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Abstract

We discuss several classes of conventional magnetic superconductors including the ternary rhodium borides and molybdenum
chalcogenides (or Chevrel phases), and the quaternary nickel-borocarbides. These materials exhibit some exotic phenomena related
to the interplay between superconductivity and long-range magnetic order including: the coexistence of superconductivity and anti-
ferromagnetic order; reentrant and double reentrant superconductivity, magnetic field induced superconductivity, and the formation
of a sinusoidally-modulated magnetic state that coexists with superconductivity. We introduce the article with a discussion of
the binary and pseudobinary superconducting materials containing magnetic impurities which at best exhibit short-range “glassy”
magnetic order. Early experiments on these materials led to the idea of a magnetic exchange interaction between the localized
spins of magnetic impurity ions and the spins of the conduction electrons which plays an important role in understanding conven-
tional magnetic superconductors. These advances provide a natural foundation for investigating unconventional superconductivity
in heavy-fermion compounds, cuprates, and other classes of materials in which superconductivity coexists with, or is in proximity

to, a magnetically-ordered phase.
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1. Introduction

In 1957, V. L. Ginzburg was the first to theoretically address
the question of whether superconductivity could occur in a fer-
romagnetic material [1]. The first empirical investigations of
the interplay between magnetism and superconductivity were
performed by Matthias, Suhl, and Corenzwit in 1958 who sub-
stituted small quantities of magnetic RE impurities into the su-
perconducting element lanthanum and observed a rapid and lin-
ear suppression of 7, with increasing impurity concentration
[2, 3]. The exchange interaction between the paramagnetic im-
purity spins and the conduction electrons spins was proposed to
account for the significant reduction of 7,. These experiments
and theoretical advances [4, 5, 6] led to the discovery of novel
magnetic superconducting compounds which exhibited exotic
phenomena arising from the interplay between superconductiv-
ity and long-range magnetic order.

This article will attempt to highlight some of the interesting
properties for the following paramagnetic and magnetic super-
conducting materials: (1) superconducting elements and binary
compounds containing small amounts of paramagnetic impuri-
ties (transition metal (T), rare earth (RE), or actinide (A) ions
with partially-filled d- or f-electron shells) and (2) supercon-
ducting compounds with an ordered sublattice of RE ions that
exhibit long-range magnetic order which were first observed
in the ternary rhodium borides and molybdenum chalcogenides
(or Chevrel phases) discovered in the 1970s [7, 8, 9] and then
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later in the quaternary borocarbides discovered in the 1990s
[10, 11, 12,13, 14, 15].

2. Binary and Pseudobinary Compounds: Paramagnetic
Impurities in Superconductors

In the first part of this article, we discuss some of the interest-
ing properties observed in binary and pseudobinary supercon-
ducting compounds containing dilute concentrations of param-
agnetic impurities. Examples of binary systems discussed in-
clude: La;_,RE,, Th;_,Gd,, Pb,_,Gd,, and Th,_,U,; exam-
ples of pseudobinary systems discussed include: La;_,Gd,Al,,
Las_,Ce,In, and (La;_,Th,);_Ce,. Hybridization between the
d- or f-electron states of the substituted magnetic ions and the
conduction electron states produce a variety of exotic phenom-
ena including: the exchange interaction as a magnetic pair-
breaking mechanism that results in a rapid suppression of su-
perconductivity; gapless superconductivity in compounds con-
taining the requisite levels of impurity concentrations; and the
many-body physics related to the Kondo-effect which can com-
pete with superconductivity and also give rise to interesting
phenomena such as reentrant superconductivity and tempera-
ture dependent pair-breaking. The theoretical and experimental
advances made in studying these binary and pseudobinary su-
perconducting compounds led to the discovery of magnetically
ordered superconductors and are important for understanding
the interplay between long-range magnetic order and supercon-
ductivity in the ternary rhodium borides, Chevrel phases, and
quaternary borocarbides discussed later in this article.
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2.1. Ferromagnetic Exchange Interaction

A nearly linear and rapid depression of the superconducting
transition temperature 7, with increasing concentration of RE
impurity ion is displayed in Fig. 1 for the case of Gd impu-
rities dissolved into the face-centered cubic (fcc) allotrope of
elemental lanthanum (7,y = 6 K). The precipitous drop in T,
with increasing Gd concentration x precludes any co-existence
of superconductivity and magnetic order; superconductivity is
all but extinct at a much lower concentration of x ~ 1 % be-
fore magnetic order (which is best characterized in this study as
short range and extends over only several lattice spacings) be-
gins to set in at x ~ 2.5 % (T); ~ 1 K). Matthias et al. observed
that the suppression of 7, correlates with the spin, rather than
the magnetic moment, of the RE ions and proposed a magnetic
exchange interaction between the spin of the RE ions and the
local spin density of the conduction electrons within the host
superconductor as a pair-breaking mechanism to account for
the rapid suppression of T, [2].

The exchange Hamiltonian between the magnetic moment
of the RE impurity ion and the spin of the electron is given as:

Hexz_zj(gj_])l's’ (1)

where g; is the Lande g-factor for the Hund’s rule ground state
of the RE ion [19]. The exchange interaction parameter J that
appears in Equation 1 is generally expressed as the sum of two
terms: J =~ Jo + J1. The ferromagnetic term J is positive
(Jo > 0) which favors parallel alignment between the impurity
spin and the conduction electron spin density at the impurity
site, while 77 is an antiferromagnetic term (J; < 0) that
favors antiparallel alignment. The degree to which the d- or
f-electrons hybridize with the conduction electrons determines
whether 9o or J; will be dominant. For transition metal
impurities with partially filled d-electron shells, the orbital
moment L is quenched, and the exchange Hamiltonian has the
form:
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Figure 1: Superconducting transition temperature 7. and magnetic ordering
temperature 7' vs. Gd concentration for the La;_,Gd, system. (from Ref. [2])
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Figure 2: Reduced superconducting transition temperature T./T.o Vs. re-
duced Gd concentration x/x., for the La;_,Gd Al, system compared to the
Abrikosov-Gor’kov (AG) theory (solid curve). The value of the superconduct-
ing critical temperature at x = 0 is 79 = 3.24 K and the value of the critical Gd
concentration is x = 0.590 at. %. The reduced Curie-Weiss temperature ®/7T¢
measured at x/x., = 1.41 is denoted by the solid triangle. (from Ref. [5, 16])
Inset: Reduced specific heat jump AC/ACy vs. reduced transition temperature
T./Tc for the La;_Gd,Al, and Th;_,Gd, systems. The dashed line repre-
sents the BCS law of corresponding states [17] whereas the solid line is based
on AG theory as calculated by Skalski et al. [18]. (from Ref. [6])
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where S is the spin of the transition metal impurity ion.

In the case of moderate hybridization between the localized
d- or f- electron and conduction electron states, the exchange
interaction is dominated by the antiferromagnetic term ;. In
this case, th localized magnetic moment of the impurity ion is
quenched (or screened out) by the spin polarization of the sur-
rounding conduction electron density via the Kondo effect. In
the case of weak hybridization, the exchange interaction pa-
rameter J is dominated by the ferromagnetic (Heisenberg) ex-
change term Jy. Drastic differences in the superconducting
properties arise from the subtle differences between weak and
moderate hybridization in superconductors containing param-
agnetic impurities. In the case of strong hybridization, the ex-
change interaction does not appear to provide an appropriate
description of the physics; however, other pair-breaking or pair
weakening mechanisms can still lead to significant effects on 7.

[6].

2.1.1. Experiment and the Abrikosov-Gor'kov (AG) Theory
Rare earth (RE) impurities with stable valences that tend to
exhibit ferromagnetic exchange interactions when embedded in
a host superconductor include: Pr, Nd, Gd, Tb, Dy, Ho, and
Er. These impurities can drastically affect the superconducting
properties of their host materials [2]. This is well illustrated
by the suppression of T, with increasing Gd concentration x
in the La;_,Gd,Al, system [2, 20]. The rapid suppression of
T. with x is evident from the curve of T./T.y vs. x/x., for the
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Figure 3: Universal relation between the reduced superconducting transition
temperature 7. /Ty and the reduced pair-breaking parameter /... Inset: Nor-
malized density of states N(E)/N(EF) vs. normalized energy w/A curves (T =
0 K) corresponding to different values of the reduced pair-breaking parameter
a/ag,. (from Ref. [21])

La;_,Gd,Al, system as shown in Fig. 2 (where x,, is the critical
concentration of Gd impurities above which superconductivity
does not appear at any temperature) [2]. The curve of T,./T vs.
x/x., is well described by a universal function that is calculated
using the Abrikosov-Gor’kov (hereafter AG) theory of param-
agnetic impurities in superconductors [4]. The results, which
are displayed in the main panel of Fig. 2, are in good agree-
ment with AG theory up to concentrations very near x... The
effect on 7, in this system is largest when the interactions be-
tween the Gd impurities are sufficiently weak so that they may
be neglected over a considerable temperature range below 7.
Furthermore, because the Gd impurity is a half filled S -state
ion, it is insensitive to the effects of the crystalline electric field
(CEF) on the Hund’s rule ground state.

The AG theory addresses the superconducting properties in
the presence of impurity spins by introducing the pair-breaking
parameter a:

@z - %N(Ep)sz(S +1), 3)
where x is the paramagnetic impurity concentration and N(Er)
is the density of states (for one spin direction) at the Fermi level.
For RE impurities, the spin of the paramagnetic impurity S is
replaced by its projection onto the total angular momentum vec-
tor J = L + S for the Hund’s rule ground state. Hence, the AG
pair-breaking parameter o becomes:

a= %N(EF)jz(gJ - D2JJ + 1. “

The important characteristics of the pair-breaking parameter «
are: (1) it is proportional to the impurity concentration x, (2)
it is proportional to J so it depends only on the magnitude of
the exchange interaction parameter 7, (3) it is proportional to
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Figure 4: Initial rates of depression of 7. with rare earth (RE) impurity concen-
tration (-dT¢/dx).=0 vs. RE impurity for the La;_RE, and La;_,RE,Al, alloys.
The initial suppression rates for each RE are normalized to the Gd suppression
rates of 5.3 K per at. % and 3.79 K per at. % for the La;_,Gd, and La;_,GdAl»
systems, respectively. The solid lines correspond to the de Gennes factor
(g7-1)2J(J + 1) vs. RE (normalized to the Gd value). (from Ref. [5])

S (S + 1) for transition metal solutes where L is quenched or to
the de Gennes factor (g; — 1)2J(J + 1) for RE solutes, and (4) it
is independent of temperature.

AG theory predicts a second order phase transition from
the normal to the superconducting state and a subsequent rapid
decrease in the transition temperature 7, as a function of the
pair-breaking parameter « given by the universal relation:

Tc 1 1 a TL'O
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The universal relation between T, / T, and @ / @, is displayed
in the main panel of Fig. 3. The reduced pair-breaking parame-
ter &/a., may be replaced with the reduced concentration x/x.,
where x., is the critical value of the impurity concentration that
completely destroys superconductivity. The reduced transition
temperature 7. /T,y will also follow a universal function of the
reduced impurity concentration x/x,:
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and in the dilute concentration limit (x — 0), Equation 6 has
the linear asymptotic form:
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Thus, in the low impurity concentration limit, the AG theory
correctly predicts the initial linear depression of T for Gd sub-
stitution into superconducting LaAl, as shown in Fig. 2. The
initial suppression rate of 7, with x is then given by the expres-
sion:
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The initial suppression rates of 7, with RE impurity concen-
tration (d7./dx),-o are plotted against the RE in Fig. 4, which
clearly shows that the depression of the superconducting tran-
sition temperature AT, = T, — T, with RE impurity concentra-
tion Ax is approximately proportional to the de Gennes factor
(g7 — 12J(J + 1). Hence, (dT,/dx).o exhibits a characteristic
variation with RE solute ion and is a maximum for the half-
filled 4 f-electron shell of RE = Gd [2, 22, 23]. The data dis-
played in Fig. 4 also reveal that (dT./dx),=¢ values generally
lie above (below) the de Gennes factor for the lighter (heavier)
RE ions to the left (right) of Gd in the periodic table. This be-
havior appears to be a general property that may be attributed
to both a general decrease in | 7| with increasing RE atomic
number and the splitting of the RE ion energy levels due to
the CEF, which is generally larger for the lighter RE ions [24].
The anomalously large value for the initial rate of depression
of T, observed for Ce impurities in the La and LaAl, super-
conducting hosts can be explained as a consequence of a large
negative contribution to the exchange interaction and the Kondo
effect which will be addressed below in Section 2.2. Large de-
pressions of T, for Ce impurities have been observed in other
systems (e.g., Y1-xCe,Bg [25]) and for other RE impurities, in
which the RE ions have valence instabilities (e.g., La;_,Sm,Sn;
[26]).

In addition to its ability to explain the rapid linear decrease
in T, with increasing x (albeit in the low concentration limit
of x ~ 1 at. %), the AG theory successfully accounts for the
dependence of the reduced jump in the specific heat AC at T,
in a superconductor containing low concentrations of paramag-
netic impurities. The data for the reduced specific heat jump
AC/AC) vs. the reduced transition temperature T./Ty for both
the La;_,Gd,Al, [27] and Th;_,Gd, [28] systems are shown in
the inset of Fig. 2. Here, ACy corresponds to the specific heat
jump of the superconductor in the absence of impurities. The
specific heat behavior of both systems deviates markedly from
the BCS law of corresponding states, AC/ACy = T./T. [17],
but are in good agreement with the universal relation AC/AC
=U(T./T.) predicted by AG theory (which is indicated by the
solid curve determined from calculations by Skalski e al.) [18].

2.1.2. Gapless Superconductivity

Perhaps the most striking prediction of the AG theory is the
phenomenon of “gapless superconductivity”. Abrikosov and
Gor’kov predicted a value of the paramagnetic impurity con-
centration x = 0.91x,, for which the gap in the energy spectrum
vanishes at all temperatures [4]. An increase in x corresponds
to an increase in @ which in turn implies a decrease in the life-
time 7. of the superconducting electron pairs (see Equation 3).
This results in broadening of the available states in the super-
conducting phase based on the well known energy uncertainty
relation I' ~ /7. Hence, as the value of the pair-breaking pa-
rameter « increases, the density of states curves shown in the
inset of Fig. 3 deviate from the divergence occurring at the en-
ergy value w = A as predicted by the BCS theory (where A is the
BCS value of the energy gap in the absence of impurities at 7 =
0 K). The broadening in energy of the density of states curves
introduces states with energy levels within the energy gap as

displayed in the inset of Fig. 3 where the numbers 1 through 6
denote the density of states curves that correspond to the val-
ues of a/a,, labeled by the same numbers in the main panel of
Fig. 3. The energy gap just closes for the curve labeled number
4 corresponding to a/a. = 0.91. As a consequence, the en-
ergy gap for a superconductor containing paramagnetic impuri-
ties Qi (a) deviates from the BCS calculation of the energy gap,
A(@), such that Qs (@) — 0 meV faster than the superconducting
transition temperature 7. — 0 K. For temperatures sufficiently
close to T, the superconductor is gapless for all concentrations
0 < x < x,,, whereas for concentrations in the range 0.91x,, <
x < X, the superconductor is gapless at all temperatures.
Gapless superconductivity was observed in a series of ex-
periments performed in the 1960s [29, 30, 31]. In 1962, Reif
and Woolf reported on tunneling experiments performed on thin
films of the Pb;_,Gd, system in which they observed the en-
ergy gap vanish, but at a value of the impurity concentration x ~
0.5x,, (much lower than x = 0.91x,, as predicted by the AG the-
ory) [29]. The discrepancy has been attributed to the tendency
toward ferromagnetic ordering of the Gd impurity spins at low
temperatures [32, 33]. Specific heat measurements performed
on the La;_,Gd, system by Finnemore et al. in 1965 showed
that an increase in Gd concentration results in a decrease in the
rate at which the specific heat C/yT, approaches zero which
may be attributed to a diminishing energy gap Q¢ (@); however,
they could not rule out the possibility that the effect on the rate
of decrease in the specific heat C with T, was due instead to
magnetic interactions among the Gd impurity ions [31].

2.1.3. Departures from AG Theory: Ce;_,GdRu;

Experiments by Matthias and coworkers on the Ce;_,Gd,Ru,
system revealed that the initial depression of 7, was not rapid,
in contrast to the prediction of AG theory. Instead, there was a
slight enhancement of T, up to x ~ 1% which was followed by a
relatively weak depression of T, at higher concentrations. This
is probably due to the combination of the change in conduction
electron concentration as trivalent Gd is substituted for tetrava-
lent Ce and a relatively weak exchange interaction. As a result,
there is a substantial region (namely 1% < x < 6%) over which
the T, vs. x curve overlaps the magnetic ordering temperature
Ty vs. x curve [3].

Most investigations of superconductor-impurity systems in
the dilute limit reveal that the experimental 7,.(x) curves are in
agreement with AG theory up to reduced concentrations x/x.,
~ 0.7 (corresponding to T. / T.o ~ 0.45). However, at higher
concentrations, there are striking departures of 7.(x) from the
universal functions based on the AG theory. This observation
underscores that AG theory is suitable only in the range of im-
purity concentration where interactions between the magnetic
moments of the solute ions are sufficiently weak and under con-
ditions which favor weak hybridization between the localized f
electrons of the impurity ion and the conduction electrons.

2.2. Antiferromagnetic Exchange Interaction and the Kondo
Effect

RE impurities with unstable valence configurations such as

Ce, Pr (occasionally), Sm, Eu, Tm, and Yb (along with the tran-



sition metal ions with partially-filled d-electron shells and ac-
tinide ions with partially-filled f-electron shells) tend to exhibit
a moderate amount of mixing of the localized d- or f-electron
states of the impurity ion with the conduction electron states.
This is represented by the matrix elements <V,fl> in the Friedel-
Anderson Hamiltonian [34, 35]. According to Schrieffer and
Wolff [36], these matrix elements can be transformed into an
equivalent form that appears in an exchange model as an anti-
ferromagnetic exchange interaction term J;:

J1 ~ @ <0 9
1 E ) )
where E; is the energy separating the localized impurity state
and the Fermi energy. The energetics of a negative (J < 0) ex-
change interaction, H,, = =27 (g; — 1)S - s, dictate an antipar-
allel orientation of the RE impurity spin S and the spin polar-
ization s of the local conduction electron density. The situation
leads to the Kondo effect [37, 38, 39], in which the localized
magnetic moment (or spin) of the impurity ion is “quenched”
by the spin polarization of the surrounding conduction elec-
tron density at temperatures below a characteristic temperature
called the “Kondo temperature”.

The Kondo effect is a temperature-dependent phenomenon
which manifests itself in anomalies in the electrical resistiv-
ity, magnetic susceptibility, specific heat, thermoelectric power,
etc. Kondo performed a perturbative expansion of the interac-
tion Hamiltonian to order 7 and found that the magnetic impu-
rity contribution p,, to the electrical resistivity varied as (—1InT")
for T > Tk [39]; the addition of p,, to the other electrical resis-
tivity terms produced the anomalous minimum observed in low
temperature measurements of the electrical resistivity of many
alloys. These anomalies scale with the Kondo temperature Tx:

|T )
N(Ep))’

Tk ~ Trexp (— (10)
where Tr is the Fermi temperature. The value of the Kondo
temperature may span many orders of magnitude from Tk
~ 1 mK to Tx ~ 1000 K. For the La;_,Ce,Al, alloys, mea-
surements of the normal state physical properties indicate
that the Kondo temperature is in the range Tx ~ 0.1 to 0.6 K
[40, 41,42, 43, 44, 45]. Below T, the spins of the RE impurity
ions are compensated by the spins of the surrounding conduc-
tion electrons, resulting in the formation of a “quasi-bound”
many-body singlet ground state with a binding energy on the
order of kgTk. This behavior is typical for 3d transition metal
impurities and the RE impurities Ce and Yb.

Such a mechanism can also profoundly affect the su-
perconducting properties. The most intriguing temperature
regime is when Ty ~ T for which Kondo scattering is most
likely to affect superconductivity. Under these conditions,
the singlet pairing of conduction electrons (with a binding
energy ~ kgT.) competes with the many-body singlet pairing
between conduction electrons and the RE impurity that form
the “quasi-bound” state (with a binding energy ~ kzTx). This
explains the anomalously large depression of 7, due to the
presence of the Ce impurities in the La;_,Ce, and La;_,Ce,Al,

systems as displayed in Fig. 4. The superconducting critical
temperatures for the La and LaAl, hosts are T, = 3.3 K and
6.0 K, respectively, where Tx ~ 0.5 K for each system. We
will next discuss phenomena in the two regimes: T,y > Tk
and T, < Tk.

In general, the CEF splitting of the ground state multiplet of
a RE impurity must be taken into account when determining
the impurity’s effect on the superconducting properties. The
exchange interaction between conduction electrons and the im-
purity spin depend on the CEF splitting of the levels at a given
temperature and the depression of 7, should reflect the CEF
splitting of the Hund’s rule ground state of the RE impurity ion
[5]. The effect on 7, may be summarized by two competing
effects: (1) inelastic charge scattering of conduction electrons
from the aspherical part of the 4f shell, which has the effect
of enhancing 7., and (2) exchange scattering of conduction
electrons which has the effect of depressing 7.. However, for
the La;_,Ce,Al, system, a number of experiments [46, 47, 48]
have shown that the Ce** J = 5/2 Hund’s rule multiplet is split
by the CEF (produced by the fcc C15 crystal structure of the
LaAl, host) into a I's quartet and a ground state I'; doublet with
a splitting of the order of 100 K. Since this splitting is large
compared to 7., the influence of the I's excited state quartet
can be neglected at superconducting temperatures. Hence, the
physical picture we have for the La;_,Ce,Al, system in the 7,
> Tk regime is characterized as one in which the conduction
electrons must exchange-scatter from a ground state doublet
with an effective spin of 1/2 [6]. A full treatment of the CEF
effects on RE impurity scattering in superconductors will not
be given in this article, and we refer the interested reader
to a number of comprehensive expositions on the subject
[5, 19, 49].

Perhaps one of the more unusual and striking manifesta-
tions of the Kondo effect in the superconducting state is the
phenomenon of reentrant superconductivity. In the regime
where T.o > Tk, an alloy will first become superconducting
upon cooling below an “upper” critical temperature 7., and
then remain in the superconducting state upon further cooling
until it reaches a “lower” critical temperature 7.,. At this
point it “reenters” the normal state and remains normal for all
temperatures 7 < T,.

Reentrant superconductivity in the Kondo system
La;_,Ce,Al, can be seen in the T./T. vs. x data dis-
played in Fig. 5 [50]. The solid curve is a guide to the eye and
indicates that the 7,./T.y vs. x relationship is a single-valued
function for the concentration range x < 0.6 at. %. For this
concentration range, the alloy remains superconducting for all
temperatures T < T, i.e., the system does not “reenter” the
normal state at lower temperature. For the concentration range
0.6 < x < 0.68 at. %, however, the T./T.y vs. x relationship
is no longer a single-valued function of x; there now exists a
set of lower critical temperatures 7., that denote a return to
the normal state. These “reentrant” points are indicated by
the black squares and circles that appear along the solid curve
below the symbol “X” in Fig. 5. The symbol “X” represents
the estimated turning point which occurs at a Ce impurity
concentration of x ~ 0.67 at. % in La;_,Ce,Al, [5]. The upper
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Figure 5: Reduced transition temperature 7./T.o versus impurity concentra-
tion x for the Laj_,Ce,Al, system. The symbol ( X ) indicates the estimated
turning point of the T./To vs. x curve while the solid circles and triangles dis-
tinguish two separately prepared sets of alloys. The Abrikosov-Gor’kov (AG)
curve (dashed) is shown for comparison. (from Ref. [S0]) Inset: Two sets of
experimental data in the 7o > Tk and T < Tk limits compared with AG and
Miiller-Hartmann-Zittarz (MHZ) theory. For x = 0, the initial rates of depres-
sion (dT./dx),=¢ for the three curves are equal. (from Ref. [51])

and lower superconducting transition temperatures, which
occur above and below the turning point, respectively, were
defined by superconducting transition curve midpoints (i.e., the
50% values compared to onset values) and the transition widths
(represented by the vertical bars in the figure) were determined
from the 10 and 90 % values (relative to onset).

These unusual variations in the superconducting transition
temperature in La;_,Ce,Al, are attributed to the temperature
dependence of the antiferromagnetic exchange scattering
that occurs in these superconducting-Kondo systems. The
destruction of superconductivity and the return to the normal
state for temperatures 7' < T, is explained in terms of a
pair-breaking theory based on a mechanism that depends on
temperature 7 and the impurity concentration x. The reader
is referred to review articles by Miiller-Hartmann [52] and
Schlottmann [53, 54] for more information regarding the
theory for superconducting-Kondo systems. We will provide
only a brief treatment of this subject. For the case of J < 0,
where @ must be calculated to order beyond J° 2 the reduced
pair-breaking parameter o/, was calculated in the theory of
Miiller-Hartmann and Zittartz (hereafter MHZ) and takes the
form [51, 55]:

S (S +1)
(n(T/T)]* +72S(S + 1) |

a(x,T)=xf(T) ~ x (11D
It is easy to see from this relation that the temperature-
dependent pair-breaking parameter (7, x) is maximum at Tk,
and it is indeed the case that the suppression rate of 7, is
largest when T,y ~ Tx and smaller in the regimes 7,9 > Tk
and T, < Tk [56]. According to MHZ theory, the supercon-

ducting properties may be characterized by (7', x) such that the
universal relation 7, /T, vs. a/a. based on AG theory (Equa-
tion 5) still applies; however, in order to determine the func-
tional dependence of T.(x), the temperature-dependent reduced
pair-breaking parameter a(7, x)/a., cannot simply be replaced
by x/x. in Equation 5. In order to determine the x dependence
for T, in the regime 7,y > T, the universal relation for 7./ T
as a function of @/«,, in Equation 5 must be solved simultane-
ously with Equation 11. The calculation based on MHZ theory
is sensitive to the relative magnitude of T,y compared to that of
the Kondo temperature T. In the regime where Ty < 8Tk (and
for an impurity spin of § = 1/2), the MHZ theory predicts that
T, is a single-valued, monotonically-decreasing function of x,
and approaches the exponential form T, ~ e #9"” in the Ty
< Tk limit [6]. This x dependence of T, describes the T, vs. x
data for the alloy Th;_,U, [57] shown in the inset of Fig. 5.

In the regime where Ty 2 87Tk, the MHZ theory predicts the
existence of more than one solution for 7.(x) within a suitable
concentration range. As the temperature is lowered, an alloy
containing the requisite amount of RE impurities becomes su-
perconducting at T,;, remains superconducting to 7., below
which it reenters the normal state; remarkably, the MHZ the-
ory predicts that upon further cooling, it should become su-
perconducting again at T.3. The first two critical temperatures
T.1(x) and T, (x) have been verified by experiments on the
La;_,Ce,Al, system (see Fig. 5) [50, 58]. The existence of the
third transition at 73(x), however, has not yet been established
experimentally. Selected samples of La;_,Ce,Al, were mea-
sured down to 6 mK (7. / T.o ~ 2 x107%) but they did not exhibit
any evidence for a third transition back to the superconducting
state as predicted by MHZ theory [50]. Either T 3(x) is less than
6 mK or it simply does not exist. A theory for superconducting-
Kondo systems proposed by Schlottmann predicts that in the
Too> Tk regime a system returns to the normal state at a sec-
ond critical temperature T.,(x) below T, (x) but that there is
no transition back to the superconducting state at 7T 3(x) [53].
We will revisit reentrant superconductivity in our discussion of
ferromagnetic superconductors but note that the mechanism in
these cases is distinct from that in Kondo superconductors.

In the late 1960s, investigations of the pressure dependence
of T, were carried out on three superconductors containing Ce
impurities, LasIn [60], La [61], and LaAl, [62]. Measurements
on the systems Las_,Ce,In and La;_,Ce, under pressure re-
vealed that the Ce impurities, which carried well defined mag-
netic moments and generated a Kondo effect at atmospheric
pressure, appeared to undergo a continuous demagnetization
under pressure. This was reflected in the behavior of the pres-
sure dependence of the rate of depression of 7. by the Ce ad-
ditions that initially increased, passed through a maximum, and
then decreased. In later work, it was observed that a similar de-
magnetization of the Ce impurities occurs in the La;_,Ce, sys-
tem when Th is substituted for La [59]. With increasing Th con-
centration y in the (La;_,Th,);_,Ce, system, the rate of the ini-
tial depression of 7. with Ce concentration x passes through a
pronounced maximum and 7, vs. x changes continuously from
curves with negative curvature and reentrant behavior to curves
with positive curvature and exponential-like shapes [59]. This
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is illustrated in the three dimensional plot of the 7. vs. Ce con-
centration curves for various Th concentrations in Fig. 6. Con-
comitantly, the normal-state magnetic susceptibility [63] and
electrical resistivity [64] evolve continuously from magnetic to
nonmagnetic behavior. A self-consistent analysis of the rates of
the initial depression of 7, with x and the value of the specific
heat jump at 7, showed that the MHZ theory provides a good
description of the data from Tk / T.o ~ 107! to 10% [65, 66].

Experiments on several superconducting matrix-impurity
systems in which the impurity ion exhibited nonmagnetic be-
havior at superconducting temperatures revealed that the 7 vs.
x curves have positive curvature and could be described well by
a modified exponential relation of the form:

T./Te = A/(1 = Dx), (12)

This expression was proposed by Kaiser [67] who considered
the effect of nonmagnetic resonant d- and f-electron states of
impurity ions on superconductivity. In Equation 12, A and D are
fitting parameters that can be related to quantities in the Friedel-
Anderson model. The systems investigated included Th;_,U,
[6], Th;_,Ce, [68], and Al,_,Mn, [69]. The nonmagnetic limit
corresponds to T, / T,o > 1, where T, is a characteristic tem-
perature that separates low temperature nonmagnetic behavior
from high temperature magnetic behavior. However, in this
limit it is not clear that a description based on the exchange
interaction is appropriate, since the system is in the short-lived
local moment regime and it may be more appropriate to identify
T, with a spin fluctuation temperature, rather than the Kondo
temperature Tx. For more information regarding the high T
regime, the reader can consult Ref. [6].

3. Ternary Compounds: Magnetically Ordered Supercon-
ductors

The investigations of binary and pseudobinary superconduct-
ing compounds containing magnetic impurity ions revealed
that T, is driven to 0 K at small impurity concentrations of
only a few atomic percent. The existence of the very strong
pair-breaking mechanism associated with the exchange inter-
action made it challenging to find materials in which to study
the interplay of superconductivity and long-range magnetic
order. An obvious solution for avoiding the destructive ef-
fects of the exchange interaction was to search for systems in
which the exchange interaction was particularly weak. Matthias
and coworkers were the first to exploit the weak exchange in-
teractions in the pseudobinary compounds Ce;_,RE Ru, and
Y,-,RE,Os; [3, 70]. The depression of T, was less rapid in
these systems and as a result the 7.(x) curves intersect the
Ty (x) curves creating a region of overlap in which it was
thought that superconductivity coexisted with long-range mag-
netic order [71, 72]. However, the magnetic ordering was best
described as short-range “glassy”” magnetic order.

This changed completely in the 1970s with the discovery
of two new classes of ternary compounds that were the first
to exhibit long-range magnetic order in the superconducting
state: (1) the ternary RE molybdenum chalcogenides REMogXg
(X =S, Se) and (2) the RE rhodium borides RERh4B4. In
1980, a third class of ternary magnetic superconductors was
discovered, the RE rhodium stannides RERh; ;Sn3 ¢ and in the
1990s, another class of magnetic superconductors was discov-
ered, the quaternary borocarbide compounds RENi,B,C, which
provided another platform to study the interplay between super-
conductivity and long-range magnetic order [73]. We will now
provide a selective review of results from studies on compounds
from these classes of magnetic superconductors.

3.1. RERhyB4, REMogXg (X = S, Se), and ErRh; 1Sn3 ¢

The discovery of superconductivity in the ternary molyb-
denum chalcogenides (or Chevrel phases) MMogSs (M =
Cu, Zn, Mg, Ag, Cd, Sn, Pb, and RE) in 1972 [7, 8], the RE
rhodium boride ternary compounds RERh4By4 in 1977 [9], and
the rare earth rhodium stannides RERh; {Sn3 ¢ [74] in 1980, re-
sulted in a burst of experimental and theoretical investigation of
REMosXs (X =S, Se) [75,76,77,78,79, 80, 81, 82, 83, 84, 85]
and RERh4B,4 [83, 84, 86, 87, 88] compounds, which provided
a chance to explore a host of new and interesting phenomena
including: (1) the coexistence of long-range antiferromagnetic
order and superconductivity, (2) the competition between
ferromagnetic order and superconductivity, which can lead
to reentrant superconductivity, (3) the emergence of a long-
wavelength oscillatory magnetic state that coexists with the
superconducting state within a narrow temperature range,
below which, ferromagnetic order destroys superconductivity,
and (4) magnetic field induced superconductivity (MFIS),
whereby an applied magnetic field can compensate the ex-
change field produced by the RE magnetic ions, enabling
superconductivity to emerge.

The Curie (ferromagnetic ordering) temperature T, the
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RERh4B4 compounds with the primitive tetragonal unit cell represented by the
dashed outline. For clarity, the RhyBy4 clusters are not drawn to scale. (from
Ref. [93])

Néel (antiferromagnetic ordering) temperature 7y, and T,
are plotted versus RE element in Fig. 7 for the compounds
RERh4B4 (except for the compounds PmRhyB4 and EuRhsB4
that have not been synthesized). It is evident that the com-
pounds containing RE ions with partially-filled 4 f-electron
shells all undergo some type of magnetic ordering below T
at temperatures Ty, or Ty ~ 1 K. In particular, antiferromag-
netic order is observed for the superconducting compounds
RERhsB4 (RE = Ce [94], Pr [94], Nd [87, 90], Sm [88],
Tm [91, 92]) while ferromagnetic order is observed for the
superconducting compound ErRhyB4 [86, 89].

3.1.1. Superconducting RhyBy and MogXs (X = S, Se) Clusters

As the name implies, a ternary compound consists of three
different elements, each of which occupies one or more crystal-
lographic sites throughout the lattice. Although a pseudobinary
compound also consists of three different elements, only two
elements occupy specific crystallographic sites within the lat-
tice; the third element substitutes for one (or both) of the other
two elements. The existence of distinct crystallographic sites
for the three different elements is crucial for some of the phe-
nomena that are observed in these ternary compounds.

The crystal structure of the REMogXg (X = S, Se) system
(related to the MogXg binary structures) is rhombohedral with
space group R3 [7, 95, 96], while the crystal structure of the
RERh4B4 system is isostructural to the CeCoy4B, tetragonal
structure with space group P4,/nmc [97]. The two different
crystal structures, however, are similar in that: (1) they exhibit
a lattice of molecular “clusters” that supply the material with
superconducting electrons, (2) they contain an ordered RE sub-
lattice in which the RE ions develop long-range magnetic or-

der via the Ruderman-Kittel-Kasuya-Yosida (hereafter RKKY)
mechanism [98, 99, 100], and (3) the distance between the RE
ions and the molecular “clusters” is relatively large, leading to
a reduced exchange interaction and the preservation of super-
conducting electron pairs, which allows for the coexistence of
superconductivity and long-range magnetic order.

The tetragonal crystal structure of the RERhyBy4 com-
pounds is displayed as an inset in Fig. 7 in a manner that
emphasizes the superconducting RhyB4 molecular “clusters”
[93, 102]. For a detailed discussion and illustration of the more
complicated crystal structure and clustering observed for the
REMoeXs compounds, the reader is referred to the review ar-
ticle by Chevrel and Sergent in Ref. [96] and an overview of
their superconducting properties may be found in another arti-
cle in this special issue by Pefia. The source of the observed
superconductivity in the REMogXg (X = S, Se) and RERh4By4
compounds is attributed to the 4d electrons from Mo and Rh;
these 4d electrons are somewhat confined to the MogXg (X =
S, Se) and RhyB4 molecular “clusters” and, therefore, tend to
be isolated from the pair-breaking effects associated with the
lattice of magnetic RE ions. In the case of the RERhsB, com-
pounds, the relative confinement of the Rh 44 electrons within
the RhyB4 molecular “clusters” are reflected in both the low 4d
electron density observed at the RE sites and also in the res-
onances in the electronic density of states at the Fermi level
[103, 104, 105].

3.1.2. Ferromagnetic Superconductors and Reentrant Super-
conductivity

In Section 2.2, we found that certain superconductors con-
taining paramagnetic impurities with single-ion Kondo temper-
atures Tk in the Ty > T regime could exhibit reentrant super-
conductivity. Reentrant superconductivity was later observed
in 1977 in the superconducting ternary compounds ErRhyB4
and Ho; ;MogSg at the University of California, San Diego [86]
and the University of Geneva [106], respectively. Shortly there-
after, in 1980, reentrant superconductivity was also observed in
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Figure 8: AC magnetic susceptibility y4c and AC electrical resistance vs. tem-
perature data for ErRh4By4 in zero applied magnetic field. (from Ref. [101])
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the rare earth rhodium stannide ErRh; ;Sns ¢ [74]. The destruc-
tion of superconductivity at a second critical temperature 7, in
these ternary superconductors is due to the onset of long-range
ferromagnetic order at a temperature 7Ty, ~ T, rather than the
temperature-dependent pair-breaking mechanism related to the
Kondo effect. It is clear from Fig. 7 that, for the supercon-
ducting RERh4B4 compounds (Ce excluded), the T, values are
greater than ~ 3 K; these are significantly higher than the mag-
netic ordering temperatures which are on the order of ~ 1 K.
ErRhyBy is the only superconductor (7, ~ 8.5 K) that exhibits
ferromagnetic order with T, ~ 1 K. This value of T, corre-
sponds roughly to the temperature at which the superconductor
returns to the normal state, T, ~ 1 K. The correspondence be-
tween T, and T, can also be seen in the measurements of elec-
trical resistance R vs. T and AC magnetic susceptibility y4c vs.
T as displayed in Fig. 8. It is clear from the figure that ErRh,B4
first becomes superconducting at 7, ~ 8.5 K and then exhibits
ferromagnetic order at the Curie temperature 7y, ~ 1.2 K be-
fore returning to a ferromagnetic normal state at a lower critical
temperature T, ~ 0.9 K such that T, < Ty < T.;. The ob-
served thermal hysteresis at 7, in the measurements of R vs.
T and yac vs. T as shown in Fig. 8 as well as features in mea-
surements of the specific heat in the vicinity of 7, (see Fig. 9)
reflect the first-order character of the phase transition [93, 107].

Similar measurements of DC electrical resistance R vs. T
were performed for the series of compounds RE;;MogSg (RE
=Tb, Dy, Ho, Er, Tm) in applied magnetic fields H [106, 77]. It
was found that only the Ho; ;MogSg compound exhibited reen-
trant superconductivity in which the normal state is restored
for H = 0 as displayed in Fig. 10. As with the rare earth
rhodium boride compounds RERhyB,4, many of the supercon-
ducting rare earth molybdenum chalcogenide compounds in the
series REMogSg (with the exception of RE = Ce, Eu, and Er)
also exhibit superconductivity with 7. > 1.1 K that are consis-
tently higher than their respective magnetic ordering tempera-

tures (usually less than 1 K) [77]. We will discuss examples of
pseudoternary magnetic superconductors in Section 3.2 and the
RE series of quaternary compounds RENi;B,C in Section 4 in
which the magnetic (antiferromagnetic) ordering temperature
Ty is greater than T,.

Ho; 2MogSg, ErRhyB4, and ErRh;;Sn3¢ are the only su-
perconducting ternary compounds that exhibit long-range fer-
romagnetic order below T.; ferromagnetic order destroys su-
perconductivity in each compound [86, 106, 74]. Neutron-
diffraction experiments on polycrystalline samples of ErRhsB4
[89] and Ho;,MogSg [108] indicate that each compound ex-
hibits a ferromagnetic and normal ground state. The survival
of the ferromagnetic state at the expense of superconductiv-
ity follows from a larger decrease in the thermodynamic free
energy for the ferromagnetic state relative to the paramagnetic
normal state [109] when compared with the decrease in free en-
ergy observed in the superconducting state relative to the para-
magnetic normal state. The decrease in the thermodynamic free
energy of the ferromagnetic state is roughly ~ cNkgT); where ¢
is the atomic fraction of magnetic ions in the sample and N
is the total number of atoms in the sample. In comparison,
the decrease in free energy of the superconducting state is ~
(kgT./EF)NkgT. where the factor (kgT./EF) is the proportion
of conduction electrons that participate in superconductivity.
Typically, ¢ > (kgT./EF) so that the ferromagnetic state will
be favored as the ground state. Nevertheless, there appears to
be a narrow temperature range T, < T < Ty within which
superconductivity and ferromagnetism coexist. In this temper-
ature region, small-angle neutron-diffraction experiments have
confirmed the existence of an oscillatory magnetic state with a
wavelength on the order of ~ 100 A in both Ho; ,MogSg and
ErRh4B, [110, 111, 112]. Neutron-diffraction measurements
on ErRhyBy indicate that superconductivity and ferromagnetic
order coexist macroscopically, while superconductivity and the
sinusoidally modulated magnetic state coexist microscopically
between T, and T, [110].

Reentrant superconductivity due to the onset of ferromag-
netic order was first predicted in 1964 by Gor’kov and Rusinov
[32]. Their theory attributes the destruction of superconductiv-
ity to the magnetic pair-breaking that results from the non-zero
average polarization of the conduction electron spins that arises
from the ferromagnetic alignment of the magnetic moments of
the RE ions [109]. It was believed that the net spin polarization
of the conduction electrons could be reduced by the spin-orbit
and exchange interactions and, hence, preserve the supercon-
ducting state and its coexistence with a ferromagnetically or-
dered lattice of RE ions.

3.1.3. Coexistence of Antiferromagnetic Order and Supercon-
ductivity

In the previous section, we discussed the compounds
Ho;,MogSg and ErRhyBy, that exhibit a suppression of super-
conductivity by the onset of ferromagnetic order. In contrast,
the coexistence between antiferromagnetic order and supercon-
ductivity is more commonly observed. Such coexistence was
first discovered in the molybdenum chalcogenides REMogSs
(RE = Tb, Dy, Er) [77] and ErMogSeg [81] and subsequently
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Figure 10: DC electrical resistance vs. temperature data for Hoj 2MogSg in
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Ref. [106])

in other ternary compounds REMogXs (X = S, Se) [79, 85] and
RERh4B4 (RE = Nd, Sm, Tm) [84]. More than a decade ear-
lier in 1963, Baltensperger and Stréssler predicted on theoret-
ical grounds that these two ordered states could coexist [113].
Qualitatively, the compatibility of superconductivity and anti-
ferromagnetic order follows from the fact that the average of
the spin polarization of the magnetic ions in the antiferromag-
netic state is zero when taken over a length scale on the order of
the superconducting coherence length &;. The absence of total
spin polarization within an antiferromagnetic state reduces the
potential strength of magnetic pair-breaking that might other-
wise destroy superconductivity [114]. Nevertheless, the super-
conducting phase is modified significantly as the system begins
to order antiferromagnetically. The effects of the magnetic or-
der are reflected in strong anomalies in various superconducting
properties near Ty as illustrated in several systems discussed
below. Particular attention will be given to the anomalies ob-
served in the upper critical field H,, vs. T data.

The upper critical field curves H»(T'), determined from elec-
trical resistivity measurements in applied magnetic fields, for
the antiferromagnetic superconductors RERhyB4 (RE = Nd,
Sm) [87, 88], the ferromagnetic superconductor ErRhyB4 [86],
and the non-magnetic superconductor LuRhyB4 [84] are shown
in Fig. 11. The measurements are on polycrystalline samples
which do not provide any information about the anisotropy of
the upper critical field. Regarding the antiferromagnetic com-
pounds, NdRhyB4 and SmRh4B4, the salient features that occur
at their respective Ty values, as shown in Fig. 11 (b) and Fig. 11
(c), respectively, suggest that the suppression of superconduc-
tivity by the magnetic field is affected by the onset of the an-
tiferromagnetic order. Strikingly similar features in the H.»(T)
curves are shown in the inset of Fig. 12 for the various anti-
ferromagnetic superconducting compounds RE; ;MosSs (RE =
Gd, Tb, Dy) [77, 79]. The anomalous features in these H.»(T)
curves for RE; ;MogSs (RE = Gd, Tb, Dy) occur at tempera-
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Figure 11: Upper critical fields H., for LuRhs4B4 [115], NdRh4B4 [87],
SmRhyBy4 [88], and ErRhsB4 [116, 93].

tures that correspond to the antiferromagnetic ordering of the
RE magnetic moments as observed in the plots of the sublattice
magnetization vs. temperature for RE; ;MogSg (RE = Gd, Tb,
Dy) (see the main panel of Fig. 12).

For the compound NdRhyB4 (T, ~ 5.3 K), there is a signif-
icant and abrupt downturn in H»(T) at Ty ~ 1.31 K followed
by a rapid increase at a lower temperature 7y, ~ 0.89 K. The
rapid decrease at Ty, and subsequent increase at 7'y in the up-
per critical field reflect the existence of two antiferromagnetic
phase transitions in NdRhyB,4. Two distinct antiferromagnetic
structures were confirmed in neutron-scattering measurements
[90], which showed that the Nd magnetic moments order anti-
ferromagnetically along the ¢ axis (see inset in Fig. 7 for an il-
lustration of the NdRh4Bj4 crystal structure). The lower temper-
ature structure (T < Tyy) is characterized by a sinusoidal varia-
tion in the magnetism along the crystallographic [110] direction
with a wavelength 4 ~ 45.2 A and the higher temperature struc-
ture (Ty, < T < Ty;) obeys a sinusoidal variation along the
crystallographic [100] direction with a wavelength 1 ~ 46.5 A.
Qualitatively, the decrease in H.»(T') at Ty, = 1.31 K indicates
that the antiferromagnetic order associated with the higher tem-
perature structure causes additional pair-breaking, thus requir-
ing a smaller external magnetic field to destroy superconduc-
tivity; conversely, the increase in the upper critical field curve
near Ty, suggests that this type of magnetic order is more com-
patible with superconductivity [24]. Significant theoretical ef-
fort, rooted in the multiple pair-breaking theory that evolved
throughout the 1960s and 1970s [117], has been made in order
to explain the downturns in the H,(T) curves that occur just
below Ty as observed in NdRh4B,4 as well as in the antiferro-
magnetic superconductors from the REMogSg series [114].

The superconducting compound SmRhyBy (T, ~ 2.72 K)
also exhibits a feature in its H.»(7T') data. At the Néel tempera-
ture Ty ~ 0.87 K, there is a noticeable cusp and sudden increase
in the slope of H(T) as temperature is decreased. Qualita-
tively, this upturn can be explained in terms of a reduction in
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magnetic pair-breaking that is associated with the onset of anti-
ferromagnetic order. Such behavior is accounted for in a model
of antiferromagnetic superconductors in which antiferromag-
netic order at Ty quenches the pair-breaking effects due to the
local Sm** magnetic moments and leads to an overall reduction
in the net magnetization of the sample [118, 119]. A lambda-
type anomaly was observed at Ty = 0.87 K in the specific heat,
indicative of a second-order phase transition [88]. By subtract-
ing the electronic and lattice contributions to the specific heat
(based on measurements of the non-magnetic reference com-
pound LuRhyBy4 [101]), the magnetic entropy associated with
the phase transition was determined to be S ~ Rln2, which
corresponds to a ground state doublet of the Sm>* ions.

For comparison, the upper critical field curves H.,(T) for the
non-magnetic compound LuRhsB4 (7T, > 11 K) and the ferro-
magnetic compound ErRhyB,4 (7, ~ 8.5 K) are also shown in
Fig. 11 (a) and Fig. 11 (d), respectively. For LuRhyB4, H»(T)
increases monotonically with decreasing temperature, indicat-
ing the absence of any effects on superconductivity. For the
ferromagnetic compound ErRhyBy4, however, there is a feature
at Ty ~ 1.2 K below which dH,/dT abruptly increases, re-
flecting the strong pair-breaking effects associated with ferro-
magnetic order which act to destroy superconductivity. This
is consistent with the electrical resistivity and AC susceptibil-
ity measurements displayed in Fig. 8. At higher temperatures,
H,(T) is non-monotonic with a weak maximum of H., ~ 0.45
T at T = 4.1 K. Similar non-monotonic behavior was observed
in the H»(T) curves for the antiferromagnetic superconducting
compounds TmRhyB4 [91] and Er; ;MogSg [77]. In the case of
Er; ,MogSs, this behavior has been attributed to an increase in
the magnetization from the sublattice of Er ions [24], leading to
increased pair-breaking.

Many of the features observed in the H., vs. T data for
the RERhyB4 compounds discussed herein were also observed
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pseu-

in the other classes of ternary antiferromagnetic superconduc-
tors RE;MosSg and RE,MogSeg [85, 84]. For many of these
compounds, neutron-diffraction experiments in zero magnetic
field have confirmed that the magnetic order appearing in the
superconducting state is characterized as long-range antiferro-
magnetism with a correlation length greater than 300 A [114].
The anomalous behavior observed in the H.,(T) data for both
classes of ternary compounds appears to be a general feature
associated with the antiferromagnetic transition. Multiple pair-
breaking theories have been developed to account for these
H.(T) data which have led to the conclusion that additional
temperature-dependent pair-breaking mechanisms are respon-
sible for the anomalies observed in these H.,(T) curves [114].

3.2. Superconductivity and Competing Magnetic Interactions
in Pseudoternary Compounds

The interplay between superconductivity and magnetic or-
der, as well as competing types of magnetic moment anisotropy
and/or magnetic order, produce rich and complex temperature
composition (7-x) phase diagrams in pseudoternary RE com-
pounds. For example, two types of pseudoternary systems
based on RERhyB, parent compounds have been investigated,
one in which a second RE element is substituted at the RE sites
and another where a different transition element is substituted
at the Rh sites.

An example of a T-x phase diagram for the first type of pseu-
doternary system is shown in Fig. 13 for the Er;_,Ho,RhyB4
system [125, 120, 121, 126]. This phase diagram contains
six regions: Paramagnetism (1), superconductivity (2), ferro-
magnetic order with the Er and Ho magnetic moments aligned
within the basal plane (3) or along the tetragonal c-axis (4),
separated by a region of mixed magnetic phases (5). In ad-
dition, there is a region above T, extending from x = 0 to x
~ 0.3 within which superconductivity coexists microscopically
with the sinusoidally-modulated magnetic phase, first observed
in ErRhyBy4, and macroscopically with normal ferromagnetic
domains (6).
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Figure 14: Low-temperature phase diagram for the Ho(Rhj_,Ir,)4B4 pseu-
doternary system. (from Refs. [122, 123, 124])

A striking example of a T-x phase diagram for the sec-
ond type of pseudoternary system is shown in Fig. 14 for the
Ho(Rh_,Ir,)4B4 system [127, 128, 129, 122]. The phase di-
agram consists of six regions: Paramagnetism (1), supercon-
ductivity (2), ferromagnetic order (3), antiferromagnetic order
(4), another type of magnetic order in the range x ~ 0.2 to x
~ 0.4 (5), as well as the first example of the coexistence of su-
perconductivity and antiferromagnetic order with Ty > T, (6).
Several other pseudoternary systems based on RERhyB4 and
REMogSs compounds have been investigated. The reader is re-
ferred to more comprehensive reviews for additional informa-
tion and references [130, 131, 125].

3.3. Magnetic Field Induced Superconductivity

Magnetic field induced superconductivity (MFIS) is one of
the most striking phenomena produced by the interaction be-
tween superconductivity and magnetism. The mechanism re-
sponsible for this phenomenon is the exchange-field compensa-
tion effect that was proposed by Jaccarino and Peter [132] more
than 20 years before MFIS was established experimentally.

The first example of MFIS, generated by the exchange-
field compensation effect, was reported by Meul et al. [137]
for the compound Sng »5Eup75M06S7,Seqg. The H vs. T phase
diagram for this compound is shown in Fig. 15 with selected
isotherms of normalized electrical resistance (R/Ry) vs. applied
magnetic field H displayed in the inset of the figure. At the low-
est temperature (0.37 K), the data reveal a sequence of transi-
tions with increasing magnetic field from superconducting (S)
to normal (N) to superconducting again, and finally, back to
normal (S-N-S-N). Two separate domains of superconductivity
are found, one at low fields and another at high fields, whereas
only one domain of superconductivity at low fields is present
for a conventional superconductor.

The exchange-field compensation effect and, in turn, MFIS
can occur in type-II superconductors containing magnetic mo-
ments that are antiferromagnetically coupled to the spins of
the conduction electrons when the upper critical field H.»(T)
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is determined by the paramagnetic limiting field H,. In the
Eu;_,Sn,MogSs_,Se, compounds, the magnetic moments are
carried by the divalent Eu ions and their coupling to the conduc-
tion electron spins generates an “effective” magnetic field, the
exchange field H/, that acts on the conduction electron spins in
the same manner as an applied magnetic field. If the sign of the
coupling between the Eu magnetic moments and the conduction
electron spins is negative, the direction of H will be opposite to
that of H;. As aresult, the effect of H will be “compensated” by
Hj (see inset of Fig. 16). The sequence of S-N-S-N transitions
shown in the inset of Fig. 15 can be explained in terms of the
relationship between the net magnetic field Hr = H — |H,| and
H,, as illustrated schematically in Fig. 16 [136]. The upper and
lower curves show the applied field H and the exchange field
H,, respectively, the sum of which yields the net magnetic field
Hyp. The variation of Hr with respect to the value of H deter-
mines the superconducting behavior of the material.

An enhancement and anomalous temperature depen-
dence of the upper critical field curve H,(T) due to the
exchange-field compensation effect has been observed for sev-
eral Eu;_,M;MogSg systems (where M is a metal such as Sn,
Pb, La [138]) or Yb [139] and in EuMogSg under pressure
[140]. The H(T) curves for EuMogSs in its pressure-induced
metallic phase are shown in Fig. 17 for several different pres-
sures, where the solid lines are fits to the H.,(T) data based
on the theory of Werthamer, Helfand, Hohenberg, and Maki
(WHHM) [133, 134, 135], including the exchange-field com-
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Figure 15: Resistively-determined upper critical field H versus temperature
T for the compound Sng5Eug75M06S72Seps. The lines are calculations of
H»(T) based on the theory of Werthamer, Helfand, Hohenberg, and Maki for a
conventional type-II superconductor [133, 134, 135], including the Jaccarino-
Peter mechanism, which have been fitted to the data. The inset shows the elec-
trical resistance R, normalized to its normal state value Ry right above T, ver-
sus applied magnetic field H at several temperatures between 0.37 K and 1.89
K. (from Ref. [136]; based on data from Ref. [137])
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pensation effect [140]. Jaccarino and Peter originally suggested
that MFIS could occur in a weakly ferromagnetic material, as-
suming that it would be superconducting in the absence of fer-
romagnetic ordering. MFIS in a ferromagnetic material remains
to be discovered.

4. Quaternary Compounds: Magnetically Ordered Super-
conductors

Shortly after the discovery of the high-T, cuprate supercon-
ductors, a family of “high-7,.”” RE transition metal borocarbides
RENi,;B,C (RE = Gd, Tb, Dy, Ho, Er, Tm, Yb, Lu, Y, and Th)
was discovered in the early 1990s [10, 11, 12, 13, 14, 15, 143].
Several of the superconducting compounds in the RENi;B,C
series exhibit long-range magnetic order and provided a new
opportunity to investigate some of the long-standing questions
related to the coexistence and interplay of superconductiv-
ity and long-range magnetic order. A significant amount of
research has been devoted to this class of materials and an
overview of their superconducting properties may be found in
another article in this special issue by Nagarajan and Mazum-
dar. Comprehensive treatments of the magnetic superconduc-
tors, in particular, can be found in Refs. [73, 144, 145]. Some
of the phenomena discussed herein include: (1) the scaling of
both T, and also the Néel temperature 7 with the de Gennes
factor, (2) anomalous reductions in the temperature dependence
of the upper critical fields which bear a striking resemblance to
the behavior observed in the upper critical fields of the ternary
magnetic superconductors RERhyB, and REMogSg (see Sec-
tion 3.1.3), and (3) reentrant superconductivity as observed in
HoNi,;B,C in low magnetic fields.

While most of the quaternary materials in the RENi,B,C
series exhibit magnetic order, superconductivity is found only
when RE = Dy, Ho, Er, Tm, Lu, Y, and Th with T, = 6 K, 8 K,
105K, 11 K, 16.5 K, 15.5 K, and 21 K, respectively. Of these
superconducting compounds, antiferromagnetic order has been
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Figure 17: (a) Upper critical field H versus temperature 7 determined from
electrical resistance measurements on EuMogSg at a pressure of 16 kbar. The
solid line is a calculation based on the theory of Werthamer, Helfand, Hohen-
berg, and Maki for a conventional superconductor [133, 134, 135], includ-
ing the Jaccarino-Peter mechanism, which has been fitted to the data. (from
Ref. [140, 141]) (b) Structural and superconducting transition temperatures vs.
pressure for EuMogSg. (from Ref. [142])

observed in RENi;B,C (RE = Dy, Ho, Er, and Tm) with Ty =
10 K [146, 147, 148, 149], 8 K [150], 6.8 K [151, 152], and 1.5
K [153, 154], respectively.

These materials facilitate the study of phenomena associated
with the coexistence of superconductivity and antiferromag-
netic order in various temperature regimes: Ty < T, and Ty >
T.. This relationship between 7, and Ty is displayed in Fig. 18
for the heavier RE compounds RENi,B,C (RE = Gd, Tb, Dy,
Ho, Er, Tm, and Lu) in which both 7, and T are plotted as
a function of the RE (upper axis) and also as a function of the
de Gennes factor (dG) (lower axis). Both T, and Ty exhibit
a linear dependence on dG and the suppression of 7, with in-
creasing dG all but vanishes at the crossover temperature from
T. > Ty to T, < Ty where T, becomes virtually independent of
dG [73]. The linear dependence of Ty on dG is due to the mag-
netic interactions between the RE magnetic moments in these
materials which are mediated by the conduction electrons via
the RKKY interaction [73]. In a similar manner, the linear sup-
pression of T, with increasing dG across the RE series is due
to the magnetic pair-breaking that results from the exchange in-
teraction between the magnetic moments of the RE impurity
ions and the spins of the conduction electrons as described by
the AG theory [4, 150] (see Section 2.1.1). In the AG theory,
the initial rate of depression of T, with increasing paramagnetic
impurity concentration x is proportional to dG. The scaling of
—(dT./dx) =0 with dG is clearly shown in Fig. 4 and the linear
dependence of the suppression of T, can also be clearly seen
from Equation 8 in Section 2.1.1.

The crossing of the ordering temperatures 7, and T that
occurs between HoNi;B,C and DyNi,;B,C is shown in the
main panel of Fig. 18. This crossover from the paramagnetic
regime (T, > Ty) to the magnetically ordered regime (7, <
Ty) provided the motivation for a study of pseudoquaternary
Ho;_,Dy,Ni,B,C [73, 147, 148]. The data for T, (small red



circles) and Ty (small blue squares) between HoNi,B,C and
DyNi,B,C indicate that the suppression of 7, vanishes at the
crossover to the magnetically ordered state (7. < Ty). This
intriguing behavior motivated a similar study involving the
pseudoquaternary series Lu;_,Dy,Ni,B,C in which the non-
magnetic species Lu plays the role that the magnetic species Ho
played in the study of Ho;_,Dy,Ni;,B,C [155]. Again, there is
an obvious suppression of T, (seen on the left side of the graph
in the inset of Fig. 18) as Lu ions are replaced by magnetic
Dy ions in LuNi;B,C. There is no long-range antiferromag-
netic order for low concentrations of Dy impurities; the sup-
pression of T, reflects the magnetic pair-breaking that occurs
via the exchange interaction between the localized magnetic
moments of the Dy impurity ions and the conduction electrons
in LuNiszC.

On the right side of the inset of Fig. 18, there is also
a rapid suppression of 7. for higher Dy concentrations in
Lu,_,Dy,Ni;B,C where T, < Ty. Here, the magnetically or-
dered regime applies as 7. < Tx. Both superconductivity and
the long-range antiferromagnetic order associated with the Dy
sublattice in Lu;_,Dy,Ni,B,C are suppressed with increasing
concentration of non-magnetic Lu. The suppression of Ty is
driven by the random substitution of non-magnetic Lu for mag-
netic Dy in the RE sublattice which has a disruptive effect on
the RKKY modes. In the magnetically ordered regime, the sup-
pression of T, with increasing concentration of nonmagnetic
Lu is more surprising. This response may be understood if one
considers the effect that the nonmagnetic Lu ions have on the
RKKY interactions between the magnetic Dy ions. By intro-
ducing nonmagnetic Lu ions into the Dy sublattice, the corre-
lations between Dy ions are weakened on average and the Dy
ions are more likely to behave as localized magnetic moments
that can break up pairs of superconducting electrons via the ex-
change interaction. The results for Lu;_,Dy,Ni;B,C confirm
the existence of magnetic pair-breaking via the exchange in-
teraction in the paramagnetic state and suggest the same pair-
breaking mechanism can affect superconductivity in the mag-
netically ordered state.

4.1. Upper Critical Fields of Rare Earth Borocarbide Super-
conductors

Upper critical field measurements of various members of the
quaternary borocarbides provide additional means to investi-
gate the effects of local moment RE magnetism on supercon-
ductivity. The upper critical field H.,(T) curves for the anti-
ferromagnetic superconductors RENi;B,C (RE = Ho, Er, Tm)
are shown in Fig. 19 where T, > Ty for each compound [150].
For a discussion of DyNi,B,C where T, < Ty, see the previ-
ous section. In each of these compounds, there is a noticeable
downturn in the H,(T') curves as shown in Fig. 19. The upper
critical field H.»(T) curves for the non-magnetic superconduc-
tors LuNi,B,C and YNi;B,C are shown for comparison and
are illustrative for the absence of anomalous features in their
temperature dependence. There is an overall suppression of
H,(T) that tracks with the suppression of 7, across the series
RENi,B,C (RE = Ho, Er, Tm, Y and Lu)[150]; a similar rela-
tion between H(T') and T, exists among the ternary magnetic
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Figure 18: Superconducting transition temperatures T, (red circles) and Néel
temperatures T (blue squares) plotted as a function of the de Gennes fac-
tor for various RENip;B,C compounds with the RE indicated in the upper
axis. The smaller symbols represent data for the pseudoquaternary compounds
Hoi_Dy,Ni;B,C. The inset shows T, (red symbols) and Néel temperatures
T'n (blue symbols) plotted as a function of the average de Gennes factor for the
pseudoquaternary compounds Lu;_,Dy,Ni;B2C. (from Refs. [73])

superconductors (see Fig. 11 in Section 3.1.3).

The broad peak in H.»(T") for TmNi,B,C is similar to those
observed in the H.,(T) curves for several of the ternary mag-
netic superconductors including the ferromagnetic supercon-
ductor ErRhyBy4 as shown in Fig. 11 and the antiferromagnetic
superconducting compounds TmRhyB,4 [91] and Er;,MogSs
[77] (see Section 3.1.3). The maxima in the H.(T') curves oc-
cur at temperatures well above the magnetic ordering tempera-
tures and correspond to the magnetization from the sublattice of
RE ions which increases with increasing Hy via the Brillouin
function and acts in concert with the applied magnetic field H
as a superconducting electron pair-breaker [131, 156].

TmNi,B,C is distinct from the other magnetic superconduc-
tors in that the Tm>* moments align parallel along the ¢ axis.
For a discussion regarding the anisotropy observed in the RE
sublattice magnetization for single crystals of RENi,B,C com-
pounds, the reader is referred to the neutron-diffraction study
on the RENi;B,C series by Lynn et al. [157]. This anisotropy
in the Tm sublattice magnetization is reflected in the difference
in the overall magnitude of H.,(T) which is smaller by a fac-
tor of 2 when H || ¢ compared to when H L ¢ (not shown in
Fig. 19) [73].

The local minimum observed in H,(T) near Ty = 5.8 K for
ErNi;B,C as shown in Fig. 19 occurs only when H || ¢. The
H.,(T) curve for the case when H L ¢ (not shown) exhibits an
inflection point at Ty [73]. This suggests that any increase in
the magnetic pair-breaking that takes place near the antiferro-
magnetic ordering temperature is sensitive to the orientation of
the magnetic moments of the Er atoms within the Er sublattice.
Some of the theoretical work that emerged from the intense
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study of the ternary magnetic superconductors suggested that
the pair-breaking mechanisms responsible for the small down-
turns in H»(T) would most likely include a dependence on tem-
perature [114]. The exact nature of the pair-breaking mecha-
nism responsible for the small reductions in H.»(T) observed in
such close proximity to the Néel temperatures [131, 150] is still
unclear. Other predictions for an increase in pair-breaking in
magnetic superconductors near T are based on a generaliza-
tion of AG theory in the limit of a large concentration of mag-
netic ions that form a regular lattice [158] (see Section 2.1.1
for a discussion of pair-breaking and AG theory in the dilute
limit). The theory maintains that the wavevector ¢,, that char-
acterizes the magnetic ordering of the RE sublattice (or spin-
density wave) is the same wavevector ¢ that yields a maxi-
mum in the magnetic susceptibility y(q) [156, 158]. Neutron-
diffraction experiments have confirmed that the Er’** moments
of the Er sublattice are all aligned in the basal plane along
the crystallographic [010] direction (i.e., perpendicular to the
c axis) [157]. These Er magnetic moments form a transversely
polarized spin-density wavevector in the crystallographic [100]
direction which is indeed a magnetic wavevector that fulfills
the criterion in the theory for increased pair-breaking near Ty
[157, 156, 158].

4.2. Reentrant Superconductivity in HoNi;B,C

As is shown in Fig. 19, the H»(T) curve for HoNi;B,C is
qualitatively similar to the H.,(T) curve for ErNi,B,C, but the
downturn in Hy(T) for HoNi;B,C is much deeper than that
observed for ErNi,B,C which is indicative of a return to the
normal state at Ty = 5 K. There is a second superconducting
transition which is reflected in a steady and monotonic increase
in the upper critical field as the temperature decreases to 0 K.

The compound HoNi,B,C is one of the few magnetic super-
conductors that exhibits reentrant superconductivity and is the
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only known antiferromagnetic superconductor to exhibit reen-
trant behavior in zero field [150]. Interestingly, the long-range
magnetic order observed in HoNi;B,C is responsible for both
the destruction of superconductivity at Ty = 5 K as well as the
restoration of superconductivity at lower temperatures 7 < 5
K. The antiferromagnetic order at the higher temperature Ty
= 5 K is incommensurate and is incompatible with supercon-
ductivity; at lower temperatures, the antiferromagnetic struc-
ture becomes commensurate, allowing superconductivity to re-
emerge. This antiferromagnetic order continues to coexist with
superconductivity at low temperatures. Similar behavior was
previously observed for the ternary magnetic superconductor
NdRhyB,4 as shown in Fig. 11 (b) in Section 3.1.3. In that com-
pound, there are two magnetic ordering temperatures, both of
which involve Nd**moments that align along the ¢ axis. The
antiferromagnetic transition at higher temperature, however, is
characterized by a sinusoidal modulation in the magnetic mo-
ment along the crystallographic [110] direction which competes
with superconductivity. Eventually this type of order gives way
to a sinusoidal modulation in the magnetic moment along the
crystallographic [100] direction which is more compatible with
superconductivity.

5. Concluding Remarks

Early research on the interplay between superconductivity
and magnetism was largely driven by the question of whether
there could be coexistence between superconductivity and long-
range magnetic order. In an attempt to answer this question,
systematic investigations of the effect of paramagnetic impu-
rities dissolved into a superconducting host led to the discov-
ery of some new and exotic physics. Binary and pseudobi-
nary superconducting compounds containing small amounts of
RE magnetic impurities at best exhibited short-range “glassy”
magnetic order; i.e, there was no observed long-range mag-
netic order associated with a sublattice of magnetic ions in
these materials. The magnetic exchange interaction between
the localized moment of the impurity ion and spins of the con-
duction electrons (even at dilute impurity concentrations) had
a destructive effect on superconductivity in these compounds;
however, the presence of such impurities produced some in-
teresting phenomena such as gapless superconductivity, many-
body Kondo physics, reentrant superconductivity, temperature
dependent pair-breaking, etc. Many of the phenomena were
successfully explained with rigorous and quantitative theories
and, quite remarkably, some of the results were predicted long
before they were realized in experiments.

In the 1970s, the idea that a weak magnetic exchange interac-
tion might allow superconductivity to coexist with long-range
magnetic order led to the discovery of two classes of ternary
magnetic superconducting compounds: (1) the rhodium borides
and (2) the molybdenum chalcogenides (Chevrel phases).
These compounds provided physicists with an opportunity to
explore the phenomena that emerge from the coexistence of su-
perconductivity and long-range magnetic order including: reen-
trant superconductivity in ferromagnetic and antiferromagnetic



compounds; the generation of a sinusoidally-modulated mag-
netic state with a wavelength ~ 100 A that coexists with super-
conductivity in a narrow range of temperature above the reen-
trant transition at T, in ferromagnetic superconductors; the
exchange-field compensation effect observed in antiferromag-
netic compounds as manifested in MFIS; and the anomalous re-
ductions in the upper critical field curves in the magnetic state.
Many of these phenomena were also studied in the 1990s with
the serendipitous discovery and systematic investigations of the
quaternary borocarbide magnetic superconductors.

The phenomena discussed herein are by no means an ex-
haustive treatment of the exotic physics observed within com-
pounds containing RE or actinide elements with partially-filled
f-electron shells. Heavy-fermion materials, for example, can
exhibit superconducting and magnetic ground states or the co-
existence of both. These f-electron materials provide addi-
tional opportunities to investigate the interplay between super-
conductivity and magnetic order. Interestingly, the degree of
hybridization between the f-electron and conduction-electron
states that underlies the behavior of the conventional super-
conductors discussed in this article also plays a central role in
the phenomena observed in heavy-fermion compounds; how-
ever, these heavy-electron materials exhibit unconventional su-
perconductivity (see the dedicated article on heavy-fermion su-
perconductivity in this special issue). As a final comment, we
note that the study of conventional magnetic superconductors
over the last 60 years has provided a framework for the study
and development of our understanding of unconventional su-
perconductivity in the heavy-fermion compounds, the cuprates,
and other classes of materials in which superconductivity is in
proximity to, or coexists with, a magnetically-ordered phase.
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