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Abstract:   3-RRR planar parallel robots are utilized for solving precise material-handling problems in industrial automation applica-
tions. Thus, robust and stable control  is required to deliver high accuracy  in comparison to the state of the art. The operation of the
mechanism is achieved based on three revolute (3-RRR) joints which are geometrically designed using an open-loop spatial robotic plat-
form. The inverse kinematic model of the system is derived and analyzed by using the geometric structure with three revolute joints. The
main variables in our design are the platform base positions, the geometry of the joint angles, and links of the 3-RRR planar parallel ro-
bot. These variables are calculated based on Cayley-Menger determinants and bilateration to determine the final position of the plat-
form when moving and placing objects. Additionally, a proposed fractional order proportional integral derivative (FOPID) is optimized
using the bat optimization algorithm to control the path tracking of the center of the 3-RRR planar parallel robot. The design is com-
pared with the state of the art and simulated using the Matlab environment to validate the effectiveness of the proposed controller. Fur-
thermore, real-time implementation has been tested to prove that the design performance is practical.

Keywords:     3-RRR  planar  parallel  robot,  Cayley-Menger  determinants,  inverse  kinematic  model,  bilateration,  fraction  order
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1   Introduction

Dexterous movement  of  robotic  manipulators  has  re-

ceived  significant  attention  from  researchers  to  enhance

the reachable workspace, which can significantly improve

industrial  automation  applications[1]. Robotic  manipulat-

ors  can  be  constructed  using  different  architectures,  i.e.,

serial, parallel,  or  hybrid  manipulators.  The  first  struc-

ture is the serial manipulator and this type of robotic ma-

nipulator consists of only one serial chain of links. Serial

manipulators can be controlled to reach a high degree of

freedom based  on  the  number  of  links.  They  are  widely

applied in industrial applications. The second type of ma-

nipulators  can  be  designed  using  a  parallel  mechanism

which exhibits  some advantages in terms of  dynamic re-

sponse and accuracy.  Furthermore,  parallel  manipulators

can be utilized for applications that need high speed, ac-

curacy,  and  stiffness[2].  Finally,  a  hybrid  manipulator[3]

can be constructed based on a combination of serial and

parallel  manipulators  or  multiple  parallel  manipulators

connected  in  sequence.  Other  hybrid  configurations  can

be  created  based  on  different  industrial  requirements.

Such configurations can be utilized to change the end-ef-

fector mobility according to the changes in local kinemat-

ics.  Examples  of  such configurations  are  3-URU (univer-

sal revolute universal) and 3-SRU (spherical revolute uni-

versal)[4].

Parallel manipulators are closed-loop mechanisms that

can  be  equipped  with  revolute  or  prismatic  actuators.

Such  manipulators  comprise  separate  serial  chains  in

which  a  fixed  base  is  connected  to  a  moving  platform.

Robust construction is used in such a structure so that it

can move bodies of  large dimensions with high values of

both  velocities  and accelerations[5].  Parallel  manipulators

can be classified into many types discussed in the survey

[6−8] and the structure of such manipulators can be con-

structed based on 3-RRR and 3-RPR planar  parallel  ro-

bots.  The  abbreviation  of  “R”  stands  for  revolute  and

“P” stands  for  prismatic.  This  decides  how the  mechan-

ism of links will be actuated to make the required move-

ments. The new mechanism of parallel robots can provide

highly flexible  and  accurate  movements  to  obtain  differ-

ent  configurations  based  on  solving  the  inverse  position

problem. Furthermore, the singularity loci of planar par-

allel manipulators with revolute joints is solved[9, 10].

In  the  literature  survey,  many  approaches  have  been

reported to derive, analyze, and control inverse kinemat-

ics of various models[11−15]. In [16], position control of a 3-

RRR planar parallel robot was presented based on a pre-

dictive control  system model.  The entire  design is  intro-

duced as a semi-closed loop system. The robotic platform

is  driven  using  three  direct-current  (DC)  motors.  Each

motor is equipped with an encoder to measure the angu-
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lar velocities of the motors. The encoder signals are sup-

plied  to  the  controller  as  inputs  to  generate  the  signals

that are  used  to  drive  the  DC  motors.  The  results  ob-

tained demonstrated that the required position of the ma-

nipulator was fulfilled.

In [17],  a  hybrid controller  was introduced to control

the position of a 3RRR trajectory. This hybrid controller

comprises two  components,  i.e.,  force  and  position  con-

trollers. Based on the current location of the end-effector

in  a  given  free  space,  the  two-hybrid  controllers  operate

simultaneously to control the trajectory of the manipulat-

or in constrained environments. In [18], the development

of a 3-RRR planar parallel robot is discussed. This devel-

opment  is  based  on  proposing  a  new  technique  that  is

capable of moving the platform′s mass based on a dynam-

ic substitution  of  the  parallel  manipulator  by  three  con-

centrated masses.  Such a design allows the system to be

transformed from a transformation problem of a reaction-

less  manipulator  to  a  problem  of  balancing  pivoted  legs

that are carrying concentrated masses.

In [19], the accuracy of a 3RRR parallel robot was im-

proved using a new control method by using extra sensors

in the construction of passive joints. The control method

was approached initially by performing a sensitivity ana-

lysis  to  analyze  the  effectiveness  and  robustness  of  the

proposed method. Later on, the results are proven by us-

ing a group of analytic results of the 3-RRR planar paral-

lel  robot′s performance  in  the  presence  of  parameter  un-

certainties.  In  [20],  the  kinematics  of  the  3-RRR  planar

parallel robot was established based on a kinematic coeffi-

cient method.  The  parallel  mechanisms  including  velo-

city and acceleration  indices  were  presented  and accord-

ing to such performance indices, the 3RRR planar paral-

lel robotic  platform  was  studied  depending  on  the  per-

formance of  kinematic  mechanisms,  its  performance  de-

pends on the relationship between the design parameters

and kinematic performance.

In [21], a 3-RRR planar parallel robotic platform was

introduced based on inverse kinematic modeling in which

a  physical  simulation  system  was  conducted  by  using  a

Matlab  programming  environment  assuming  the  end-ef-

fector′s conditions are known. The movement of the driv-

ing element of the robotic system was reached and visual-

ized to  demonstrate  the  process  effectiveness  of  the  sys-

tem. In [22],  direct kinematic solutions to a three-degree

of freedom (3DOF) planar parallel robotic platform were

presented.  Also,  the  derivation  of  polynomials  for  both

the  3-RRR  and  3-RPR  mechanisms  were  introduced.  It

demonstrates the differences and similarities between the

common configurations  of  the  3DOF  planar  parallel  ro-

botic platform.

The motivation for such works comes from the need to

rapidly accurately position the robot for grasping and pla-

cing  especially  in  industrial  automation  operations.  This

can be achieved by reducing the tracking error of 3-RRR

planar parallel  robots  when  following  a  given  path.  Al-

though researchers have intensively studied the 3-RRR in

the  state  of  the  art,  there  is  still  scope  to  develop  and

control the 3-RRR planar parallel robot whose mechanic-

al simplicity  makes  the designed system capable  of  solv-

ing locomotion problems to produce highly flexible auto-

mation for industry. The novelty of this paper can be ex-

plained by firstly introducing a new algorithm, which has

been  developed  to  control  the  locomotion  of  a  3-RRR

planar parallel  robot  based  on  Cayley-Menger  determin-

ants and  bilateration  which  has  been  successful  in  solv-

ing  material-handling  problems.  This  has  been  achieved

based on inverse kinematics of the 3-RRR planar parallel

robot.  Secondly,  a  fractional-order  PID  controller  has

been proposed to control the path tracking of such a plat-

form and the design has been compared with the state of

the  art  which  has  been  published  recently.  Thirdly,  the

architecture of  the  3RRR  planar  parallel  robotic  plat-

form has  been  designed  using  3D  Solidworks  to  proto-

type 3RRR components based on a 3D printer and then

combined  with  electronic  circuits  to  conduct  some  real-

time experiments. The contributions of our paper can be

emphasized and  understood  by  introducing  a  new  topo-

logy based on a new mathematical model that allows bi-

direction control to reach the same position and this ex-

hibits more  flexibility  in  industrial  automation.  Further-

more, proposing a new control methodology based on the

fractional  order  proportional  integral  deviative  (FOPID)

controller  and  based  on  the  development  of  embedded

systems,  we  utilize  a  new  application  based  on  a  Polou

Maestro Control Centre. This includes an individual con-

trol for  each  servo  for  the  entire  movement  of  the  plat-

form to its final position. We sent commands from a PC

to this  microcontroller,  which  is  also  a  new  feature  ap-

plied in our design. This increases the flexibility of indus-

trial robots based on a low-cost robotic system for manu-

facturing  tasks  such  as  precision  positioning,  pick-and-

place, and sorting.

The rest of the paper is structured as follows: Section

2 presents Cayley-Menger determinants and bilateration.

In  Section  2,  the  proposed  algorithm  for  the  3-RRR

planar  parallel  robot  is  introduced  based  on  the  inverse

kinematics model. The structure of the proposed fraction-

al order PID controller along with the stability analysis is

introduced in  Section  4.  The  bat  optimization  algorithm

is  introduced in  Section 5.  The simulation results  of  the

developed 3RRR  planar  parallel  robot  are  produced  us-

ing  the  Matlab  software  as  demonstrated  in  Section  6.

Section  7  describes  the  real-time  experiments  that  have

been completed. Section 8 draws some conclusions.

2   Cayley-Menger determinants and

bilateration

A Euclidean metric formula has been proposed in the

form of a system of polynomial equations. The polynomi-

als  can  be  expressed  using  the  following  matrix.  This

matrix  represents  a  determinant  of  sequences  of  points
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, · · · , , · · · ,Pa1  Pan and Pb1  Pbn and its geometric interpreta-

tion represents  an  important  element  of  Euclidean  geo-

metry. This  is  the well-known as the Cayley-Menger de-

terminant[23−25].

D (a1, · · · , an; b1, · · · , bn) =

2

(
−1

2

)n

∣∣∣∣∣∣∣∣∣∣

0 1 · · · 1

1 sa1,b1 · · · sa1,bn

...
...

...
1 san,b1 · · · san,bn

∣∣∣∣∣∣∣∣∣∣

. (1)

D(a, b)

∆P aPbPc = Za,b,cPa,b ± 1
2

√
D (a, b, c)

Pc

Pa,b

D (a1, a2; b1, b2)

Pa1,a2
Pb1,b2

The distance between Pa and Pb is squared and can be

introduced  as  and  the  area  of

 as  which is  ex-

pressed  as  positive  if  is  to  the  left  side  of  the  vector

,  and  negative  otherwise.  It  can  also  be  proven  that

 is  equivalent  to  the  scalar  product

between the two vectors, i.e.,  and .

Hence,

cos(θ) = D(a, b; a, c)√
D (a, b)D (a, c)

(2)

θ Pa,b Pa,cwhere  is the angle between  and .

The bilateration problem is a geometric problem that

can  be  expressed  based  on  Cayley-Menger  determinants.

To find feasible  locations  of  a  point,  e.g., Pc,  assume its

distances to two other points, e.g., Pa and Pb, whose loca-

tions are known as shown in Fig. 1(a). The projected vec-

tors of those points are shown in Fig. 1(b).

Hence, the  orthogonal  projection  of  the  position  vec-

tor, i.e., Pc onto PaPb can be expressed as follows:

P = Pi +

√
D(a, c)

D(a, b)
cosθPa,b = Pa +

D(a, b; a, c)

D(a, b)
Pa,b. (3)

Additionally,  the  position vector  of Pc can be  formu-

lated as

Pc = P ±

√
D (a, b, c)

D (a, b)
SPa,b (4)

S =

[
0 −1

1 0

]

±where  and  the  sgn  indicates  two

PaPb

mirror-symmetric locations of Pc with respect to the line

defined by the vector . By substituting (3) into (4),

(5) can be obtained as

Pc = Pa +
D(a, b; a, c)

D(a, b)
Pa,b ±

√
D (a, b, c)

D (a, b)
SPa,b. (5)

Thus,

Pa,c =
D(a, b; a, c)

D(a, b)
Pa,b ±

√
D (a, b, c)

D (a, b)
SPa,b =

1

D (a, b)

(
D (a, b; a, c)±

√
D (a, b, c)S

)
Pa,b. (6)

Equation  (6)  represents  a  bilateration  problem  in

terms of  Cayley-Menger  determinants.  Furthermore,  an-

other suitable representation can be obtained by express-

ing this equation in matrix form as

Pa,c = Za,b,cPa,b (7)

where

Za,b,c =
1

D (a, b)

(
D (a, b; a, c) I ±

√
D (a, b, c)S

)
=

1

D (a, b)

(
D (a, b; a, c)

±
√

D (a, b, c)

±
√

D (a, b, c)

D (a, b; a, c)

)

.

(8)

Za,b,c is  defined  as  the  bilateration  matrix  and  unit

matrix  (I)  is  the  2×2  identity  matrix.  More  expressions

can be  obtained  if  the  Cayley-Menger  determinants  in-

volved in Za,b,c are expanded as

Za,b,c =
1

2sa,b

(
Sa,b + Sa,c − Sb,c −4Aa,b,c

4Aa,b,c Sa,b + Sa,c − Sb,c

)

(9)

where

Aa,b,c =

±
1

4

√(
Sa,b + Sa,c + Sb,c

)2
− 2

(
S2
a,b + S2

a,c + S2
b,c

)
.

(10)

Aa,b,c ∆P aPbPc is the oriented area of . When it has a

positive value, this will cause the chains and their links to

move in a specific direction. Whereas, when it has a neg-

ative value,  the  movement will  be  in  the  opposite  direc-

tion. Nonetheless, the center point of the triangular plat-

form will remain fixed.

3   Inverse kinematics for 3-RRR planar
parallel robot

A geometric description of a 3-RRR planar parallel ro-
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Fig. 1     Bilateration
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θ θ

bot is composed of a mobile platform and three RRR seri-

al chains that are joined together at fixed vertices. Each

RRR chain is a serial chain consisting of three rotational

joints[26, 27]. The coordinates of the platform are represen-

ted  by  a  point Po that  has  three  coordinates,  i.e., x, y,

and ,  the  point Po (x, y, )  represents  the  end-effector

position in the working environment of the moving plat-

form at each moment and its orientation. Fig. 2 shows the

topology  of  the  3RRR  planar  parallel  robotic  platform.

The definitions of all the indicated variables are summar-

ized below:

1)  Ps1, Ps2 and  Ps3 are  the  coordinates  of  the  three

servo motors.

2) P1, P2 and P3 are  the coordinates  of  the triangle′s
vertices.

3) L1=40 cm and L2=40 cm are the length of the links

of each chain.

4) J1, J2 and J3 are  the coordinates  of  middle  points

that separate the links of each chain.

5) Po is the center coordinate of the triangle platform.

6) T = 6 cm is the distance between a vertex of the tri-

angle and the center coordinate of the triangle.
  

P
s

P
s P

s

J
1

J
3

P
1

P
3

P

L
1

L
1

J
2

P
o

T

L
2

L
2

L
2

L

 
Fig. 2     Topology of 3-RRR planar parallel robot

 

The derivation of the inverse kinematics equation can

be given from the loop closure of the 3-RRR planar paral-

lel  robot. Fig. 3 illustrates the  end  effector  triangle  plat-

form in  2D based on the X and Y axes.  The vertices  of

the triangular platform are dynamic and the main equa-

tions are used for determining the position of each vertex

simultaneously.  From  the  center  point  of  the  triangle

platform, three  orientations  can  be  found  that  are  util-

ized to calculate the movement of each vertex point.

Po (x, y, θ) = The center point of the triangle = .

P1x = x+ T cos
(
θ +

7π

6

)
(11)

P1y = y + T sin
(
θ +

7π

6

)
(12)

P2x = x+ T cos
(
θ −

π

6

)
(13)

P2y = y + T sin
(
θ −

π

6

)
(14)

P3x = x+ T cos
(
θ +

π

2

)
(15)

P3y = y + T sin
(
θ +

π

2

)
. (16)

After  calculating  the  triangle  vertices  points,  it  is

needed  to  calculate  the  joint  coordinates  between  the

links of each chain. This can be achieved by using a bilat-

eration  matrix[28, 29].  Based  on Fig. 4,  the  first  vertex  of

the triangle platform, P1= (P1x, P1y) is calculated by (11)

and  (12).  The  coordinates  of  the  first  servo Ps1= (Ps1x,

Ps1y) are assumed to be at the original point (0, 0).

L=Sa,c=Distance between two P1 and Ps1=

√
(P1y − Ps1y)

2 + (P1x − Ps1x)
2 (17)

[
PJ1x

PJ1y

]

=

[
Ps1x

Ps1y

]

+ Za,b,c

([
P1x

P1y

]

−

[
Ps1x

Ps1y

])

.

(18)

(∅, ε, α)

∅ α

The calculations of the angles that generate the move-

ments of the links in a chain can be derived based on the

application of the trigonometry formulas. The notation of

the  angles  is  used  as  shown in Fig. 5.  Based  on

the Pythagorean theorem, the angles  and  can be ob-

tained.

∅ = tan−1

(
P1y

P1x

)
(19)

α = tan−1

(
P1y − J1y

P1x − J1x

)
. (20)

εThe last angle, , can be determined by using the well-
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Fig. 3     Topology of the end effector in 2D
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known cosine formula.

ε = cos−1L1
2 + L2 − L2

2

2L1L
. (21)

(∅, ε, α)After  finding  the  three  required  angles ,  we

can  work  in  reverse  based  on  the  forward  kinematics  to

verify  and  validate  the  coordinates  of  the  joint  point

between the  two  links  of  the  first  chain  using  the  equa-

tions below:

J1x = L1cos (∅+ ε) (22)

J1y = L1sin (∅+ ε) (23)

P1x = J1x ± L2cos (α) (24)

P1y = J1y ± L2sin (α) . (25)
Similarly, the coordinates of the other two joints, i.e.,

J2 and J3 can be  calculated  by  using  the  same  proced-

ures  and  equations  above.  The  coordinates  of  the  other

two  servos  are  assumed  to  be  fixed  at Ps2 (20,  0)  and

Ps3 (10,45).

4   Fractional order PID controller

Many works  have  been  conducted  based  on  the  frac-

tional-order  PID  control  in  industrial  applications  in

which it has been developed recently to enhance the con-

trol performance of the classical PID controller. The frac-

tional-order PID controller can be abbreviated with FOP-

ID  and  symbolized  as  PIλDμ controller[30, 31]. The  struc-

ture of the FOPID controller consists of five parameters,

i.e.,  proportional  gain Kp,  integral  gain Ki,  derivative

gain Kd, fractional order of integral λ, and fractional or-

der  of  derivative μ as  demonstrated  in Fig. 6.  As  can be

observed in this diagram, the transfer function G(s) rep-

resents  the controlled plant while R(s)  and Y(s)  are  the

desired  input  and  the  system  output,  respectively.  The

disturbance D(s)  is  also  indicated  which  can  be  applied

externally  on  the  control  system.  The  FOPID controller

transfer function Gc(s) is supplied by E(s) which repres-

ents the error signal between the reference input and the

actual output. The control signal U(s) is the action con-

trol that is provided to the controlled plan to respond ac-

cordingly.  The  equation  that  governs  the  FOPID in  the

time domain is as

u (t) = Kpe (t) +KiD
−λ

e (t) +KdD
µ
e (t) (26)

where e(t)  and u(t)  denote  the  input  and output  in  the

time domain of the controller, respectively.

Based on  the  Laplace  transform,  (26)  can  be  rewrit-

ten in the frequency domain as

Gc (s) = KP +
Ki

sλ
+Kds

µ
. (27)

The PIλDμ controller is a generalization of the classic-

al PID controller, whose integral and derivative fraction-

al  orders  values  can  be  given  with  any  arbitrary  real

number. For instance, if λ= 1 and μ= 1, then the FOP-

ID and PID controller are the same. The other three cat-

egories of PID controllers, i.e., P, PI, and PD controllers

can be obtained when the values of both (λ, μ) equal to

(0, 0),  (1, 0)  and  (0, 1),  respectively.  The  relationship  of

the PID and PIλDμ controllers  can be clarified as  in λ-μ
plane shown in Fig. 7.

The  stability  is  an  essential  element  in  designing  a

control methodology.  Hence,  study  of  the  stability  re-

gions  for  a  fractional  order  PID  controller  can  be

achieved based on the characteristic equation of the con-

trolled system, this is given by

F (s) =κ
(
Ki +Kps

λ +Kds
(λ+µ)

)
+

(1 + Tcs) s
λeLs

= B (s) +D (s) eLs (28)

κ Tcwhere  is  the  steady-state  gain  of  the  plant,  is  the

time constant of the plant and L is the time delay.

λ =
α

β
and µ =

γ

β
By using  the  following  assumption ,

(28) can be rewritten as
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Fig. 4     3-RRR planar parallel robot bilateration diagram
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F (s) = s

α

β



κKds

γ

β + κKp + (1 + Tc)eLs



+ κKi. (29)

z

L

Equation (29) can be rewritten in the Z-domain by re-

placing s with  as below:

F (z)=
( z

L

)α
β



κKd

( z

L

)γ
β +κKp+

(
1 + Tc

( z

L

))
ez


+κKi.

(30)

jω
The  mapping  from Z-domain to  frequency  is  per-

formed by replacing each z with ,  so that (30) can be

rewritten as

F (ω) =

(
jω
L

)(α+γ
β

)

κKd +

(
jω
L

)(α
β

)

κKp+

(
jω
L

)(α
β

) (
1 + jωTc

L

)
ejω + κKi. (31)

ejω = cos (ω) + jsin (ω)Using  ( ),  (31)  can  be  rewritten

as

F (ω) =

(
jω
L

)
(

α+ γ

β

)

κKd +

(
jω
L

)
(

α

β

)

κKp+

(
jω
L

)
(

α

β

)

(
1 + jωTc

L

)
×

(
cos (ω)− Tc

L
ωsin (ω) + jsin (ω) + jTc

L
ωcos (ω)

)
+ κKi.

(32)

The  characteristic  equation  of  the  controller  system

can be written as a real and imaginary part as

F (ω) = Fr (ω) + jFi (ω) (33)

where

 

Fr (ω) = κKi + κKd
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and
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Fr (ω) = κ

∣∣∣∣∣∣∣
Re





(j)

(

α

β

)






∣∣∣∣∣∣∣
|ω|

(

α

β

)

(
1

L

)
(

α

β

)

×





Kp +

∣∣∣∣∣∣∣
Re





(j)

(

α+ γ

β

)






∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
Re





(j)

(

α

β

)






∣∣∣∣∣∣∣

|ω|

(

γ

β

)

(
1

L

)
(

γ

β

)

Kd +
1

κ

∣∣∣∣∣∣∣
Re





(j)

−

(

α

β

)






∣∣∣∣∣∣∣
|ω|

−

(

α

β

)

(
1

L

)
−

(

α

β

)

Ki+

1

κ





(
cos (ω)− Tc

L
ωsin (ω)

)
−

∣∣∣∣∣∣∣
Im





(j)

(

α

β

)






∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
Re





(j)

(

α

β

)






∣∣∣∣∣∣∣

(
sin (ω) +

Tc

L
ωcos (ω)

)
sgn (ω)









.

(36)

(−1)jF
r
(ω) |

ω=ωj
≷ 0 ⇒

(−1)j





Kp +

∣∣∣∣∣∣∣
Re





(j)

(

α+ γ

β

)






∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
Re





(j)

(

α

β

)






∣∣∣∣∣∣∣

|ωj |

(

γ

β

)

(
1

L

)
(

γ

β

)

Kd +
1

κ

∣∣∣∣∣∣∣
Re





(j)

−

(

α

β

)






∣∣∣∣∣∣∣
|ωj |

−

(

α

β

)

(
1

L

)
−

(

α

β

)

Ki+

1

κ





(
cos (ωj)−

Tc

L
ωjsin (ωj)

)
−

∣∣∣∣∣∣∣
Im





(j)

(

α

β

)






∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
Re





(j)

(

α

β

)






∣∣∣∣∣∣∣

(
sin (ωj) +

Tc

L
ωcos (ωj)

)
sgn (ωj)









≷ (−1)j+1
Kp. (39)

F (ω)

Depending on the Hermite-Biehler theorem[32], the ne-

cessary and sufficient conditions for the stability of 

are:

Fr (ω) Fi (ω)1)  and  have  only  simple  real  roots  and

these are interlaced.

Ḟi (ω̂)Fi (ω̂)−Fi (ω̂) Ḟr (ω̂) > 0 ω = ω̂

(−∞,+∞)

2) , for some  in

.

F (ω)It is noticeable that if any part of  has only real

roots  and  the  interlacing  property  between  the  roots  of

Fr (ω) Fi (ω)

ω ̸= 0 Fr (ω)

those parts is verified, the other part will also have only

real roots. To verify the interlacing property, the value of

the  is  computed  in  the  zeros  of  the .  For

, the  can be rewritten as (36).

Fi (ω)

ω = 0

Since  is an odd function, it always has a root in

 so that

Fr (ω) |ω=0 = κKi. (37)

 828 International Journal of Automation and Computing 17(6), December 2020

 



F (ω) ,

To verify the interlacing property between the roots of

the two parts of  one must impose

Fr (ω) |ω=ω0
≷ 0 ⇒ Ki ≷ 0 (38)

and satisfy (39).

Thus, the stability conditions related to the real part

defined a volume in the space of the FOPID parameters.

5   Bat optimization algorithm

η

Among  many  optimization  algorithms  introduced  in

the  literature[33−36], the  bat  algorithm  has  been  intro-

duced  and  proved  to  be  an  effective  algorithm that  can

use  the  echolocation  behavior  of  bats  to  optimize  given

parameters[37−39]. A very loud sound pulse can be emitted

from bats can, thus, the bats can listen back to the reflec-

ted  echo  from their  surroundings.  The i-th bat flies  ran-

domly  with  given  velocity  and  position,  i.e., vi and pi

when  frequency fmin is  fixed.  Then,  the  bat  changes  its

wavelength  and loudness Lo to find food. Such behavi-

or can be utilized in searching for the optimal solution so

that it can be formulated to optimize the given paramet-

ers.  The  bats′ loudness  changes  from  large Lo to  small

Lmin values once they approach their prey.

The  new values  of  frequency,  positions  and velocities

for bats  in  a  given  dimensional  search  space  at  a  spe-

cified  time  step t are defined  as  in  the  following  equa-

tions:

fi = fmin + (fmax − fmin)δ (40)

v
t
i = v

t−1
i + (pt−1

i − p
∗)fi (41)

p
t
i = p

t−1
i + v

t−1
i (42)

δ ∈ [0, 1]

where  the  frequency  is  in  a  range  [fmin, fmax]  and

 is  the  random  vector  taken  from  a  uniform

distribution,  and p*  is  the  current  global  best  solution

among all N bats. The new position solution based on the

current loudness Li of the bat and the maximum allowed

variance max (var) during a time stop for a local search

can be obtained as

pnew = pold + ζLimax (var) . (43)

Once a bat finds the food, the loudness starts decreas-

ing  while  the  rate  of  pulse  emission  starts  increasing.

Therefore,  the  bat  commences  maneuvering  towards  its

optimal solution according to the following equation:

L
t+1
i = σL

t
i, r

t+1
i = r

o
r [1− e

−ρt
s ]. (44)

The  fitness  function  of  this  problem  can  be  found

based on the following equation:

FF =

∫
∞

0

(w1 |es (t)|+ w2u
2 (t))dt+ w3tu. (45)

∫
∞

0

(
w2u

2 (t)
)

dt w3tu

The second and the  third  terms  of  the  above  object-

ive  function,  and  are  utilized  to

avoid obtaining a large control value and to evaluate the

rapidity of  rising  time  response  of  a  control  system.  Al-

gorithm 1 describes the main steps required for  optimiz-

ing the parameters of the proposed fractional order PID.

Algorithm 1. Bat algorithm for FOPID controllers

ri ∈ [0.1, 0.9]

ri ∈ [0, 1] σ = ρ = 0.9

Inputs: Initial bats loudness  and velocit-

ies pulse emission rate , .

λ and µOutput: optimized parameters kp, ki and kd, .

1) Loop

2) for i=1 to N

3) Determine pulse frequency for each bat.

4) Simulate the system and evaluate the performance

index FF using (45) and evaluate fitness.

5) Generate  new  positions  for  bats  by  adjusting  fre-

quency and updating velocities and positions using (44).

6) Select the bat with the best position and generate a

local position around the selected best position of the bat.

7) Randomly generate a new position for a bat.

8) If the position satisfies the conditions.

9) Increase the pulse rate Li and reduce ri using (44).

10) Else go to 7)

11) Rank the bats and determine the best one so far

12) If iteration <N
13) go to Step 5)

14) Else

15) Output the best bats.

16) end

17) end

18) end

19) end

The tuned parameters of the FOPID controller optim-

ized by bat optimization algorithm are given in Table 1.

 
Table 1    Optimized parameters for the fractional order PID

controller using bat algorithm

Parameter Kp Ki Kd λ μ

Value 152.851 2 132.962 1 8.125 4 0.454 4 0.893 4

 

6   Simulation results

In  this  section,  two  case  studies  are  considered.

Firstly, the system is tested without any applied control-

ler in the loop. Thus, it is named as an open-loop system.

Secondly, a proposed fractional order PID controller is in-

troduced in the system. Hence, closed-loop system is ob-

tained.

6.1   Open loop system without controller

After  deriving  the  equations  based  on  analyzing  the
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geometric  structure  of  the  inverse  kinematic  model,  a

Matlab  code  was  written  to  obtain  the  main  motions,

which  verifies  the  operation  and  the  performance  of  the

kinematic model of the 3-RRR planar parallel robot. Ori-

ginal coordinates have been set up for the three servo mo-

tors.  The  dimensions  of  the  triangle  platform  and  the

links are  given  based  on  the  aforementioned  measure-

ments. To validate the operation of the inverse kinemat-

ics  model,  simulation results  have been conducted firstly

when  the Aa,b,c is  positive  and  the  initial  position  is

placed  at Po (12, 20, 0)  as  demonstrated  in Fig. 8(a).

Secondly,  a  similar  scenario  is  considered  when Aa,b,c is

negative at the same initial position as shown in Fig. 8(b).

The orientation of  this  point  is  zero and the X & Y co-

ordinates  are  12,  20  respectively.  It  has  been  observed

that  the  same  point  has  been  reached  using  different

movement, which has led to manipulation of the links to

be opposite to the previous case. This was achieved based

on the bilateration problem discussed earlier.

Another scenario has been simulated when the destin-

ation  position  of  the  robotic  platform  equals  to

Po(12, 20, π/6). This scenario is similar to the previous one

in terms of coordinates. However, the orientation is differ-

ent which equals  to π/6. Fig. 9 demonstrates the simula-

tion  results  of  this  scenario  when Aa,b,c is  positive  as

shown in Fig. 9(a). Additionally, Fig. 9(b) depicts the sim-

ulation results when Aa,b,c is negative.

The final  scenario  is  simulated by changing the posi-

tion  in  which  both X and Y coordinates have  been  de-

creased as well  as the orientation in comparing with the

previous scenarios. Now, all the three conducted scenari-

os demonstrate  effectively  the  performance  of  the  de-

veloped system that  is  capable  of  achieving the required

positions feasibly and accurately using two different lay-

outs  based  on  the  kinematic  characteristics  of  3-RRR

planar  parallel  robot  in  addition  to  the  Cayley-Menger

determinants and the bilateration problem.

The  final  scenario  shown  in Fig. 10 is  simulated  by
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changing the position in which both X and Y coordinates

have been decreased as well as the orientation in compar-

ing with  the  previous  scenarios.  Now,  all  the  three  con-

ducted scenarios demonstrate effectively the performance

of  the developed system that is  capable of  achieving the

required positions  feasibly  and  accurately  using  two  dif-

ferent layouts based on the kinematic characteristics of 3-

RRR  planar  parallel  robot  in  addition  to  the  Cayley-

Menger determinants and the bilateration problem.

6.2   Closed loop system using fractional or-
der PID controller

l1 l2

mg = 1kg
mp = 0.2kg

0 ≤ θd ≤ 360◦

To investigate  the  effectiveness  and the  suitability  of

the  proposed  fractional  order  PID  controller,  a  circular

trajectory has been applied to the designed system. Such

trajectories are  commonly  utilized  in  industrial  automa-

tion applications.  Additionally,  to  measure  the  advant-

ages  of  such  a  controller  in  comparing  with  the  state  of

the art, we have taken the following data which had been

already  studied  as  in  [40, 41]. Table  2 demonstrates  all

the numerical values from the state of the art[40] and our

proposed  control  system.  The  length  of  the  links

 =   = 0.4 m,  the  concentrated  mass  of  the  links

; the concentrated mass of the moving platform

. The desired path equations for Xd and Yd co-

ordinates  have  been  stated  as  in  follows  where

:

{
Xd = 0.3− 0.3cos (θd)
Yd = 0.3sin (θd) .

(46)

The circular path tracking of the traditional PID, the

PID tuned by a genetic algorithm (GA), and the FOPID

controller  optimized  by  bat  algorithm  are  demonstrated

as  in Fig. 11.  It  is  observable  that  the FOPID controller

optimized by the bat algorithm delivers a noticeable im-

provement in  terms  of  response  and  accuracy.  It  is  ob-

served that the classic  PID controller  is  tracking further

away from the desired path. However, when the PID con-

troller has been optimized by a genetic algorithm, a bet-

ter response is obtained and it can be noticed clearly that

the time response has been significantly improved.

Path tracking errors  have been measured to  compare

the  results  between  the  three  controllers  as  shown  in

Fig. 12. It is noticeable that lowest path error is obtained

in case of the FOPID controller optimized by the bat al-

gorithm,  where  the  lowest  error  equals  to  0.6 mm.  It  is

observable that the time response of FOPID controller is

approaching the desired path as demonstrated in Fig. 12.

The Xf and Yf coordinates  obtained  for  the  circular

path  when  the  proposed  fractional  order  PID  controller

has been used are shown in Fig. 13. It is noticed that the

movement is feasible and smooth where no spike has been

observed  in  the  time  response.  The  angles  of  the  three

joints  that  led  the  platform  to  such  a  movement  are

demonstrated as in Fig. 14.

To verify  that  the proposed controller  remains stable

when an external disturbance is applied to the controlled

system,  the  robustness  was  investigated.  This  was

achieved by increasing the mass of the end effector to test

whether  the  3RRR  robot  can  still  move  and  follow  the

pre-defined  path  while  carrying  additional  weight.  The

optimal values of the FOPID controllers have been fixed

to test the effectiveness of  the designed controllers when

the external disturbance is applied to the controlled sys-

 

Table 2    Optimized parameters for the fractional order PID
controller

Parameter Classic PID PID with GA FOPID with bat algorithm

Kp 10 991.189 9 152.851 2

Ki 100 152.203 3 132.962 1

Kd 5 9.958 9 8.125 4

λ – – 0.454 4

µ – – 0.893 4
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tem.  The  value  of  the  added  weight  equals  to  0.6 kg

which is an increase of 50% of the 3RRR planar parallel

robot′s weight. It can be seen from Fig. 15 that the plat-

form  is  still  running  smoothly  along  the  desired  path

without a significant difference in path tracking error.

7   A real-time experiment of 3RRR

planer robot

This  section  discusses  the  implementation  process  of

the  proposed  design  based  on  real-time  applications.  To

achieve this,  it  is  firstly required to prototype the archi-

tecture  of  the  3-RRR planar  parallel  robot.  This  can  be

conducted  using  a  3D  printer  to  implement  components

designed  by  Solidworks.  Secondly,  the  embedded  system

is also  needed  to  provide  actuators  to  guide  the  move-

ment  of  the  3RRR platform as  discussed in  Sections  7.1

and 7.2.

7.1   Solidworks design

To achieve the practical implementation of the 3-RRR

planar  parallel  robot,  the  required hardware  components

are manufactured using a 3D printer. To accomplish this,

Solidworks software has been utilized to design and pro-

totype  the  required  components.  The  main  moving  base

of  the  platform  has  been  chosen  to  be  a  triangle  with

three holes, each hole is 7 mm diameter. The thickness of

the platform is 6 mm and distances between the holes are

80 mm.  The  length  of  each  side  equals  to  106 mm.  The

triangle platform was assembled with the middle arm and

this  arm has  two  holes,  with  a  diameter  equal  to  7 mm,

which  has  been  designed  to  connect  it  with  the  motor
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arm and the platform. The length of the arm is 400 mm,

the thickness is  5 mm, the width equals  to 20.5 mm, and

the curve for the edges has a radius of 10 mm. Addition-

ally, the motor arm was designed and assembled with the

motor disk and the disk diameter is 20.5 mm. Hence, the

width of the arm should be the same or more. The square

in the back of  the arm has a thickness of  1 mm and the

hole  in  the  middle  of  the  square  is  9 mm.  There  are

twelve holes sized 1.9 mm around it to fix the motor disk

to the motor arm. The shape seems to like a clipper from

the  front  with  a  7 mm hole  in  the  middle  to  connect  it

with  the  middle  arm.  The  length  of  the  arm  is  400 mm

and width equals to 20.5 mm.

After  completing  each  part  successfully,  the  final  3D

parts  were  combined  and  assembled. Fig. 16 demon-

strates  the  whole  architecture  of  our  design  was  created

using the Solidworks software package.

7.2   Microcontroller

The utilized microcontroller is called a Polou Maestro

Control Centre, and it can be programmed to control the

three  servos.  It  demonstrates  the  target  position  of  the

servo and the speed of the motion. This can be modified

manually based on the design requirements and the indi-

vidual  channel  of  each  servo  can  be  set  up  to  limit  the

minimum and maximum value of any related parameter.

The Maestro′s serial  mode is  set  to  a  universal  asyn-

chronous  receiver-transmitter  UART  and  it  detects  the

baud  rate  by  default.  However,  to  communicate  with  it

over universal serial bus (USB) via the virtual COM port,

it is required to change its setting to one of the two USB

modes (USB dual port or USB chained). The baud rate of

communication  is 9 600 bits  per  second  and  this  is  the

most commonly used speed that provides reasonable per-

formance for communication.

The generated code based on the proposed sequence of

operations can be achieved by sending commands of bytes

such as (132, 0, 112, 46). The first byte (132, or 0084 in

hex)  is  to  specify  the  set  target  commands,  the  second

byte (0) is  to select which servo channel  to control,  and

the  last  two  bytes  (the  third  and  fourth  numbers)  are

specifying the target.

To  send  a  set  target  command  to  a  different  servo

channel, we can change the second byte in this command.

For  instance,  this  series  of  numbers  (132,  1,  32,  17)  is

sent. This sets the target of servo channel 2 to the same

target  value.  Alternatively,  we  can  use  the  set  multiple

targets to simultaneously set the targets for a contiguous

block of channels (e.g., servo channels 0, 4, and 5).

180◦

178◦

As for  commanding our  servos  to  rotate  to  a  specific

angle, it  depends on the type of  servo.  Some servos spe-

cify the range of travel over a specific pulse width range,

e.g.,  0– ,  but  after  testing  each  servo  individually,  it

was seen  that  pulse  width  values  correspond to  the  mo-

tion of a slightly different degree, i.e., 0– .
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After achieving all the previous requirements success-

fully, we assembled the mechanical and electrical parts of

the  3RRR  planar  parallel  robot  platform. Fig. 17 shows

the assembly of all parts with each other to produce the

final architecture. Finally, we tested real-time movement

experimentally  as  shown  in Fig. 7,  and  proved  that  our

design  satisfies  the  operating  condition.  To  demonstrate

and  validate  the  movement  of  our  platform,  we  have

demonstrated  a  tracker  to  analyze  the  movement  of  the

platform based on the time responses of the X and Y axes

as  demonstrated  in Figs. 18  (a) and 18  (b),  respectively.

When the triangle platform moves,  the coordinates of X

and Y change accordingly within the workspace domain.

8   Conclusions

In this  paper,  the inverse kinematic characteristics  of

a  3-RRR  planar  parallel  robot  have  been  analyzed  and

derived based on a specific  topology design.  The Matlab

software was the main simulation environment to achieve

programming  tasks  and  to  obtain  the  required  results.

Several simulation experiments are implemented to verify

and validate the functions of the inverse kinematics mod-

el  using  Cayley-Menger  determinants  and  bilateration.

The  proposed  FOPID gave  a  noticeable  improvement  in

controlling the path tracking ability used on the circular

route.  It  can  be  observed  that  the  error  signal  has  been

decreased. This in turns leads to better accuracy in terms

of positioning and placing items especially in precise oper-

ations used in industrial automation. After modelling the

inverse  kinematics,  all  the  dimensions  and  movements

have been satisfied. We have prototyped each component

of our design. These components have been 3D printed to

construct the final topology of the proposed architecture.

Practical  experiments  were  implemented  to  verify  and

validate  the  overall  performance  of  the  3-RRR  planar

parallel robot. Communications between a computer and

the platform were made to send coded signals that repres-

ent the movement sequence of the platform. Accordingly,

the required movements have been achieved and the op-

erational  performance  was  validated  based  on  real-time

scenarios.  In  all  case  studies,  it  was  demonstrated  that

the  performance  of  the  developed  system  is  capable  of

achieving the required positions smoothly and accurately.
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