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Control of Mobile Platforms Using a Virtual Vehicle (p(sha(s))

Approach

T": reference trajectory

M. Egerstedt, X. Hu, and A. Stotsky (p(s).q(s)) : reference point

(x,y) : physical robot

Abstract—Two model independent solutions to the problem of control-
ling wheel-based mobile platforms are proposed. These two algorithms are X
based on a so called virtual vehicle approach, where the motion of the refer-
ence point on the desired trajectory is governed by a differential equation
containing error feedback. This, combined with the fact that the proven
stable control algorithms are basically proportional regulators with arbi-
trary positive gains, make the solutions robust with respect to errors and following approach [14], where the criterion is to stay close to the

Fig. 1. The general idea behind the virtual vehicle approach.

disturbances, as demonstrated by the experimental results. geometric path, but not necessarily close to an a priori specified point
Index Terms—Control of mobile platforms, nonlinear feedback control, ~at a given time. The main idea behind our approach can be seen in
trajectory tracking. Fig. 1, and the reason for calling the reference point, together with the

associated differential equation, a virtual vehicle is that the reference
point is moving on the path that we want the platform to follow. At
the same time it has its own dynamics for describing the motion, and
In this note, the problem of controlling wheel-based mobile plabne of the advantages with our approach is that it is quite robust with
forms is studied. Many industrial applications need problems like thigspect to measurement errors and external disturbances. This is due to
to be solved in order to have good and robust path tracking algorithme fact that the motion of the virtual vehicle is governed by tracking
for different types of automated tasks. Naturally, this has been a wettor feedback, and basically only proportional controls are used. If
studied topic [3], [4], [6]-[8], [10], [12]-[14], and quite a few methodshoth the tracking errors and disturbances are within certain bounds, the
have been proposed to solve the problem, for example the curvattgference point moves along the reference trajectory while the robot
steering method [5], [7], or the flatness approach [8]. However, mafyllows it within the prespecified look-ahead distance. Otherwise, the
of these methods either use open loop control, which is quite sensithegerence point slows down and waits for the robot.
to measurement errors and disturbances, or are highly model depenn this note, we study the performance of the two proposed path fol-
dent, making the controllers very complex and hard to implement ipwing algorithms analytically and show how they are implemented
practice, since exact modeling of the platform is typically not an eagy two different platforms respectively: a RC car and a Nomadic 200
task. mobile platform. In order to compare the two algorithms, the stability
Our solution to this problem consists of two slightly different conanalysis will be performed on kinematic models of the two platforms,
trol strategies for tracking a reference trajectory based on position agdich are in essence the same.
orientation error feedback. These strategies are largely model indeperFhis note is organized as follows. In Section II, we present our two
dent because they provide only the rotational and translational veloaityntrol algorithms, followed by the stability analysis in Section IIl. In
control. In other words, they are higher level controls. Naturally, fasection IV, the first controller is implemented on a small RC car, and
platforms that do not have direct control over the velocities, one neale second algorithm is implemented on the Nomad 200 in order to
to design the actuator control so that these velocity controls are ggress the fact that our proposed solutions really are model independent.
alized. The implementation could be just a static mapping, as in tifhese experiments also show that our proposed solutions do not only
car case, or a dynamic regulator. The first of the two strategies is dgork in theory, but in practice as well.
signed in such a way that it only requires control in the lateral direction,
i.e., rotational control, while keeping the longitudinal velocity at a con- 1I. CONTROL ALGORITHMS
stant value. This strategy is developed for mobile platforms that do not )
support fine and accurate translational velocity control, such as faiﬁy Problem Formulation
cheap RC cars. As a price one has to pay for using only one controlledur main task is to find a lateral contrdf (¢) and longitudinal con-
input, the algorithm only works locally. Therefore the second of the twiool v (¢) that make a robot follow a smooth reference path, parameter-
strategies requires both rotational and translational control, and will ized by a virtual vehicle(¢), moving on the path. The path is given by
shown to be globally stable.
The two proposed algorithms are furthermore both based on a xq = p(s)
so-calledvirtual vehicleapproach, where the motion of the reference ya=q(s), (0<s<s;) 1)
point (the virtual vehicle) on the planned trajectory is governed by ya =450, ==
a differential equation containing error feedback. It can be viewe ; 2
as a combinati?)n of the conven?ional trajectory tracking, where t ere We assume thgtz(s) +.q.l (5) # 0Vs € [0, 5], and the S.Ub_.
reference trajectory is parameterized in time, and a dynamic pg{ﬁrlptd stands for desired position. Furthermore, our control objectives
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example the center of gravity. Furthermode, > 0 is a small number tion 2.2 is satisfied initially, and if, for some > 0, the lateral control
that, among other things, depends on the maximum curvature of #eepsvq(t) — ¥, (¢)| < /2 — § for all t > 0, then Assumption 2.2
reference path, and, is the look-ahead distance that will be morés always satisfied. This also implies that the second control objective

carefully defined later. (3) would be fulfilled.
For a car-like robot, we propose the following proportional, lateral
B. Control Algorithm 1 control:

In this section, we present the first of the two control algorithms. Se — —k(d , £ 0 8
We assume that the longitudinal velocity= /4% + ¢2 is constant, oy =k —va). k> )
_and we thus only control the_ lateral velocity. This control algorlthr‘gnd we summarize the first control algorithm as follows.
is designed for platforms which do not have good actuators, such aﬁlgorithm 21:
our fairly cheap radio-controlled car. Therefore, our purpose here is to

keep the longitudinal and lateral control as simple as possible. In order - 1 ) vl al y
. . - §= (2v cos(hqg — ty) — vp))
to realize (2), we introduce the parameteand require [11] VP2 +a’2 cos(iq—0)
o5 = —k(v) = vu) ®)
p—d,=—v(p—d,) (4) v = const

whereA ; andv control the lateral and longitudinal velocities respec-

which, after differentiating, gives i
tively.

1 . . . . ; . We thus propose a simple control algorithm for steering mobile plat-

;(Ai"("’d — &)+ Ay(ga—9)) = —(p—d,) +do. (5 forms, such as car-like robots, that is given by (7) and (8). Later we

will use a kinematic model of the car to show that Assumption 2.2 is

Now, sinceis = p'(s)$, 94 = ¢'(s)3, we have met by using the lateral control (8), provided that the reference curve
satisfies Assumption 2.1.

§=(Aap'(s)+ Ayq'(s) 7! Since Assumptions 2.1 and 2.2 can be satisfied initially only for a

subset of the initial conditions, this algorithm is not valid globally. On
the other hand, if one is able to use finer longitudinal control, such
singularities can be avoided, as will be shown in the next subsection
where the second of our control algorithms is presented.

X (Azi + Ayy = yp(p — d,) + pd,).  (6)

If we lets),, denote the angle between the velocity vector and thgis
(for most practical systems),, is almost identical ta”), then

C. Control Algorithm 2

. For this algorithm we assume that the actuators are accurate enough
= p(vcos(ya — ¢u) =v(p —dy) +d,). 5o that fine longitudinal velocity control is available. In contrast to
the previous algorithm, this new algorithm will furthermore be defined
Now, let in (4) be given byy = aw cos(ya — ), witha > 0, and  globally. We should first point out that in [6] and [12], tracking controls
d, =1/, and letd, denote the orientation angle of the tangent to thgre designed so that the tracking errors tend to zero globally. However,

Axi + Ayj —vp(p — dy) + pd,

reference curve at. Then (6) can be rewritten as the controls there are complex and highly model dependent, while our
1 aim is to produce controls that are quite intuitive and model indepen-

$= = = ’ (20 cos(thg — ,) —p). (7) dent. _ . L .

V' 4 q"% cos(g — 6r) From (1), we, as already mentioned, have= p'(s)3, 94 = ¢'(s)3,

or iqap'(5) + 9aq'(s) = (p*(s) + ¢'*(s))5, which implies that if the

It can be seen from (4) thatt) — d, if cos(vq — v is kept positive  robot would track the path perfectly, i.e:;, = i, andy = i, we
andcos(yq — 8,) stays nonzero, and thus the first control objective (2j0uld have
would be realized if this were to hold. Howevess(vq — 8, ) will be
zero only if(Az, Ay)” is normal to the curve dp(s), ¢(s)). In order . p'(s) . q'(s) .
to avoid this singularity, we need to make the following assumption 5= P2(s)+q'%(s)" " p2(s)+q'2(s) Y-
about the reference curve.

Assumption 2.1:The bound on the curvatures of the reference curvhe reason for expressirgn this way is thap'* (s)+¢'*(s) is always

is sufficiently small. nonzero by our assumption about the smoothness of the reference path.

A typical example here is a straight line. However, this assumption|f e now denoter = /42 + 42, and assume that> 0, then
alone may not be enough. In fact, the lateral control has to be designed ' -

such that the following holds. ) 5 .
Assumption 2.2: s=o/\/P(s)+ 7 (s).

(10)

20 cos(thg — ) — vp > € > 0 On the other hand, these expressions do not contain any position
error feedback, which is important for robustness. We thus add error
feedback ta;, and propose the dynamics for the reference point as fol-

forall + > 0. lows:
Remark: Itis easy to see that if the curvature of the reference curve . ce %Py
is sufficiently small, then if initiallyAzp’ (s) + Ayq'(s) > 0, it will 5= N EOETET) 11)
stay positive, provided that Assumption 2.2 is also satisfied (think of a o
straight line). wherea ande are positive numbers that are to be determined later, and

The satisfaction of Assumption 2.2 depends both on the initial cowith the appropriate choice of andc, vo will be the desired speed at
dition and on the lateral control. In fact, it is easy to see that if Assumpthich one wants the vehicle to track the path.
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Sincey, becomes undefined when = 0, in order to avoid this  If we plug in the lateral control law (8), we have
singularity, we define

—tan(6) = —k(¥ — ¥a).

: 1
- Va ifp>e
Ya = { wa(=2p°+3epP)+0n(—2(c=p)®+3c(c=p)?) ¢ p<e ,
e = S0,6 = —tan™'((Ik/v)(¢ — 4)4)), wherek should be chosen to

) ) ) ) reflect the steering range accessible by the robot.
wheree can be taken a$,, i.e., the desired tracking bound. Itis easy Now we define the errors

to see that), is also well defined g = 0 sincelim, o ¢a(—2p* +

3ep?) = 0. An— Adh = o — o —
Consequently, we can define the translational and rotational control Ap=p=dp AY=Y-—tgs Aa=va—b
as follows. ) ) ) .
Algorithm 2.2: which gives us the following error dynamics:
= —ce “Pvo Ap = —acos(AY)Ap
V() +a'2(s) R v .
N - Aty = —kAY + ———(sin(Ay
by = kAY 4+ ¢4 12) Ap+d, (sin )
v =~v(Axcos(¢)) + Aysin(y)), + tan(Ag) cos(AY)(1 — alp))
: v
Aj = ———(sin(Avy
d Aptd, (sin(Av)

where bothy andk are positive, and\¢ = ¢y — 1.

Remark: At p = e it holds that + tan(Aq) cos(AY)(1 — alp)) + r(s)w  (14)

5 . . wherer(s) = (¢''p" — p"q' /("> + ¢'*))*/? is the curvature of the
Vilp=c = ¢a  and dalp=c = ¢a path, andw = (v/cos(Aq)) cos(AY)(1 — aAp). It is obvious that
the error dynamics (14) is not globally stable, sinde| = (7/2) or
and therefore the rotational control is continuous everywhere. Obyi— 0 (Wherey is not well defined) are singular points.
ously, the translational control is also defined and continuous every-However, if we considew as an input or perturbation to the system

where. Ifp # 0, then the translational control can be also expressed@gfined in (14), then we can show that the dynamics is locally exponen-
tially stable if the input is set to zero. Itis easy to compute the linearized

v = 4p cos(A) matrix A of (14) at(0,0,0) as

—« 0 0

whereAy = 1y — . A= 0 —k+2r =
Itis obvious that Algorithm 2.2 just steers the robot toward the refer- 0 _w s
d, d,

ence point on the desired path, with a speed proportional to the distance

tracking error: and straightforward calculations show thhis a stable matrix for all

v > 0andk > 0. Therefore, (14) is a locally exponentially stable
[Ill. STABILITY ANALYSIS system driven by the inputw. It is well known that for such a system,

Even though our control algorithms are largely model independeffPoth the initial condlthr(Ap(O), A9(0). Aq(0)) and|rw| are small
the stability analysis still has to be done with respect to mathemati@oUgh, thelAp(t). Av(t), Aq(t)) will remain small. This also im-
models of the platforms. We apply the first control algorithm to a RE!€S that the singular points will not be reached. In order to keeg
car platform, where fine control of the velocity is extremely difficuiSMall, it suffices to assume that the upper boundAor) is small
to achieve. We then apply our second algorithm to a Nomad platfor1oUgh-

where one can apply fine control to both the longitudinal and the latera]R8mark: Itis easy to see that with this model, Assumption 2.2 is sat-
velocities. isfied. We note thav cos(yq — 10, ) —vp = vcos(AY) (2= (p/d,)),

and p(t) tends tod, monotonically if|Ay| is bounded fromr/2.
Therefore, if initially,| A (0)| is small enough an@ — (p(0)/d,)) >

. ) . ) ) 0, then Assumption 2.2 is satisfied.
Consider a simple kinematic model for a car-like platform, where

we let(z, y) denote the middle point of the rear axle, andslelenote B, Stapility Analysis of an Omni-Directional Platform
the steering angle. Then, it is well known (see [13], for example) that
the model can be written as

A. Stability Analysis of a Car-Like Platform

1) Vehicle Model: The Nomad 200, depicted in Fig. 3, is a synchro-
drive tri-wheeler, where the two slave wheels are mechanically turned
in the same direction as the actively controlled master wheel. If we do

& = wvcos(1) not want to model side slips, due to the intended low speed application
¥ = vsin(v) that the second control algorithm was designed,for the mechanical
b= 17 tan(s) (13) delays between the wheels, we get the model

r = vcos(y
wherel is the length between the front and the rear axles. In this model, . . @)
Ve = . y=v sin(v)

P =by. (15)

lin practice, the range of the accessible speed is always limited. One
can replace the speed control = ~pcos(Aw) by, for example,o = 2The algorithm was designed with an intelligent service agent application in
yatar(p) cos(Aq) in order to take care of this saturation problem. mind [2], where low speeds are typically enough.
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It should be pointed out that for this model, the lateral contipl,is We should notice thahv (t) = Ai;(t) only if p(¢) > e. Now also let
already the angular velocity of the vehicle and we assume the actuatb(s, s) denote
do not have any saturation bound. N

2) Stability Analysis: Let us consider the error dynamics: exp </ a(r) dr) )

Ax =p' ()5 — v(Ax cos(¥) + Ay sin(e)) cos())

Ay = ¢'(5)$ — v(Ax cos(¥) + Ay sin(y)) sin(¢) ,

A = —kAY) (16) p(t) = ®(t,0)p(0) —1—/ B(t, 5)cvg cos(Va(s) — 8.(s)) ds.
0

We can always formally express

v_vhere_é is defined in (11)_. Since this control algorithm is glo_bally depye to the facts thaim, ;) _o ¥a exists and), can be zero only at=
fined, in contrast to Algorithm 2.1, we do not need to inclusigin the o the above expression is valid for all initial conditions aind # < T,

error dynamics. ) ) whereT is eithercc or a possible finite escape time.df0) > ¢, then
Suppose that the desired speed of the rolgtis greater than zero,
and thats ; = oo. (In practice, this means that the desired path should -t
be long enough). |®(t,5)| = exp /5 a(r)dr
From (16), it directly follows that: -t o
= exp <—/ 1 — Sinz(Alf))]dT)
Ad = Ad(0)e . 7 " R
< exp <—'y/ (1- AU'2)(]T)
Furthermore, since = /Az2 + Ay?, then if it holds thap # 0 ? AU2(0)
. = exp <_/’\’/(1‘ — g) — A),/W;T[C—'st _ C—2k:f])
s = L(AwAe + AyAs BSOS (b)) s
p p( rAx + AyAy) < HAVEO/E=(=D)  yT S s 6> 0. 20)
1 , .o, Azp' 4+ Ayq
= — |=7(Azcos(¥) + Aysin(y))” + ——=—=——35| (18) whereT. is such thap(T.) = ¢ and
P /p/Z + q/Z b( )
A 2 A1y L —ap oy “ -t
= Yy COS (AL )P + ce vo COS(Ld ‘97 ) (19) |(I>(t,())|[)(()) + / |¢’(t, S)|C’U0 COS({J’JL[ _ 07") ds
0
Now, suppose that at= #, p(#) = 0. Then using L'Hospital's rule we < ev(AwZ(D)/k—t)p(O) + Yo v AGE(0)/k
have = 5
. Ax . 1 p'(s(1)) Thus
lim W = 1112 = = \/ = =
t—t Ax JAN T — F Ay s n' N " o y S A N
v y \/1 +(4y)2 Pt o(t) < max {G’ BV /=0 g 4 :_?ce,AuZ(o)/k}
Similarly, we have vt > 0.
Ay L d(s(B) Itis easy to see that after the transient decays exponentially, the tracking

error,p, can meet ang priori given bound by tuning, v andk. Now,
if p(t) is small enough theg; =~ 6, (sincelim,—qyg = 6,) thus
A¢ &~ Ad — 0. Then, inspecting (19) gives us that) should be
close to the steady-state solution of

lim = .
t—7F \/A.r2 + Ay? \/plz +q?

Remark: This also implies that even though; is not defined at
p(f) = 0,lim,_5 ¥, exists and is equal ..
Sinces(t) = (cvo/v/P'? + ¢'*), from (18) we have

p=—vp+ce “Pug

Plp(ty—0 = cvo. which is defined by

On the other hand, at= ¢, sincev(f) = 0, we have vp = ce” “Pug

where the choice of = ¢“*0/7 gives thatyp = wvo. Thus, one can
interpretv, as the desired speed, since, by our design, the actual speed
is given byv = ~p cos(Avy).

Ap _ \/(p(s(f)) = p(s(t+ A))2 + (g(s(t)) — q(s(t + At)))?
At At? )

So, by the chain rule we have
IV. | MPLEMENTATION

Plo=0 = cvo A. Implementation of the First Control Algorithm

We chose to implement the first control algorithm on a small, radio
and thus (18) is well defined. Sinee, > 0, this implies thapp = 0 controlled car, where we simply connect the transmitter to a computer.
can happen only as an initial condition (or perturbed to there by distur-However, our car system is based on a fairly cheap toy car with
bances, for example). coarse A/D and D/A conversions as well as a dead zone in the servo

Now, let us denote system. Therefore the steering is far from precise, making questions
concerning robustness very important, so what works in simulation
a(t) = —ycos” (AQ(H)). may not work at all here. However, as seen in Fig. 2, the experiments
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Fig. 3. The Nomad 200 [(a)] together with test runs with two different initial
positions [(b) and (c)] are depicted in order to stress the global convergence of
the second control algorithm. In this example, a circular path was tracked.

Fig. 2. In (a), the radio controlled car used for trying out the first contro@' Implementation of the Second Algorithm on a Nomad 200 Mobile

algorithm is depicted. In (b), the tracked trajectory (dotted) and the front poiftatform

Sg{gﬁ?ggtgti;‘ftll;a(lc():irhzagrigitzggﬂ'ﬁ?#é’ﬂé?iégiggggﬁhd the rear pointg, order tlo stress the fact that our prgposed control algorithms reglly
are model independent, we chose to implement the second algorithm
on a Nomad 200 mobile platform. The dynamics of this platform differ

turned out to be satisfying, supporting the practical feasibility of owquite a lot from nonholonomic RC cars, but the approach still works

first control algorithm. well, which can be seen in Fig. 3, where we have plotted different test
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runs on theNserver , the Nomad simulator. These test runs, where the A Polynomial Approach to Nonlinear System

robot tracks a circle from different initial positions and configurations, Controllability
clearly indicate that our proposed second control algorithm works glob-
ally in a stable and robust way. It should be emphasized that if we were Yufan Zheng, Jan C. Willems, and Cishen Zhang

to use the first, local algorithm on these test runs, it would fail since the

initial positions and orientations would makerp’ (s) + Ayq'(s) = 0, . .

. . . . . Abstract—This note uses a polynomial approach to present a nec-
and thus; would not be defined anymore if the first algorithm were tQﬁ:ssary and sufficient condition for local controllability of single-input—
be used. single-output (SISO) nonlinear systems. The condition is presented in
terms of common factors of a honcommutative polynomial expression.
This result exposes controllability properties of a nonlinear system in the
input—output framework, and gives a computable procedure for examining

In this note, two intuitive, model independent path following contrdionlinear system controllability using computer algebra.
strategies are proposed, and the stability analysis is done with respect todex Terms—Common factor, controllability, differential fields, non-
two different platforms. What is new here is that by combining the cofommutative ring, nonlinear systems.
ventional trajectory tracking approach and the more recent geometric
path following approach, we can design a virtual vehicle that moves
on the reference path and is regulated in a closed-loop fashion by ex-
ploiting the position error. In the first algorithm, the velocity is kept Controllability is one of the central notions of modern control theory.
constant, while the other, global method depends on the possibility d1€ results on controllability of linear systems have been seminal in the
fine velocity control. development of the field, and the literature on controllability of non-
Implementing these ideas on actual robots gives us some expbfiear systems is vast. See, for example, [16], [1], [7], [8], [11], [15],
mental data that show that our controllers work in practice as well agd [19]. Traditionally, controllability is defined for linear state space
in theory, which is what we were aiming for, since our main desiggystems and refers to the possibility of transferring a system from any
strategy was to keep the control algorithms model independent andnigial to any terminal state. For nonlinear state-space systems the no-
simple as possible. tion of controllability or strong accessibility refers to the case where the
control can act on the system state, but may be insufficient to transfer
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