  K e r m a c k  a n d  A .  G .  M c K e n d r i c k .

( P  =  0 0 ) where

and

Fr =  e- i l

and  F ’ (t-  x, t ) =  -  F t f  ’ j ’ <S„ <%,
Jo Jo

so th a t F  =  f  F t dr,
Jo

, nf® — fT (♦Vwt+ir) “I
and  G =  wr e Jo 4 dr.

Jo

x ' =  U  f  ¥ '{ t  — r, r) d r  - f  P f t u \ _ t  d r  +  f utTi (8 6 )

Jo Jo Jo
Also we have

« „ , = o < e - r +A' ^ - — 1 *■

=  oSA,e-(£v+' ,<,+T>,

U t T l ----- 0 M Tj

F  (— T — Tj, t -f- T - j - r 1)

F (— T — t 15 t x)

0« r, e - l t r +T' ,w "f+" « .

(87*)

( 88* )

(89*)

(90)

(91*)

E quations (84*), (86), (82), (78), and  (79) (using (85) and  (80)) w ith upper 

lim it p =  t-f  T, correspond to  th e  five equations (92) to  (96) of the  previous 

paper.

Special Cases.

So far th e  problem  has been considered in its m ost general form. In  the 

previous paper certa in  p a rticu la r cases were discussed which appeared to  be 

of special in te rest from  th e  p ractica l point of view. W ith  the  increased 

generality  of th e  results now obtained, th e  num ber of special cases to  be studied 

has n a tu ra lly  increased, an d  it becomes desirable to  classify them  according to  

some general scheme. I t  will be no ted  th a t  in th e  theo ry  as elaborated above, 

th e  conclusions arrived  a t depend upon certain  relationships between (x, (jl, 

v, n,7c and  p. I t  is therefore convenient in  th e  first instance to  classify the

special cases according to  th e  values of these six rates. We thus have the  

following five cases :—

Case 0 : general case, w ith  conditions jx (x tc, and 

D +  p N - v N -  (-Lz £ Z 1) l ([x - 7t ) > 0.
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Mathematical Theory of  . 1 0 9

Case 1 : £  =  pi, n  =  n , v =  0.

Case 2 : pi =  n , pi — nand  v =  p.

Case 3 :  p i = p i = : v  =  7r = 7r =  p =  0.

Case 4 :  pi =  pi =  v =  0.

I t  will be seen th a t  th e  general conditions are  satisfied in cases 0, 1, 2 and  3, 

and all th e  above th eo ry  holds. Case 4, how ever, is different in th a t  th e  

conditions pi t :and pi 7i are  defin itely  n o t satisfied, so th a t  th e  question

of th e  num ber of s tead y  s ta tes  in  th is  instance  requires special investiga­

tion.

If  in th e  above classes we p u t m  =  0, i.e., exclude im m igration , we have 

ano ther set of special cases w hich we shall deno te  b y  O', 1', 2 ', etc. Cases 0 ' 

and  1' involve no newT featu res and  no special com m ent is necessary, b u t case 

2 ' is characterized  by th e  fac t th a t  th e  b irth s  balance th e  deaths from  causes 

o ther th a n  th e  disease under consideration , so th a t  a s tead y  s ta te  canno t 

exist unless d e —  0. The sam e applies to  case 3'. F u rth e r , case 4' does no t 

in  any  condition give a popu la tion  in w hich a disease m ay  ex ist in a  steady  

s ta te .

I t  is th u s  seen th a t ,  by  considering th e  values of pi, pi, v, tc, t t , p and  nine 

types are ob tained  of w hich only one requires special investigation  from  th e  

po in t of view of th e  num ber of s tead y  s ta te s  w hich are  possible.

I t  is, however, of special in te re st to  subdiv ide each ty p e  according to  th e  

n a tu re  of th e  disease, w hich m ay  be e ither fa ta l or non-fata l, an d  m a y  or m ay 

no t allow of recovery. E ach  ty p e  therefore  gives rise to  four varieties, n a m e ly :

(a) l d ^  0 ,

(b) l —  0, d zf=-0,

(c) l ■=£.0, d =  0,

(d) l =  0 , d  =  0 .

These will be denoted by 0, 0 t, 0 rf and  0 ld, etc. W e have th u s  36 different 

cases, b u t, as will be seen, certain  of th em  do n o t give s teady  s ta tes  corre­

sponding to  a  finite population  w ith  endem ic disease. F o r exam ple, 3rf is 

obviously of th is na tu re , as, by hypothesis, th e re  are  no deaths so th a t  the  

population necessarily increases continually  as th e  resu lt of im m igration. A 

steady s ta te  is therefore im possible. These cases will be indicated in  the  

m athem atical working by th e  emergence of values Y =  0 or oo.
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1 1 0 W .  0 .  K e r m a c k  a n d  A .  G .  M c K e n d r i c k .

The various cases are indicated  in  the  following tab le , in which, for convenience of 

reference, th e  case num bers used in  P a r t  I I  are given in brackets. Where a blank 

occurs no s teady  s ta te  is possible.

1 0 ,  d  0 . l  =  0 ,  d  7 6  0 . l  5^  0 ,  d  —  0 . II O II O

G e n e r a l  c a s e ,  m  7 £  0  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 0  1 0 1<%
G e n e r a l  c a s e ,  m  =  0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

f l  =  fA, t t  =  7t 9 v  =  0 , ra  7 *  0  . . . . . . . . . . . . . . . . . . . . .

O '

1
O ' l

u

0  ' d

u

0 ' U

1
7Z = / i t ,  7T =  7r , v  =  0 ,  m  —  0 . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ' I ' l i'd 1
"ft ~ n ,  /x =  i t , v  —  p ,  m  0  . . . . . . . . . . . . . . . . . . . . . . 2 2 1 —

fj, =  i t ,  n  =  i r ,  v  =  p ,  m , =  0  . . . . . . . . . . . . . . . . . . . . . — — 2 'd 2 ' u
Ji =  f j L = v  =  7 r= = 7 T  —  p  =  0 , m ^ 0  . . . . 3  ( 3 ) 3  l(4 ) —

/X =  /X =  V =  7T =  7T —  P —  Q , m  =  0  . . . . . . . . — — 3  'a( 5 ) 3

1 5 o , “ * 0 ® , # o } M * 0  . . . . . . . . . . . . . . . . .
4 4  l 4 * 4

A nother contingency m ay arise, as in cases 2 'd, 3 'd and  3 'Jd, in which

th e  equation  for V becomes indeterm inate. In  these cases th e  size of the  

popu la tion  canno t a lter, so th a t  th e  to ta l population  is fixed by the  initial 

conditions. A new equation  for Y has to  be ob tained  by  equating the  sum  of 

X , X  and  Y  to  th is fixed num ber n. The conditions under which th is equation 

yields a  definite an d  unique s teady  s ta te  require special investigation. I t  

is sufficient to  exam ine case 2 'd as th e  o ther th ree are p a rticu la r cases of it. 

I t  m ay  be rem arked  th a t  case 3 'd corresponds to  case 5 in  th e  previous paper. 

In  th e  nex t tw o sections we shall therefore investigate th e  equations for V 

re la ting  to  cases 4 and  2 'd. In  add ition  a few rem arks will be added in certain  

cases in  w hich l —  0, a condition which m akes th e  equation for Y 

simple, so th a t  m ore definite results can  be obtained th a n  in  th e  general case.

Case 4.— In  case 4, p  =  p  =  v =  0, an d  0, th a t  is to  say  there is 

im m igration b u t no reproduction. I t  is obvious th a t  th e  conditions p 

and  p tc are  no t satisfied (except w hen tt and  n  are bo th  zero), so th a t the  

conclusions draw n above for th e  general case do not necessarily hold. I t  was 

poin ted  o u t above th a t  th e  conditions for a definite and  unique steady sta te  

were sufficient b u t n o t necessary, so th a t  i t 'is  possible for definite and  unique 

steady  s ta tes  to  exist when these conditions are not satisfied. I t  happens, as 

will be shown below, th a t  w ith  certain  assum ptions the  present special case 

is an  exam ple of such an  exception.

The equation for V is in  th is case

V 0  (V )  =  -  L F 7 t ( k V _ +  (D  +  PN )  V  +  —  |  (D  +  p N ) =  0 ,  (1 2 6 )
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Mathematical Theory of Epidemics. I l l

hence when V is zero,

V 0  (V) =
LFTCTC TC

- - ^ -  +  m - - (D +  pN). (127)

B u t when Y is zero

F  =  r  e~ nT d x  =  L ,
Jo TC

(128)

hence in  th e  lim it (V ->• 0)

V 0  (V) =  — +  m  i  (D +  pN),

=  m  —
TC

E '

Also
{ Y 0  (V )}v - *  =  -  LFtcV -  (D + ' PN) V ,

=  -  LV (1 -  e"™) - ( 1  -  L) V (above (68*)) ,

=  -  V (1 -  L e-7r<),

(129)

(130)

b u t L  canno t be g rea ter th a n  u n ity  so th a t  Le  <  1, hence

{V 0 -  -  *  . (131)

Thus th e re  will certa in ly  be one real roo t, an d  there  m ay  be an  odd num ber 

of real roo ts if m> t c/K, w hilst th e re  m ay  be no real roo ts o r an  even num ber 

if m  <  t c/K.

W e shall now find th e  conditions w hich will ensure th a t  V 0(V ) decreases 

m onotonically  w ith  V.

_  Y 0 (V) =  (1 -  L) V +  LFtu -  m +  =  (1 — L).
&  K

Now

(KV +  tc)F  =  (KV +  tc) F -  (tc -  tc)F ,
b u t

(K V  +  n ) F =  f ( K V  +  x) "E d r
Jo

Jo

f® K  — OcoT

“  1 “  J .  4>o,r e * 1#

K  dojT 

Oc.j2r dx

(1 3 2 )
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1 1 2 W .  0 .  K e r m a c k  a n d  A .  G .  M c K e n d r i c k .

where <o0 is th e  value of <oT when t  is zero. W e shall tem porarily  assume th a t 

co0 is n o t zero. W e shall also assum e as in th e  previous paper th a t  is

never negative, and fu rth er th a t  O toT is never greater th a n  K  ; th a t  is to  say, 

th a t  th e  in fectiv ity  of th e  recovered never decreases, and th a t  it  never exceeds 

th e  in fectiv ity  of th e  virgins. If  these conditions are satisfied the  expression

is never negative.

W e have in th e  above assum ed th a t  o>0 is n o t zero. I t  m ay, however, easily 

be shown by a  m ethod sim ilar to  th a t  em ployed in th e  previous paper (p. 79) 

th a t  th is assum ption  is n o t essential.

If, fu rther, n  is no t less th a n  t c , th e  te rm  —(71 —  7c)F will increase w ith V (or 

rem ain constan tly  zero) so th a t  F  (KV +  t c) will increase w ith V. Also the  

te rm  (1 — L)V canno t decrease w ith  V, since L 1, so th a t  —V 0(V ) increases 

w ith V, or V 0(V ) decreases w ith  V provided th a t

and

71 >  7 1 ,

o)T < 1  — for all values of t ,

d m jd z

(133)

(134)

(135)

is never negative.

If  these th ree  conditions are satisfied a unique steady  s ta te  will exist provided 

th a t  m> 7i/K, w hilst no steady  s ta te  in which th e  disease is endemic will 

exist if m< tc/K. Conditions (133) to  (135) im ply th a t  the  chances of death  

of th e  m em bers of th e  population  from general causes are no t decreased by an 

a tta c k  of th e  disease ; th a t  th e  susceptib ility  a fte r an  a tta ck  rem ains steady 

or increases m onotonically b u t never exceeds th a t  which exists in the  virgin 

individual.

W e shall now investigate the  dependence of V upon t c , t c  and p. As 

V 0(V ) constan tly  decreases w ith  V, provided th a t  th e  above conditions are 

satisfied,
0Y0(V)

is always negative. Also dV

J L  V 0(V ) =  1 ; JL  V 0(V ) =  -  ^  —
dm viz k  k

and is therefore negative ;

d

(136)

r v e m - i 2 Z + 2 ( » + . f )
071  K  v ° n '
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Bu t

-  r ^ e - f o ^ V ^ T
Jo

« - k *t * * V "  : "  -  r e - " « - i ; * v" ^ 4 T
| i o  J o

+  |% ® V < o Te - ) ? V" ^ e - ^
J o

— F  +  a positive q u a n tity .

(137)

0F 0
H ence F  -j- tc — is positive, and  consequently  7—V 0(V ) is negative. 

on  on

F u rth e r

0V 0  (V) _  0V 0  (V) 0K , 0 V 0  (V) 0L , 0 Y 0  (V) 0F
I ^vr T *

0R

Now

which is positive. 

Also

b u t

0K dp dL 0p ' 0F 0p *

0Y0 (V) =  LFt t o (1 - L ) tc 

0K K 2 K 2

=  (v + | ) ( 1 - tcF ) ;

F = f <  (' I + Jo-v“i', f , i T>
Jo

rao
<  e~ nT

J o

(138)

(139)

< - ;
TC

hence 1 — n F  0, an d  's positive (or zero in  th e  p a rticu la r case

where coT is alw ays zero). 

Again

0 V 0 ( V ) _  t _ K  V +  TC
—  } (140)

which is negative.

As 0K/0p and  0L/0p are negative, w hilst 0F/0p is zero, 0V 0(Y )/0p  is alw ays 

negative.

VO L. C X L I.— A . I
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1 1 4 W .  0 .  K e r m a c k  a n d  A .  G .  M e  K e n d r i c k .

I t  follows from the  above th a t  dV/dm is always positive, 

a n d  dY /dp  are negative provided th a t  th e  conditions (133) to  (135) are satisfied.

Also since d T /d Y  is positive (111), it  follows th a t  dTjdrn  is positive, and dT

is negative. The signs of dT /dn  nas dT/dp  appear to  be am biguous.

In  th is  case then , w hen th e  conditions (133) to  (135) are satisfied and m  > tc/K, 

th e  absolute ra te  of infection V, and  th e  proportional ra te  T bo th  increase w ith 

th e  ra te  of im m igration m, b u t decrease w ith  increase in th e  general death  ra te  

(71) of th e  virgin group. If  m  < t t /K  no disease will exist in  th e  com m unity, 

so th a t  m  = t t /K  is th e  threshold  im m igration ra te .

As regards th e  dependence of V upon K , O and  o>, we find

and

3V0 ( y ) =  5  

3K K2

m s n  =  _  L  *  (KV O. * ) E .  
a ®  K ' 33>’

I M = - L ^ ( K V  +  5 ) P ,
d u  K

(141)

(142)

(143)

w hich are each positive, hence

a v
3 K

av
a #

av
and  —

O O i

are  positive. 

Also

3T =  - T 2 j l  -  L (1 - * F ) )  (1 -  L (1 -  (
3K  3V 0(V ) K 2V KV av

(144)

where a  reduces in  th is  case to  7i — and

3T  _  — T2

a o  “  a v 0 (V) 
av

+  TC
(KV +  tc) (1 — L (1 — 

K V

(145)

aT /aw  is equal to  th e  sam e expression as th e  above for 8 T /3 0  except th a t 

aF/a<o takes th e  place of dY jd  O, where d¥Jda  like aF/a<b is necessarily 

negative.
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Mathematical Theory Epidemics. 1 1 5

I t  follows th a t  0 T /0 O  and  d T/0oo are  positive, w hilst 0T /0K  is positive if 

cr is positive or zero, an d  am biguous w hen o is negative (m ^  0).

In  the  special case 4* w here le —  0, th a t  is to  say  w here th ere  is no recovery 

from the  disease, we have V =  m  — tc/K, and  all th e  q u an tities

are given explicitly  in  te rm s of th e  various constan ts . The resu lts are in 

general the  sam e as in  case 4, except th a t  th e  conditions (133) to  (135) are  now 

meaningless, as th e  co n stan ts  concerned do n o t en te r in to  th e  problem .

Case 2 'd.— This case w hich calls for special consideration  refers to  a com ­

m unity  in  w hich th e re  is a  non-fata l disease, b u t w hich does n o t form  a com ­

pletely  closed system . B irth s  an d  d ea th s  from  o th er causes are  tak in g  place, 

bu t a t such a  ra te  as to  balance each o ther, so th a t  th e  to ta l  num ber of th e  

population  rem ains co nstan t. Im m ig ra tio n  is excluded. The conditions are 

m =  0 , ]Z =  tc, [a =  tc, v =  p an d  d =  0 (whence L  -j- pN —

for V vanishes com pletely, an d  we find th a t  if —  X  -f- X  -f- Y, 0.

V is th u s  defined b y  th e  equation  n =  X  -f* X  -f- Y

num ber of ind ividuals in  th e  system . Thus

1 — L  (1 —tcF)
n = - - - - - -= ------- - -  +  L V F +  NV. (1

We have to  exam ine th e  n a tu re  of th e  roo ts of th is  equation . L et

X (V) =  k  (K V  +  Tt) F  +  L = i ;  +  N V  -  n. 
K  K

I t  is read ily  seen th a t

also

B ut

X(V) V->- 00 -f- 00 ,

X < V ) v - . o ^  ^ F v ^ 0 +  : U ^ - n .  
K  K

f°°
,0 -> e nT d x  =  l /n ,

Jo

as by assum ption coT is alw ays finite. 

Hence

x (V )v t  - f  - - i  — 
K  K  K

(U S)

(149)

There m ay thus be an  even num ber of roots if <] 1 /K , and  there  will be 

an odd num ber if n > 1 /K . C learly n Q — 1 /K  represents a  threshold density  

in the same sense as n 0 =  l/<J>co represented  a  threshold density  in  case 5
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1 1 6 W .  0 .  K e r m a c k  a n d  A .  G .  M c K e n d r i c k .

of th e  previous paper (p. 79), i.e., 3 'ri according to  th e  present system  of 

classification.

W e shall now find th e  conditions under which y (Y) increases monotonically 

w ith  V, so th a t  there  will be one roo t or none a t all according as n  is greater or 

less th a n  1 /K

W e have shown above (132) th a t  (KY -f- 7r) F  is never negative provided th a t 

doiTjd x  is never negative, and  d>coT is never g reater th a n  K , th a t  is to  say th a t 

th e  in fectiv ity  of th e  recovered never decreases, and  th a t  it  never exceeds the 

in fectiv ity  of th e  virgins. W e have in fact

and , as th e  expression w ith in  curly  brackets w ithin the  integral is never negative 

on th e  above assum ptions, i t  is readily  seen th a t  y  (V) always increases w ith V. 

Thus th e  equation  y  (V) =  0 has one and  only one real positive roo t provided 

th a t  n > 1 /K , w hilst if n  < 1 /K  there  is no real positive root

there  is only one roo t nam ely  Y =  0.

In  case 2 'ld,i.e., an  incurable b u t non-fatal disease,

The m ore general conclusions arrived  a t above hold, except th a t the  condition 

K  d>wr is now m eaningless, and  therefore unnecessary. The threshold 

density  n 0 =  1 /K  exists as before.

Other Special Cases.—As w hen l9 —  0, V can alw

in term s of th e  various constants, it  is desirable to  consider the  m ost general 

case of th is  type , nam ely  0 {. We have

This is certain ly  positive provided th a t  |x >  and vN <  1. The la tte r 

condition is th e  th ird  condition for th e  existence of a  unique steady sta te  

(103), when L  is zero. The second condition, nam ely (x >  becomes m eaning­

less, and  is therefore unnecessary.

+  ^ — i *  +  NV -  
K

(150)

(151)

(152)
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Mathematical Theory of Epidermcs. 1 1 7

I t  is still impossible to  determ ine unam biguously  th e  sign of dY/dp, b u t if 

v =  0, it m ay  read ily  be shown th a t  dVjdp  is positive, and  0S/0p is negative, 

Y
where S =  -------7, t.e ., th e  p ro p o rtio n  of sick. These resu lts m ay be verified

X  +  Y

for constan t coefficients, and  it  m ay  also be shown th a t  in  th is  case th e  equili­

brium  is a stab le  one.

A few rem arks m ay  be added  regard ing  a special g roup  of cases, w hich are 

im portan t in  practice  b u t do n o t requ ire  special tre a tm e n t as no fundam entally  

new consideration arises. W hen p erm anen t and  com plete im m unity  is conferred 

by an  a tta c k  of th e  disease, to =  0, an d  F  =  1 / t z . The equation  for Y becomes

1 [L
m  - f -  —

Y —

1 -  vN — L &
7Z

(153)

These cases are closely re la ted  to  th e  group in  w hich =  0 and  are p ro b a b ly  

of considerable im portance  as describing th e  group  of v irus diseases in which 

im m unity  appears often  to  be p erm an en t an d  com plete.

D iscussion.

The m ain  resu lts  de ta iled  in  th e  above investigation  m ay  be sum m arized 

by saying th a t  th e  existence of a  d e a th  ra te  from  causes o th e r th a n  th e  p a rticu la r 

disease w hich is operating , does n o t m ate ria lly  a lte r  an y  of th e  resu lts  ob tained  

in P a rt I I  of th is  investigation . W e have n o t y e t ta k e n  in to  account th e  effect 

of varia tion  in  age-constitu tion , nor have varia tions in  n a tu ra l im m unity  been 

allowed for.

The chief fea tu re  of th e  system s tre a te d  here, and  in  th e  previous paper, is 

the  existence of a s tead y  s ta te , w hich is un ique prov ided  th a t  certa in  conditions, 

which are likely to  exist in  na tu re , are  satisfied (equation  (103), also (133) to  

(135)). This s tead y  s ta te  is n a tu ra lly  a function b o th  of th e  param eters 

characteristic  of th e  disease—th e  infectiv ity , d ea th  and  recovery ra tes— and 

of the  o ther param eters which refer m ore p a rticu la rly  to  th e  popu la tion— 

the  b irth  ra te , th e  im m igration ra te , and  th e  non-specific d ea th  ra tes.

The incidence of disease is raised w hen th e  im m igration  or b ir th  ra tes are 

increased (p. 102). This s ta tem en t holds w hether th e  incidence of disease 

is measured b y  (1) th e  num ber of sick Y ; (2) th e  re la tive num ber of 

sick S =  Y/w ; (3) th e  incidence ra te  Y ; or (4) th e  rela tive incidence ra te
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1 1 8 W .  O .  K e r m a c k  a n d  A .  G .  M c K e n d r i c k .

T = Y / n .  F u rth er, th e  incidence constan tly  decreases w ith increase in the 

death  ra te  of th e  virgins, b u t whereas Y  and  Y decrease w ith  increase in the 

d ea th  ra te  of th e  recovered, th e  behaviour of S and T is m ore complex and 

depends upon th e  value of <7(112). The effect of th e  non-specific death  ra te  of 

th e  sick (p) is com plicated, and  obscure.

W hen we tu rn  to  th e  effect on th e  incidence of th e  characteristic features of 

th e  disease (p. 103), th e  m ost in teresting  results are  those relating  to  the  effect 

of varia tions in  infectiv ity . I t  is found th a t  by  such an alteration  both  the 

to ta l population  and  th e  num ber of diseased persons in  i t  are changed. For 

exam ple, increase in  th e  susceptib ility  of th e  virgins, leading to  an  increase in 

K , causes a  decrease in  th e  size of th e  population  n, and  also a decrease both 

of Y  and  of Y. The effect on T and  S is m ore com plicated and depends upon 

th e  value of a  (113). If  th ere  is no im m igration  and  <7 =  0, th en  change in 

suscep tib ility  does n o t a lte r T or S (p. 105). Likewise Y  and  V both  decrease 

w ith  increase in  coT, th e  susceptib ility  of th e  recovered, as well as w ith  <J> 

w hich m easures th e  in fectiv ity  of th e  disease ; w hilst th e  changes undergone 

by T and  S again  depend upon th e  value of <j. As before, when m  =  0, and 

a  =  0, T and  S do n o t a lte r  w ith  changes in  susceptib ility  or infectivity. I t  

follows th a t  an  increase in  in fectiv ity  resu lting  in  greater chances of infection 

of b o th  virgins and  recovered will decrease b o th  V and  Y, b u t will no t a lter 

T and  S provided th a t  m  —  0 and a 

are  n o t satisfied, i t  does n o t appear possible to  predict in  a  general way w hat 

a lte ra tio n  in  T and  S will ensue. I t  is to  be no ted  th a t  th e  condition a — 0 

m eans th a t  th e  difference betw een th e  b ir th  ra te  and  th e  non-specific death  

ra te  is th e  sam e for virgins as for recovered, a  condition which is usually 

approxim ately  fulfilled. I t  is a t  first sight surprising th a t  in these circum­

stances (m  =  0 and  <7 =  0), a lterations in  in fectiv ity  or susceptibility should

be w ithou t effect on th e  re la tive  prevalence of th e  disease in th e  com m unity, 

b u t th e  fac t is th a t  th e  re la tive prevalence can th en  be expressed by  a formula 

which does no t involve either K  <E>, or <oT (equation (118)) so th a t  changes in 

these param eters  do no t affect th e  result.

I t  will be seen from  th e  above th a t, o ther th ings being equal, decrease in
*

in fectiv ity  or susceptib ility  is always an advantage since it enables a larger 

to ta l population  density  to  exist. If, however, th e  goal desired is to  reduce 

th e  re lative disease ra te  in  th e  com m unity  to  a m inim um , then  it is far from 

certa in  th a t  decrease in  in fectiv ity  or susceptibility  of the  disease will bring 

ab ou t th e  desired result, w hilst i t  would appear certain  th a t  the  absolute 

num ber of th e  diseased, as well as th e  absolute ra te  of incidence, will actually
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Mathematical Theory Epidemics. 1 1 9

increase as the in fec tiv ity  or suscep tib ility  falls. There seems, of course, 

little  doub t th a t  th e  im m ediate  effect of a  reduction  in in fectiv ity  or suscepti­

b ility  is to  bring abou t a  fall in  all these  num bers, b u t th e  population  density 

then  begins to  increase and  w hen a s tead y  s ta te  is again reached th e  increase 

is of such a m agnitude as to  m ore th a n  com pensate for the  im m ediate  effects. 

I t  m ust be em phasized th a t ,  when th e  effect of th e  varia tio n  of a p a ram ete r is 

considered in th e  present section, th e  com parison is betw een th e  steady  s ta te  

which is possible a fte r th e  p a ram ete r has been varied , and  th a t  w hich existed 

before th e  varia tio n  took  place. W e are n o t concerned w ith  th e  im m edia te  

effect of th e  p a ram ete r v a ria tio n  on th e  system , w hich will tem porarily  have 

been d istu rbed  from  a s tea d y  s ta te .

I t  has been shown (p. 105) in  th e  general case th a t  w hen disease exists in  a 

com m unity  th e  popu la tion  d en sity  is necessarily  g rea te r th a n  1/K . The 

existence of a threshold value in  re la tio n  to  an  observed q u a n tity  im plies th a t  

th e  process under consideration  ( e.g., th e  existence of disea

m ay  exist w henever th e  q u a n tity  in  question  exceeds th a t  value, w h ilst i t  

c an n o t exist when th e  q u a n tity  is equal to  or less th a n  th a t  value. L et us 

consider a system  in w hich th e  q u a n tity  in question  is in itia lly  below th e  

threshold . The system  m ay  be such th a t  th e  q u a n tity  cannot change its  

, value, and  therefore  th e  process or event to  w hich th e  th resho ld  refers, can  

never under any  circum stances occur. A th resho ld  of th is  n a tu re  m ay  be 

called a  threshold o f the first type. On th e  o ther hand  th e  system  m ay  be sue h 

th a t, when th e  m agnitude in question  is below th e  th reshold , th e  system  gradually  

a lters  u n til th e  th resho ld  is exceeded. The process to  w hich th e  th reshold  has 

reference m ay th en  appear, b u t i t  could n o t possibly have appeared  u n til th is  

ad ju stm en t had  tak en  place. T h a t th e  m agn itude  should in itia lly  exceed th e  

th reshold  value is n o t then  necessary in  order th a t  th e  process should u ltim a te ly  

ex h ib it itself, nevertheless th e  process will n o t exhibit itself u n til th e  m agnitude 

has exceeded its  th resho ld  value. Such a th resho ld  m ay  be called a threshold  

o f the second type. I t  is d e a r  th a t  th e  popu la tion  density  1 /K  referred to  above 

is a  threshold  of th e  second type , w hilst th e  th resho ld  in case 4 (p. 114) referring  

to  im m igration, and  th a t  in case 2 'd (p. 115) referring  to

are of th e  first type .

In  case 2!d th e  population  though  no t really  a  closed one is v irtu a lly  of th is  

nature, because th e  b irth s  ju s t balance th e  non-specific deaths, and  h e re  a 

threshold value (1/K) of th e  to ta l popu la tion  exists which is such th a t  no 

disease can occur if th e  population  density  is less th a n  th is  q u an tity . This 

resu lt m ay be com pared w ith th a t  obtained in case 5 of th e  second paper of th is
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1 2 0 W . 0 .  K e r m a c k  a n d  A .  Gr. M c K e n d r i c k .

series, th a t  is to  say in case 3'„ in  th e  present classification, where a threshold 

value of l/d>o) was found. This la tte r  case is obtained from case 2'„ by putting  

(x, (x, v, tc, rc and p equal to  zero, so th a t  one would a t first sight expect th a t  the 

threshold  would continue to  be 1/K . However, as there  are no births, K , 

which refers to  th e  virgins, comes u ltim ate ly  to  have no significance, and the 

result shows th a t  under these conditions th e  threshold  alters to  l/<b<o, which 

by hypothesis, is either greater th a n  or equal to  1/K .

In  case 4 i t  is th e  ra te  of im m igration m  which has a threshold value. If 

th e  im m igration ra te  fails to  reach th e  value tc/K then th e  disease cannot exist 

in th e  com m unity  in an  endem ic form . If  tc is very  sm all, th e  threshold value 

will also ten d  to  be very  low, th a t  is to  say, very  slow im m igration would keep 

th e  disease going, b u t i t  w ould appear th a t  if, as in m ost cases, non-specific 

deaths cannot be absolutely  excluded, and  if th e  population  density  is sufficiently 

g rea t, th en  th e  th reshold  im m igration ra te , though  small, will be finite.

In  a  series of in teresting  papers Greenwood and Topley and the ir collabora­

to rs*  have investigated  th e  progress of disease in  com m unities of mice under 

various experim ental conditions. Am ongst th e ir conclusions th ey  emphasize 

th e  influence on th e  progress of th e  infection of im m igration of healthy  anim als 

in to  th e  com m unity . F o r exam plef “ The sole condition  required for th e  

indefinite p ropagation  of an  endem ic disease is a continuous im m igration of 

susceptible ind iv iduals.” The conditions of th e  experim ents of these authors 

would seem to  be approxim ately  represented  by case 4 above, as th e  mice were 

not increasing in  num ber by reproduction, and a t th e  sam e tim e were subject 

to  a certa in  num ber of non-specific deaths. F u rth e r th ey  come to  the con­

clusion th a t  th e  increase in  resistance of exposed anim als as compared with 

th a t  of fresh individuals, is caused by active im m unization as th e  result of an 

a tta c k  of th e  disease, ra th e r th a n  to  selection working upon individual differ­

ences originally present. This is accom m odated by th e  condition th a t 

is less th a n  K , which we found it necessary to  assum e, p. 112. I t  would there­

fore be expected  th a t  a th reshold  ra te  of im m igration would exist under these 

conditions, b u t th e ir figures do no t actually  reveal its  existence. However, 

as shown above, th e  threshold  im m igration ra te  is equal to  tc/K , and it is clear 

th a t  in  the ir experim ents tc was relatively  sm all (probably about 1 per cent, 

per day) so th a t  th e  threshold  im m igration ra te  is probably also quite small. 

The lowest ra te  em ployed was one mouse in  three days, and it is to  be noted

* T o p le y  a n d  W i l s o n  “  P r in c ip le s  o f  B a c t e r i o lo g y  a n d  1 m r a u n i t y ,”  v o l .  I I ,  p .  7 6 7  ( 1 9 2 9 ) ,  

a n d  r e la t e d  p a p e r s ,  e s p e c ia l ly  ‘ J .  H y g . , '  v o l .  2 4 ,  p . 4 5  ( 1 9 2 5 ) .

t  loc. cit., p .  7 8 2 .
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Mathematical Theory of Epidemics. 1 2 1

th a t  in th is  experim ent, th e  disease rem ained  practica lly  quiescent for a period 

of 70 to  80 days, a p a r t from  a sm all increase in  deaths a t one po in t. D uring 

the  whole period th e  size of th e  popu la tion  was rising slightly , so th a t  it  seems 

clear th a t th e  ra te  of im m igration  was ju s t s ligh tly  too  h igh to  allow th e  non­

specific death  ra te  to  keep th e  popu la tion  a t  a  constan t level, and  thus to  

render a s tead y  s ta te  possible. An experim ent on a larger scale w ith  a p ro ­

portionally sm aller im m igration  ra te  w ould p ro b ab ly  reveal th e  existence of a 

threshold.

We realize that, th e  discussion of epidem ics developed in th is  and  in th e  

previous papers is a t best only a  schem atic rep resen ta tio n  of th e  invasion of a 

com m unity  b y  an  infective disease, and  is fa r from  giving a  rep resen ta tio n  a t 

all adequate  or com plete. The m ath em atica l analysis so fa r p resen ted  m ay, 

however, be regarded  as first s tep  in  th e  e lucidation  of th e  problem  from  th e  

theoretical po in t of view. The experim ental w ork of Greenw ood and  Topley 

and  others gives an o th er com plem entary  m ethod  of approach . So fa r th e  tw o 

lines of a tta c k  can  be b rough t in to  re la tion  w ith  each o th e r on ly  very  incom ­

pletely, b u t i t  is to  be hoped th a t  as th e  experim en tal m ate ria l becom es m ore 

extensive, an d  th e  m ath em atica l investigation  becom es m ore com prehensive, 

a  re la tively  com plete und erstan d in g  of th e  processes involved in  endem ic and 

epidem ic invasion m ay  emerge.

Sum m ary.

(1) The m athem atica l investigation  of th e  progress of an  infectious disease 

in  a com m unity  of susceptib le ind iv iduals has been ex tended  to  include th e  

case w here m em bers of th e  com m unity  are  rem oved as th e  resu lt of some general 

cause of d ea th  acting  according to  co n stan t non-specific d e a th  ra tes, as well 

as b y  d ea th  from  th e  disease itself. U nder th e  m ore general conditions here 

dealt w ith  th e  m ain  conclusions arrived  a t  in  th e  previous paper rem ain  

qualita tive ly  unaltered . The lim itations w hich rem ain  are  th a t  th e  suscep ti­

b ility  and  th e  infective pow er of th e  ind iv idual are  supposed to  be independent 

of his age, and  fu r th e r th a t  specific ind iv idual im m unity  does no t ex ist in  th e  

sense th a t  th e  p a r t  of th e  population  w hich escapes infection is assum ed to  be 

just, as susceptible as th e  whole population  w ould have been if it had  no t been 

infected.

(2) In  th e  general case a unique s tead y  s ta te  is found to  exist provided  th a t  

certain  re la tively  sim ple conditions are satisfied. In  th e  special cases con­

sidered a unique s tead y  s ta te  in  general exists when these conditions continue 

to  be satisfied ; b u t in particu la r instances, when these conditions are no t
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satisfied, unique steady  s ta tes  will exist provided th a t  certain  o ther require­

m ents are fulfilled.

(3) Increase of b irth  ra tes, in  general, increases bo th  th e  absolute and the 

rela tive prevalence of th e  disease in its  s teady  s ta te . The effect of increase 

in  th e  non-specific d ea th  ra tes  is less simple, b u t has been worked out a t some 

length .

Decrease in  th e  in a c t iv i ty  of th e  disease or in  th e  susceptibility of th e  un­

infected resu lts in an  increase in  th e  whole population  density  as well as in an 

increase in  th e  num ber of infected. The effect upon th e  re lative incidence of 

th e  disease cannot be sim ply expressed, b u t i t  has been worked out in detail 

in  th e  te x t. In  th e  absence of im m igration, and  w ith  th e  b ir th  rates and also 

the  non-specific d ea th  ra tes equal for virgins and  recovered, variation  in in- 

fec tiv ity  or susceptib ility  will no t a lte r  th e  re la tive  incidence of the  disease. 

The to ta l population , however, will increase w ith  decrease of either of these 

tw o factors, w hilst th e  num ber of diseased will also increase proportionately.

(4) Two types of th reshold  values have been encountered. In  th e  first type 

th e  q u a n tity  in question m ust in itia lly  exceed th e  th resho ld  value if th e  event 

or process is to  occur in  th e  population. Two exam ples of th is type  have been 

found, nam ely, in  cases 4 and  2 'd. In  th e  second ty p e  th e  q u an tity  in question 

need no t in itia lly  exceed th e  th reshold  value, b u t m ay g radually  change as 

th e  system  developes. The event or process to  which th e  threshold  refers 

can  only tak e  place when the  th reshold  value has been exceeded. The to ta l 

population  density  has a  th reshold  value of th is  second kind w ith  reference to  

th e  existence of s teady  sta tes.
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