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CONTROLLABILITY OF SECOND ORDER SEMI-LINEAR
NEUTRAL IMPULSIVE DIFFERENTIAL INCLUSIONS ON
UNBOUNDED DOMAIN WITH INFINITE DELAY IN
BANACH SPACES

DIMPLEKUMAR N. CHALISHAJAR AND FALGUNI S. ACHARYA

ABSTRACT. In this paper, we prove sufficient conditions for controllability
of second order semi-linear neutral impulsive differential inclusions on
unbounded domain with infinite delay in Banach spaces using the theory
of strongly continuous Cosine families. We shall rely on a fixed point
theorem due to Ma for multi-valued maps. The controllability results in
infinite dimensional space has been proved without compactness on the
family of Cosine operators.

1. Introduction

In this paper we prove controllability of second order semi-linear neutral
impulsive differential inclusions with non local conditions of the form:

W) = ftyn ' (1)] € Ay(t) + Bu(t) + F(t,ys,y' (t));
teJ:=[0,00);t # t,

(1.1) Ayli=t, = Iu(ye,, ¥ (te)); k=1,2,...,p,

AY' =t = Te (Yo, ¥'(tk)); B =1,2,...,p,

Yo =¢; y'(0) = o,

where A : D(A) C E — FE is the infinitesimal generator of a strongly continuous
Cosine family {C(t) : t € R} defined on E, and F : J x B, x E — 2¥ is a
bounded, closed, convex multi-valued map. Let Jy = (—o0,0] and non-local
condition ¢ € By, and ¢ € E be the given initial values. Also, f:J x By — FE
is a given function, the state function y(t) takes values in E, and the control
u € L?*(J,U), a Banach space of admissible control functions with U as a
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Banach space. B is a bounded linear operator from U to E and E is a Banach
space with norm | - |.

Also, 0 < tp < t1 < -+ <ty < tpp1 = m(— o0 as t — 0); I..I, €
C(ExE,E), k=1,2,...,p are bounded, Ayli—t, = y(t;) —y(t;), Ay'|i=t, =
Y () — v (t;), and y(t) and y(t]), v'(t;) and y'(t]) represent the left and
right limits of y(¢) and y’(t) respectively, at t = t,. Also, for any continuous
function y defined on the interval J; = (—o0, 00) with values in E and for any
t € J, we denote by y; an element of C(Jy, E') defined by y:(0) = y(t+80),0 € Jo.
Here we present the abstract space B,. Assume that h : (—o0,0] — (0,00) is a
OOO h(s)ds < 4+00). Define

continuous function with { := ([~
Br,= {¢:(—00,0] = E| for any r > 0, $(6) is bounded and measurable
0
(1.2) function on [—r, 0] and/ h(s) sup |p(0)|ds < +o0},

—co $<6<0

where B;, endowed with the norm

0
615, i= [ h(s) sup [o(0)]ds for all 6 € By

5<6<0

Obviously, (Bg,| - |l5,) is a Banach space.
Lemma 1.1. Suppose y € By,. Then for each t € J, y, € By,. Moreover,

Hy@) < llyells, <1 St[lopt](ly(S)l + [lyolls,),
s€|0,

where | := (f?oo h(s)ds < 400).
Proof. For a proof see [19]. O

The controllability of second-order systems with local and nonlocal condi-
tions with impulse effect are interesting and researchers are engaged in it. A
useful tool in the study of abstract second order equations is the theory of
strongly continuous Cosine families ([26], [27]). Quinn and Carmichael [23]
have first shown that the controllability problem in Banach spaces can be con-
verted into a fixed point problem for a single valued map. Benchohra and
Ntouyas [4] proved the existence and controllability results for nonlinear differ-
ential inclusions with nonlocal conditions. Also, they considered controllability
of functional differential and integro-differential inclusions in Banach spaces
[2] without infinite delay and impulse effect. In both the papers they used a
fixed point theorem for condensing maps due to Martelli. George, Chalisha-
jar, and Nandakumaran [12] studied the controllability on infinite time horizon
for second-order semi-linear neutral functional differential inclusion in Banach
spaces. Benchohra and Ntouyas [5] studied the existence of solutions for sec-
ond order impulsive functional differential equation in Banach spaces using a
fixed point theorem due to Schaefer [25] without infinite delay. Later, Liu [19]
discussed controllability of impulsive neutral functional differential inclusion
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with infinite delay using the Martelli fixed point theorem; he considered first
order systems with finite time horizon. However, in all of the above works, the
authors imposed some severe compactness assumption on the operator family
generated by A, which implies that F has finite dimension. So the exam-
ples considered in [19, 2, 4] are ordinary differential equations but not partial
differential equations which shows a lack of existence (exact controllability) in
abstract (control) space [28]. This fact and several other applications of neutral
equation/inclusion are the main motivation of this paper.

On the other hand, the theory of impulsive differential equation has become
an important area of investigation stimulated by their numerous applications to
problem in mechanics, electric and electronic engineering, medicines, biology,
ecology etc. Since many system arising from realistic models heavily depend
on histories (which is characterized be the effect of infinite delay on state equa-
tions), there is a need to study partial functional differential systems/inclusions
with infinite delay (also on unbounded time interval). Many evolution processes
are characterized by the fact that at certain moments of time they experience
a change of state abruptly. This process is subject to short term perturbation
whose duration is negligible in comparison with the duration of the process
[24].

In this paper, we prove sufficient conditions for controllability of second-
order semi-linear neutral impulsive differential inclusions in Banach spaces with
infinite delay and unbounded domain using the theory of strongly continuous
Cosine families. We shall rely on a fixed point theorem due to Ma for multi-
valued maps [20]. This work is the generalization of papers of Benchohra and
Ntouyas [5], George, Chalishajar and Nandakumaran [12] and Liu [19].

After preliminaries in Section 2, we reduce the controllability problem (1.1)
to the search for fixed points of a suitable multi-valued map on C(J, E) in
Section 3. In order to prove the existence of fixed points in finite dimension,
we shall rely on a theorem due to Ma [20], which is an extension of Schaefer’s
theorem [25] to multi-valued maps between locally convex topological spaces.
An example is provided to support the theory in Section 4. Section 5 deals
with exact controllability of system (1.1) in infinite dimension spaces without
having a compactness assumption on family of Cosine operators.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts
from multi-valued analysis which are used throughout this paper. Let J,, =
[0,m],m € N. The space C(J, E) is the Banach space of continuous functions
from J into F with the metric [11]

o0

27"y — 2|lm
d(y,Z) = Z m for each Y,z € C(J, E),

m=0
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where
9]l := sup {|y(t)| te Jm}_

Let B(F) be the Banach space of bounded linear operators from E to E with
the standard norm. A measurable function y : J — E is Bochner integrable if
and only if |y| is Lebesgue integrable. For properties of the Bochner integral,
we refer to [6]. Let L'(J, E) denotes the Banach space of Bochner integrable
functions and U, denotes a neighborhood of 0 in C(J, E) defined by

Uy = {y € C(LE) : |yllm < b}.

The convergence in C'(J, E) is the uniform convergence in the compact intervals,
ie., y; = yin C(J, E) if and only if ||y; — y|lm — 0 in C(J,,, E) as j — oo for
each m € N. A set M C C(J, E) is a bounded set if and only if there exists a
positive function £ € C(J,Ry) such that

ly(t)| < &(t) forall ¢t € Jandy € M.

The Arzela-Ascoli theorem says that a set M C C(J, E) is compact if and only
it M is in the Banach space (C(Jp, E), || - |lm)-
We say that one-parameter family {C(¢) : t € R} of bounded linear operators

in B(E) is a strongly continuous Cosine family if and only if

(1) C(0) =1, I is the identity operator on E.

(2) C(t+s)+ C(t—s)=2C(t)C(s) for all s,t € R.
(3) the map ¢t — C(t)y is strongly continuous in ¢ on R for each fixed

ye k.

The strongly continuous Sine family {S(¢) : t € R}, associated to the strongly
continuous Cosine family {C(t) : t € R} is defined by

t
S(t)yz/ C(s)yds, y € E, t € R.
0

Assume the following condition on A.

(H1) A is the infinitesimal generator of a strongly continuous Cosine family
C(t),t € R, which is compact for ¢ > 0; of bounded linear operators E into
itself and the adjoint operator A* is densely defined, i.e., D(A*) = E* (see [6]).

The infinitesimal generator of a strongly continuous Cosine family C(t),t €
R is the operator A : D(A) C E — E defined by
d2
22 Cyli=0, y € D(4),

where D(A) = {y € E: C(-)y € C*(R, E)}, endowed with the norm

1yllz = [lyll + [[Ay[l, y € D(A).

Ay =
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Define By = {y € E: C(-)y € C'(R, E)}. It was proved by Kisynski [17] that
E, endowed with the norm

lylls = llyll + sup [[AS(t)yl|, y€ E
0<t<1

is a Banach space. The operator valued function G(t) = (féfz) ASC(VZ)) is a

strongly continuous group of linear operators on the space E; x E generated
by the operator A = (9 %) defined on D(A) x E;. From this, it follows that
AS(t): By — E is a bounded linear operator and that AS(t) — 0 as t — 0 for
each y € FEj.
Lemma 2.1 ([26]). Let (H1) hold. Then the following hold.

(1) There exist constants My > 1 and w > 0 such that

|C(t)] < Mye®" and |S(t) — S(t*)

o~
< Ml/ e®l5lds fort, t* € R.
0

(2) Forye E, S(t)y € Ey and so S(t)E C Ey fort e R.
(3) Fory e E1, C(t)y € E1, S(t)y € D(A) and £C(t)y = AS(t)y, t € R.
(4) Fory e D(A), C(t)y € D(A) and 45C(t)y = AC(t)y for t € R.

Lemma 2.2 ([26]). Let (H1) holds; let v € C*(R, E), and let

t
ot) = / S(t— s)v(s)ds.
0
Then,
g€ C*(R,E) for tcR, and q(t) € D(A).
Further, q satisfies

q(t) = /0 C(t—s)u(s)ds and q"(t) = Aq(t) +v(t).

For more details on strongly continuous Cosine and Sine family, we refer the
reader to the book of Goldstein [13].

We now recall some preliminaries about multi-valued maps. Let(X, || - ||) be
a Banach space. A multi-valued map G : X — 2% is convex (resp. closed) if
G(z) is convex (resp. closed) in X for all z € X. The map G is bounded on
bounded sets if G(B) = UyepG(2) is bounded in X for any bounded set B of
X (i.e. supyep{sup{|lyl : y € G(z)}} < 00). G is called upper semi continuous
(u.s.c.) on X if for each xg € X the set G(xp) is a nonempty, closed subset
of X and if for each open set B of X containing G(xg), there exists an open
neighborhood A of z( such that G(A) C B. The map G is said to be completely
continuous if G(B) is relatively compact for every bounded subset B C X.

If the multi-valued map G is completely continuous with nonempty compact
values, then G is u.s.c. if and only if G has a closed graph. That is, if x,, — xg
and y,, — yo, where y,, € G(z,), then yo € G(xg). We say, G has a fixed point
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if there is € X such that 2 € G(z). In the following, BCC(X) denotes the
set of all nonempty bounded, closed and convex subsets of X.

A multi-valued map G : J — BCC(X) is said to be measurable, if for each
x € X, the distance function Y : J — R defined by

Y(t) =d(z,G(t)) = inf{|lx — 2| : 2 € G(t)}

is measurable. For more details on multi-valued maps, see ([10], [16]).

An upper semi-continuous map G : X — 2% is said to be condensing, if
for any subset B C X, with a (B) # 0, we have a (G (B)) < a(B), where «
denotes the Kuratowski measure of non-compactness.

We remark that a completely continuous multi-valued map is the easiest
example of a condensing map. For more details on multivalued maps see the
book of Deimling [10].

We assume the following hypotheses:

(H2) Let m € N. Let W : L?(J,U) — E be the linear operator defined by
m
Wu = / S(m — s)Bu(s)ds.
0

Then W : L2(J,U)/ker W — E induces a bounded invertible operator W1
and there exist positive constants M and Mj such that |B| < My and [W—1| <
Ms. For construction of W1, refer to [23].
(H3) The function f: J x By x E — E is completely continuous and for any
bounded set Q@ C C(Jy, E), the family {t — f(¢,y:) : y € Q} is equi-continuous
in C(J, E).

Further, assume that there exist constants 0 < ¢; < 1 and ¢ > 0 such that
for all t € J, ¢ € By, we have

£t 0. 9)| < erlllollg, + 1yl) + ca-

(H4) (i) The multi-valued map (¢,,y) — F(t,1,y) is measurable with respect
to t for each ¥ € By, and y € E and F' is u.s.c. with respect to second and third
variable for each ¢ € J. Moreover, for each fixed z € C(J1, E) and y € C(J, E),
the set

Sp.y=1{veLYJ,E):v(t) € F(t,z,y(t)) for a.e. t € J}

is nonempty.
(ii) We assume F' satisfies the following estimate. Given ¢ € By, and y € E,
there exists P € L*(J,RT)

IE (¢, y)|| := sup{|v| : v € F(t,9,y)} < PO)Q[¢]lg, + [y)),

where  : R* — (0,m] is continuous and increasing and there is a ¢ > 0 such
that the integral fcoo . Jjj(s) is sufficiently large (an explicit lower bound and
expression for ¢ can be given).
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(H5)(i) Each function I, : By, x E — Ej is completely continuous and there
exist constants ¢}, j = 1,2 such that

11, ) g, < cr(llls, + |yl + s k=1,2,...,p for every (¢,y) € By x E.

(ii) The functions I, : B, x E — E are completely continuous and there
exist constants d,,j = 1,2 such that

IT)lle < di(I¢ls, +ly) +dis k=1,2,...,p for every (¢,y) € By, x E.
(H6) For each bounded set Q@ C C((—oo0,m], E) and for each t € J,,, the set

{co + sl = £0.00+ [ Clt=9)7 v/ ()

+ /0 S(t — s)Bu(s)ds + /0 S(t — s)v(s)ds

+ Z C(t - tk)lk(ytmy/(tk)) + Z S(t - tk)E(ytk’y/(tk)) HE/AS Q}

O<trp<t O<trp<t
is relatively compact in E.
The integral equation formulation of the system (1.1) is given by
(2.1)
y(t) = o(t); if tedo
y(t) = C)B0) + SE)wo — £(0,,m0)] + [y C(t = 5)f(5,s, ¥ (5))ds
+ fot S(t — s)Bu(s)ds + fg S(t = s)v(s)ds + 3oy, <4 Ct —t1)
Ik(ytk’y/(tk)) + Zo<tk<t S(t - tk)ﬂ(ytwy/(tk)); it teJ
(see [21]), where v € Spy . = {v € LY(J,E) : v(t) € F(t,y,y'(t)) for a.e.
t € J} is called the mild solution on J of the inclusion (1.1) provided fg Ct—
$)f(s,ys,y'(s))ds is integrable, xg = ¢ € Bp,.
Remark 2.3. If dim ¥ < oo and J is a compact real interval, then Sp, ,» # ¢
(see [18]).

Definition 2.4. The system (1.1) is said to be controllable on J' = J/{t1, t2,
..., tp} if for every ¢ € By, with ¢(0) € D(A), zg € E1, y1 € E and there exists
a control u € L?(J,,,U) such that the solution y(-) of (1.1) satisfies y(m) = 1
and the conditions Ayli=s, = I(ye,, v’ () and Ay’ 4=, = L(ye,, v (t)); k =
1,2,...,p and 3/(0) = xo.

Lemma 2.5 ([18]). Let J be a compact real interval and X be a Banach space.
Let F be a multi-valued map satisfying (H4)(ii) and let T be a linear continuous
mapping from L'(J,X) to C(J,X). Then the operator

I'oSp : C(J,X) = BCC(C(J,X)) defined byy — (T'oSr)(y) :=T(Sry,,y)

is a closed graph operator.
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Lemma 2.6 ([20]). Let X be a locally conver space and Ny : X — 2% be
a compact, convex, u.s.c. multi-valued map such that there exists a closed

neighborhood U, of 0 for which N1(Up) is a relatively compact set for each
neighborhood Uy,. If the set

Q= {y € X : Ay € Ni(y) for some X > 1}
is bounded, then N1 has a fized point.

3. Controllability result
We now state and prove the main controllability result.

Theorem 3.1. Assume that the hypotheses (H1)-(H6) are satisfied. Then the
inclusion (1.1) is controllable for xo and y1 on J.

Proof. Consider the space

By(J1, E) = {y : (—o0,m) = E; y(t) is continuous at t # ty, y(t, ) = y(tr),

and y(t:) exists for every k = 1,2, ... ,p}
and

Bi(Ji,E) = {y € By(J1, E) : y(t) is continuous at ¢ # tx,y' (t,) = y' (),

and y'(t]) exists for every k =1,2,... ,p}

with the norm

Iyl = llyolls, + sup {lly(s)lls, Iy (s)llo} ;0 < s < by € By and y' € By,

€Jm

where ||yl = sup;c s |y(t)|. Here, yy is a restriction of y to Jy, = (tx, try1]; k=

1,2,...,p such that |[yk||s, = sup.c, |[ye(s)]]-

To consider the impulsive conditions, it is convenient to introduce some
additional notations. In what follows, put ¢ty = 0,t,41 = m and for y € B}, we
denote by g € C((tk,tx+1]; E),k =0,1,...,p, the function given by

gi(t) = { 352# f:(tz;:kﬂ};

Let us define a space

Z = {Bb(Jl,E) NBL(J1, E)N CZ(Jl,E)}.
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Using the hypothesis (H2) for y € Z, we define the control formally as

u(t) =W y1 — C(m)d(0) — S(m)[x(0) - f(0, ¢, z0)]

- /m C(m —s)f(s,ys,y (s))ds — /m S(m — s)v(s)ds
0 0

3.1
-1 > Ot —te) iy, v (k)
0<trp <t
> oS- tk)fk(ytmy/(tk))] (t).
0<tp<t

Let h be given by

h(t) = C(t)p(0) + S(t)[zo — f(0, @, z0)] +/O C(t—3)f(s,ys,9 (s))ds

+/0 S(t—s)v(s)ds+/0 S(t —mn)Bu(n)dn

(3.2)
—+ Z C(t — tk;)Ik:(ytk7y/(tk))
0<tp<t
+ Z S(t = tr) I (yey, ¥ (1))
0<trp<t

Using the above control, define a multi-valued map N; : Z — 2% by
(N1y)(t) = ¢(t) for —r <t <0;r €N,
and for m >t >0,
Nyy :={h € C(Ji, E) : h satisfies (3.2)}.
Here, u is defined as in (3.1) and v € Sgy, 4.
Clearly, the fixed points of Ny are mild solutions to (1.1). We show that Ny
satisfies the hypotheses of Lemma 2.4.
Clearly, (N1y)(m) = y1, which means that the control u steers the system
from initial state yo to y; in time m, provided we obtain a fixed point of the
nonlinear operator NVj.

Step 1: The set ¥ :={y € Z : Ay € N1(y), A > 1} is bounded. To see this, let
y € ¥, then y has the representation for ¢t > 0.

y(t) = A"'h(t)
= A'C()$(0) + A1 S(8)[zo — £(0, ¢, 20)]

A / C(t—s)f(s,ys,y'(s))ds

+ AT /S’t—s s)ds + A~ /St— 1) Bu(n)dn
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+)\—1 Z Ct—tk)lk(yt“y tk Z St—tk)lk(ytk7y(tk)) )

0<tp<t 0<tp<t

where u is defined as in (3.1).
It is then easy to observe that y is a mild solution of the inclusion (1.1).
Thus, we have to obtain bounds on y and 3" independent of A > 1 which
will prove the boundedness of W.

ly(®)] < M|¢] + Mm[|zo| + cr([|¢lls, + |ol) + c2]

+M/{ (sl + 19/ (5)) +c2}ds

+Mm/ [yell + 14/ (5)])ds

+ MMM, / {|y1 + M1l + Minllzo| +e1(16]] + faol) + 3]
0
M [ el + 1y @)+

watm [ PaRI 1 ))dn}ds

+M Y {ekllynll + 1y (o)) + &}

0<tp<t

+Mm > {di(lyell + 1Y ) +di ) t € T,

O<tp<t

Using the assumptions, it is easy to obtain positive constants C7,Cs, C3 de-
pending on the initial values and bounds on the Cosine and Sine operators such
that

] < G +Cz/0 (llysll + Iy’(S)I)d8+Cs/O P()(|lysll +1 3/ (s)])ds

+M 3" {ek(lyell + 1y (t)]) + 2}
0<tp<t

+Mm > {di(lye |l + [y (t)]) + di } -

0<trp<t
Denoting by v(t) the right-hand side of the above inequality, we get
pu(t) < v(t).
Here the function p is defined by

p(t) =sup{ly(s)|: —r < s <t};t € Jp,r €N
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Further, v(0) = Cy and
v'(t) <

< Gu(u(t) + [y (D)) + CsPOQw(E) + [y (D)), t € T

Now,

y'(t) = ATAS(0) + ATHC(B)[wo — £(0, ¢, 20)] + /\_lf(t Y, y' (1))

+)\_1/tAS(t—s)f(s vt ($)ds + A1 [ €t — )BT
0 0

(11— Cm)8(0) = S(m)lwo — £(0,6,20) / C(m —s)

f(s,ys, 9 ds—/ S(m — s) )ds}( Ydn + A~ / C(t — s)v(s)ds
+ Z AS t_tk)lk(ytk’y(k Z C t_tk)lk(ytk’y(tk))'

0<tp<t 0<tp<t

We can estimate ¢’ in a similar fashion. There exist positive constants Cy, Cs,
Cg, C7 such that

|MM§@+@mmﬂwm+%Awmumes
+@/P®mmwm@wS
0
SGrH%M0+C%AIWA@%%%K;H$QW%W+W@NMS

t t
sa+@mHaJWWm+@/mmmeW®wS
0 0

Denoting by r(t) the right-hand side of the above inequality, we have
(@O <r(t), tel
7"(0) = C4 + C5Cl
and
F(t) £ Cou'(t) + Conlt) + CrPRu() + Iy (8)])
C5v'(t) + Cov(t) + CrP()Q(v(t) + (1))
(C2C5 + C6)v(t) + (C3C5 + C7) P(1)Q2(v(t) + r(t)),
f

where the last inequality is obtained from the estimate of v'(t). Let
w(t) =v(t) +r(), ted

IN A CIA

Then,
c:=w(0) =v(0)+7r(0) =C1+Cs+ C:1Cs
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< (C2+ CaCs + Co)u(t) + (C3 + C3C5 + C7) P(1)Qv(t) + (1))
(C2 4 C3C5 4 Co)w(t) + (C3 + C3C5 4 C7) P(t)Q(w(t))
< m@)[w(t) + Qw ()],
where m(t) := max{Cs + C2C5 + Cs, (C3 + C3C5 + C7) P(t)}. This implies that

wit) (s wit) s m *  ds
L _ ¥ < ds < | —2
/c ST 00) /w@ ST 00) */o m{s)ds / SO0

where the last inequality follows from assumption (H4)(ii). This implies that
there exists a constant L such that

w(t) =v(t)+r(t) <L, teJ
Thus
ly@l < w(t)<L,ted
Iy < r@t)<L,teld
and hence ¥ is bounded.
Step 2: Ny is convex for each y € Z.

Indeed, if hqi,hy € Ny, then there exist vi,v2 € Sp, 4, such that for
i =1,2, we have

halt) = C(1)6(0) + S(t)zo — F(0,6,x0)) + / C(t — 8)f (5, g/ (5))ds

+ /0 S(t — s)vi(s)ds + /0 S(t —n)Bu(n)dn

+ Z Ot —ti) I (y(tr), y' (t)) + Z St —ti) I (y(tr), y' (),

0<trp<t 0<tp<t

where u is defined as in (3.1) with v replaced by v;. Then it is an easy matter
to see that, for 0 < k <1,

(kh1 + (1 — k)h2)(t)

— C()6(0) + S(H)zo — £(0, 6,70)] + / Ot — ) f (s, 9o/ (5))ds

+ /0 S(t— s)(kvy + (1 — k)ve)(s)ds + /0 S(t —n)Bu(n)dn

+ ) Clt—t)I(y(t),y' () + D St =t Ty (t), v/ (t),
0<ty <t O<tp<t
where u is defined as in (3.1) with v = kvy + (1 — k)vs.
Since Sy, is convex as F' is convex, we have v = kvy + (1 —k)va € Sy, o
and hence khy + (1 — k)ha € Nyy.
Step 3: N;(U,) is bounded in Z for each ¢ € N, where U, is a neighborhood
of 0in Z.
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We have to show that there exists a positive constant /; such that for any
y € U, and h € Nyy such that ||h||z < ;. In other words, we have to bound
the sup-norm of both A and h'. We can write

mw=cwwm+ﬂmm—fm¢mn+Acw—ﬁﬂa%@www

+ /0 S(t—s)v(s)ds + /0 S(t —n)Bu(n)dn
+ Y Clt—ti)Ik(y(te) v (t) + Y S —ti) Te(y(tr), ¥/ (th)),

0<trp<t 0<tp<t

and therefore
W (t) = AS(t)p(0) + C(t)[xo — f(0, ¢, z0)] + f(t, ye, ¥’ ()

AS(t - s)f(s,ys,y/(s))ds

C(t=mBW ™ |y = C(m)o(0) = S(m)[zo — (0, 6,20)]

— /m C(m —3)f(s,ys,9 (s))ds — / S(m — s)v(s)ds|(n)dn
0 0

+ [ et -+ 3 AS )Lty (1)

0<tp<t

+ Y Ot —t)Te(y(te), ¥ (1)),

O<tp<t

where u is defined as in (3.1) and v € Sg,y, .-

The assumptions will give uniform estimates for v and y which in turn can be
used to obtain the required bounds for h and k' for every y € U, and h € Nyy.
We have

t

IWWSQ+@AWMHMﬂW+@/P@MM%M@WM

0
lh|z < C +02/ (lysllds + ' (s)) + Cs | P(s)Q(llysll + |/ (s)])ds
0 0
=1,

Similarly,

WOl < Cs+ Calanll+ 1/ (6)1) + Co [ (s + I/ () D
+Cx [ PRl + Iy (9))ds,
0

Wz < Ca+ Cs(llyell + 1y (9)1]) +Ca/0 (lysll + Nl (s)[Dds
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e / " P)Uysll + 1y (5)])ds

= ls.

Step 4: Ni(U,) is equi-continuous for each ¢ € N. That is, the family {h €
Ny :y € Uy} is equi-continuous.

Let U, = {y € Z,|ly|| < q} for some ¢ > 1. Let y € Uy, h € Nyy and
t1,to € J such that 0 < t; < t9 < m. Then,

|h(t1) — h(t2)|
< |[C(t1) = C(t2)]p(0)| + |[S(t1) — S(ta2)][wo — f(0, b, 20)]|

t1
+’/ C(tr —s) —C(ta — 9)]f(s,us,y d8|

+ ! CClta — ) f(s,00y Y (s))ds|
+| / [S(t — )= St — )| B! [yl—C(m)qﬁ(O)—S(m)[xo — 10,6, 70)]

/Cm s)f(s,ys,y'(s))ds— / S(m—s)v(s)ds — Z {[C(tl—tk)

0<tr <ty

— C(ta — ti) Ik (y(te), ' (tr)) + [S(t1 — t) — S(t2 — tk)]h(?/(%)ﬂ/@k))}

- 3 {et - ne) 00) + St - w0, 0) b

w] [ st i [yl — C(m)(0) — S(m)[zo — F(0, b, x0)]
— /m C(m — s)f(s,ys,y'(s))ds — /m S(m — s)v(s)ds
0 0
S {0@2 ) Ly (t). y (0)) + S(ts — tk>my<tk>7y'<tk>)H ()|

t <tp <t

+ ’ / 1[S(t1 —5) — S(t2 — s)]v(s)ds| + ‘ /t ’ S(tz — s)v(s)ds|
+ Y [Ch = ) I(y(te), ¥ (1) + St — ) T (y(t), o' (8))

0<tp <t

+ Z Clty — ti) Ik (y(te), ¥ (b)) + Stz — te) I (y (), ¥/ (tx))]-

t1 <tp <tz

Now using the bounds on y, v and the given assumptions, by a routine calcu-
lation, we obtain a positive constant L > 0 such that

[h(t1) — h(t2)]
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< L{IC(t) — Clt2)[ + [S(t) — S(t2)}

+L{/Otl C(t1 — 5) — Cts — s)|ds+/tlt2 IC(ts —s)|ds}
+L{/0t1 S(t — 5) — S(ts — s)|ds+/: 1S(ts — s)|ds}

+L{ > IOt = tk) + St — k)] = [Clta — tr) — S(t2 — ti)]|

+ > IOt —te) + S(ta — tk)”}'

t1 <t <tz

In an analogous way, one can also obtain a similar estimate for |h/(t1) — b/ (t2)].
Note that C(t) and S(t) are uniformly continuous in the uniform operator
topology. Thus, the above estimates implies the required equi-continuity. This
also proves the relative compactness of N1(U,). Now it remains to prove the
u.s.c of N1. By our discussion in Section 1, it is enough to prove that N; has
a closed graph. We do this in the next step using Lemma 2.3.
Step 5: Let h, € Niy, and h, — h*, y, — y*. We must show that
h* € N1y*. By definition, there exists v,, € SF,y”t,y; such that

hn(t) = C(t)p(0) + S(t)[zo — f(0, ¢, zg)] —I—/O C(t—8)f(s,ys, 9 (8))ds
+ /0 S(t — s)v,(s)ds + /0 S(t —n)Buy(n)dny

+ Y { (t =tk Ik(yntk’yn(tk))+S(t_tk')lk(ynrkvyn(tk))}}

0<trp<t

where w,, is defined as in (3.1) and y is replaced by y,. The difficulty is that
we do not have the convergence of v,, and hence that of u,. In fact, we cannot
expect the convergence of v,, and the existence of v* (to be defined later) has
to be achieved by a suitable selection. First, we separate the part of v, from
Uy,. Write u,, = t, + t,, where

n(t) = W g1 = Cm)p(0) = S(m)[2(0) = £(0.9)] - / " Clm — )£, )ds
= Y { O =)Dy, i (80)) + S(t — tmk(ym,,y;(tk))}] (1)
0<trp<t
and

)= W~ [/ S(m — s)v,(s)ds + Z{ (t = i) Ik (Yne, > Y ()

0<tp<t
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+ S(t - tk?)E(yﬂtk ) y;z(tk))}‘| (t)
Thus, we get from (3.2) that
ha(t) = ha(t) = C(£)$(0) — S(t)[o — f(0, ¢, 20)]
/ C(t—9)f(8Yn. ds—/ S(t —n)Biin(n)dny

- > {C(t—tk)fk(ymk,y%(tk))+5(t—tk)1k(ym,,y§l(tk))}

0<tp<t

+ /0 S(t — n)Bin(n)dn + /0 S(t — s)vn(s)ds.

Note that the LHS of the above equation does not contain v,,. In order to apply
Lemma 2.5, define ' : L!(J, E) — C(J, E) by

/Om S(m — n)v(n)dn] (s)ds

_ /Ot S(t — 5)BW !

+/O S(t— s)v(s)ds.

Then, h,(t) € TS Fyyn, ., and since h,, and y, converges, we deduce that ho,
also converges to h* which is given by

R () = h*(t) = C(£)$(0) = S(t)[wo — £(0,9)] /0 C(t—s)f(s,y5)ds

- / S —mBatmdy— 3 Tl () + (¢ — 1) Ty ()],

0<tp<t

where u has the same definition as 4, with y, replaced by y*. Finally, from
Lemma 2.5, there exists v* € I'Sgy» .+ such that

h(t) = C(t)p(0) + 5(t)[zo — (0, ¢)] +/0 C(t —5)f(s,y5)ds

+ [ ste=sw s+ [ se—nBumay
+ 3 [y (t) + (= 1) Ty (t)),

0<tp<t

where u* is defined as in (1.1) with y replaced by y*. Observe that we do not
claim the convergence of u,, to v* and v, to v*.

This shows that N; has a closed graph. As a consequence of Lemma 2.6, we
deduce that Nj has a fixed point in Z. Thus, the system (1.1) is controllable
on J and this completes the proof of the main theorem. O
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4. Example

Consider the following second-order partial differential inclusion:

D5u(t.€) — [ o bt — s,m,€)dnds) | € St — €) +u(t,€)

+ [Pt —s,&y(s,€))dE; t € [0,m], € € [0,7],

(4.1) y(t,0) = y(t,7) = 0, for t € [0,m],

( y=¢(1,8), 7<0, 0< €<,

( ) ==z ()tEJ [0,m] for 0 <y <,
(te)(€) = f_ ak(te — 8)y(s,&)ds,

( (€)= [T dulte — s)y(s,€)ds,

where 0 < t; <ty <---<t, <mand ¢ € Cy x L*([0,7], E).

Let E = L?[0,7] and C, = C([-r,0]; E) be as in Section 1.

(a) The functions b(s,n, &), g—é’(s, n, &) are completely continuous and satisfy
the growth conditions.

(b) The function F : R* — R is Caratheodory and there exist a measurable
function v : R* — R and an upper semi-continuous function ¢ : R?* — R such
that

I1E(t, s, & 2)]| < vt 5,6) +C(ts)llall, (t,5,6,2) € R, t€[0,m].

Moreover, f(t,-),Ix; k=1,2,...,p, are bounded linear operators, and

1 Tel] < ek, [Tkl < dw; k=1,2,...,p.

(¢) The functions ag,ar € C([0,m],R) for k=1,2,...,p
Assume that conditions (a)-(c) are satisfied. The problem can be modelled
as the abstract impulsive problem (1.1) by defining

= [ OOO / b5, v, €)up(s, ) dwds,

0
F(t,,2)(€) == / Fi(t,5.6,0(s.€))ds

0 0

ax(s)(s, €)ds, Tn(4)(€) = / i ()5, €)ds

— 00

e = [

Here, u : (0,7) x J — R is continuous in ¢ which is the control function.
Define A: E — E by Aw = w”;w € D(A), where

D(A) ={w € E : w,w’ are absolutely continuous, w” € F, w(0) = w(w) = 0}.
Then A has a spectral representation

Aw = X% — n*(w,wn)wn,w € D(A),
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2

where wy,(s) = 1/ = sinns; n = 1,2,3,...is the orthogonal set of eigen-functions

of A. Further, it can be shown that A is the infinitesimal generator of a strongly
continuous Cosine family C(t),t € R defined on E which is given by
C(t)w = X752, cosnt(w, wn )wp, w € E.

The associated Sine family is given by
1
S(t)w = X2, — sinnt(w, wy )wy, w € E.
n
The control operator B : L?(J, E) — E is defined by

(Bu)(t)(&) = u(t,§),

which satisfies the condition (H2). Now the PDE (4.1) can be represented in
the form (1.1). Hence, by Section 3 the system is controllable.
In particular, if F(t,y:,9'(t)) is a single valued map, then the system (1.1)

becomes

[0 () = [ty ()] = Ay(t) + Bu(t) + F(t,y:,y'(1));

te J:=1[0,00);t # tg;
(4.2) AYli=t, = L’L(ytkvyl(tk));k =L2,...,p

AY'le=tp = (Y, ¥'(81)); k= 1,2, p,

Yo =¢; y'(0) = zo.
By using Sadovskii’s fixed-point theorem, we can analogously study the con-
trollability of the system (4.2).
Hypothesis(H41) The function F: J x B, x E — F satisfies the following
condition, for each t € J, the function F'(t,-,-) : B, x E — E is continuous; and
for each ¢ € B,y € E, the function F(-,v,y) : J — E is strongly measurable.

Theorem 4.1. If the hypotheses (H1)-(H3), (H41), (H5), and (H6) are satis-
fied, then the system (4.2) is controllable on J.

Proof. The mild solution of the system (4.2) is given by
t
V(0) = COO0) + S(0)ea ~ F0.0.00)] + [ Clt = 5) (s, 01/ ()

t t
S(t—s)B d S(t—s)F(s,ys,y d

+ [ ste=sButis+ [ 8- 9PGpy )ds

+ > Clt—t) ke, v () + Y St —te) Te(ye,, v (t)-

0<trp<t 0<trp<t

We define an operator N : Z — Z by

(Ny)(t) = C(t)p(0) + 5(t)[z0 — (0, b, z0)] +/0 C(t—s)f(s,ys,y'(s))ds

—1—/0 S(t— s)Bu(s)ds—l—/O S(t—s)F(s,ys,y'(s))ds
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+ Y Cl—=t) k(o v' () + > S — ) Tk (Yse, v (tr))-

0<tp<t 0<tp<t

Then we can decompose N into N = N; + Ny, where
t t
Vi) = [ Clt=9)f(s e/ (Dds+ [ S -9Bu(s)ds
0 0

+ / S(t — 8)F(s,ys,y/ ())ds
and

(Nay)(t) = C(£)$(0) + S(t)[wo — £(0, b, o)) + Y C(t — ti) T (yr,, v (tr))

0<tp<t

+ Z S(t = ti) Ik (yey, v (tr)),

0<tp<t

and verify that Ny is a contraction while Ny is a compact operator. Thus, by
Sadovskii’s fixed- point theorem, the operator IV has at least one fixed point
on Z, which shows the controllability of the system (4.2) on interval J. The
proof is similar to Step 4 of Theorem 3.1. O

5. Exact controllability in infinite dimensional space

In Section 4, we have proved controllability result with compactness of semi-
group/ Cosine operator. But if the semigroup is compact then the assumption
(H2) in Section 2 and assumption (H2) in [19] are valid only in finite dimen-
sional space so the applications are restricted to ordinary differential control
systems but not to partial differential equations. Thus example given in Sec-
tion 4 and ([2], [4], [5], [19]) cannot be recovered as of the abstract result in
infinite dimension.

Lemma 5.1. Let PC([0,7]); E) be a space formed by normalized piecewise con-
tinuous functions on ([0,7]; E). Let By, C PC such that B, = {Vi : V € By},
where

Vie(t) = { 52%)7’5 tez(tlz,;_tkHL

The set By, C PC is relatively compact if and only if each set By is relatively
compact in the space C([tg, tp+1]; F).

Proof. For the proof refer to [14]. O

Hypothesis(H11) A : D(A) — E is the infinitesimal generator of an uni-
formly bounded analytic Cosine operators C(t);t € R on E. We define the
fractional power (—A)%,0 < o < 1, as a closed linear operator on its domain
D((—A)*) which is dense in E and the expression ||y|lo = ||(—A4)%y] is the
norm in D((—A)%).
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One has to be precise for the meaning of derivative in system (4.2). « € PC is
piecewise smooth if x is continuously differentiable at ¢ # ¢;,¢ = 0,1,2,...,n+1;
and for ¢ = t;,4 = 0,1,2,...,n, there exists right side derivative z/;(¢) =
limg_ o+ M, while for ¢t = ¢;,4 = 1,2,...,n + 1, there exists left side
derivative x7 (t) = lims_,q- M Also, 2'(0) corresponds to x’;(0) and
we represent by z’(t), the left derivative of x at ¢ > 0. Furthermore, we denote
by PC' the space of piecewise smooth functions (in above sense) endowed with
the norm |u|; = |u| + |u/|.

Lemma 5.2. Let hy : [0,m] — E; be an integrable function such that hy € PC.
Then
(i) the function v(t) = fot C(t — s)hi(s)ds € PC*,
(ii) the function s — AS(t — s)h1(s) is integrable on [0,t],t € [0,m], and
(iii) o' (t) = ha(t) + A [} St — s)hi(s)ds,t € J.

Proof. For the proof refer to [15]. O

We assume following hypotheses.
Hypothesis(H31) There exists 0 < § < 1 such that f(-) is Eg-valued and

(i) For every y : (—oo,m] — E such that yy € By, and y|; € PC, the function
t — (—A)Pf(t,ys,y'(t)) is continuous on J.

(ii) For each t € J, the function (—A)?f(¢t,-,-) : By, x E — E is continuous
and there exist positive constants ¢; and ¢y such that

I(=A)7f(t, o9l < erlllolls, + [yl) + ez, (t,6,y) € T x By x E.

Hypothesis(H42) The function F : J x B, x E — E satisfies,

(i) For every y : (—oo,m] — E such that yo = ¢ and y|; € PC', the function
t — F(t,y:, 9 (t)) is strongly measurable.

(ii) For each t € J, the function F(t,-,-) : B, x E — E is continuous.

(iii) There exists an integrable function Pr : J — [0,00) and a continuous
nondecreasing function € : [0, 00) — (0, 00) such that

1E(E ¢, y)ll < POQUISls, +1yl), (8 6,y) € T x By x E.

(HT7) There exist continuous functions f; : J x By — Fy and fy : J x B, — E4
such that f(t,¢,y) = f1(t,y)+ f2(t, @) and the following conditions are fulfilled:

(i) The function f5 : J x By, — Fj is completely continuous and there exists
a continuous nondecreasing function €2 : [0,00) — (0,00) and Ly > 0 such that

|f1(t,z) = fit,y)| < Lylz —y|; t€ J; z,y € E.

|[f2(t, O)|e < QI¢l5.); (E,¢) € T X By
(ii) Let S(m) = {y : (—oo,m] = E : yo = 0, y|; € PC} endowed with the
norm of uniformly convergence. The functions v, (t) = fi(¢,y(t)) and wy(t) =

fa(t,y,) are continuous on J, and the set of functions {(wy) :: y € PC, |y||; <7}
is uniformly equi-continuous on [t;,t;41]; ¢ =0,1,2,...,p.
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Theorem 5.3. Assume that F verifies (H42) and g verifies (H31). Suppose
that ¢(0) € Ey and following conditions are fulfilled:
(a) For every bounded set By C By x E, the set F(J x By) is relatively

compact in E.
(b) Assumptions (H11), (H2), (H5), (H7) hold, and

Lf{m(M+N1)+1}+Km{(m+N1)ZC,1€+(Mm+N)Zd,1€}

k=1 k=1
L Qr() ™ Qr(€)

—|—Km€hm mf{Mm /0 P(s)ds +

—+00 g 5
(5.1) +MQF7(€) /m P(s)ds—l—MmQF(g)+N1mQF(§)}
& Jo

¢ ¢
{<m+1>/0t [ (5)|ds + mMs / |u5<s>|ds} <1

M Mo

+

Then the system (4.2) is controllable on J.

Proof. Let
S1<m>{s<m> oy (oo m] = B sy = 0,5l € PCLy/(0) = f<o,¢,xo>}

endowed with the norm of PC'. Clearly, S*(m) is a closed and convex subset
of PC'. Define the operator T': S*(m) — S*(m) by

(Tz)(t) = /0 C(t—s)fl(s,z'(s)+x'(s))ds+/0 C(t — 8)fa(s,zs + x5)ds

+ /0 S(t—s)F(s,zs + xs,2'(5) + 2'(s))ds

+ Y Clt = te) Iz, + w1, 2 (1) + 2 (t)
0<trp<t

+ Y S =t T(ze, + w2 (t) + 7' (1)
0<tp<t

+ / s<t—s>BW1{ - / " Clm — n) fun, 2/ (n) + ' (n))dn

- /0 C(m —n) fa(n, 2 + 24)dn

- /Om S(m —n)F(n, 2y + xy, 2'(n) + 2’ (1))dn

= > Ot =t k(2 + ey, 2 (t) + 2 ()
0<trp<t
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— Z S(t — te)Ix (e, + 2ty 2" (L) + x’(tk))}ds; ted
0<tp<t
(T'2)'(t)

= f1(t,2'(t) + 2" (t)) + falt, 2zt + x¢) + /0 AS(t —s)f1(s,2'(s) + 2/ (s))ds

¢ t
+ / AS(t — 8)fa(s, zs + x5)ds + / C(t — 8)F (s, 25 + 5,2 (5) + 2'(5))ds
0 0

+ Z AS(t—tk>Ik(Ztk+$tk,zl(tk)+$/(tk)>

0<trp<t

+ Y Ot —ti) Tz, + w1, 2 (1) + 2 (b))

O<tr<t

+ /O Ot - 5)Bu(s)ds

+ /Ot S(t— s)BW—l{ - /Om AS(m —mn) fr(n, 2'(n) + 2" (n))dn
— /Om AS(m —mn) fa(n, 2y + zy)dn

_ / " Clm = n)F(n, 2y + 2, 2 () + 2 (1))

- Z AS(t — tp) Ik (2t + 1, 2" (L) + m’(tk))}ds; teJ

0<trp<t

Clearly T is continuous using (H31) and (H42). Next we prove that there
exists o > 0 such that ['(B,, (0, S'(m))) C By, (0,S'(m)). Assume that this is
false; then for every r > 0 (which is different ‘r’ then Section 3), there exists
2" € B(0,5%(m)) such that [T'2"|; > 7. So we have

r< 02+ (0| < [P27] + (D))
<M / (s, (27 () + 2 (3))|ds + M / fals, 2] + )| ds
+ Mm/ (s, 2 + s, (") (5) + 2/(5))|ds
0

+ MY (e, @, () () + 2 (1))

O<trp<t

+Mm S [Tolzf, + @, (27) (8) + 2/ (8)]

0<tp<t
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+MmM2/0 [M/Omlfl(m (") () + 2" (n))ldn

M / (2, 2T + ) ldn + Mm / F (0,27 + g, (1) (1) + 2 (1))l

+ MY Lz, o, () (t) + 2 ()]

O<tr<t

+ Mm Z \Tk(ztrk + x4y, (27) (tk) + x’(tk))ﬂ ds
0<trp<t

F A Y0 + 2 (0)] + | falt, 2+ 22)]
" / AS(t — )[|fu(s, (") (5) + 2/(5))ds
0

+/ |AS(t—s)||f2(s,z§+a:s)|ds+M/ (s, 2 + @, (=) (s)+2())|ds
0 0

+ D 1ASE = )l k(e + @, (1) (t) + 2/ (t)))

O<trp<t

t
MY [T+ e, (Y () + 2 ()] + MMy / i (s) s
0<tr<t 0

¢
+MmM2M3/ |us(s)|ds

<M/ Lf(r+|x lm + | f1(s, 0)|)ds+mM<Kmr+sup||ms||5h)

scJ

£ Mm / 005 ( Ko+ sup(lls, +12') )
seJ
Y (8 + e s, + b0
k=1

p t
+ i+ MmY dj (Kmr+ Iz, ||, + x'(tk)|) +d§+MmM2/ lul (s)|ds
k=1 0

F L+ ') + 1A(0)] +QF( mr+sup||xt||)

seJ

o [ Lf(r+|x’|m+|f1<s,o>|1)ds+N1mst( mr+supxs||3h)
0

seJ

¢
+ M/ P(s)Qr <Kmr + sup(||zs|| s, + |$/|m)>d8
0 seJ

P
MY e (Kmr - |x'<tk>|) L
k=1
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p
MY dl (Kmr Tl s + |x’<tk>|) ‘&
k=1

t t
+ MM, / |ui(s)|ds + MmMsMs; / |us(s)|ds,
0 0

P
r< [Lf{m(M—FNl)—Fl}—FKm{m—FNl > ek + (Mm+N)Y di}
k=1 k

=1
o Qr( ™ Qr(8)
+ K Egrfoomf {Mm ¢ /0 P(s)ds + ¢

Qr&) ™ Qr(§) Qp(€)
+ M= /0 P(s)ds + Mm =" 4+ Nim 5}

#2081 [ pgoias sy [ pug(oas|

which yields that

p p
Li{m(M + N1) + 1} + K f{(m+ N1) Y cp + (Mm+N) > _dy}
k=1 k=1

+ K, lim inf{MmQFf) /O " P(s)ds + QFE(@

§—+o0
+ MQiC(g) /Om P(s)ds + MmQFE(@ + NlinC(g) }

MM t t
+ 2 2{(m+1)/ i (s)lds +md [ |ug(s)ds} >1
0 0

This contradicts the equation (5.1).
Now we consider the decomposition I' = I'; 4+ I'y, where

(T22)(t / C(t— 8)fa(s,zs + x5)ds

+ /o S(t—s)F(s,zs + xs,2'(5) + 2'(s))ds

+ > Ot —te) ez, + e, 2 () + 2 ()
0<trp<t

+ Z St — ti) i (2, + x4, 2 (t1)
O<trp<t

+a'(t) + [ S(- s)BW-l{ - [ =tz )

- / " S(m — n)F(n, 2 + .2 (0) + 2 (n))d
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= > Ot =t k(2 + ey, 2 (t) + 2/ ()

0<tp<t

— > St -t Talz, + Ty, 2 (t) + 2 (t)) pds.

O<tp<t

Using the axiom of the phase space By, it is easy to observe that
||F121 — FleH S Lf (m(M + Nl) + 1> ||Zl — ZQHl; 21,22 S Sl(m)

This implies that I'; is a contradiction on B,, (0, S*(m)). Moreover, the proof
of Theorem 5.2 of [8] helps us to show that 'y : S'(m) — PC is com-
pletely continuous. On the other hand, using the compactness properties of
the functions F, fo,I],j = 1,2 and proceeding in similar way we can show
that (I'22)" : By, (0,S1(m)) — PC is completely continuous. This proves that
(T22) : By, (0,S(m)) — PC is completely continuous. Hence the proof is
complete. ([

Acknowledgement. Authors express their gratitude to the anonymous ref-
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manuscript.

References

[1] J. Banas and K. Goebel, Measures of Noncompactness in Banach Spaces, Marcel-
Dekker, New York, 1980.

[2] M. Benchohra and S. K. Ntouyas, Controllability for functional differential and inte-
grodifferential inclusions in Banach spaces, J. Optim. Theory Appl. 113 (2002), no. 3,
449-472.

, Controllability results for multivalued semilinear neutral functional equations,

Math. Sci. Res. J. 6 (2002), no. 2, 65-77.

, Existence and controllability results for nonlinear differential inclusions with

nonlocal conditions in Banach spaces, J. Appl. Anal. 8 (2002), no. 1, 33-48.

, On second order impulsive functional differential equations in Banach spaces,

J. Appl. Math. Stoch. Anal. 15 (2002), no. 1, 47-55.
[6] J. Bochenek, An abstract nonlinear second-order differential equation, Ann. Polon.
Math. 54 (1991), no. 2, 155-166.
[7] D. N. Chalishajar, Controllability of nonlinear integro-differential third order dispersion
system, J. Math. Anal. Appl. 348 (2008), no. 1, 480—486.
[8] D. N. Chalishajar and F. S. Acharya, Controllability of nonlinear integro-differential
third order dispersion inclusions in Banach spaces, Nonl. Anal. TMA, Communicated.
[9] D. N. Chalishajar, R. K. George, and A. K. Nandakumaran, Fzact controllability of
the nonlinear third-order dispersion equation, J. Math. Anal. Appl. 332 (2007), no. 2,
1028-1044.
[10] K. Deimling, Multivalued Differential Equations, Walter de Gruyter, Berlin, 1992.
[11] J. Dugunji and A. Granas, Fized Point Theory. I, Monografic. Math. PWN Warsaw,
1982.
[12] R. K. George, D. N. Chalishajar, and A. K. Nandakumaran, Contollability of second
order semi-linear neutral functional differential inclusions in Banach spaces, Mediterr.
J. Math. 99 (2004), 1-16.

[3]

[5]




838

DIMPLEKUMAR N. CHALISHAJAR AND FALGUNI S. ACHARYA

[13] J. A. Goldstein, Semigroups of Linear Operators and Applications, Oxford Uni. Press,

New-York, 1985.

[14] A. Granas and J. Dugunji, Fized Point Theory, Springer-Verlag, New-York, 2003.
[15] E. M. Hernandez, M. Rabello, and H. Henriquez, Ezistence of solutions of impulsive

partial neutral functional differential equations, J. Math. Anal. Appl. 331 (2007), 1135—
1158.

[16] Sh. Hu and N. S. Papageogiou, Handbook of Multivalued Analysis, Kluwer Dordrecht,

1997.

[17] J. Kisynski, On second order Cauchy problem in a Banach space, Bull. Acad. Polon.

Sci. Ser. Sci. Math. Astronom. Phys. 18 (1970), 371-374.

[18] A. Lasota and Z. Opial, An application of the Kakutani-Ky-Fan theorem in the theory of

ordinary differential equations, Bull. Acad. Polon. Sci. Ser. Sci. Math. Astronom. Phys.
13 (1965), 781-786.

[19] B. Liu, Controllability of impulsive neutral functional differential inclusions with infinite

delay, Nonlinear Anal. 60 (2005), no. 8, 1533-1552.

[20] T. W. Ma, Topological degrees for set-valued compact vector fields in locally convex

spaces, Dissertationess Math. 92 (1972), 1-43.

[21] S. K. Ntouyas and P. Ch. Tsamatos, Global existence of semilinear evolution equations

with nonlocal conditions, J. Math. Anal. Appl. 210 (1996), 679-687.

[22] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equa-

tions, Springer-Verlag, New-York, 1983.

[23] M. D. Quinn and N. Carmichael, An introduction to nonlinear control problems using

fized point methods, degree theory and pseudo-inverse, Numer. Funct. Anal. Optim. 7
(1984/1985), 197-219.

[24] A. M. Samoilenko and N. A. Perestyuk, Impulsive Differntial Equations, World Scien-

tific, Singapore, 1995.

[25] H. Schaefer, Uber die method der a priori Schranken, Math. Anal. 129 (1955), 415-416.
[26] C. C. Travis and G. F. Webb, Cosine families and abstract nonlinear second-order

27]

differential equations, Acta Math. Acad. Sci. Hungar. 32 (1978), no. 1-2, 75-96.
, Second order differential equations in Banach spaces, Proc. Int. Symp. on Non-
linear Equations in Abstract spaces, 331-361, Academic Press New-York, 1978.

[28] R. Triggani, Addendum : A note on lack of exact controllability for mild solution in

Banach spaces, [SIAM J. cont. Opti. 15 (1977), 407-411]; SIAM J. Cont. Opti. 18
(1980), no. 1, 98-99.

[29] K. Yosida, Functional Analysis, 6th Edition, Springer-Verlag, Berlin, 1980.

DIMPLEKUMAR N. CHALISHAJAR

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
VIRGINIA MILITARY INSTITUTE (VMI)

417, MALLORY HALL, LEXINGTON, VA-24450, USA

E-mail address: dipul7370@yahoo.com, chalishajardn@vmi.edu

FALGUNI S. ACHARYA

DEPARTMENT OF APPLIED SCIENCES AND HUMANITIES

INSTITUTE OF TECHNOLOGY AND MANAGEMENT (ITM) UNIVERSE
VADODARA-391510, GUJARAT, INDIA

E-mail address: falguni_69@yahoo.co.in



