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CONTROLLABILITY AND OBSERVABILITY OF LINEAR

DELAY SYSTEMS� AN ALGEBRAIC APPROACH

M� FLIESS AND H� MOUNIER

Abstract� Interpretations of most existing controllability and observ�
ability notions for linear delay systems are given� Module theoretic
characterizations are presented� This setting enables a clear and precise
comparison of the various examined notions� A new notion of control�
lability is introduced� which is called ��freeness�

�� Introduction

Although the linear systems with delays may be among the simplest
classes of in�nite dimensional systems� many concurrent extensions of Kal�
man�s controllability and observability have been proposed in the literature�
These de�nitions stem either from a functional analytic approach �see� e�g��
�	
� ��
� ��
� ��
� ���
� or from a more algebraic viewpoint �see� e�g�� ��
� ��
�
���
� ���
��

Our aim is here twofold� �rstly� to classify and compare most of the
existing structural properties� secondly� to introduce a new controllability
concept� which seems to be quite relevant in many concrete situations�

We work in a module theoretic framework� rather di�erent from the one
introduced by Kalman ���
� and which directly extends previous works on
�nite dimensional systems �	� 		� 	�� 	�
� A linear delay system is then
a �nitely generated module � over the ground ring k� ddt � �
� where k is a
commutative �eld and � � ���� � � � � �r� are the delay operators�

In this setting� a typical result �see Section � for further details� is the
interpretation of the important notion of reachability �the latter being de�
veloped by ���
� ��
� among others��

Proposition 	�	�� Let � be the k� ddt � �
�module generated by x�� � � � � xn�
u�� � � � � um subject to the equations

�x � F ���x� G���u ���
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��� M� FLIESS AND H� MOUNIER

where x � �x�� � � � � xn�� u � �u�� � � � � um�� F ��� � k��
n�n and G��� �
k��
n�m� Then� ��� is reachable if and only if � is free�

This result is a direct consequence of the resolution� due to Quillen ��

and Suslin ���
� of Serre�s famous conjecture ���
� Recall that in the �nite
dimensional case where the system module is over k� ddt 
 �i�e�� over a principal
ideal domain�� Kalman�s controllability amounts to the freeness �or torsion
freeness� of this module �	
� The equivalence between torsion freeness and
freeness for modules is no longer valid over k� ddt � �
 �see ���
��
Weak controllability� which is considered by ��	
� ���
� ���
� among others� is
shown to be equivalent to

rk k����A���� A���B���� � � � � A���n��B���
 � n

where k� ddt � �� is the quotient �eld of k� ddt � �
� The module associated to such

a weakly controllable system� considered over k���� ddt 
 through an extension
of the ground ring� is free� This leads us to another technique� namely
varying the rings under consideration through suitable tensor products� in
the spirit of what is done along Grothendieck�s ideas in modern algebraic
geometry �see� e�g�� ��
� ��	
�� This key ingredient in obtaining the various
comparisons also gives rise to a new form of controllability� Let the k� ddt � �
�
module � be torsion free� Then� there exists an element � in k��
 such that
k� ddt � �� �

��
 �k�d�dt��	 � is free� The system will be called ��free� In many
concrete examples �see� e�g�� ���� 	�� ��
�� � may be chosen as a single delay
�i�

The paper is organized as follows� We begin with general de�nitions and
results for systems associated with modules over a general algebra contain�
ing k� ddt � �
� We then state some criteria for checking freeness and torsion
freeness which are related to Quillen�Suslin�s result� This is exploited in
Section � for extending some coprimeness notions to delay systems� Section
� demonstrates that many systems often encountered in practice and ex�
hibiting a transmission delay are ��free� Section � interprets the notions of
reachability and weak controllability� There� we employ a paper by one of
the authors ���
� where some of the commonly used functional analytic con�
trollabilities are interpreted in an algebraic setting� A comparison diagram
is given in Section � summarizing the previous comparison results� The �nal
section is devoted to similar results on observability�

Most of the commutative algebra we use may be found in standard text�
books� such as ��� ��� ��
� In particular� the basic de�nitions of module�
ideal� free module� ���� can be found for example in pages 		 to 	� of ��
�
The notion of torsion freeness is in ���� p� ���
 or ���� p� ���
� For projec�
tivity� see� e�g�� ��� A��� p� �	�
 or ���� Th� ��		 and ��	�� p� �����
� For
more elaborate results� we give the precise reference�

Our results were announced in �	�� 	�
 and fully developed in ���
�
A companion paper ���
 deals with an example of ��free system� a vibrat�

ing string with an interior mass� Other examples may be found in ���� ��

and an application to feedback stabilization in ���
�
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CONTROLLABILITY AND OBSERVABILITY OF LINEAR DELAY SYSTEMS ���

�� R�systems

��	� Preliminary definitions

All the rings and algebras are commutative� with unity� and without zero
divisors�

Definition ��	� Let R be a ring� An R�linear system� or an R�system� or
a �linear� system over R� � is a �nitely generated R�module�

In other words� an R�system is an R�module with �nite free presentation
�see� e�g�� ��� p�	�
� ���� p� �
��

E
�
�� W �� � �� �

A presentation matrix P
 of � is one associated with ��

Notation� We denote by ��
 the R�submodule spanned by a subset � of ��

Definition ���� An R�linear dynamics� or anR�dynamics� or a �linear� dy�
namics over R� is an R�system � equipped with an input u � �u�� � � � � um��
i�e�� a �nite subset of �� such that the quotient module �	�u
 is torsion�
The input u is said to be independent if �u
 is a free R�module of rank m�

Definition ���� An output y � �y�� � � � � yp� is a �nite subset of �� An
R�system equipped with an input and an output is called an input�output

R�system�

���� Controllability and observability

Definition ���� Let A be an R�algebra� The R�system � is said to be A�
torsion free controllable �resp� A�projective controllable� A�free controllable�
if the A�module A�R � is torsion free �resp� projective� free��

Elementary homological algebra ���
 yields�

Proposition ���� The A�free controllability �resp� the A�projective con�

trollability� implies the A�projective controllability �resp� the A�torsion free

controllability��

Definition ���� An R�system � with input u and output y is said to be
A�observable if the two A�modules A�R � and A�R �u�y
 coincide�

���� ��freeness

The following result is borrowed from ���� Proposition ��	��	�� p� ���
�

Theorem and Definition ���� Let � be an R�system� A an R�algebra�

and S a multiplicative part of A such that � is S��R�free controllable� Then�

there exists an element � in S such that � is R����
�free controllable� The

preceding system will then be called ��free�

We have the following direct consequence�

Corollary ���� Let � be an R�torsion free controllable R�system and S
a multiplicative part of R such that S��R is a principal ideal ring� Then�

there exists � � S such that � is R����
�free controllable and � is ��free�
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��� M� FLIESS AND H� MOUNIER

���� Examples where R is a principal ideal ring

Take forR the principal ideal ring k��
 of polynomials in one indeterminate
� over a commutative �eld k� This case encompasses �nite�dimensional
continuous time systems �	
 if � � d

dt � �nite�dimensional discrete time
systems �	�
 if � is a shift operator� as well as� for instance� systems with
fractional derivatives if � stands for some fractional derivation operator �	�
�
Well�known properties of �nitely generated modules over principal ideal
rings �see� e�g�� ���� Chapter �� Section �
� tell us that k��
�projective �resp�
k��
�torsion free� controllable systems are k��
�free controllable� We will say�
for short� that such a k��
�system is controllable �see �	
 for the connection
with more classic approaches�� A k��
�system � with input u and output
y is said to be observable if� and only if� the two k��
�modules � and �u�y

coincide �see �	
 for the connection with more classic approaches�� See
��� 		� 	�� 	�
 for several fruitful consequences of this framework�

���� The case of delay systems

Let R be the ring k���� ��� � � � � �r
 of polynomials in r � 	 indeterminates
��� ��� � � � � �r over a commutative �eld k� Here� �� �

d
dt � �i � �i� i � 	� � � � � r�

where �i is a �localized� delay operator�� we are thus dealing with �local�
ized� delay systems� Then� k���� ��� � � � � �r��
�torsion free controllability�
k���� ��� � � � � �r��
�projective controllability� and k���� ��� � � � � �r��
�free con�
trollability are no longer equivalent� Nevertheless we have� as a direct con�
sequence of Corollary ����

Proposition ���� A k� ddt � �
�torsion free controllable k� ddt � �
�system � is

��free� where � may be chosen in k��
�

Remark ��	� In the case of a single delay� it is quite simple to obtain
the element � of the preceding proposition� Let I be the ideal of k� ddt � �

generated by the maximal order minors of a presentation matrix of � �I
is the Fitting ideal of �� and let eI be the ideal of k�s� z
 obtained by
substituting s to d	dt and z to ��

Let �si�� z
i
�� be the common zeros of the generators of eI� and let eIi be

the ideal of �k�z
 obtained by �xing s to si�� Let then �i be the lcd of the

generators of eIi� In the decomposition over �k�z
 in prime factors of �i�

�i �

NiY
j��



�j

j

the various 
j are �rst degree polynomials of �k�z
� Denote by e
j��� the
polynomial of �k�z
 corresponding to 
j � It su�ces to take

���� �
Y
i

NiY
j��

e
j���
�For a function f �R� R� a �localized� delay operator �i is de�ned by �if�t� � f�t�hi��

where hi � R� is a constant� The vector space spanned by the hi�s over the �eld Q of
rational numbers is assumed to be r�dimensional�
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Remark ��		� Notice that noncommutative rings appear naturally in the
study of non�stationary delay systems� The ground �eld k above can then
be taken as a di�erential�di�erence �eld �see ��
�� and k� ddt � ��� � � � � �r
 is
noncommutative�

From now on� k will designate a commutative �eld with characteristic
zero� such as R or C � and a k� ddt � �
�system will be called a delay system�

�� Criteria for k� d
dt
� ���free and k� d

dt
� ���torsion free

controllability

In this section we establish two criteria for k� ddt � �
�free and k� ddt � �
�
torsion free controllability� The �rst one uses the resolution of Serre�s con�
jecture ���
 due to Quillen ��
 and Suslin ���
 �see also ��
 and ���
 for a
detailed exposition��

In the present context� Quillen�Suslin�s theorem may be stated as�

Proposition ��	� A delay system is k� ddt � �
�free controllable if� and only

if� it is k� ddt � �
�projective controllable�

This proposition implies the following criterion�

Theorem ���� A delay system � with presentation matrix P of full generic

rank � is k� ddt � �
�free controllable if� and only if�

��s� z�� � � � � zr� � �kr��� rk �k P�s� z�� � � � � zr� � �

where �k is the algebraic closure of k� This rank criterion is equivalent to the

common minors of P of order � having no common zero in �kr���

Proof� Proposition ���� p� ���� from Eisenbud ��
 �see also Buchsbaum
and Eisenbud ��
� establishes the equivalence between projectivity of � and
equality to k� ddt � �
 of the ideal I generated by the �th order minors of

P�
d
dt � ��� Hilbert�s Nullstellensatz implies that the equality I � k� ddt � �


is equivalent to these minors having no common zero in �kr��� i�e�� no loss
of rank for P�s� z�� � � � � zr� for all �s� z�� � � � � zr� in �kr���

A criterion for k� ddt � �
�torsion free controllability is the following�

Theorem ���� A delay system � is k� ddt � �
�torsion free controllable if� and

only if� the gcd of the � � � minors of P belongs to k�

Proof� This criterion readily follows from Theorem � in Youla and Gnavi
���
� According to the latter� the gcd of the � � � minors of P belongs
to k if� and only if�� for all i in f� � � � � rg� there exists matrices Qi� with
coe�cients in k� ddt � �
� such that�

PQi � �iI�

where �i is a polynomial in k� ddt � �
 which does not depend on the variable

with index i � ddt having index i �  and �i index i for i � 	�� The equation
PQ� � ��I� expresses the freeness of

�� � k���� � � � � �r��
d
dt 
�k�d�dt��	 �

the equation PQ� � ��I� � the freeness of

�� � k� ddt � ��� � � � � �r����
�k�d�dt��	 �� ���
ESAIM� Cocv� September ����� Vol� 	� 	
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��� M� FLIESS AND H� MOUNIER

and PQr � �rI� expresses the freeness of

�r � k� ddt � ��� � � � � �r�����r
�k�d�dt��	 ��

All the mentioned rings being principal� the freeness of the �i is equivalent
to their torsion freeness� Evidently� � is torsion free if� and only if� each of
the �i�s is so�

�� Relationships with various coprimeness notions

Let us indicate some relationships between the above algebraic control�
lablity notions and some generalizations of the matrix coprimeness over k� ddt 
�

Consider for example a dynamics D over k� ddt � �
 with input u and output
y and with equations�

A� ddt � ��y � B� ddt � ��u� ���	�

Di�erent types of coprimeness have been de�ned in� e�g�� ���
� �	�
� The
matrices A and B are said to be zero prime �resp� minor prime� variety

prime� if the maximal order minors of PD have no common zero in �kr��

�resp� have gcd 	 in k� ddt � �
� generate an ideal containing polynomials of each

of the rings k� ddt 
� k���
� ���� and k��r
�� They are called factor prime� if for

any decomposition PD � P�P� in k� ddt � �
 with P� square� P� is unimodular�
We have the following direct Corollaries of Theorems ��� and ����

Corollary ��	� The matrices A and B of equation ���	� are zero prime

�resp� minor prime� if� and only if� D is k� ddt � �
�free controllable �resp�

k� ddt � �
�torsion free controllable��

Corollary ���� The matrices A and B of equation ���	� are variety prime

if� and only if� D is free controllable simultaneously on k���� � � � � �r��
d
dt 
�

k� ddt � ��� � � � � �r����
� ���� and k�
d
dt � ��� � � � � �r�����r
�

In the case of a single delay� the notions of factor primeness and minor
primeness coincide �see ���� Theorem 	
�� The case of several delays is more
complex� The matrices A and B may indeed be factor prime with a non
torsion free underlying module� The following example is given in ���
� let
D � �u�� u�� y�� y�
 be the dynamics with equations��

���� �
d�

dt�

�
y� �

�
��� �

d

dt
��

�
y� �

d

dt
u��

��� �
d�

dt�
��

�
y� �

�
���� �

d�

dt�

�
y� �

d

dt
u��

The corresponding matrices A and B of D are factor prime� Additionally�
multiplying the �rst equation by �� and the second by ���� we obtain�

d

dt

�
��� �y� � �� y� � �� y� � ���y� � ��u� � ��u�

�
� 

wherefrom a torsion element�
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�� Example� ��freeness and transmission delay

Suppose we have two k� ddt 
�systems �� and �� in cascade with a trans�
mission delay operator � � k��
� � 	� k� between them� Denote this cascade
by ��� � � �� and by ��� �� the two systems in series without any trans�
mission delay between them ���� �� is thus a k� ddt 
�system�� For the sake

��� ��
y� u�u� y�

Figure �� The system �� � � � ��

of simplicity� take two k� ddt 
�systems with equations

Ai�
d
dt�yi � Bi�

d
dt�ui ���	�

where ui and yi have m elements� Ai� Bi � k� ddt 

m�m� i � 	� �� and

u� � �y��

Set u � u�� y � y� and ��� � � �� � �u�y��y
 with equations ���	�� We
have the following result� which could be seen as a complement to �	�
�

Proposition ��	� The k� ddt 
�system �� � �� is controllable if� and only if�

the delay system ��� � � �� is ��free�

Proof� The !if" part is obvious� For the !only if" part� take a basis b �
�b�� � � � � bm� of the k�

d
dt 
�module ������ Then 	�b is also a basis of the free

k� ddt � �� �
��
�module k� ddt � �� �

��
�k�d�dt	 ������ and any system variable of

�� �resp� ��� is a k�
d
dt 
�linear combination of 	� b �resp� ����	� b���

The following peculiar case of proposition ��	 is stated in a more classical
fashion�

Corollary ���� Consider the k� ddt � �
�dynamics # � �x�u
 with equations

�x � Fx �G�u

where F � kn�n� G � kn�m� � � k��
� � 	� k� and the k� ddt 
�dynamicse# � �$x� $u
 with equations

�$x � F $x �G$u�

The following two properties are equivalent�

�i� The k� ddt � �
�dynamics # is ��free�

�ii�The k� ddt 
�dynamics e# is controllable in Kalman	s sense� i�e��
rk k �G�FG� � � � � Fn��G
 � n�

Remark ���� In most practical case studies� � is a simple delay operator ��
However� this may not be the case� e�g�� for delay systems steming from wave
equations with appropriate boundary conditions� See ���� ��
 for examples
of long electric lines�
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	� Reachability � Weak controllability

Consider the k� ddt � �
�dynamics # � �x�u
 with equations

�x � F ���x� G���u ���	�

where x � �x�� � � � � xn�� u � �u�� � � � � um�� and the matrices F ��� � k��
n�n

and G��� � k��
n�m�

Criteria for the reachability �see� e�g�� ��
� ���
� and the weak controlla�
bility �see ��	
� of # are�
% The dynamics # with equations ���	� is reachable if� and only if�

��s� z�� � � � � zr� � �kr��� rk �k �sIn � F �z�� � � � � zr� j G�z�� � � � � zr�
 � n�
�����

% It is weakly controllable if� and only if�

rk k��� �G���� � � � � F ���n��G���
 � n�

The following propositions give an interpretation of the preceding notions
in our setting�

Proposition ��	� The dynamics # is reachable if� and only if� # is free

controllable over k� ddt � �
�

Proof� Follows directly from Theorem ����

Proposition ���� The dynamics # is weakly controllable if� and only if� #
is free controllable over k���� ddt 
�

Proof� Taking k���� ddt 
 �k�d�dt��	 # amounts� with K � k���� to considering

the K� ddt 
�module # as a K� ddt 
�system� One is then in the framework of

�	
 and the controllability is expressed either as k���� ddt 
�k�d�dt��	 # free or

as rk k��� �G���� � � � � F ���n��G���
 � n�


� Controllability interpretations and comparison

diagram

Before giving a diagram on which most controllability notions can be com�
pared� let us recall the interpretations of two notions de�ned in a functional
analytic framework �see ���� ��
 for details�� In this section� k � R or C �

��	� Spectral controllability

In this and the following section� we use the ring k�s� e�hs
� viewed as a
subring of the convergent power series ring kffsgg �where s plays the role of
d
dt � and h � �h�� � � � � hr�� the hi�s �hi � R� hi  � being the amplitudes of

the corresponding delays�� As previously noted ���
� ���
� mapping d
dt �� s�

�i �� e�his yields an isomorphism between the rings k� ddt � �
 and k�s� e�hs
�

where e�hs � �e�h�s� � � � � e�hrs�� Thus� by a slight abuse of language� a
�nitely generated k�s� e�hs
�module will still be called a delay system�

The following de�nition of spectral controllability extends previous ones
�see� e�g�� ��
� ���
� �	
� ��	
� in our context�
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CONTROLLABILITY AND OBSERVABILITY OF LINEAR DELAY SYSTEMS ���

Definition ��	� Let � be a delay system de�ned over the ring k�s� e�hs
�
with presentation matrix P of full generic rank �� It is called spectrally

controllable if

�s � C � rkC P�s� e
�hs� � �� ���	�

Set Sr � k�s��e�hs� ehs
�E� where E denotes the ring of entire functions�
We have the following interpretation of spectral controllability�

Proposition ���� Let � be a delay system over k�s� e�hs
� such that � is

k�s� e�hs� ehs
�torsion free controllable� Then � is spectrally controllable if�

and only if� it is Sr�torsion free controllable�

See �	�
 for related results�

���� Approximate controllability

The approximate controllability corresponds to the density of the reach�
able space in a given function space �see� e�g�� �	� ��
�� For a k� ddt � �
�
dynamics D � �u�x
 with equations

�x�t� �
NX
i��

F�i �x�t� ih� �
NX
i��

Fix�t � ih� �
MX
j��

Gju�t� jh� �����

where x�t� � kn� u�t� � km� h � R�� h  � M � N � F�i� Fi � kn�n� and
Gj � kn�m� a matrix criterion �see �	
� ���
� is given by�

rkC �F�s� j G�s�
 � n� for all s � C � and

rkC �sF�N � FN j GM 
 � n� for almost all s � C �

with

F�s� � sI � F��se
�s � 	 	 	 � F�Nse

�Ns � F� � F�e
�s � 	 	 	 � FNe

�Ns

G�s� � F� � F�e
�s � 	 	 	 � G�Me�Ms�

Consider the dynamics eD � k�s� e�hs� ehs
�k�s�e�hs	 D� Let �hi and �ai be

the delays of respective amplitudes hi and ai� Let also v � e�N�M�hsu be a
new input of eD� Then�

Proposition ���� The dynamics D is approximately controllable if� and

only if� the two following conditions are satis
ed�
�i� it is spectrally controllable�

�ii� the k�s� e�hs� ehs
�module ��N eD	��� eD is torsion free�

���� The comparison diagram

Consider the single delay dynamics D � �u�x
 with equations

�x � F ���x� G���u

where F and G are matrices of appropriate sizes� Setting

hF ���� G���i� �G���� � � � � F ���n��G���


&�s� z� � �sI � F �z� j G�z�
�

yields the implications and equivalences diagram depicted in Figure �� The
following result gives implication relationships between the new notion of
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�
� Dweakly controllable

��
rk k���hF ���� G���i � n

�
� �������������� k��� �k�d�dt��� D torsion free

D torsion free

�wwwwwwww

�
� D spectrally controllable

��
�s � C � rkC ��s� e�hs� � n

�
� ������������� S� �k�s�e�hs� D torsion free

�wwwww

��
��
��
��
��
��

�
� D reachable

��
�s� z � C � rkC ��s� z� � n

�
� ���� D free

�
���
D approximately controllable

���
�s � C � rkC ��s� e�hs� � n

rkC �F� j G� � n

�
�
		� �������������

�
�S� �k�s�e�hs� D torsion free

��N eD���� eD torsion free

�
�

�wwwwwwwwwwwwwwwww

Figure �� Controllability implications and equivalences diagram

���� � � � ��r
r �freeness� where ��� � � � � �r are non�negative integers� �� � � � ��

�r  � and the ones in the diagram of Figure ��

Proposition ���� Let � be a k� ddt � �
�system� The following chain of impli�

cations is true

� spectrally controllable �
 � ���� � � � ��r
r �free �
 � k� ddt � �
�torsion free�

Proof� The proof follows directly from the inclusion chain

k� ddt � �
 � k� ddt � �� �
��
 � Sr�

�� Interpretations of observability notions

Consider the single delay dynamics D � �u�y
 with equations

�x � F ���x� G���u ���	�

y � H���x �����
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where x � �x�� � � � � xn�� u � �u�� � � � � um�� y � �y�� � � � � yp�� F ��� � k��
n�n�
G��� � k��
n�m� and H��� � k��
p�n� Set�

O��� �

�
����

H���
H���F ���

���
H���Fn�����

	



�

The following observability notions are taken from ���
� The dynamics D
is said observable over k��
 �resp� over k���� �in the sense of ���
� if O��� has
a left inverse in k��
n��np� �resp� in k���n��np��� It is said hyperobservable if
the kernel of O� considered as an operator de�ned over the ring of continuous
functions C��k� kn
 is trivial� It is spectrally observable if rk CO�e�hs� � n
for all s � C �

Setting

'�s� z� �

�
sIn � F �z�

H�z�


we have the following interpretations�

Proposition ��	� The k� ddt � �
�dynamics D is observable over k��
 �resp�

over k���� in the sense of ���
 if� and only if� it is k� ddt � �
�observable �resp�

k���� ddt 
�observable��

Proof� It is shown in ���
 that observability over k��
 of D is equivalent to�

��s� z� � �k�� rk �k '�s� z� � n �����

which is in turn equivalent to the left invertibility of '� ddt � �� over k�
d
dt � �
�

Additionally� the relations of D being

'� ddt � ��x�

�
G��� 
 �Ip

 �
u

y


� 

the property ����� is obviously equivalent to the k� ddt � �
�observability of D�
The proof of the observability over k��� is analogous�

Proposition ���� The k� ddt � �
�dynamics D is observable if� and only if� it

is k� ddt � �� �
��
�observable�

Proof� It is shown in ���
 that hyperobservability of D is equivalent to�

��s� z� � �k�� z �� � rk �k '�s� z� � n�

This criterion is equivalent to the projectivity of

k� ddt � �� �
��
�k�d�dt��	 �D	�u�y
�

this module being given by its generators ��x
 and its relations

'� ddt � �� �x � ��

The presentation matrix of this module being left invertible in k� ddt � �� �
��
�

�x � �� which implies x � k� ddt � �� �
��
�k�d�dt��	 �u�y
�
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�
���
D observable over k���
�in the sense of ��	��

��
rkk�d�dt��� 
�

d
dt � �� � n

�
		� �������������

�
� k���� ddt ��k�d�dt��� D

�
k���� ddt ��k�d�dt��� �u�y�

�
�

�
� D spectrally observable

��
�s � C � rkC
�s� e�hs� � n

�
� ���������

�
� T �e�hs��k�s�e�hs� D

�
T �e�hs��k�s�e�hs� �u�y�

�
�

�ww

�
� D hyperobservable

��
��s� z� � C � � z �� �� rkC
�s� z� � n

�
� ����

�
� k� ddt � �� �

����k�d�dt��� D
�

k� ddt � �� �
����k�d�dt��� �u�y�

�
�

�ww

�
���

D observable over k���
�in the sense of ��	��

��
��s� z� � C � � rkC
�s� z� � n

�
		�

��������������


D � �u�y�

�

�wwwwwww

Figure �� Observability implications and equivalences diagram

Let T �e�hs
 be the polynomial ring in e�hs with coe�cients in T �
k�s� e�hs��TC � where TC is the subring of C �s� e�hs� generated by the family�

b
di��
dsi

���� b � R� � � C � i � N
�

and �� designates the entire function

	� e�h�s���

s� �
�

We then have

Proposition ���� The dynamics D is spectrally observable if� and only if�

it is T �e�hs
�observable�

Proof� It is shown in ���
 that spectral observability of D is equivalent to
the left invertibility of '�s� e�hs� over T �e�hs
� which readily implies the
T �e�hs
�observability�

The implications and equivalences diagram for the various observability no�
tions of the dynamics D is depicted in Figure ��
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