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The sensitivity of tokamak plasmas to very small deviations from the axisymmetry of the magnetic
field |δ ~B/ ~B| ≈ 10−4 is well known. What was not understood until very recently is the importance
of the perturbation to the plasma equilibrium in assessing the effects of externally produced asym-
metries in the magnetic field, even far from a stability limit. DIII-D and NSTX experiments find
that when the deleterious effects of asymmetries are mitigated, the external asymmetric field was
often made stronger and with an increased interaction with the magnetic field of the unperturbed
equilibrium fields. This paper explains these counter intuitive results. The explanation using ideal
perturbed equilibria has important implications for the control of field errors in all toroidal plasmas.

The best plasma confinement using magnetic fields is
obtained in tokamaks, and the burning plasma experi-
ment ITER [1] will be a tokamak. A tokamak is nomi-
nally axisymmetric, and its performance can be greatly
degraded by small externally produced magnetic fields
that break the symmetry [2–7]. Asymmetries, such as
imperfections in the primary magnets, can be important
even when the ratio of the externally produced magnetic
perturbation ~bx to the equilibrium magnetic field ~B sat-
isfies |~bx|/| ~B| ≈ 10−4. At a sufficient amplitude, ~bx stops
plasma rotation, called mode locking [2–5], which often
results in a catastrophic destruction of the plasma equi-
librium, called a disruption.

Here it is shown that paradoxes that have arisen be-
tween previous theoretical suppositions and mode lock-
ing experiments are resolved by the new Ideal Perturbed
Equilibrium Code (IPEC) [8], the first computation of
three-dimensionally perturbed tokamak plasma equilib-
ria in high resolution. The results show that standard
suppositions are incorrect on the response of plasmas to
magnetic perturbations. The plasma response was known
to be important near a stability limit [9], but we find
that response greatly changes the perturbed state from
the previous suppositions, even far from a stability limit.
This new understanding appears to be an essential el-
ement in the establishment of tolerances for symmetry
breaking in experiments, as ITER, as well as for finding
ways to achieve these tolerances.

Mode locking occurs when the externally produced
asymmetric field ~bx exceeds a critical magnitude and is
interpreted as the abrupt opening of a magnetic island
on a rational surface. On rational surfaces, the magnetic
field lines close after m toroidal and n poloidal circuits.
The ratio of toroidal to poloidal circuits is the safety
factor q; on a rational surface q = m/n. In the pres-
ence of a resonant field normal to the surface (~b · n̂)mn,
a rational surface splits to form a magnetic island. If
the plasma had zero resistivity, a surface current would
arise to cancel the (~b · n̂)mn driven by the external per-
turbation ~bx. These shielding surface currents can be
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FIG. 1: The correction coils in (a) DIII-D (C-coils and I-
coils) and (b) NSTX (EFC-coils). The typical shapes of the
axisymmetric equilibria in this study are also shown for each
tokamak.

sustained against resistivity by removing energy from
plasma rotation when the driven (~b · n̂)mn is less than
a critical magnitude. When the shielding current is sus-
tained, the plasma response remains effectively ideal and
can be described accurately by ideal perturbed equilibria.
For larger values, the shielding current is dissipated and
the plasma flow becomes locked to the resulting island.

In an experiment, the externally produced asymmetric
field ~bx is the sum of fields from intrinsic imperfections
in the device and a limited number of external control
coils, Fig. 1. The only adjustable parameters are the
currents in these control coils, which are too few to elim-
inate the ~bx due to intrinsic imperfections. The number
of ~bx · n̂ distributions of normal magnetic field on the
plasma surface that can be adjusted is no more than the
number of independent control coil currents. An impor-
tant practical issue is how are these currents to be chosen
to optimally mitigate the plasma effects of the intrinsic
imperfections. A number of experiments have found the
critical amplitude of the external field for mode locking
is proportional to the plasma density, (~bx · n̂)c ∝ nL.
Therefore, the control coil currents can be empirically
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FIG. 2: The perturbed flux surfaces of (a) DIII-D and (b)
NSTX target plasmas by each dominant n = 1 intrinsic error
field. The amplitude of the perturbation for each figure is
fifteen times greater than the perturbation in each machine.

optimized by finding the currents for which the locking
density nL is minimized.

A long standing supposition, which is supported by
cylindrical theory [10, 11], is that resonant field driving
the opening of islands, or total resonant field, (~b · n̂)mn is
proportional to the resonant component of the external
field, or external resonant field, (~bx · n̂)mn. The exter-
nal resonant field is a vacuum field on a rational surface.
When this supposition is applied to mode locking exper-
iments on DIII-D [12] and NSTX [13], the results are
paradoxical. When the control coil currents were opti-
mized empirically, the external resonant field was often
increased–not decreased as the standard supposition re-
quired. This implies that the total resonant field is very
different from the external resonant field through per-
turbed and poloidally coupled plasma currents.

IPEC calculates perturbed equilibria with the shield-
ing currents on rational surfaces and resolves the para-
doxes by showing the total resonant field, the (~b·n̂)mn, are
reduced when the control coil currents are adjusted em-
pirically. IPEC also finds the amplitude of the (~b · n̂)mn

can be far more sensitive to non-resonant than to the
resonant harmonics in the external fields, the (~bx · n̂)mn.
These results differ fundamentally from standard views
on the interaction with plasmas of magnetic asymmetries.

The DCON ideal magnetohydrodynamics (MHD) sta-
bility code [14] was modified and augmented in IPEC
to calculate perturbed equilibria. The perturbed force
balance equations are solved to find the displacements
~ξ(~x) of the magnetic field lines in a plasma due to a dis-
placement of its boundary, ~ξ · n̂b ≡ (~ξ · n̂)(ψ = ψb, θ, ϕ)
at ψ = ψb, where n̂b is the unit vector normal to the
plasma boundary, θ is poloidal and ϕ is toroidal angle
in any straight-field line, or flux, coordinates. The ex-
ternally produced normal magnetic fields on the plasma
boundary that are needed to produce the displacement
~ξ · n̂b and the associated ~b = ~∇ × (~ξ × ~B) are found by
placing a fititious control surface infinitesimally outside
the plasma. The normal component of ~b must be con-
tinuous and determines a unique curl-free magnetic field,
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FIG. 3: The total |bm1| and external |bx
m1|, m = 1, 2, 3 reso-

nant fields versus locking densities in each finalized case: ma-
chine intrinsic field (M), C-coil (M +C) and I-coil (M +I) op-
timized fields, and several external field correcting (M+EFC)
fields. Note the linear correlations and the amplifications in
the total resonant fields compared with the external resonant
fields.

~bv in the region outside the control surface. The tangen-
tial field has a discontinuity across the control surface,
which determines a surface current ~K on that surface,
µ0

~K = [n̂b × ~b] ≡ n̂b × ~bv − n̂b × ~b. The normal mag-
netic field ~bx ·n̂b produced by ~K is the normal component
of the externally produced field required to sustain the
displacement of the plasma boundary ~ξ · n̂b.

Each perturbed equilibrium is defined by the total
magnetic perturbation normal to the plasma boundary,
(~bi · n̂b) and is also defined by the external magnetic field
(~bx

i · n̂b) required to produce it, as found using the control
surface. With a sufficient number of perturbed equilib-
ria, IPEC constructs [8] the linear permeability operator
P
↔

,

~b · n̂b = P
↔[

~bx · n̂b

]
. (1)

Given an external error field on the boundary, P
↔

deter-
mines the total field on the boundary from which the
DCON code can determine the perturbed plasma equilib-
rium. Fig. 2 shows the examples of n = 1 displacements
by intrinsic error fields in DIII-D and NSTX.

The shielding current at each rational surface ~js is
given by the the jump in the tangential magnetic field.
In IPEC, this shielding current is calculated using [15]

~js =
∆mnmiei(mθ−nϕ)

µ0n2(
∮

dSB2/|~∇ψ|3)
δ(ψ − ψmn) ~B, (2)

where the dimensionless quantity

∆mn ≡
[

∂

∂ψ

~b · ~∇ψ

~B · ~∇ϕ

]

mn

. (3)

The total resonant field, (~b · n̂)mn, which is the critical
parameter for mode locking, is within a sign the field
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FIG. 4: The variation of total |bm1| and external |bx
m1|, m =

1, 2, 3 resonant fields versus the toroidal phase of EFC-
correcting field. Note opposite predictions and good consis-
tency with the total resonant fields for the best and worst
phases.

produced by the singular current, ~∇ ×~b = µ0
~js, and is

calculated by IPEC.
The currents in the C-coils and I-coils, Fig.1 (a) [5]

of DIII-D have been used over a decade to minimize the
effects of the dominant n = 1 intrinsic error field. Suc-
cess is measured by a lowered locking density nL. The
typical test plasmas in DIII-D had toroidal field at mag-
netic axis, BT0 = 1.0 T , a central q0 = 0.95, an edge
q99 = 4.3, and an aspect ratio A = 2.7, which is the
ratio of major to minor radius of the toroidal plasma.
These experiments yielded paradoxical results, which are
summarized in Fig. 3. The various pre-calculated cor-
rections of the external resonant field (M + EXT ) ac-
tually increase locking densities, so C-coils (M + C) and
I-coils (M +I) were optimized empirically to reduce lock-
ing density compared with only intrinsic error field (M).
However, none of these finalized cases shows a proper cor-
relation between locking densities and the external res-
onant fields |bx

m1| ≡ |(~bx · n̂)m,n=1|. The locking density
is reduced even with large over-corrections of the exter-
nal field as seen in M + C case. All these paradoxical
results are resolved when calculating the total resonant
field driving the island |bm1| ≡ |(~b · n̂)m,n=1|, and the ex-
pected linear dependence on locking density nL is seen
as in Fig. 3. The experimental observation of a linear
correlation between the |bx

m1| and nL is misleading since
this trend is only true when an external field distribution
is fixed. It should also be noted that the actual drive for
the islands, the |bmn| produced by the ∆mn, are much
larger than the external resonant field.

NSTX has found similar paradoxes in error field ex-
periments. In NSTX, there are three pairs of Error Field
Control (EFC) coils, similar to the C-coils of DIII-D, as
shown in Fig. 1 (b). The target plasmas have fixed
n̄ = 0.4 × 1019m−3, BT0 = 0.45 T , q0 = 1.3, q99 = 11.2
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FIG. 5: (a) The poloidal harmonic coupling spectrum for
|∆21| and (b) the Fourier components of the external error
field on the plasma boundary in DIII-D for machine intrinsic
(M) and two optimized fields, (M + C) and (M + I). The
dotted circle in (a) shows the most important harmonics of
external field.
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FIG. 6: (a) The poloidal harmonic coupling spectrum for
|∆21| and (b) the Fourier components of the external error
field on the plasma boundary in NSTX for machine intrinsic
(M), the best (M + EFC) and the worst (M −EFC) fields.
The dotted circle in (a) shows the most important harmonics
of external field.

and A = 1.5. For the dominant n = 1 error field, there
are only two degrees of freedom in the control coils: the
amplitude and the toroidal phase of the n = 1 correc-
tion field. Despite this limitation of the error field con-
trol in NSTX, the EFC-coils have given robust results
for the best (M + EFC), φ = 300) and the worse phase
(M−EFC), φ = 120) for locked modes [7]. Fig. 4 shows
the external resonant field |bx

m1| as well as the total res-
onant field, the |bm1|, versus the toroidal phase of the
error correction coil. Again the |bx

m1| are not correlated,
or rather anti-correlated with the mitigation of error field
effects but the |bm1| are well correlated.

The physics is clarified by the coupling coefficients be-
tween the various Fourier harmonics of the external field
at the plasma boundary, the |(~bx · n̂b)m,n=1|, and the
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FIG. 7: The distributions of the external field on the plasma
boundary maximizing the total resonant fields on rational sur-
faces, for (a) DIII-D and (b) NSTX. The three dimensional

distribution can be constructed by ~bx · n̂b = A(θ)cos(ϕ) +
B(θ)sin(ϕ) relative to the plasma boundary (black line).

total resonant field at a rational surface, which is pro-
portional to |∆m1|. Here Hamada [16] coordinates are
chosen to define Fourier harmonics and q = 2/1 surface
is analyzed, but other flux coordinates and rational sur-
faces occupying the main volume of plasma led to similar
conclusion. For DIII-D, this coupling is given in Fig. 5
(a), which shows the dominant coupling to |∆21| is from
the m = 7, 8, 9 harmonics of the external field. Fig. 5 (b)
shows the various external field harmonics, without, M ,
and with, M +C and M +I, error field mitigation. Opti-
mal error field mitigation with the C-coils and the I-coils
was associated with similar reductions in the amplitudes
of the external field harmonics, m = 7, 8, 9, that had the
strongest coupling to |∆21|. Although the C-coil greatly
enhanced the low harmonics of the external field when the
m = 7, 8, 9 harmonics were reduced, this did not prevent
a successful mitigation of error field effects. For NSTX
the dominant coupling is from the m = 12, 13, 14 har-
monics Fig. 6 (a). Indeed, two out of three of these har-
monics are reduced when error field effects are mitigated,
(M +EFC), but two out of three are increased when er-
ror field effects are enhanced (M−EFC) by changing the
toroidal phase of the EFC coil currents, Fig. 6 (b). The
large shift of the dominant poloidal harmonics to higher
modes in both machines is the typical characteristic of
the toroidal plasma response. Note that the test plasmas
in both machines were stable and far from a stability
limit.

The description of the external error field in terms of
it’s Fourier harmonics on the plasma surface offers little
insight since such the high harmonics in flux coordinates
are not easily controlled in real space. Much better in-
sight is obtained from the distribution on the plasma sur-
face of the normal component of the external field that
maximizes the total resonant fields. This distribution can
be written as ~bx · n̂b = A(θ) cos(ϕ) + B(θ) sin(ϕ). Fig.
7 represents these two functions as a deviation from a
surface that represents the plasma edge for DIII-D, Fig.

7 (a), and NSTX, Fig. 7 (b). Fig. 7 implies that the
asymmetric variation in external field on the outboard
side is most important and should be controlled. The
dominant patterns are weakly dependent on target plas-
mas and explains the successful cancelation of error fields
by the C-coils in DIII-D and EFC-coils in NSTX, despite
their limitations in the control of poloidal distribution.

In summary, a comparison of theory and experiment
has shown that magnetic perturbations that drive islands
on low order rational magnetic surfaces in tokamaks are
greatly modified by the perturbation to the plasma equi-
librium. The plasma is far more sensitive to particular
components, Figs. 5, 6, or distributions, Fig. 7, of the
external normal field on the plasma boundary, ~bx · n̂b.
The effects of field errors can be mitigated by controlling
the currents in external coils to null the drive of these
distributions, as verified in locking experiments.
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