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Controllability results for a class of one-dimensional degenerate
parabolic problems in nondivergence form

PIERMARCO CANNARSA, GENNI FRAGNELLI, and DARIO ROCCHETTI

Abstract. We give null controllability results for some degenerate parabolic equations in non divergence form on
a bounded interval. In particular, the coefficient of the second order term degenerates at the extreme points of the
domain. For this reason, we obtain an observability inequality for the adjoint problem. Then we prove Carleman
estimates for such a problem. Finally, in a standard way, we deduce null controllability also for semilinear
equations.

1. Introduction

During the last forty years controllability problems for parabolic equations hasg, been
widely investigated (see, e.g., [2],[15] and [28]). In particular, the case of uniformly
parabolic equations is well-understood: for all T > 0 there exists a control f € L2((0, T) x
(0, 1)) such that the solution of

Ur — a(-x)uxx = f(tv x)Xw(x)s (t’ .X) € (Ov T) X (Ov 1)7
u(t,0) =u(,1) =0, te 0,1, (1.1)
u(0, x) = up(x), x € (0,1),

satisfies u (7, x) = 0 for all x € [0, 1]. Here, a is a positive continuous function on [0, 1]
and y,, is the characteristic function of a given non-empty interval w = («, 8) CC [0, 1].
The reader is referred to [14] for a seminal paper in this research direction, and to [20] and
[30] for the approach based on Carleman estimates. Several results have also been obtained
for semilinear nondegenerate equations, see, in particular, [14], [19], [20], [22].

However, many problems that are relevant for applications are described by degenerate
equations, with degeneracy occurring at the boundary of the space domain. For instance,
degenerate parabolic equations can be obtained by suitable transformations from the Prandtl
equations, see [25]. In a different context, degenerate operators have been extensively stud-
ied since Feller’s investigations in [17], [18], where the main motivation was the rilevance
of the previous problem ig transition probabilities.
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2 P. CANNARSA, G. FRAGNELLI, and D. ROCCHETTI J.evol.equ.

Recently, null controllability for degenerate parabolic equations in divergence form has
been the subject of several papers. In [5] and [6] the regional null controllability of

ul - (a(x)”x)x = f(t9 X)Xw(.x), (tv -x) € (01 T) X (Os 1)1
u(t,0) =u(t,1) =0, te 0,1, (1.2)
u(0, x) = up(x), x € (0,1),

has been studied directly, using a technique based on cut off functions. In [1], [7], [8], [9]
and [24] observability results for the adjoint problem of (1.2) are obtained using Carleman
estimates. Then, the null controllability of (1.2) on the full interval [0, 1] is derived by
standard arguments. Several results have also been obtained for a semilinear version of
(1.2), see, for example, [1], [4] or [5].

One of the main goals of this paper is to provide a full analysis of the null controllability
problem for (1.1) when a degenerates at x = 0 and x = 1, satisfying suitable assumptions
near these points (see Hypothesis 3.1). For example, an interesting model problem of (1.1)
is the one with

a(x) = x5 (1 — x)k2, Ky, Ka € (0, 2). (1.3)

Indeed, for K1 = K> = 1 and f = 0, (1.1) is related to the Feller semigroup associated to
the Wright-Fischer diffusion process in [0, 1] (see, e.g., [21], [23] and [29]). We observe
that the restriction K1, K> € (0, 2) is natural if we want to obtain global null controllability:
if K| or K, > 2, then the model fails to be null controllable (see Remark 4.6).

Let us now explain the main difference as far as controllability is concerned, between
degenerate parabolic equations in divergence form such as (1.2) and our problem (1.1).
Clearly, equation (1.1) can be recast in divergence form as follows

u; — (@()ux)y + ax(ux = f(t, x) xo(x) (1.4)

at the price of adding the drift term a,u,. Such an addition has major consequences. Indeed,
as described in [3], degenerate equations of the form (1.4), are well-posed in L?(0, 1) under
the structural assumption

lax(x)| < Cy/a(x) (1.5)

where C is a positive constant. Observe that we need well-posedness in L(0, 1) since
the results of [24] for (1.2) are obtained in such a space. Now, imposing (1.5) on a, for
a(x) = xK gives K > 2. So, in view of the above considerations, the conditions that ensure
that (1.4) is well-posed prevent (1.4) from being null-controllable. Another difference
between (1.2) and (1.1) is the fact that the natural space to study (1.2) is L?(0, 1) whereas
(1.1) is more conveniently set in the weighted space
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1
1
L30,1):={uelL?*0,1) |/u2—dx <00
a a
0

In such a space, (1.1) is well-posed and operator au,, turns out to be self-adjoint, see [3],
[16] and section 2 of this article for details.

The main technical part of the paper is, as in [24], the analysis of the adjoint problem
of (1.1). In order to decouple the difficulties related to degeneracy at 0 and 1, fixed i €
L? ((O, T); L2l (0, 1)) , we consider two parabolic problems in two different domains, namely

v +a(x)vge = h(t, x), (t,x)e Q;:=(0,T) x Jj,
(Pi=1,2
v(t, 0J;) =0, te 0,1,

where J1 := (0, j;) and J> := (j», 1) are proper subintervals of (0, 1). Notice that, for
both (P1) and (P») a degenerates only at one point. We then derive, for any (sufficiently
smooth) solution v of (P;);=1,2, the Carleman estimates

2 25([7
/ (s@v)zc +s393(§) v2> 31 dxdt < C/h2 ea : dxdt

1 Q]
; (1.6)
+25C f 60| xo2e™ |t j
0
and
/ <sev§ +s393(xa;1)2 vz) > dxdr < C / 2
9, 2,
, (1.7)
+2sC / 9(;)[(1 - x)v§e2%](;, jydt,
0

for all s > s (so being a suitable constant), where 6(f), ¢ (¢, x) and ¢, (¢, x) are suitable
weight functions.
Thanks to (1.6) and (1.7), we derive the observability inequality

1 T
2 1 2 1
V20, x)~dx < C V2~ dxdt (1.8)
a a
0 0 o

for any solution of the adjoint problem of (1.1). Then the null controllability of (1.1) follows
in a standard way.
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Observe that an essential tool of this approach is Hardy’s inequality

1 1
d
0 0

where C is a positive constant (see, e.g., [10]).
Finally, we derive analogous results for equations with a bounded potential term

ur — a(Xuyx + b(t, )u = f(t, x) X0 (%),
u(t,0)=u(,1) =0, (1.10)
u(0, x) = ugp(x).

Such a generalization allows to obtain, arguing as in [19], [1], the null controllability for
the semilinear problem

Ur — a(x)uxx +h(t5 X, M) = f(t’ x)Xa)(x)s (t7 x) € (Oa T) X (05 1)5
u(t,0) = u(t, 1) =0, te (0,1, (1.11)
u(0, x) = up(x), x € (0, 1).

The paper is organized as follows:

- in Section 2., we prove the well-posedness of the linear problem (1.1);

- in Section 3, we state Carleman estimates for the adjoint problems (P;);

- in Section 4, we prove the observability inequality for the adjoint problem (1.1) and,
as a consequence, we give a null controllability result for (1.1);

- in Section 5., we extend the previous results to the generalized linear problem (1.10)
and to the semilinear problem (1.11).

2. Well-posedness

LetT > 0,0 :=(0,7)x (0, 1),w := (a, B) CC (0, 1) be apon-empty assigned interval
and the-datg, (f ug) € L>(Q) x L? (0, 1), where

1
1
L2(0.1) := {u e 120, | llulls < oo], = /uzgdx;,\
0

weyconsider the degenerate parabolic problem

ur — a(uxx = flt, ) xo(x), (,x) € Q,
ut,0) =u(t, 1) =0, te (0,1, 2.1)
u(0, x) = up(x), x € (0,1).

Here a € CY[0, 1] is such that a(0) = a(1) = 0 and @ > 0 on (0, 1).
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One-dimensional degenerate parabolic problems in nondivergence form 5

In order to study the well-posedness of (2.1), we introduce the following Hilbert spaces:
H!(0,1):=L3(0,1) N H} O, 1)
and
H2(0,1) = {u e H (0. 1) | auy, € L2 (0, 1)},

with the following norms

1 1

1
1
2 2 2 2 . 2 2
||u||1 1 .=/u —dx+/uxdx and ||u||zl = ||u||1 1 +/auxxdx'
‘a a 'a g
0 0 0

Moreover, we establish the following Green’s formula:
LEMMA 2.1. Forall (u,v) € H3(0,1) x H} (0, 1) one has

1

1
/uxxvdx= —/uxvxdx. 2.2)
0

0

Proof. First, we claim that the space HC1 ©,1) := {v e H'(0, 1) | supp{v} C (0, l)} is
dense in Hl (0, 1). Indeed, if we consider the sequence (v,),>4, where v, := &,v for a

fixed function v € H i (0, 1) and

0, xe [0.1/n]U[1=1/n.1].
. 1’ X € [2/1’1,1—2/”]’
En(x) == nx —1, xe (1/n,2/n),

nl—-x)—1, xe 1 -2/n,1—-1/n),

it is easy to see that v, — v in L2l (0, 1). Moreover, one has that

a

1 1 1
/(vn —v)2dx < 2/(1 — &) v2dx +2/(5,,)§v2dx
0 0 0
1 2 -1 (2.3)
= 2/(1 —én)zvidx—i—an /vzdx—i— / vidx
0 1

1—

B3N}



6 P. CANNARSA, G. FRAGNELLI, and D. ROCCHETTI J.evol.equ.

Obviously, the first term in the last member of (2.3) converges to zero. Furthermore, since
ve Hé (0, 1), by Holder’s inequality one has that

X

v (x) < x/ v()dy Yxelo,1].
0
Therefore,

2 2 2

7 n 7
n2/v2dx§n2/v)2€dx/xdx—>0, asn — oo.
0 1

n n

Since the remaining term in (2.3) can be similarly estimated, our claim is proved.
Now, set @(v) = fol(uxv)xdx, with u € H%(O, 1). Then, @ is a bounded linear

functional on H| (0, 1) such that @ = 0 on H/ (0, 1). Thus, @ = 0 on H| (0, 1), that is,
(2.2)holds. ‘ O

An immediate consequence of the previous Green’s formula is the next corollary:

COROLLARY 2.2. The space D(0, 1) is dense in Hi ©, 1).

Proof. 1t is sufficient to prove that if u € H i (0, 1) is orthogonal to D(0, 1) then u = 0.
For all ¢ € D(0, 1) we have ’

1 1

d
/ugo—x = —/ux(pxdx.
a

0 0

Consequently, one has that u,, = u/a in the distributional sense and thus u € H% O, 1).
By (2.2) one has that ‘

1 1
:/Zv+uxvxdx:/uxxv+uxvxdx:0 VveHi(O, 1).
0 0

O

Using standard techniques (see, e.g., [16]), as a consequence of (2.2) one can prove the
following theorem that refines Theorems 1.1. and 1.2 by Barbu-Favini-Romanelli [3] for
the case of n = 1.
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THEOREM 2.3. The operator (A, D(A)) given by
Au = auy,, D(A):= H3(0,1)
is m-dissipative and self adjoint in L2l O, 1).
As usual, one can prove the following well-posedness theorem.
THEOREM 2.4. For all f € L2(Q) and ug € L2l (0, 1), there exists a unique weak

solutionu € U = C° ([0, T1; L3 (0, 1)) NL? (o, T; H! (0, 1)) of (2.1). Moreover, one
has ’ ’

T T

2 2 2 2

s O ) [ Tl 090= € (ool )+ [ 17155 0|
’ a 0 a a 0 a

for a positive constant C.

Therefore, with additional assumptions on the degenerate function a(x) one can prove a
characterization for the space H 1 (0, 1). Assume the following:

a

HYPOTHESES 2.5. The function a € C°[0, 1] is such that a(0) = a(1) = 0,a > 0 on
(0, 1) and there exist K1, K, € (0, 2) such that

. a(x) . . .
1) the function x —— —< 1s nonincreasing near zero;
1
a(x)

2) the function x —> ———
(1—-x%

is nondecreasing near one.

Thanks to the previous hypothesis one has that the spaces H& (0, 1) and Hi (0, 1) coincide.

a

To this aim, the following Hardy-Poincaré inequality is helpful.

PROPOSITION 2.6. (Hardy-Poincaré Inequality) Assume that Hypothesis 2.5 is satis-
fied. Then, there exists C > 0 such that

1

1
21 2 1
V=dx < C [ v2dx Vve HLO,1). 2.4)
a
0 0

Proof. Observe that since x, s nonincreasing near 0, then there exists a positive
X

constant C such that a(x) > CxX1 pear 0. Analogously, there exists C > 0 such that
a(x) > C(1 — x)X2 near 1. Then, for a suitable ¢ > 0 and using Hardy’s inequality
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1 ! & ! 1—¢ 1 1 !
/vz—dxzfvz—dx—i— / v —dx + / V2 —dx
a a a a
0 0 & 1—e

1 l—e 1

<cfvzidx+ f v2ldx+c/v2;dx
- xKi a (1 —x)k2
0 0

&
1 1—e¢ 1

<C/v2idx+ / vzldx—i—C/UZ;dx
- x2 a (1 —x)?
0

€ 0

1 l—¢ 1 1 1—¢

< C/vidx+ v —dx < C fvidx+ v2dx
a
0 3 0 e
1 1

<C /vﬁdx+/v2dx

0 0

d

As an immediate consequence of Propositions 2.6, one has that [u]|, 1 is equivalent to
‘a

1 . .
( fol u2dx)?. In particular, it results:

COROLLARY 2.7. The Banach spaces H} (0, 1) and H}(0, 1) coincide.

a

REMARK 2.8. The previous result also follows from point (ii) of the Lemma in [11,
p- 380]. Moreover, under Hypothesis 2.5, the density result of Corollary 2.2 is also a
consequence of point (i) of the same Lemma.

Observe that if the degenerate function « is also differentiable in (0, 1) then Hypothesis 2.5
is equivalent to the following one:

HYPOTHESES 2.9. The function a € C°[0, 1] is such that a(0) = a(1) =0, a > 0 on
(0, 1) and there exist K|, K, € (0, 2) such that

xa
1) =% <K near zero;
a
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-1
2) (= Dax < K, near one.
a

In fact, one has that

a a

<<l—>"> _ _<1—x>’<2—1(,(2_<x—1>ax)50 —
a a

K Ki—1
X X xa xa
() = (Kl_;‘)zo — 7 <Ky
a a
X

a
X

(r— Dax _

= AD.
a

3. Carleman Estimates for Degenerate Parabolic Problems

In this section we prove crucial estimates of Carleman’s type, that will be useful to prove
the observability inequality for the adjoint problem of (2.1).

3.1. Statement of the main results

Given T > 0, J, := (0, j,) and J, := (j,, 1) proper subintervals of (0,1) and & €
L?(0, T; L% (0, 1)), we consider, for i = 1, 2, the parabolic problems

Vs +a(X)vyy = h(t, x), (1,x) € Qi :=(0,7) x Jj,
3.1)
u(t, 3J;) = 0, te(0,7).

Here a : [0, 1] — R satisfies the following assumption.

HYPOTHESES 3.1. The function a € C°[0, 1]1(0) C3(0, 1) is such that a(0) = a(1) =
0,a > 0on (0, 1) and there exists € € (0, 1) such that

1) the function x o ¢ L°°(0, ¢) and there exist K1 € (0,2) and C; > 0 such that
a

xax(x) < K and ‘ (xax(x)>
a(x) a(x) /iy

2) the function (= Dax

a
that £ DU _ o nd ‘ (
a(x)

< 01L Vx e (0,¢);
a(x)

€ L°°(1 — ¢, 1) and there exist K, € (0,2) and Cp > 0 such
(x — l)ax(x)>
XX

a(x)

1 Vxe (—e 1)
a(x)
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Now, let us introduce the weight functions

@i, x) =0 (pi(x) = 2| pillLoyy), i=1,2,
p1(x) := / Tyy) Ry, pa(x) = / ya(—_y)l RO gy R0, (3.2)
0 i
0(t) := ;
T[T -1

Observe that ¢;(t,x) < 0 V (t,x) € Q;, ¢i(t,x) — +oo ast — 01, T~ and, by the
assumptions on a, one has that p; € C*(0, 1) (fori = 1, 2). Therefore-the-functions p; are
mereregular-as-we-can-seefromthenextlemma.

LEMMA 3.2. Assume that Hypothesis 2.5 is satisfied. Then p; € Wl'l(Jl) and py €
whi().

Proof. By hypothesis, there exist two constants C > 0 and € € J, such that % R <
ax

Cx'=XeR for all x € (0,¢€). Thus (p1), € L'(J;). Similarly one proves that (p;), €

L'(J). O

Our main results are the following.

THEOREM 3.3. Assume that Hypothesis 3.1.1 is satisfied for some ¢ € (0, 1) such that
e < j,. Then, there exist two positive constants C and so such that every solution v of
(3.1)in

V1= L*(0,T; H1(J))NH'(0, T; H (J,))
satisfies, for all s > sy,

2
/ <s9v§+s393(2) 02) %1dxdt < C / h? ea dxdt

o 9,

+2sC 9(t) XU ezw’l (t Jp)dt.

S—

THEOREM 3.4. Assume that Hypothesis 3.1.2 is satisfied for some ¢ € (0, 1) such that
1 — & > j,. Then, there exist two positive constants C and sy such that every solution v of
(3.1)in

Vy = L*(0,T; H3(J,)) N H'(0, T; H} (J,)) (3.3)
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satisfies, for all s > sy,

—_1\2 25¢
/ <s9v§ + 5393<Q> v2> e dxdt < C f hzei2 dxdt
a a
Q2 Q2
T
+ 25C f 60| (1 = 0u2e™ |, jyr.
0

We will prove only Theorem 3.3 since the proof of Theorem 3.4 is analogous.

3.2. Preliminary technical results

In order to prove Theorem 3.3 the following results are necessary:

LEMMA 3.5. Assume that Hypothesis 2.5.1 is satisfied. Then
2
lim —— =0
x—0+ a(x)

. a . . .
Proof. Since —%; s nonincreasing near zero, there exists € € J, such that
X

X\ K|
a(x) = a) (%)
€
Then, the following inequality holds

x2 ek
—_—<<
a(x) ~ a(e)

Passing to the limit, the conclusion follows. O

Vx e (0, e).

x*K1 Vxe(0,¢).

LEMMA 3.6. Assume that Hypothesis 2.5.1 is satisfied. If w € H% (J,), then
lim xw)zc(x) =0.
x—0t

Proof. Letw € H3(J). Then, xw? € W!1(J,). In fact

Ji Ji J Iy
/|(xw)2()x|dx:/|w§+2xwxwxx|dx§ /widx+2/x|wx||wxx|dx
0 0 0 0
Jy Jy 2 Jy
5/w§dx+/—w§dx+/.aw§xdx < 4-o00.
a
0 0 0

It follows thatxw% — L >0asx — 0. But,if L > 0, then wy ¢ L2(O, 1). Thus L =0.0
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PROPOSITION 3.7. Assume that Hypothesis 3.1.1 is satisfied. Then

lim x (%)x (x) =0.

x—0t

Proof. Set p(x) := =% e have that

a(x) °
x+h
pe() = pulx + 1) — / pex()dy

and, by assumption,

x+h

dy
X |px(X)| < x|px(x + h)[ + Cy X/ — 3.4
a(y)
X
for all x € (0, &) and & > 0 such that x + & € (0, &).
. a . . . 1 1 1 .
Since N is nonincreasing then - < Cle < CW for some positive constant
8 such that Ky + 6 € (0,2) \ {1}. Thus
xXth & xth & S~k 1+) x+h
x/—fo/—:Cx— — 0,
a(y) yki+s 1 — (K1 +9)
X X x
as x — 07 and, by (3.4), we obtain the conclusion. O

3.3. Proof of Theorem 3.3

In order to prove Theorem 3.3 we define, for s > 0, the function
w(t, x) := 1D, x)

where v is the solution of (3.1) in Vi; observe that, since v € Vi, w € V. Setting, for
simplicity, ¢ := ¢ and p := py, one has that w satisfies

(e7%w); + a(x) (e *Pw)xy = h(t,x), (t,x) € Q,,
w(0, x) = w(T, x) =0, xeJ, (3.5)
w(t,0) =w(, j;) =0, te0,7.

Defining Lv := v; 4+ avyy and Lyw := €*? L(e*?w), the equation of (3.5) can be recast as
follows
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Lyw=LIw+ L;w = %h,
where
Liw := awy, — sprw + s*apw

Lyw = w; — 2sa@p,wy — Sapyxw.

1
Moreover, sef < u, v >L§(Ql) = /Ql uvgdxdt , one has

4 + — _ SQ 12
L] w||L2 ©, y T Ly w||L2 ©, )+2 <Lfw,L;w >Li(Q1)_ |he ”Li(Ql).
LEMMA 3.8. The following identity holds
< ij, L;w >12 ) = s/(agoxx + (awx)x)w)%dxdt
a QI
3 2 2
+s /(ﬂx(a%x + (agx) ) wdxdt
9,
{D.T}
—2s2/(px<px,w2dxdt+%/ il w?dxdt
a
g, g,
§ 2
- 5 (a@xx) pxw-dxdt
9,

=

X i T
——/ dx+/ wxwt] dt
2 0
0 0
T T
s
+5/ I:(a(pxx)xw S/ apxw
{B.T.} 10
1
[ a5 [[eed = ] a
s ago,mww,C 5 s o X
0

iy

s | [6ag} = spupou?| .

O\ﬂﬁo\’ﬁ -

13

(3.6)

3.7)
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Proof. It results, integrating by parts,

aw
/ e L wdxdt = / wxxwtdxdt—2s/a<pxwxwxxdxdt
a
g 2 0

—s/wpxxwwxxdxdt
T

/thwxdxdt+/ wxw, (]) dt
0, 0

T
+sf(w(a¢xx))xwxdxdt—s/ awxxwwx dt
0, 0

T
2 2
—l—sf(agox)xwxdxdt—s/ [agoxwx
0

J 3.8)

[wxw,]é' dt

Il
I
l\)l'—‘
oy
+
o—

N =

2

T
1
S/ (aﬁoxx)x dt - _S/(a(pxx)xxwzdx‘h
0 0,

+s f (agoxx)w)zcdxdt -5 agoxxwwx dt

9,

O"\“\]

+ s/(a(px)xwidxdt - [a<pxw§]él dt.
2

Therefore, jntegrating again by parts,

S—

1 2 2 -
—( — sQw + § a(x)(pxw)Ls wdxdt
a

g

= f (s2<p§ — s%)wwfdxdt — s/ a<pxx(s2g0)26 — s%)wzdxdt
9 g
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—2s / agz)x(szw)% — sﬂ)wwxdxdt
a

2
1 @
=3 / (- 2% + szt)thdxdt - / @? (awxx)wzdxdt
g 9,
+ 52 /(awxx)ﬂwzdxdt + s/ (sza(pfC — sgoxw,)xwzdxdt
a
2 9,

(3.9)

i T
+ % / [(szw)zc — s%)wz]gdx — s/ [(szawi — s<pxg0,)w2]'(/)‘ dt
0 0
=2 %wzdxdt +5° / (@rex — (@x@)x — wxgoxt)wzdxdt
|7
+ 3 / ((agoi)x — (pjzcmpxx)wzdxdt + 5 f [(52%2‘ — s%)wz]gdx

0, 0
T
sf [(szagpfc - swxwt)wz]él dt
0
1t

(p—wzdxdt — 257 fgax(px,wzdxdt + 53 /(ax%% + 2a(p)2((pxx)w2dxdt

s
" 2) a
9,

Q, 0,

Ji T
1 .
+ 5 / [(sz(p)zc — s%)w2]§dx - sf [(szagoi — swxgot)wz](j)l dt.
0 0
O

Adding (3.8)-(3.9), (3.7) follows immediately.

The next lemma holds.

LEMMA 3.9. The boundary terms in (3.7) become
T
Rj? N U
{B.T} = —se™ /O(I)lex(t, Jydt.
0

(3.10)

Proof. Using the definition of ¢ and the fact that w(z, j,) = 0, the boundary terms of

+ —
<Lfw,L;yw >12(0)) become
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| ;
{B.T} =—§/ dx~|—/ wxwt
0
T

+ % [(S292(f)2ezm2 . ;S é(p(x) —2|p ||L°°(Jl)))w2:|0dx

T

J Ky
9(;)[ Ny L / 9(1‘) ](;, 0)d

0

T

0 0
T

0

O
\]

T
3

—s 9(t)[< — xaﬂ)wwx](t, 0)dr + 53 / 93(1)[;‘—211)2](;, 0)dt

0
T

. X
+ 282 Pl / Q(I)G(t)[;wz](t, 0)dt.
0
Since w € Vy, where Vy isasin (3.3), w € C°([0, T]; H{ (J1)). Thus w,(x, 0), wx(x, T)

and foj ! [wi] g dx are well defined and, using the boundary conditions of w, it results that

Moreover, since w € Hl(O, T; Hll (Jl)), wy(t, 0) and w,(¢, j,) are well defined. Now, by

Lemma 3.6, we have that limy_, o /xwy(f, x) = 0. Since wy (1, x) € L2(Jl), then, by
Holder’s inequality,

1/2

X X
lw (2, x)| 5/|w,x(t, Wldy < Vx /.|wtx(tv DIRCA)
0 0

Thus, if w € V) then fOT[w,Cw,]é1 dt is well defined and it is 0. Now, we consider the
term

]
1 2 . T
5/ [<s292<;—c) 2R 2 O(p(x) — 2||p||Loo(Jl))>w2]0dx.

0
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Since w € Vy, then w € CO([0, T1; L3 (J,)). Thus w(0, x) and w(T, x) are well defined
and w(0, x) = w(T, x) = 0. This implies that
Iy
%/ [(szez(;—C)zeZsz — 2 é(p(x) —2|lp ||Loo(]1)))w2]:dx =0.
0
By Lemma 3.6
T _ T
—s/@(t)[eszxwi](j)l dt = —sf@(t)[eszxwi](t, Jpdt.
0 0

Thus, the boundary terms become

T T
(B.T) = —se®i / 0(0) j, wi(t, j)dt + = / o(1) [(ﬂ) w21| (1, 0)dr
2 a X
0 0
T T 3
_sfe(t) [(1 - ’%) wwx] (t, 0)dt + 53 /93(1‘) |:;C—2w2] (t, 0)dr
0 0

T
2 hery [ X2
#2207l [ 0000 [F0?] ¢ 0rc
0
By Proposition 3.7,

‘O(I) [(%) wz] 1, €)
as € — 0T, Thus
T T
%/e(r) [(xaﬂ)x w21| (t, 0)dt = Elig})%/@(t) [(XZ")X w2j| (t, &)dt = 0.
0 0

Moreover, by assumption, it results

0[(1- ) wm

<6(1) f w(t, y)dy — 0

€
(%)@
0

1
2

€
>|wx<e,r>| ef|wx<t,x>|2dx -0
L*(Jy) 5

Xdy
S 0 <1 + H—
a
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as € — 0T, thus

T T
s / o [(1- =) wws | (. 0)dr = — lim s / o [(1- =) ww | (. erdr =
0 0
Now, by Lemma 3.5,
€
o0d) [ = w?] .0 = eibw— @) wl(t. ydy — 0,

as € — 01, thus

T T
2 ; ) 1 2 ; )
25%lp Ly | 0000 | — w” | (2, 0)dt = lim 257 p ||Loo sy | ODO@) | — w” | (2, €)dt
a e—0 a
0 0

=0.
Finally,
T T 3
s3/03( [ }(r 0)dt = hms /93(0 [— w ](z, dt =0
0 0
X
In fact, by Holder’s inequality, it-resalts wz(t, x) <x / w,%(z, y)dy . Thus
0
T x3 T x4 x
/ 6° (1) [—2 w2] (1 e)dt < / O | = / widy | (1, €)dt
a a
0 0 0

anq\again; by Lemma 3.5,

7 4 X
3 X 2
f@ 6] [_2f wxdyi| (t,e)dt > 0, as €— 0.
a 0

0

The crucial step is fo prove new the following estimate.
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LEMMA 3.10. The distributed terms of (3.7) satisfy the following estimate

2
52 — Kl)/ewidxdt+s3(2— Kl)/93(f) wldxdt
a
Q] Ql
2 03
X
—252C/93 (—) wzdxdt—sC/ —wldxdt
a a
9, 9,
<s / (a@yx + (apy)y)widxdt + s> / P2 (apsr + (agy) ) wdxdt
9, 9,

—2s? / (pxgoxthdxdt + % @wzdxdt — % /(agoxx)xxwzdxdt,
a

Q] Q] Q|
for some positive constant C.
Proof. The distributed terms of < L?‘w, Liw > 120,y using the definition of ¢, take
R s 2 (0,

the form

(D.T}) =5 / 0(2— = + 4R )R wldvar
a

2
+5 / 63 (E> (2 _ Mx +4Rx2>e3Rx2w2dxdt
a

) Y 2 oRe2 2 s Q _ 2
2s f@@(a) M wdxdr + 3 f a(p 2||p||Lm(,l))w dedt (31
Ql Ql
+ E/H(ﬂ) eszwzdxdt—}—Zs/@Rx(ﬂ) R 2 dxdr
XX X

2 a a
9, g

+s / OR ((1 + 2Rx2)(@) G4+ 12R3 + 4R2x4)) R w2 dxdr.
a
9
Because of Hypothesis 3.1.1

Xay
2-—>2-K1>0 Vxe(0,e);
a

thus there exists R > 0 such that

2 M AR > 2K Yxel,.
a
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Moreover, using again Hypothesis 3.1.1 and Proposition 3.7, for all x € J, one has
RI(2x(%5) ++2RD)(22) - G+ 1282 +4R%Y))|
a /x a
=1 (2](5)
a /x

Fhem, se,C} := C1V max ‘(ﬂ)”

le.j 11\ a

+(1+2R) H(ﬂ)H +G+ 12R+4R2)) —: Ci.
L°(Jy) a L>°(Jy)

, where C| is the constant of Hypothesis 3.15 one has

_ 2 3y 3(* 29
{D.T.} >s2—Ky) | Owidxdt +s°2—Ky1) | 0 w”dxdt
a
Q Q

2 (X2 6]
—25262Rf9|9|<a> widsds = slpllg=) | —wldxdr (3.12)

Ql Ql
R o 2
— se (Cl + CR)(l \ ||a||Lo<>(0’1)) Zw dxdt.
9,

Observing that there exists C7 > 0 such that9|9| < C793, |é| < CTO% and 0 < CTG%, one
can deduce the next estimate:

2
{D.T} > s(z—Kl)/ewidxdzﬂ%z—Kl)f(ﬁ(ilf) wldxdt
0, 0,
2
_2522Rcy f 93(]—6) w2dxdt
a
9,
03
- S@RCT<(C/1 +CR)(1V llall=@.1y) + llp ||L°°(J1)) / - w?dxdt.
9,

O

PROPOSITION 3.11. There exist two positive constants C and sy such that, for all
s > so, all solutions w of (3.5) in Vy satisfy

T
2 25¢
/sewi + 5363 (f) wdxdt < C /h2 " dxdt + 2s / 0(1)j, wA(t, j,)dt
a

a
Ql 1 0
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Proof. By (3.6) and by Lemmas 3.9 and 3.10 it is sufficient to estimate only the term
3

62 .
—sC/ ~~w?dxdt . For A > 0 it results
Q a

1
2 NI/ @ 3
/—wzdxdt /( 92< ) w2> <K—2 w2> dxdt
X

1 2 2 0 5
SX/Q (;) wdxdt—i—)»/?w dxdst.

9 9,
By Hardy’s inequality one has
3
02 U [ (X), 2 2
— wldxdr < [ 6 (-) wldxdt +2Cy | Ow?dxds,
a a
o o o

for some positive constant Cg. Thus, for sg large enough and A small enough,

T
G s / owldxdt + 5° / 6 <2)2w2dxdt _ 25eRit / 0(0) jywi(t, j)dt
0, 0, 0
< /h2 i
Q
for some positive constant C; and for all s > sp. O

Recalling the definition of w, we have v = ¢ *?w and v, = (w, — sp,w)e*?. Thus,
Theorem 3.3 follows immediately by Proposition 3.11.

4. Observability and controllability of linear equations

In this section we will prove, as a consequence of the Carleman estimates established in
Section 3, an observability inequality for the adjoint problem

vy +a(x)vy =0, (t,x) € Q,
v(t,0) =v(t, 1) =0, te 0,1, 4.1
(T, x) = vr(x) € L7 (0, 1)

of (2.1). In particular, the following result holds.
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PROPOSITION 4.1. Assume that Hypothesis 3.1 is satisfied. Then there exists a positive
constant Ct such that every solution v € U of (4.1) satisfies

1

T
2 1 > 1
v°(0,x)—dx < Cr v- —dxdt. “4.2)
a a
0 w

0
Here U := C°([0, T1; L} (0, 1)) N L*(0, T; H} (0, 1)).

Before proving this proposition we will give some results that will be very helpful to this
aim. As a first step we introduce the following class of functions

W= [vsolution of (4.1) | vr € D(Az)},

where

D(A?) = {u € HL(0, 1) | auy, € H2(0, 1) }

Obviously,

W c ([0, T1; HI(, 1)
CV:=L120,T; H}(0,1)) N H'(0,T; H} (0, 1)) C U.

PROPOSITION 4.2. (Caccioppoli’s inequality) Let o' and w two open subintervals of
(0, 1) such that o' CC w CC (0, 1). Let s > 0 and (1, x) := 0(1)W(x), where 0 is defined
in (3.2) and W € CY(0, 1) is a strictly negative function. Then, there exists a positive

constant C such that
T
0

for every solution v of the adjoint problem (4.1).

T
viez‘wdxdt < C / / vidxdt, (4.3)
0 w

o'

Proof. Let us consider a smooth function & : [0, 1] — R such that

0<&x) <1, forallxel0,1],
Ex) =1, x e,
é&(x) =0, xe 0,1\ w.



One-dimensional degenerate parabolic problems in nondivergence form 23

Then,

dt

=

T
0:/ i (/ ()"0 dx | di = / 259 (5?07 + 2(5¢"") v(—avyy) dxdt
0
2

o
ot +2 [ (£6Va) voidsai +2 / (@ apldxr
o

Hence,
/ &>V ayvidxdt = —2s / U Se”/’ vdxdt
0
2/ 2 2“" eVya U, dxdt
e“ﬂ\/_
0
2.2 2 2
<2 / V(g2 dxdr + 4 f (ge“ﬁﬁ ) Vdxdt
X
0
f (&2e*V ayv’dxdt.
Thus,

T
2
inf{a}//ezs‘l'v%dxdt < sup {‘4 (Se“&/ﬁ) — 25y (Ee*V)?
o wx(0,T) x

T
}//v2dxdt.
0 o

As a consequence of Proposition 4.2 one has:

LEMMA 4.3. Assume that Hypothesis 3.1 is satisfied. Let To, T\ be such that 0 <
To < T1 < T. Then there exists a positive constant C = C(Ty, T1) such that every solution
v e W of (4.1) satisfies

T 1

T
1 1
//vz—dxdtf C//vz—dxdt.
a a
0 o

To O
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Proof. Let us consider a smooth function & : [0, 1] — R such that

0<é&x) <1, forallxe[0,1],
§(x) =1, x € [0, Qa + B)/3],
§(x) =0, x € [(@+2p)/3,1].

We define w(z, x) := &(x)v(z, x) where v € WW. Then w satisfies
Wy + awxy = aGv + 26 0) =1 h, (1, x) € (0,1 x (0, ),
w(t,0) = w(z, p) =0, te0,1.

Setting w’ := ((2a + B)/3, (« + 28)/3) and using Proposition 4.2, it results

[
0

T
= / / A(Exxv + 2Ecv0) % e*V dxdt

T
<C f / a(E2 v* + 4820%) eV dxdt

T T
C / / vidxdt + C / / v2e®V dxdt
0w 0 w

/

T T
2 21
SC//vdxdth//v—dxdt,
a
0O w 0 w

for some positive constant C. Applying the previous inequality with ¥ = ¢; and
Theorem 3.3 with J; = (0, B), one has

T 2% 0 T B
//v —dxdt > C/h2 O dxdt > c/fsoewﬁ *0? dxdt
0 o 0 0
g
> c//wﬁdxdt.
0

By Proposition 2.6 it follows

“4.4)

IA

Ty Qa+p)/3

; o 1

//v —dxdt > C//wz—dxdt > C/ / v = duxdt. 4.5)
a a

0 w 0

To To 0
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Consider now z(t, x) := (1 — %‘(x))v(t, x). Then z satisfies
It +aZ)CX = _h’ (t’ -x) € (07 D X (aa 1)7
z(t,a) =2z, 1) =0, 1€(0,D),

and, as before, using (4.4) with ¥ = ¢, Theorem 3.4 with J, = («, 1) and Proposition 2.6,

it results
; 1
/ / v2=dxdt > C / / v —dxdt (4.6)
a
0 o

Ty (a+2B)/3

By (4.5) and (4.6), one has

T | T 1

//v2 xdt>C/fv—dxdt
a

0w To w¢

where w¢ := (0, 1) \ w. Thus

T T
2 / / Plaa > / / L avar + / ~dxdt
0w ¢ 0w ¢ w
Ty Ty
> C//vz—dxdt /fv ~dxdt
Ty we To w
T 1
> (1 /\C)//vzldxdt,
To 0 ¢
for some positive constant C. O

LEMMA 4.4. Assume that Hypothesis 3.1 is satisfied. Let Ty, T1 be suchthat 0 < Ty <
Ty < T. Then every solution v € W of (4.1) satisfies,

1 T 1

1 1 1
/UZ(O, x)—dx < //vz—dxdt.
a T —Ty a

0 To O
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Proof. Multiplying (4.1) by Y and integrating over (0, 1), one has
a

1

1
0= /v,(z‘, x)v(t, x)ldx+/vxx(t, x)v(t, x)dx
a

0 0
1d : 1 :
= oA vz(t, x);dx — / vi(t, x)dx.
0 0
Then
1 1
d 2 1 2
= v (t,x)—dx =2 [ vi(t,x)dx >0 Vtel0,T],
a
0 0
1 1
that is the function ¢ — / VA (t, x)~dx is nondecreasing for all ¢ € [0, T]. O
0 a

Proof of Proposition 4.1. As a direct consequence of the Lemmas 4.3 and 4.4 we have
that the observability inequality (4.2) hetd, for all v € W. Now, let vy € L2l (0, 1) and

v the solution of (4.1) associated to vy. Since D(A2?) is densely contained in L21 O, 1),
there exists a sequence (v7}), C D(A?) which converges to vt in L2l (0, 1). Consider now
the solution v, associated to v%. Obviously, (v,), converges to vin L*°(0, T; L2l O, )N

L(0, T; H{ (0, 1)) (see, e.g.[2]) and

1 T
1 1
/v%(O,x)—dx < CT//vi—dxdt.
a a
0 0 o
Clearly,
T T
. 2 1 2 1
lim v, —dxdt = v —dxdt
n—+oo a a
0 o 0 w
and

1 1
. 5 1 2 1
lim v,(0,x)=dx = [ v°(0, x)—dx.
a a

n——+o00

0 0
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Assuming that Hypothesis 3.1 is satisfied, using the observability property proved in
Proposition 4.1 and a standard technique, one can prove a null controllability result for
the linear degenerate problem (2.1):

THEOREM 4.5. Assume that Hypotheses 3.1 is satisfied. Then, given T > 0 and ug €
Lzl (0, 1), there exists [ € L2(Q) such that the solution u of (2.1) satisfies

u(T,x) =0 forevery x € [0, 1].

Moreover,

1
1 1
/waz—dxdt < C/u(z)—dx,
a a
0 0

for some positive constant C.

REMARK 4.6. We observe thayif K; or K > 2, then problem (2.1) fails to be null
controllable. To see this, it is sufficient to consider a coefficient a which degenerates only
at zero. For example, we can take a(x) = xX with K > 2. Using the standard change of
variables

1
._ dy ._ —1/4
X = X/ m, Ut, X) :=a(x) u(t, x),

the degenerate equation
up — a(Xuxx = frow
setin (0, 1) with  CC (0, 1) becomes
Ur — Uxx + b(X)U = Fxg, 4.7

now set in (0, +00), where @ CC (0, +00) and b(X) is given by

=55 (5)2)

Thus the degerate heat equation in (0, 1) is traslate-is a non degenerate heat equation in
the unbounded domain (0, co) with a regular potential term. Using a result of Escauriaza,
Seregin and Sverak (see [12] or [13]), that generalizes previous work by Micu and Zuazua
(see [26] or [27]), we deduce, as in [7], that (4.7) is not null controllable. With an analogous
technique and more sophisticated calculations, one can obtain the same conclusion also
when K = 2.
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5. Linear and semilinear extensions
5.1. A linear extension.

In this subsection, we will extend the results established in the previous sections to the
following degenerate parabolic problem

ur — a(Xuxx + b(t, Y)u = f(t, x) o (x), (1,x) € Q,
u(t,0) =u(, 1) =0, te0,D), (5.1
u(0, x) = up(x), xe (0,1,

where, as before, Q0 := (0,7) x (0,1), T > 0 is fixed, ® := (&, f) CC (0,1) is a

non-empty assigned interval, (f ug) € L2(Q) X L21 0, 1) and a € CY[0, 1] is such that

a(0) =a(l) =0anda > Oon (0, 1). Furthermore wae assume that the potential b = b(z, x)
is essentially bounded on Q.

Using a perturbation argument, one can prove that Theorem 2.4 still hold for (5.1), that
is (5.1) is well-posed in the sense of semigroup theory:

THEOREM 5.1. For all f € L*(Q) and uqy € L2l (0, 1), there exists a unique weak

solutionu € Y := C° ([0, TI; LZL , 1)) N L2 (O, T; Hi O, 1)) of (5.1). Moreover, one

has

T T

2 2 2 2

s O ) [ Tl 0900= € (ool )+ [ 17155 0 |
’ a 0 a a 0 a

for epositive constant C.

Now, we have to prove that the observability property and the null controllability result
obtained in Section 4 still hold for the adjoint problem of (5.1). To this purpose first we
have to establish, for

vy +a(x)vye — b(x, Hv = h(t, x), (t,x) € Q; :==(0,T) x J;,
5.2)
v(t, J;) =0, te 0,1,

Carleman estimates similar to the ones proved in Theorems 3.3 and 3.4. Here, as in Section
3, T > 0Oisfixed, J, := (0, j,) and J, := (j,, 1) are proper subintervals of (0, 1) and
hel? (0, T; L2l (0, 1)). Then, one has the following:
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PROPOSITION 5.2. Assume that the potential b € L*°(Q) and that Hypothesis 3.1
holds for some ¢ € (0, 1) such that e < j, and 1 — ¢ > j, . Then, there exist two positive
constants C and sg, such that, for all s > sq, the following Carleman estimates hold

2591
/(sev +s303( ) ) X dxdt < C/‘h2 ¢ dxdt

Q1 QI

T
+sC / 0(r) xvzezm (;, joadt,
0

for all solution v € V1 of (5.2) and

—1\2 25¢)
/ <s0v§+s393<x7> v2) H2dxds < C / W dvdr

2 Q2

~

+sC 9(:)[( — 0)vle ZWZ](z, Jyd,

(=}

for all solution v € V, of (5.2).

Proof. We will prove only the first estimate since the proof of the second one is analogous.
Rewrite the equation of (5.2) as vy +avy, = h, where h := h+bv. Then, as a consequence
of Theorem 3.3, there exist two positive constants C and so > 0, such that, for all s > s,

2 _ 251
f <s9v§ +s393(f) v2> X dxdi < C / 2 E—— dxdt
a a

o o

(5.3)

+sC G(z) xvzezs‘p' (t jydt.

S—

By the definition of / the term /, 0 |h|? 62;«)1 dxdt can be estimated in the following way
1
_ 2591 2501
/ 2 dxdr < 2/ (|h|2 + |b|2v2> T dxdr. (5.4)
a a
0, 0,

But, as a consequence of Proposition 2.6,

/|b|2v2ezm dxdt < ||b||g0/(es‘/”v)zldxdt§ ||b||§of(ewlv)§dxdt
0, ‘ 0, ¢ 0,
<cC f 0 y2dxdt + Cs* / 622591 (f)2v2dxdt.
0, 0, ¢
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Using this last inequality in (5.4), it follows

a a
0, 2, Q,

2
+Cs? / 02251 (f) V2dxdr.
a
9,

_ 2591 25¢1
/|h|2 ‘ dxdth/ h|>< dxdt+c/e2“mu§dxdt

(5.5)

Substituting in (5.3), one can conclude

2 25¢1
/ <s9v§ + s393(5> v2> > dxdt < C(/ |h|267 dxdt
a a

9, 9

T

2
+ /ezs‘p‘ vfdxdt + 5? /9262“"1 (E> vidxdt +s/9(t) [xviezs‘p‘](t, i )dt).
a
Q] Ql 0

Hence, for all s > s, where sq is assumed sufficiently large, the first estimate of Proposition
5.2 is proved. O

As a consequence of the previous Carleman estimates, one can deduce an observability
inequality for the adjoint problem

v +ax)vy — b, x)v=0, (t,x) € Q,
u(t,0) = v(t, 1) =0, 1€ (0,7, (5.6)
w(T) = vr € L3(0, 1)

of (5.1). Without loss of generality we can assume that b > 0. (Otherwise one can reduce
the problem to this case introducing it := e~ *u for a suitable A > 0.) Moreover, we

observe that-ir-a-way-anategous-te, the proof of Proposition 4.2, it is possible to prove that
the Caccioppoli’s inequality (4.3) is satisfie for all solution of (5.6).

PROPOSITION 5.3. Assume that the potential b € L*°(Q) and that Hypothesis 3.1 is
satisfied. Then, there exists a positive constant C such that every solution v € U of (5.6)
satisfies

1

T
2 1 21
v2(0, x)=dx < Cr v> = dxdt. (5.7)
a a
0 w

0
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Proof. As in the proof of Lemma 4.4 and using the fact that » > 0, it results that every
v e W' := {vsolution of (5.6) : vy € D(A?)} satisfies
1 T 1
1 1 1
/vz(O, xX)—dx < //vz—dxdt,
a Tl — T() a
To 0

0

forall0 < Tp < T1 < T. Moreover, proceeding as in Lemma 4.3 and applying Proposition

5.2, one has
T 1 T
21 )1
v —dxdt < C v —dxdt.
a a
0 0

To w

for some positive constant C and for all v € W'.
Now, proceeding as in the proof of Proposition 4.1, one obtains the conclusion. O

Finally, using Proposition 5.3 and a standard technique, one can extend the null control-
lability result established in Theorem 4.5:

THEOREM 5.4. Assume that the potential b € L°°(Q) and that Hypothesis 3.1 is
satisfied. Then, given T > 0 and ugy € L2l (0, 1), there exists f € L2(Q) such that the

solution u in U of (5.1) satisfies
u(T,x) =0 forevery x € [0, 1].

Moreover,

1
21 21
Xof —dxdt < C | ug—dx,
a a
0 0

for some positive constant C.

5.2. A semilinear extension.

In this subsection, as in [1], we will give, as a consequence of Theorem 5.4., the null
controllability result for the following semilinear degenerate parabolic problem:

up —a(Xuyx +ht, x,u) = ft, D)0 (x), (¢ x)e Q:=(0,7) x(0,1),
u(t,0) =u(1) =0, te (0,7, (5.8)
u(0, x) = up(x), x € (0,1),

where a is as in Hypothesis 3.1 and the data (f, ug) € L2(Q) X L2l (0, 1). Moreover, we

a

assume the following:
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HYPOTHESES 5.5. Let s : [0, T] x [0, 1] x R — R be such that

VieR, (t,x)— h(t x,))is measurable, 5.9

V(t,x) € (0,7) x (0,1), h(t,x,0)=0, (5.10)
and there exist two positive constant M and C such that
|h(t, x,2) — h(t,x, )| < M1+ [A] + D2 — pul (5.11)
and
Vi uweR (h(t, X A4 ) — ht, x, M))x > _C2. (5.12)

The previous assumptions on /& guarantee that for (5.8), Theorem 5.1. still holds (see [6]).
However, for the well-posedness of (5.8) it is sufficient to require (5.12) with & = 0, which
is equivalent, thanks to (5.10)-(5.11), to the following apparently more general condition

3C >0 suchthat — h(t, x, M)A < C(1 + |A|2) or, equivalently,

(5.13)
— h(t, x, )X < C|A)?

(see [6]).

As in [1], using Theorem 5.4. applied to a suitable linear problem associated to (5.8),
a standard fixed point method and the compactness of the embedding of Hé (0, 1) into
L?(0, 1) (recall that, by Corollary 2.7., Hé (0,1)and H ll (0, 1) coincide), one can prove the

null controllability property for (5.8) when ug € H i 0,1)and f € LZ(Q). Obviously, in

this case the solutions of (5.8) and of the linear associated problem are more regular, i.e.,
ue H'(0,T; L3 (0, 1)) N L*(0, T; D(A)) N C°([0, TT; HI (0, 1)).

Finally, as in [1] or as-in [4], one can prove the null controllability result for (5.8) when
up € L2l (0, 1). In particular, one has:

THEOREM 5.6. Assume that Hypotheses 3.1 and 5.5. are satisfied. Then, given T > 0
and ug € Lzl (0, 1), there exists f € L2(Q) such that the solution u in U of (5.8) satisfies

a

u(T,x) =0 forevery x € [0, 1]. (5.14)
Moreover,
1
21 21
Xof —dxdt < C | ug—dx, (5.15)
a a
0 0

for some positive constant C.
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