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CONVERGENCE ANALYSIS FOR FINITE ELEMENT
DISCRETIZATIONS OF THE HELMHOLTZ EQUATION WITH
DIRICHLET-TO-NEUMANN BOUNDARY CONDITIONS

J. M. MELENK AND S. SAUTER

ABSTRACT. A rigorous convergence theory for Galerkin methods for a model
Helmholtz problem in R%, d € {1,2, 3} is presented. General conditions on the
approximation properties of the approximation space are stated that ensure
quasi-optimality of the method. As an application of the general theory, a full
error analysis of the classical hp-version of the finite element method (hp-FEM)
is presented for the model problem where the dependence on the mesh width
h, the approximation order p, and the wave number k is given explicitly. In
particular, it is shown that quasi-optimality is obtained under the conditions
that kh/p is sufficiently small and the polynomial degree p is at least O(log k).

1. INTRODUCTION

Helmholtz boundary value problems appear in various applications, for example,
in the context of inverse and scattering problems. When such problems are solved
numerically, the questions of stability and convergence arise. Of particular interest
is how critical parameters such as the discretization parameters (e.g., mesh size,
approximation order) and the wave number k affect the performance of the method.

Many discretization techniques for Helmholtz problems have been proposed and
discussed in the literature. In the context of Galerkin methods, which is the setting
of the present paper, these include both standard and non-standard finite element
methods. Although significant progress in the understanding of the behavior of
numerical methods for Helmholtz problems has been made in the past, a general, full
analysis that is explicit in the wave number k and discretization parameters is still
not available. Partial results such as sharp estimates for the inf-sup constant of the
continuous equations, lower estimates for the convergence rates, one-dimensional
analysis by using the discrete Green’s function as well as a dispersion analysis for
finite element discretizations and generalizations thereof have been derived by many
researchers in the past decades (see, e.g., [2, [ [, [7} @, 10, 111 15} 17, 18] 19} 22] 23]
24, 25|, [26], 27, 28], B3] [38), [43], 44]).

The goal of the present and the companion paper [32] is to derive fairly general
stability and convergence estimates for Helmholtz problems that are:

e explicit in the wave number, the mesh width, and the polynomial degree of
the hp-FEM space;
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1872 J. M. MELENK AND S. SAUTER

e valid for problems in d spatial dimensions, d € {1,2, 3};

e only based on approximation properties of the (generalized) finite element
space; the rationale behind this requirement is that it is easier to verify
such an approximation property than to perform a full-fledged convergence
analysis for a given approximation space.

These estimates require the development of new analytical tools and cannot be
achieved in one stroke. As a first step, therefore, the present paper focuses on
the Helmholtz equation in a bounded d-dimensional domain ) with transparent
boundary conditions, which we assume to be realized exactly with a Dirichlet-to-
Neumann map (DtN map) Ty. We will place special attention on the case where
Q is a ball since then the DtN map Tj can be analyzed fairly explicitly. In this
specific setting, we provide stability and convergence estimates of finite element
discretizations that are explicit in the wave number, the mesh width, and the
polynomial degree of the finite element space. The companion paper [32] will build
upon the results of the present paper and will address more general situations such
as the Helmholtz equation with Robin boundary conditions on smooth bounded
domains or in convex polygons.

The outline of this paper is as follows: Section [2] formulates the model prob-
lem. Section Bl provides an analysis of the model problem. In particular, the k-
dependence of the solution is made explicit (Lemmata [3.9] BH). Section d analyzes
the discrete stability and states conditions on the properties of the approximation
space to ensure quasi-optimality of the Galerkin scheme. For the case where (2
is a circle or a sphere, the conditions for stability and quasi-optimality are made
fully explicit (Theorems 2] [L3]). Section [l applies the results of Section M to
the hp-version of the FEM. In particular, for the setting of Theorem we show
in Corollary that quasi-optimality of the Ap-FEM can be achieved under the
assumption that

P
(L.1) Mok (ﬁ) <c
p op

where the constants C, 0 > 0 are sufficiently small but independent of &, p, and
k. Several appendices conclude the paper: Appendix [Al provides detailed prop-
erties of Bessel functions that are needed in Section Bl Appendix [Bl is concerned
with hp-approximation of functions in the Sobolev spaces H?®; the novel feature
of our results is its focus on simultaneous approximation in L? and H', which is
an essential ingredient in our k-explicit bounds. Appendix [C] finally provides hp-
approximation results for functions that are analytic. These latter approximation
results are tailored to regularity properties of solutions of Helmholtz-type problems.

2. FORMULATION OF THE MODEL HELMHOLTZ PROBLEM

The Helmholtz problem in the full space R? with Sommerfeld radiation condition
is given by: Find U € H} (R?) such that

(~A— KU =f in RY,
= ik0] =o (Ixl'5) ) > o0
is satisfied in a weak sense (cf. [35]). Here, 3/0r denotes the derivative in radial
direction x/ ||x||. We assume throughout the paper that the wave number is positive

(2.1)
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and bounded away from zero, i.e.,
(22) k>ky>0.

We assume that f is local in the sense that there exists a bounded, simply
connected domain Q C RY that satisfies supp f C Q. The complement of € is
denoted by QF := RN\Q and the interface by T := Q@ N QF. Then (ZI) can be
formulated in an equivalent way as a transmission problem by seeking functions
uwe H'(Q) and u™ € HL (1) such that

—“A—k*)u= in Q,
Ak u=f 0
(—A—kQ) ut =0 in QF,
(2.3) u=ut and Ju/On=09ut/On on 09,
ou™
S =ikt =o(Ixl 7)) = oo

Here, n denotes the normal vector pointing into the exterior domain Q.
It can be shown that, for given g € H'/? (9Q), the problem

(—A—kz)w:O in Q7F,
w=g on 01,

2.4) Find we HL (Q such that
loc
‘— —1kw‘ = O(HXH R ) Ix|| = oo

has a unique weak solution. The mapping g — w is called the Steklov-Poincaré op-
erator and is denoted by Sp : H'/2 (0Q) — HL_(QF). The Dirichlet-to-Neumann
map is given by T} := y1Sp : H/?(9Q) — H~Y?(09), where v, := 9/dn is
the normal trace operator. Hence, problem (Z3]) can be reformulated as: Find
u € H' () such that

(—A—kQ)u:f in ,

(2:5) ou/on =Tru  on 0.

The weak formulation of this equation is given by: Find u € H' () such that

(2.6) a(u,v) = /Q (Vu, Vo) — k?uv — /69 (Tpu) v = /Qfﬁ Yo e H' (Q).

The exact solution of (2) can be written as the acoustic volume potential. Let
Gy : R\ {0} — C denote the fundamental solution to the operator Ly := —A — k2,
ie., Gk (2) = gk (||z]]), where

—5TE d=1,

gk (1) =V 1D (k) d=2,

ei kr

4rr

Then, the solution of ([Z1J) is given by

(2.7) Ule) = (Vi) ) = [ Gulo=n)fl)dy Vo e
Consequently, the solution of (Z5]) and (Z6]) is given by

w(x) == (Nif)( /G;C x—y) f(y)dy Vo € Q.
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1874 J. M. MELENK AND S. SAUTER

Finally, we recall that a Galerkin method for (2] is given as follows: For a (typi-
cally finite dimensional) space S C H'(Q), the Galerkin approximation ug € S to
the exact solution u is given by:

(2.8) Find ug € S s.t. a(us,v) = / fuv Yvels.
Q

3. ANALYSIS OF THE CONTINUOUS PROBLEM

The analysis of the continuous problem is split into three parts. First, we pro-
vide some estimates for the Dirichlet-to-Neumann map Tj. Then, we prove some
mapping properties of the solution operator and, finally, state the existence and
uniqueness of the continuous problem.

3.1. Estimates for the DtN operator Tj. We equip the space H' (Q) with the
norm

) ) 1/2
el = (ful3n ey + B Nullfagey)
which is obviously equivalent to the H'(2)-norm. For d = 1, the boundary 99

consists of the two endpoints of Q and the L? (99Q)- and H'/? (99)-scalar product
and norm are understood as

N 2
(,0) 200y = D w(@ v (@) and lull 200y = ull /20 = [ D [u(@).
€N €N

For Lipschitz domains, it is well known that a trace estimate holds.

Lemma 3.1. There exists a constant Cy, depending only on Q and ko such that
for all uw € HY(Q),

(3.1a) Hu”Hl/?(aQ) < Cir Jlully
1/2 1/2
(3.1b) lull 2 o0y < Cor lull oty llull 7y -

Corollary 3.2. For u € H' (Q), we have

S 3 ~ Ctr 1+k8
VE[ull 200) < Cir llully,  with  Cp = ﬁ_\/ko
where kg is as in (22)).

Proof. There holds

02
2 r 2 2
(32)  Kluliagon) < Ciklull o) lulme) < = (k2 ulZa oy + IIuHHl(Q))
C’21r 2 2 = 2
= Tt ((1 + kQ) HUHL?(Q) + |U|H1(Q)) < C’fr [lull3, - 0

Let B, (z) denote the open ball with radius r about . For z = 0, we write B,
short for B, (0). Since the right-hand side f in ([23]) has compact support, we may
always choose 2 as some ball Br. In the following analysis we will always restrict
our attention to this case and assume that

(3.3) R> Ry > 0.

Lemma 3.3. Let B3) and 22) be satisfied. For d =2, we assume additionally
that kg > 1. Then, there exist constants ¢, C' > 0 that depend solely on Ry and kg
such that the following is true:
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(1)
B (Tewv) 2o | < Cllullpe ol Vuv € H' (Br).

(2) For d € {2,3} and all w € H'? (0BR) the real and imaginary parts of
(Tyu, u)LQ(aBR) satisfy

2
u
3.4b) —Re (Thu, u)295,) = 0%7
B4k) Im (T, u) 2pp,) >0 foru#0.
For d =1, instead of (34N), (B4L), there holds
3.44) —Re (Tku,u)m(aBR) =0,
2
B.2k) I (Thu, w) 12 9p,) = Fllullz2 085 -

Before proving Lemma [3.3] we note the following corollary.

Corollary 3.4. There exists C. > 0 which depend only on ko and Ry (cf. (22,
(B3)) such that for all u, v € H' (Bg),

la (u,v)] < Cc [|ully [[v]l5 -

Proof. The estimate

|a (u, 0)| < [ul g1 (g V] g1 (B + k? lull L2y IVl L2 (Bp) + ‘/83 (Thu) v

R

is obvious. Hence, the assertion follows from Lemma [3.3] O

Proof of Lemma B3l Case d = 3.
The Dirichlet data on dBg can be expanded according to

[eS) 4
(3.5) w(@) =3 3wy (9,0),

£=0 m=—¢
where (R,0,¢) are the spherical coordinates for € 0Bg and the functions Y;"
are the standard spherical harmonics. The solution to the exterior homogeneous
Helmholtz problem with Sommerfeld radiation conditions at infinity and prescribed
Dirichlet data at 0Bg can be expanded in the form

(35 W) =3 3 v .0 M 1)
. - £=0 m=—/¢ o 7 h;l) (kR)’

where (r,0, ¢) are the spherical coordinates of x € R3\Bg. By taking the normal
derivative at the boundary we end up with a representation of the Dirichlet-to-
Neumann map

0o 4

(3.7) =3 3wy (6,6) 200
{=0m=—/¢
(") )

with the functions z (r) :==r . These functions have been analyzed in [35]

he' (r)
Theorem 2.6.1] where it is shown that

(3.8) 1< —Re(z(r)) <€+1 and 0<Im(z(r)) <r
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1876 J. M. MELENK AND S. SAUTER

(In [35] Theorem 2.6.1], only Imz, (r) > 0 is stated, while the strict positivity
follows from the positivity of the function ¢, in [35, (2.6.34)].) It follows from (B
that

_ >t 2o (ER) ,,—
/BBR(T]CU)’U—ZZ f(}% )uZ’U?L

and from B8] we conclude that

14

’Re/ (T ] = Z 3 {Rezz (kR) o (o) Ingm) - (UTW)}|
9Br =0 m=—2¢
1 ) 4
< EZ Z {IRe z¢ (kR)| + [Tm 2 (kR)[} |ug"| [vg"]
{=0m=—/¢
1 oo l
< 520 0 Al 1+ R | o
=0 m=—/¢

< C(R_1 lull zr1/2085) 10l 1208, TR Ul L2054 ||U||L2(aBR))-

Using Corollary we get

‘Re/ (Thu)©
OBRr

Repeating these steps for the imaginary part results in the same upper bound, and
we get for some C that depends only on Ry and kg the estimate

/83,; (Tpu)T

The lower estimate of the real part follows from

. 1
<00 (14 g ) Tl ol

< Clullyg [vll, -

14

2
e[ - Z 5o TRzt Uy § 5 Ly e
OBRr

=0m=—¢ = Om——é

The upper estimate for the imaginary part is just a repetition of the previous
arguments.

For the lower estimate of the imaginary part, we consider u € H/? (0Bg)\ {0}.
Hence, there exists (4, £4) in the expansion (3.5]) so that u;** # 0. This leads to

o] 4
Imz, (kR m
Im (Thu)a = Z Z % lup? > C ’ul** 2

>0,
9Br £=0 m=—¢

and the lower bound is proved.
Case d = 2.
We expand the Dirichlet data on 0Bpg in polar coordinates

(3.9) u(z) = ZW et

LET
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where (R, 8) are the polar coordinates of x € dBpg. It follows (see, e.g., [12, (2.10)])

that
I
. HY)) (r)
(3.10) Tru = Z Uyp we (kR) e with w, (r) := 1"4( fl)) .
LET R H\z\ (r)

Obviously, it is sufficient to analyze wy only for £ € Ny. By decomposing w, into
its real and imaginary part we get

B rJéJz + Y)Y, +i1(Y)J, — J)Yy)

Wy =

Jp+ Y7
For the imaginary part, we obtain
1. 1.16] 2
YiJ— JIY, [ 9.1.27] Yoo — JorYs [T 9.1.16] 2
wr
We set My := ‘Hél)‘ and obtain
d o
Ty Jo + Y]V, 2 M 2
3.11 =r-t £ i =4 i .
(8:11) RV MZ T2 MZ TR

In the next step, we derive estimates for the coefficients wy.
Case d =2 and / € N>,.

Let
2 - ) o )
MZ,n (7") = E Z T’2— with 5f,m = W and
m=0
(3.12) m
Vem = H (4@2 — (2k — 1)2)
k=1
and define R%L = Mz2 - M£2,n- Note that
(4¢)!
(3.13) >0 and 1 =— (M + 1)y, <O.

Ve = W =

We conclude from [46] §13.75] that, for the choice n = £ —1 > 0, there holds
Ré‘/f@_l (r) > 0. Thus,

(3.14) M7 (r) > M7, (r) ¥r=>0.
Let K, be the modified Bessel function of order v. From [46, §13.75] we obtain
d 16 [
N} = —M} = _10 / K (2rsinh t) sinh t cosh (2¢¢) dt
dr w2 Jo
and
cosh (24¢) 2 Yem . iom -
— = . h*"™ ¢t + Ry ,,.
cosh ¢ z::() (2m)! S i
If n > ¢ — 3/2, the remainder R[ﬂn satisfies
Ventl oo 2(ntl) :
) [ " n+ 2] sinh t} if v py1 >0,
(3.15) R}, €
[% sinh2("+1) t, 0} otherwise.
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1878 J. M. MELENK AND S. SAUTER

We introduce
n

16 m [ . . 2m
Ngp = =] 2 (;Km)l /0 K (2rsinht) (cosht) (sinh®" "' ¢) dt
= _1_6 - Ye,m /OO K (2) 22,
w2 = (2m)! (2r)*™ 2 Jo
2 & 5 d
= 2m 4+ 1) =2 = —MZ,,.
2 m:O( m+1) r2m gy bn

Note that M7 (r) is monotone decreasing for r > 0 (cf. [37, §9-7.3]) and hence
N? (r) <0 for r > 0. Thus,

|NZ (r)] = =N7,, (r) + Ry, with Ry, := =N (r)+ N, (r)

and Ré\fn has the explicit representation
N 16 [ . . -
Ry, (r) == K (2rsinht) (sinht) (cosht) Ry, () dt.
; 72 J, ;

Note that sinh, cosh, and K; are positive on the positive real axes (cf. [, 9.6.23]).

We choose n = £ and obtain from (BI3) and (3I5) that Ry (t) is negative for t > 0
and hence

(3.16) |NZ (r)] < =Nz, (r) Vr>0.

In summary, we have proved that

(3.17)  |Rew| < —~ ]\;62@ _ 1m0 EET;H) e L2 21 ;T’f
2Mg, .y 2 Y om0 o 2 2k
201 (4 1) (4 - 1)
2 16412

Hence, for £ > 2 and r > Clx/z we arrive at

20— 1
Rew| < 2 (1 9).

It remains to consider the case
(3.18) r < CVe.

We derive from (B.I1]) and [1I, 9.1.27]

T T

|SNE ()| = =5 N2 () = OMF (1) = 7 (Jeo1 Je + ViYoo)
and this leads to
T
LNZ ()
97 ¢ r(JeJe—1 +YeYi_1)
3.19 Rewy| = 25— =10 —
(3:19) el =0 ME()
We deduce from [1} 9.5.2, 9.1.7, 9.1.9] that

Je(r) >0 and Y;(r)<0 YO<r<¢

and thus
JoJor 1+ YY1 >0 VOL<r</{-—1.
If C; < 272 there holds C1v/¢ < £—1 for all ¢ > 2, and we have proved |[Rewy| < /.
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To derive a lower bound for (— Rewy), we proceed as for (BI7) and obtain, for

r Z k07
N2, () 1l eme1)ie 1 1
(320) —Reuw, (r) > — L a1 ) LimoolBmt D, 1 oy
2 ME,Z (T) 2 Zm:O :2::: 2 1 ﬁ
(2¢-1) %{=3
1 1 1 1
EEIEE = g
+ 8¢r2 + 2k32
For the imaginary part of wy, we get
2
(3.21) Imw (r) = —5— >0 YeNy Vr>k

TMZ (r)

because M7 is non-negative and decreasing for r > 0 (cf. [37, §9-7.3]). For the
upper bound, we combine [20, 8.479] with the fact that ME is decreasing to obtain
for ¢ € NZl;

2
B22h) MZ(r)> = VYr>1.
r
Hence, the upper bound
2
3.23 1 =<
( ) m wp (1) () S r
follows.

Case d=2and (=0, 1.
For ¢ = 0, we use [40, §13.75] and get

2 1
MG (r) > Mg =—(1-—).
o (r)> 0,1 (r) o ( 8r2>
For d = 2, there holds ko > 1/2 by our assumptions and, thus, for r > kg we get
1
B.22b) Mg (r) > —.

wr

The combination of (BI1]) and (322]) implies
2
o
Rew (1) < "2 N7 (1)
We deduce from (3I06) (which is also valid for £ = 0, 1) that

l
2 67771 2 1 6:0,
INZ ()] < N2 (] < —5 > (@m+1) 5 < {Hﬁéﬂ

m=0

This implies, for r > ko (cf. ([22)),

mr2

where C depends solely on kg. Thus, for £ = 0,1,
[Rew,| <C<C{+1).

Since M? is monotone decreasing (see [37, §9-7.3]), it follows from (BI0) that
Rewg (r) < 0 for all r > 0.
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1880 J. M. MELENK AND S. SAUTER

In (B:20)) we have derived a lower bound for (— Re wy) provided ¢ > 1. It remains
to consider the case £ = 0. The assumption on kg implies r > kg > %\/g so that

r No 1(r) 1 3 1
- > - =—(1-=)>-.
Rewo (r) 2 2 M2, (r) 2 8r2) = 4
To summarize both cases, we have proved that
(B.24h) 0<c<—Rew;(r)<C{+1) Vr>ky VleNy,

where ¢, C' only depends on k.
For the imaginary part, it remains (cf. (3228, (8:23)) to prove the upper bound

for (Imwp) and employ BII) and (322h)) to obtain

2
I = ——F < 2r.

B242b) mwo = — Mz S r
By proceeding as for d = 3 (after (8.8))) the estimates ([B.4) follow from (3.24).

Case d =1.

For boundary values ¢ : {—R, R} — R, the Dirichlet-to-Neumann operator is
given by
(3.25) T =ik,

The trace theorem (in one dimension) leads to

‘Re/aBR (Txu)T| = |Re <ikr§Ru(r)ﬁ(T)>‘
gklmz Sk‘zm )| o (r

r=+R r=+R

Cor. B2
< Cllully llvlly

where C only depends on Ry and kg. By the same techniques we can estimate the
imaginary part and, thus, obtain (3.ZR). The lower bounds (3.4d)), (3.4H) follow

from
_Re/r‘33R (Tiu) T = — Re (ik > Ju) ) =0,

r=+R

m [ Tk 3 )P 2kl 0
9Br r=+R

3.2. Analysis of the solution operator Ny. In this section, we derive some
explicit bounds for the solution operator Nj under the assumption that the right-
hand side is in L? (). These estimates will be the basic tool for proving the discrete
stability of the finite element discretization and the convergence. The key ingredient
of the analysis of the hp-FEM in Section [Alis the following decomposition result:

Lemma 3.5 (decomposition lemma). Let Q2 be contained in a ball of radius R > 0.
Then there exists a constant C' > 0 depending only on R and ko such that for
f € L?(Q) the function v given by

v(z) = Npf(z /ka— (y) dy, x €9,
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satisfies

k™Mol a2 (@) + vl @) + Ellvllze @) < CllFllc20)-
Furthermore, for every A > 1, there exists a \- and k-dependent splitting v =
vz + v with

1 -
EZ) (9ol < © (14 50 ) (07 Iflisey € 0.1,2),

p—1
B2ZD)  [V'oalliz@ < CA(VaAk)  Iflrze) 9 € No.
Here, VPv4 stands for a sum over all derivatives of order p (see (B for details).

Remark 3.6. 1) For f € L?(2) the function v = Ni(f) cannot be expected to have
more Sobolev regularity than H?2. The decomposition v = vg2 + v4 of Lemma
splits v into an H?-regular part vg> and an analytic part v4. The essential feature
of this splitting is that the H2-part vy2 has a better H2-regularity constant in terms
of k than v itself, namely, (3260), (B20h), and the triangle inequality || V2v]|12(q) <

[V2vm2|lr200) + V20l L2(0) imply
[V20r2|lr2) < Cllfllr2)  versus  [|V?0|lr2) < Ck| fllr2)-

The fact that |Jvg2||g2 < C| f||z2 for a C > 0 independent of k will be essential for
the stability and convergence analysis below.

2) Inspection of the proof shows that the mappings f — vy2 and f +— vy are
linear maps.

Proof of Lemma [33. The estimates for v follow directly from those for vz2 and v.4
by fixing a parameter A > 1. In order to construct the splitting v = vg2 + v 4, we
start by recalling the definition of the Fourier transform for functions with compact
support
$©=00" [ e u@ar veer
R4
and the inversion formula
u () = (27r)*d/2/ ™8 g (¢)de  Va e R%
R4
Let Bg C R be a ball of radius R containing Q. Extend f by zero outside of  and
denote this extended function again by f. Let p € C™ (R>¢) be a cutoff function

such that
C
supp pu C [0,4R], Plozr =1 Hlwic(zsg) <
(3.27)
C
Ve € R0t 0< (@) 1 Mlupo =0 |Hlwe(a,) < 2o

Define M (z) := u (]|2]]) and

v (1) = ; Grlz—y)M(z—y)f(y)dy VoeR:

The properties of p guarantee v,|p, = v|g,, so that we may restrict our attention
to the function v,. Since supp f C Bn we may write

(3.28) v, = (G M) * f,
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1882 J. M. MELENK AND S. SAUTER

where “x” denotes the convolution in R?. We will define a decomposition of Uy
(which will determine the decomposition of v on Bg) by decomposing its Fourier
transform, i.e.,

(3.29) i)\lt = Ug2 + V4.

In order to define the two terms on the right-hand side of [B29), we let Byx(0)
denote the ball of radius Ak centered at the origin where A > 1 is the fixed constant
(independent of k) selected in the statement of the lemma. The characteristic func-
tion of Byk(0) is denoted by xar. The Fourier transform of f is then decomposed
as

f=Fxo+ Q=) f = fu + fi-
By the inverse Fourier transformation, this decomposition of fentails a decompo-
sition of f into fi and ff given by

(3.30)  fi (z) = (2m) " / T8 e (€) f(©)de and  ff (2) := f — fi.

Ra
Accordingly, we define the decomposition of v, by

(3.31) vy = (GipM) * fi and v, 4 = (GpM) * f.

The functions vg2 and v4 in B.29) are then obtained by setting vy2 := v, g2|a
and v4 = vy, 4lo. We will obtain the desired estimates by showing the following,
stronger estimates:

B32h) v, m2 |2 ey < CllfllL2®ays
B3D) | D0y allz@ay < OXR) T fllp2gay, Vo € NG

The estimates ([B.32]) are obtained by Fourier techniques. To that end, we compute
the Fourier transform of Gy M:

(@) (€) = (2m) V2 / e~ 160 Gy (2) M (z) da

R
(3.33) = (271')7(1/2/0 gr () p (r)ré=t (/s e 1760 dS<> dr
d—1

=(2n) 1)
The inner integral in I () can be evaluated analyticallyl] and 1 (&) = ¢ (||€]) with
2/ gk (1) p (r) cos (sr) dr d=1,
0 oo
(3.34) L(s) = 27r/ gk (r)p(r)rdo (rs)dr  d=2,
0

° 5 sin (rs)
ir [ 0 0) L

1This is trivial for d = 1 and follows for d = 2 from [20} (3.338)(4)]. For d = 3, we use the
formula

dr d=3.

/ e*“””’%m(x)dx:ge(na:umm(i) with g¢ (r) = (—i)" 4rjo (r)
52 [E:d]

(which follows by a comparison of [35] Section 3.2.4, formula (3.2.44) and (3.2.54)]) for m = ¢ =0,
where YY) = const and go (r) = 4nsin (r) /7.
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Applying the Fourier transform to the convolutions (B3] leads to

~

Oz = (2m)" P CUMfE = (2m)"? CLM (L~ o),
B = (2m)" 2 CuM fi, = (2m)" G M Fxar.
To estimate higher order derivatives of v, g2 and v, 4 we define for a multi-index
a € N¢ the function P, : RY — R by P, (¢) := £* and obtain, by using standard

properties of the Fourier transformation and the support properties of x,, for all
lal <2,

(3.35)  ||0%vm — (2m)%/? ‘

Pam(l _XAk)ﬂ

HLZ’(]Rd) Lz(]Rd)

<0 (_max 1R1©)) |- o0 ]

EERL:|E|> Ak L2 (R)

< (2m)%? (géy; ‘SQ'L(S)D 1122 -

Lemma B.7, (iv) implies for |a| € {0,1,2}

la | —2 1
g@\)}i‘s L(S)‘SC’()\k) (1—1-)\2_1).

Thus,
. 1
1001l < € OR)12 (14 577 ) 1l
and (B26R]) follows.

Completely analogously, we derive for all a € N,
(3.36) 10y, all 2 ey < (2)%2 (o?li’ﬁk ‘sl%(s)D 1l 220 -
We can complete the proof of the lemma using the bounds on the function ¢ given

in Lemma 37, (v) below and using (5.10), (5.2]). O

Lemma 3.7. For the function ¢ defined in [B34]) the quantity s™¢(s) can be esti-
mated:

(i) form =0 by

(ii) form=1 by

1+ (RE)™ d
[log kR d= and 4Rk <1,
1 d

d

1
9
<
st(s)| < CR =2 and 4Rk > 1,
3

1
(iii) and for m =2 by
1
Rk + — =
+ T d=1,
$2lu(s)| <C{ log(kR)| d=2 and 4Rk <1,

RE d=2 and 4Rk >1,
1+ kR d=3.
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(iv) For fized Ry, Ry > 0 there exists C > 0 (depending only on Ry, Ry, ko, d,
and the constant appearing in B2T)) such that for any R € [Ro, R1] and
any A > 1,

1
sup s2|u(s <C(1+ )
s )] O (14 5

(v) For any A >0 and all m € Ny we have

sup || | (s)| < CAR(Ak)™ "
[s|<AE

Proof. In this proof, C denotes a generic constant which may vary from term to
term. It suffices to prove the estimates [B)—B20) because [B7) follows directly
from B7). We discuss the cases d =3, d =1, and d = 2 in turn.

Case 1: d = 3.

There holds

[st(s)|=C < CR.

/ e BT 1y () sin (rs) drr
0

Applying integration by parts we obtain
o= [ (00 i cosrs) ) ar
0 S

c [*tr/c R
<— ey = —
_k/o (Rr+1)d7‘ Ck:

For the product s%¢(s), we get

|s%0(s)]| zC‘/ e F" 1 (1) ssin (rs) dr| = C
0

o

<Ck

/ e 7 (1) D). cos (rs) drr
0

)

/0 cos (rs) ¥ p (1) dr| + C < /0 cos (rs) e *" ! (r) dr
=T+ 71"

/ cos (rs) Oy (%" pu(r)) dr

0

)

The estimates 77 < C'kR and T < CU follows from the properties of

(cf. B27). For |s| > Mk, the estimate of 7' can be refined by using integra-
tion by parts:

T < Ck

= . k| [/ .
/ cos (rs) e ¥y (r)dr| = C= / (el(kJrs)r 4 el(k—s)r) 1 () dr
0 2 1Jo

2 o k2 C'(14C)
<0 (gopr [ woph ole) < S

Case 2: d=1.
There holds
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To estimate st (s), we apply integration by parts to obtain

[e’e} ei kr
/ w(r) Op sin (sr) dr
0 Kk

/OOO sin (s7) , <ei]:Tﬂ (7‘)) dr

Similarly, we get by two-fold integration by parts:

st (s)] <

1+ RE
o

<C

|52 (s) ’/ e 1 (r) 82 cos (sr) / {8, cos (sr) { (ei]:Tu(r)>}dr
g/o cos(sr){af<I:M(r)>}dr+1’
<k /Ooocos(sr)eikTu(T)dr

_|_

oo ikr
/ cos (sr) (Zieikr ' (r) + ek u” (r)) dr + 1‘
0
=T 7

The estimate T < C (1 + ﬁ) directly follows from the properties of the cutoff
function p ([B:27). The term T" was estimated already in Case 1 so that the proof
of the case d = 1 is complete.
Case 3a: d=2and 4R < 1/k.
For brevity, we write
hi (r) := Hél) (kr) and j,,(r):=J, (sr).
Estimate (A3 implies

[T 9.1.60]
VO<r <4R<1/k:|hp(r)] <C 1+ |logkr|) and Vr>0:]|J(r)]

Hence,

4R
[t (s)] < C’/ (1 + |log kr|) rdr = CR* (1 + |log (4kR)|) .
0

For the estimate of s™¢(s), m € {1,2}, we employ the relations (see [I, 9.1.30],

1, 9.1.1])
(3.37) (rjis (1) =rsjos (r)  and  (rjg, (1) = —rs’jos (r).
Integration by parts results in
[st(s)] < C / hgp (ers)/dr =C / rj1,s (Whi + phy,) dr
0
A3, (IEED (A1D) Ak R (1+ |1
c/ {7+|Rf’gkr|)+ e }dr

< CR{1+ |logkR|+ k*R*} < CR(1+ |logkR|) < CR|logkR)|.

Finally, we estimate s2¢ (s) by two-fold integration by parts

(3.38)
|s%u(s)| =C ’/0 P (rj67s)/ <C ( + |lim (rhy, (r))D .

4R )
/0 jos (1 (hip)")
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Note that lim,_,o rh}, (r) = 21 /7. For the first term, we use
(3.39) (r (hku)')/ = (rh}) + 2rp' by + (1) .
We employ (AI2) for the first, (3.27), (A1) for the second, (3.27), and (A3L) for

the third term on the right-hand side in (3339) to obtain
1 R+r
R R?

(r (hai))'| < CH?r (1 + Jlog (k) (1 + [log (kr)).

Hence,
|2 (s)| < C ((kR)2 (1+ |log(kR)|) + 1 + |10g(kR)|)
C (1 + |log(kR))).

Case 3b: d =2 and 4Rk > 1.
We define ¢y, () := hy (r)u(r)r and denote its antiderivative by @y (r) :=
flr/k o, (t) dt. We use the splitting

1/k . 4R
T1 . T1 .
L(s) = 7/ Yrjo,s + 7/ Yrjo,s =: t1(s)+ u (s).
0 1/k

For ¢ (s), we employ the estimates as in Case 3a (with 4R replaced by 1/k therein)
to obtain

(5)] <
It remains to estimate ¢ (s). Note that jg ; = —sj1,s. There holds
. poo . 4R . 4R
mi , i ) T
(3.40) ur (s) = —/ OrJo,s = = ®psj1,s + = Prjo,s
2 )ik 2 Jim 2 r=1/k

In the next step, we will estimate ®;. Let @y, (1) := e~ '*" 4 (1) so that @, can be

written as

Tkt B er ()]
@k(r)::‘/l/ke or (t) dt = — /1/k T ()dt—i— I

T eikt~
=] T O gl
—,_/

t=1/k

=:¢,I (7.) ::q:'}cl(r)

By using (A-6) and sup, |(t(t))'| < C we obtain

1 1 /"

ol (r —/ ~/ dt:—/
20 < [ deda=g |
c (" 1 C Ir

<= —dt< ==

=k Jiw Vit k\/;

The function ®I! can be estimated by using (A3h)

<C< ﬂ“@) \Fgfiﬁ'
v () < £\ %.

ti (e ¥ hg) 4 (tp) e R | di

IN

#0)] = |7 sl

In summary we have proved
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By inserting this estimate and (A-3D) into (3:40) we get

4R c z
k3/2 1 + r| k

4R«/
<C< 15 /2 +k k:+k2>'

R [ls R
. <oy By =2
(3.41) \L(S)\_C’k ’ + k:

Next, we estimate s%¢(s). As in the Case 3a, our starting point is (3:38). Re-
calling |lim,_,o rh} (r)| = 2/m, we are left with estimating
4R N
/ jO,s (T (hlmu) ) .
1

4R N 1/k N
/ Jo,s (r (hep)') | < / Jo.s (7 (hep)')
0 0 /k

=:I; =:15

C r

k; k

|ur (s)] < C

r=1/k

This leads to

(3.42) +

We conclude from Case 3a that |I;| < C holds. For the second integral, we employ

(B.38), BZD), (A.3), (AT to get

[(r (o)) \—m (i + ") + By (- 20pt') + rhiul

(3.43) <Tr \f“’“[><c(

The combination of ([3.42), (B:43), and [(A3L) leads to

")

Rk
I, <Ck D
2 < ORRY R
Thus, we have proved
Rk
3.44 2 < CkRy|—————.
(3.44) | (s)] < TR

For 0 < [|s| < k, we employ B4I)) and for |s| > k we use (BZ4) to obtain for
m € {0,1,2},
|s|™ |¢ (s)] < CRE™L.

For the case d = 2, we now show (iv), i.e., we consider the case |s| > Ak.
The assumptions R > Ry and k > ko imply for the case Rk < 1/4 immediately
Sup|50 5°[¢(s)] < C. For Rk > 1/4, we take, as in the Case 3b, the estimate
[B42) as our starting point. The integral I in (42 is already seen to be bounded
independent of k. Since, by [I} 9.1.1],

(rh},) = —k*rhy

we can write the integral I as

4R
I = / Jo,s (—k2rhku + 2rhgp’ + (1) hy) |-
1

/k
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Recalling that ¢/ =0 on (0,2R), we can estimate Iz by

4R
/ jO,sk2Thk,LL
1/k

I < +CR  sup  {[jo,shy| + |jo,shel} -

re(2R,4R)

::IQI

We conclude from (A3), (AH), and (AJ) together with (A2)

1 k 1
CR su shi| + 1joshe|} <K CR——— \/ +—| <C,
re(QRp4 {‘JO k‘ |.70 k|} W (R\/_ \/ﬁ)

where we used |s| > Ak > k and the fact that k > kg. It remains to bound I£.
Lemma [A 1] allows us to write

R
. 2k:2 /4 kr) (r ){ei(|s\+k)rf1(‘8‘r)+ei(—\s|+k)rfll(|s|r)} .

Since fI, f11, g' are bounded functions by Lemma [AIl an integration by parts
leads to

1 1
<ok — 4+ ——
2 = <s+k+s—k>

AR Li(|s|+k)r , , eilk=|s])r o ,
/w ———0- (' (|slr)g (kr)u(r))Jrk_—&n(f (Islr)g" (kr)u(r))| -

+Ck
|s[ + & |s]

Since |s| > Ak, Lemma [AJ] provides the estimates

|0, (f7(sm)g" (kr)u(r)| + [0r (F 7 (sr)g" (kr)p )}<C’< %) 1/k <.

Combining these results, we arrive at

1
II<Cc——-:.
2 =05
Observing 1+ (A —1)71 <2+ (A2 — 1)~! allows us to conclude the proof. O

3.3. Existence and uniqueness. Existence, uniqueness, and well-posedness of
problem (Z6]) has been studied in much more generality (concerning the assumption
on the domain ) in [I2] by using different techniques.

The main goal of the estimates which we have derived in the previous sections
is their application to the proof of the discrete stability for the finite element dis-
cretization and the convergence rates. However, since existence, uniqueness, and
well-posedness for our model problem are simple by-products we state them in
passing.

Theorem 3.8. Let Bgr be a ball of radius R > 0. Then, there exists a constant
C(R,k) > 0 such that for all f € (H! (BR))/ the unique solution u of problem
230) satisfies

lullyy < C (R E) £l iy -

Proof. The coercivity of the bilinear form a (u, v) follows from the compact embed-

ding H' (Bg) < L? (Bg) and (34L), (32H):

2 2 _ 2 2
Rea (u,u) > |lully, — 26 [ull L2 g, — Re /BB (Thu) @ > [Jullz, — 26 [[ull L2 s,,)
R
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Next, we show uniqueness of the adjoint problem (see, e.g., [29] p. 43]):
a(v,u)=0 Yve€ H' (Br) = u=0.

Let u € H! (Bg) be a solution of the homogeneous adjoint problem. We choose
v = u and consider the imaginary part:

0=Ima(u,u) =—Im (Thuw)u=1 (Tru) @.
8BR 8BR

Lemma 3.3 implies u = 0 on Bg. Hence, u € H} (Bg) and satisfies

(3.45) / (Vu, Vo) = k2/ uv Vv e H' (Bg).
BR BR
This means in particular that u € H} (Br) is an eigenfunction of (=A)"! with
eigenvalue k2. However, for any domain Q D Bg, equation (3.45) implies that the
extension
.+ J u(x) ze€Bg,
u(ac).—{o v ¢ B,

satisfies (B4R) with By replaced by Q, i.e., @ is also an eigenfunction of (—A)™'

with eigenvalue k=2 on any domain 2 D Br. A simple scaling argument shows
that this is impossible.

Thus, the assertion follows from the theory of Fredholm operators (see, e.g., [29,
Theorem 2.4]). O

Note that the proof of Theorem B8 does not provide how the constant C (R, k)
depends on the wave number. In [I2], this question has been investigated in much
more generality and, hence, will not be discussed here. The Fourier analysis which
we developed in Section gives explicit bounds on this constant provided the
right-hand side is in L? (Q).

Lemma 3.9. Let Q) be a bounded domain which is contained in the ball Br for
some R satisfying B3). For any f € L? (Q) and v := Ny f, there holds

ol < Clf L2y -
where C only depends on ko and Ry (¢f. 22), B3)).
Proof. The radius of the minimal ball that contains €2 is denoted by Rq. If 4kRq >
1, the estimate

<

@) (B.35), [B.38) 4
ooy B Mol = 2

S‘O“L (S)‘) ||f||L2(Q)

max
SGRZO

Lemma [37(i)
< (2m)2 == 1Fll 2y

follows. The estimate

1
Vel < € (1 + Fa) 1l
follows by the same reasoning. If a < 4kRq < 1, then |log kRq| < |log «|. Hence,

both estimates remain valid (cf. Lemma 7)), possibly with a different constant C
which, in addition, depend on «. (I
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3.4. An adjoint problem. The operator N and the DtN operator T} introduced
in Section ] are associated with the outgoing radiation condition. Adopting the
notation  and Q7 of Section @ and assuming supp f C €2, one can define a problem
with incoming radiation conditions: Find u € H'(2) and u™ € H} (") such that

(—A—k:Q)uzf in Q,
(-A—k)ut =0 in QF,
(3.46) u=wut and Ou/On =0ut/dn on IQ,
‘—+1ku+ —o(IIkI=") Il = oc,

For k > 0, we see that the complex conjugate @ and u* of the solution satisfy (Z3).
By uniquess, this allows us to identify the solution operator Nj : L*(Q) — H'(f)
for the u-component of the solution of ([3.46]), namely,

(3.47) u=Nj(f) = ka— ).f(y) dy

The solution component ut is related to a Dirichlet-to-Neumann map. For the

incoming radiation condition, this operator is given by T}'g := vy,w, where w €
H} () solves:
(3.48)
(-A=Ek)w=0 in QF,
w=yg on 012,

Find w € Hy, (Q1) such that
w 1-d
’E +ik;w‘ - o(||x|| : ) x| — oo.

Again by using k > 0 and complex conjugation, we note (again by uniqueness) the
representation T g = Ti.g. We employed the notation T}} since the operator T} is
the adjoint of T}, with respect to the L?(9Bgr) inner product in the case of a ball:

Lemma 3.10. Let Q = Br C R, d € {1,2,3}. Then fBBR Tyuv = faBR uTfv for
all u, v € HY?(OBR).

Proof. We will only consider the case d = 2. We expand « and v as in [3.9]) with
coefficients (u¢)¢ez, (ve)ecz. For the calculations below, we assume that only finitely
many coefficients uy, vy are non-zero; the generalization to u, v € Hl/z(aBR) then
follows by a density argument.

We see immediately from BI0) that we(r) = w_,(r). From the orthogonality
properties of functions e'“? with the representation of T} in (B.I0) we get

/ um:/ uTkﬁ:ZWZuﬁgw,g(kR):%rZuﬁgwg(kR):/ Truv.
BBR BBR

= (€7, 9Br
O

4. STABILITY AND CONVERGENCE ANALYSIS

This section is devoted to the analysis of the discrete problem (Z.8]) for the finite-
dimensional space S C H'(Q); we will provide conditions on S under which unique
solvability and quasi-optimality of (2.8]) can be guaranteed.
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We employ the generalization of the theory of [33] that has been developed in
[39]. There, a measure of “almost invariance”é,of the approximation space S under
the solution operator of an adjoint Helmholtz problem has been introduced.

Adjoint Problem: The weak formulation of problem (23] corresponds to the
sesquilinear form a (-,-) as in (26), where Q may be chosen as a ball Br with
sufficiently large radius R. The adjoint sesquilinear form a* (-, -) is defined by (see,
e.g., [29, p. 43])

a* (u,v) = a(v,u).
For given f € L?(Bg), the corresponding adjoint problem is given by finding
z € H' (Bg) such that
(4.1) a* (z,v) = (v, f) 2By Vv € H' (Bg).
Explicitly, we have

a* (z,v) = / (Vu, Vo) — k*up — / u (Tyv) .
Br OBR
From Lemma [3.10] we conclude that
a* (z,v) = / (Vu, Vo) — k*ut — / Thuv.
Br OBr

The strong formulation of the adjoint problem is: Find z such that

0
8_121 =T}z on J0Bg.

Recalling the definition of T}, we see that the solution z of this problem is given
by the solution u of ([B46]); the solution formula ([3:47) therefore allows us to write
the solution of ([@1]) as

(4.2) —Az —k*2=f in Bg,

(43) = Nif = [ Gila—u)F )y
In view of Z = Ni f and ||z||% = ||Z||%, we obtain from Lemma [3.9] the following
observation:

Lemma 4.1. Let Q be a bounded Lipschitz domain and k > kqg. Then the constant

=: Ustab < OO
rerz@\{o} I fllz2(o)
is independent of k and depends solely on €.

For the stability of the discrete problem, the following adjoint approximation
property plays a crucial role:

Nif —
(4.5) n(S):= sup inf M
feLz()\{o} ve€S ||fHL2(Q)

(Note that the quantity 7 (S) was denoted in [39] by 7 (S).)

2We slightly changed the definition here and denote the new quantity by “adjoint approxima-
tion property”.
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4.1. Discrete stability. In this section, we will prove the discrete stability in the
form of an inf-sup condition.

Theorem 4.2. Let ) = By be a ball with radius R and let the assumptions of
Lemma B3] be satisfied. Assume that the space S is chosen such that

1
4.6 kn(S) < —
(4. 1) < 1
where C, is defined in Corollary B4l Then, with Cgi.y, defined in Lemma B.1], the
discrete inf-sup constant satisfies
1
inf sup la (u, ) > — )
u€S e S\ {0} lully lvlly — 24 Cot + 4kChtan,

and this ensures existence and uniqueness of the discrete problem (2.8]).

Proof. Let u € S and set z := 2k Nfu. Then,
a(u,u+z)= (/ (Vu, Vi) + k2 |u]® — / (Tru) ﬂ) +a(u,z)— 2k2/ ul?
Br OBRr Br
= / (Vu, V) + k2 [u]® — / (Tru) @.
Br

OBRr
We derive from Lemma [3.3] that

Rea (u,u+ 2) > |Jull3, .
Let zg € S denote the best approximation of z with respect to the ||-||;,-norm.
Then,
Cor.B% 9
Rea (u,u+ zs) > Rea (u,u+2) — |a(u,z —25)] > |ullz, — Cellully |2 — 25l

> [[ully (Il = 26°Cen () lul oy ) = (1 = 2KCey (S) 1l
The stability of the continuous problem (cf. Lemma 1)) implies
lu+ 25l < llully + 12 = 255 + (1215
< lully + 2620 (S) lull 2 ) + 25 Cotan [ull 125,
< (1+2kn (S) + 2kCtan) [|ully

so that | — 2C,kn (S)
—2C,kn
R > .
U ES) 2 oy () 4 2Rl | el 2
Therefore, in view of the assumption ([G]), we have proved
la(u,v)] 1

O

inf sup > — .
ueS yesvioy lully llvlly = 24 Cot + 4kCopar

4.2. Convergence analysis. The convergence of the finite element discretization
is proved by applying the theory as developed in [39] (see also [7l 33| [40], [8, Sec.
5.7]).

Theorem 4.3. Let the assumptions of Theorem be satisfied. Let u denote the
solution of (Z8) and ug its Galerkin approzimation (cf. (2.8])).
Then

. - <20C. i - )
(4.7) lu = wslly, < 2Cc inf [lu = vl
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The L?-error satisfies
[u=usllL2 g,y < Cen (S) lu—uslly, -

Proof. In the first step, we will estimate the L?-error by the H'-error and employ
the Aubin-Nitsche technique. The Galerkin error is denoted by e = u — ug. We
set ¢ := N}e (cf. [@3)) and denote by g € S the best approximation of ¢ with
respect to the H-norm.

The L2-error can be estimated by

lelFa ) = a (e ) < ale.th —1s) < Celelly, % — wslly

(4.8) < Cen (S) llelly llellL2py) »

ie.,

(4.9) ||e||L2(BR) < Cen(S) llelly -

To estimate the H-norm of the error we proceed as follows. Note that (340), (3:4H)
imply

(4.10) Re (T, ) pa o5, < 0-

Hence, for any vg € S,
lell3, = Re (a(e.€)) + {lell3, - Rea (e,)}

= Rea(e,u —vg) + 2k* HeHiQ(BR) —|—Re/ (Tre)e
OBRr

ED), @I0), kllell2 < llelln 9
< Cellelly [lu = vsllyy + 2kCen (S) [le]l5, -

Noting that ({£6) implies 2kC.n (S) < 1/2 we arrive at the final estimate|e|,, <

2C, [Ju — vsly - O

5. EXAMPLE: hp-FEM

Theorems [£.2] show quasi-optimality of arbitrary approximation spaces un-
der the assumption (6] on the adjoint approximation property 7 (S). However, for
concrete finite element spaces, or generalizations thereof, the verification of condi-
tion (.6 is far from trivial. The purpose of this section is two-fold: First, we show
that for classical higher order FEM spaces the assumption (£8) can be met un-
der a relatively mild condition on the local polynomial order of the classical FEM
space; in particular, we will demonstrate that for spaces consisting of piecewise
polynomials of degree p on quasi-uniform meshes that satisfy the side condition
p > clnk, the key condition (0] is satisfied. Second, we derive conditions on the
approximation space that may be easier to ascertain in practice than the condition
().

In view of the fact that the circle (in 2D) and the sphere (in 3D) are relevant
geometries for our theory (recall that Theorems B2 3] have been shown for cir-
cles/spheres), we consider triangulations with curved elements that permit inclusion
of these geometries. Before formulating the conditions on the mesh in an abstract
way, we give an example of a typical construction.

Example 5.1 (Patchwise construction of FE mesh.). Let © denote a bounded
domain.
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1. We assume that there exists a polyhedral (polygonal in 2D) domain Q along
with a bi-Lipschitz mapping x : Q — Q. Let 7macro — {IN(;M”O 1<i < q}
denote a conforming finite element mesh for Q consisting of simplices which
are regular in the sense of [13]. 7™ is considered as a coarse partition of

Q, i.e., the diameters of the elements in Tmacro are of order 1. We assume
that the restrictions x; := X|§macro are analytic for all 1 < <gq.

2. The finite element mesh with §tep size h is generated by refining the mesh
Tmacre in a standard way (e.g., in 2D, by connecting the midpoints of the

triangle edges) and denoted by T = {I?z 1< < N}. The corresponding
finite element mesh for Q is then defined by T, = {K =¥ (I?) 'K e ’771}

Note that, for any K = x (f() € T, there exists an affine bijection A : K- K
which maps the reference element K = {a: € (Rzo)d : E?Zl x; < 1} to the simplex

K. A parametrization Fy : K — K can be chosen by Fg := Ry o Ax, where
Ry := x| is independent of the mesh width h := max {diam K : K € Tp}.

To formulate the smoothness and scaling assumptions on Rg and Ag in an
abstract way we have to introduce some notation first. For a function u : Q — R,
Q C RY, we write

|
(5.1) Vi@ = Y SIDu(@).
aeNg:|a|=n ’

For later purposes, we recall the multinomial formula and a simple fact that follows
from the Cauchy-Schwarz inequality for sums:

ar 1
aeNg:|a|=n

1
n/2|xmn
_n!d [V u(x)].

IN

(53) S IDvu)

aeNd:|la|=n

Assumption 5.2 (quasi-uniform regular triangulation). Each element map Fk
can be written as Fx = Rg o Ag, where Ak is an affine map and the maps Ry
and Ay satisfy for constants Cafine, Cmetric, ¥ > 0 independent of h:

”A/K”Lx(g) < Caﬂ?meh> ”(A/K)_lHLoc(E) < Caﬁﬁneh_la
||(R/K)71||Loo(f(’) S Cmetri(:a anRKHLoo(f{) S Cmetric’YnTl! Vn (S No.
Here, K = AK(I/(\').

For meshes Tj, satisfying Assumption with element maps Fx we denote the
usual space of piecewise (mapped) polynomials by

SPYT) :={ue H'(Q)|VK € Tj, : u|g o Fx € Pp},

where P, denotes the space of polynomials of degree p. It is desirable to construct
an approximant Tu € SP!(7,) of a given (sufficiently smooth) function u in an
elementwise fashion. The C%-continuity of an elementwise defined approximant Iu
is most conveniently ensured if Iu is defined in such a way that for every topological
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entity E of the mesh (i.e., E is an element K, a face f, an edge e, or a vertex V') the
restriction (Ju)|g is fully determined by u|5. There are many ways of realizing this
construction principle. The construction employed in the present paper is based on
the following concept:

Definition 5.3 (element-by-element construction). Let K be the reference sim-
plex in RY, d € {2,3}. A polynomial 7 is said to permit an element-by-element

~

construction of polynomial degree p for u € H*(K), s > d/2, if:
(i) 7(V) = u(V) for all d+ 1 vertices V of K,
(ii) for every edge e of K, the restriction 7|, € P, is the unique minimizer of

(5.4) 7 P2 = e gy + = g

under the constraint that 7 satisfies (53]); here the Sobolev norm Héf is
defined in (B)).

(iii) (for d = 3) for every face f of K, the restriction m|y € P, is the unique
minimizer of

(5.5) 7= pllu— 7| L2y + |lu— 7| 51 p

under the constraint that 7 satisfies (5.3), (B3] for all vertices and edges
of the face f.

Remark 5.4. The conditions of Definition [(£.3] are a variation of similar proposals
in the literature, e.g., [I4] and [2I]. For example, the effective difference between
the projection-based interpolation of [I4] and the present construction lies in the
choice of the norms employed in the minimization process in Definition Our
motivation for formulating the conditions in Definition 53] is that they permit us
in Appendix [B] to construct approximation operators with optimal simultancous
approximation properties in L? and H'. Previously, the literature had focused on
H'-approximation alone.

We are now in position to show that the solution v = N} f can be approximated
well by the FEM space SP(7) provided that kh/p is sufficiently small and p >
clnk.

Theorem 5.5. Letd € {1,2,3} and Q C R? be a bounded domain. Then there exist
constants C', o > 0 that depend solely on the constants appearing in Assumption
such that for every f € L*(Q) the function v := N} f satisfies

kh\ (kh kh\"
inf kllv — <C 2 1+ — —+k| = ’
’LUGSIEI(,T}L) v —wll3 < ClfllL2(o) ( p ) { P (Up) }

Proof. We will only prove the cases d € {2,3}. The case d = 1 follows by similar
arguments where the appeal to Theorem [B.4] and Lemma [C.3]is replaced with that
to [41l, Thm. 3.17].

We note v = Njf = Nif, fix A > 1 in Lemma BF and split with its aid
v = vz + v with vy € H?(Q) and v4 analytic; we have the following bounds:

lvezll g2 < Clfllizz@), IVPoAll 20y < COAR)P I fllr2@) VP € No.

We approximate vg> and vy separately. Theorem [B.4] and a scaling argument
provides an approximant wg2 € SP1(7,) such that for every K €7, we have, for
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q=0,1,

h\> 1
fows = wilnio < (2) ol K €T

Hence, by summation over all elements, we arrive at

kh  [kh\?
Ellvge —wge|ly < C (y + (y) > 1122 )

We now turn to the approximation of v4. Again, we construct the approximation
wa € SPL(Ty) in an element-by-element fashion. We start by defining for each
element K €7}, the constant Cx by

VPOl 2 )
(5.6) cz =S — LK)
K p%;o (2X\k)2P

and we note

5.7) IVuall e < QARY'Cr ¥ € N,
400\
6.9 > ek (5) 1B
KeTn

Let the element map for K be Fx = R o Ag. Lqmmagives that the function
¥ := valk o Ri satisfies, for suitable constants C', C' (which depend additionally
on the constants describing the analyticity of the element maps Ry ),

||Vp1~)|\L2(}§) < CCP max{p, k}*Ck Vp € Np.
Since A is affine, the function ¢ := v4|x 0 Fx = 0 0 Ak therefore satisfies
V78]l 2 ) < Ch™*2CPh? max{p, k}*Cx  Vp € No.

Hence, the assumptions of Lemma[C3] (with R = 1 there) are satisfied, and we get
an approximation w on the element K by lifting an element-by-element construction
on K to K via Fi which satisfies for ¢ € {0, 1},

4/2 4/ h p+1 kh p+1
|va = wllgaxy < Ch 2map R0y (m) + (0_1)) .
Summation over all elements K €7}, gives
L i iy L e 4 E @ i
h+o h+o p? \op

kh\ 2Pt
+k? (—) > Ck.

op 1 ke,

(5.9) flva—w|} <

The combination of (59) and (5:8)) yields

ho\? hk kh\? (1 kh\]
— < - 1 _— —_— - — 2 .
Flloa w”H_CKthU) ( +h+0)+k(0p> (p+op)_ 17llz2qo
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Furthermore, we estimate using h < diam Q and o > 0 (independent of h)

ho\P kh ho\P!
<
(h+0> <1+0+h)_0h(1+kh)<o+h>

h (1 kh
< Ch(1+kh)p?<C- (— + —> .
p\p p

‘We therefore arrive at
1  kh\ [kh Eh\?
floa=ul <€ (34 50) 2tk ()] 171200
p p p op
which completes the proof of the theorem. ([

Combining Theorems [5.5] produces the condition (1)) for quasi-optimality
of the hp-FEM announced in the Introduction. We extract from Theorem that
quasi-optimality of the h-version FEM can be achieved under the side condition
that p > C'log k:

Corollary 5.6. Let Q = Bgr be a ball of radius R and assume B3), 22 with
the additional condition kg > 1 in the case d = 2. Let Assumption be valid.
Then there exist constants ¢, ca > 0 independent of k, h, and p such that (&G) is
implied by the following condition:

kh
(5.10) — < together with p>colnk.

p

Alternatively, the discrete stability follows from
(5.11) p=0(1) fired independent of k and kh+ k (kh)’ <C,
which is understood as a condition on the maximal step size h.

Proof. Theorem implies

o se1+2) (01 (2)).

The right-hand side needs to be bounded by 1/C.. It is now easy to see that we
can select ¢1, ¢o such that this can be ensured. O

An easy consequence of the stability result Corollary is:

Corollary 5.7. Let the assumptions of Corollary be satisfied and let (BIQ) or
(EII) hold. Then, the Galerkin solution ug exists and satisfies the error estimate

h kh\?
t — usly < C (5 " (—p) ) T,

Remark 5.8. To the best of the authors’ knowledge, discrete stability in 2D and 3D
has only been shown under much more restrictive conditions than (5.10), e.g., the
condition k2h < 1. Even in one dimension, condition (5.I0) improves the stability
condition kh < 1 that was required in [27].

Finally, we reformulate Theorem by deriving the statement under some con-
ditions on abstract approximation spaces that may be easier to verify than a direct

proof of ([£H).

The key step in Theorem is the ability to decompose v = N; f into an
analytic, but oscillatory part and an H2-regular part and to approximate each part
separately. This gives rise to the definition of two types of approximation properties.
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Definition 5.9. For given v > 0 and k£ > 0 let
He(,k) = {v € H Q)| [V70] 2oy < () e No},
H = {o e Q)| ol oy < 1}

Let S € H'(Q) be the (possibly k-dependent) finite dimensional approximation
space for the Galerkin method. The approximation properties for the oscillatory
and the H2-part are

(512) nA (Saka’y) = sup inf ||,U_wHH7
veEHOs(v,k) weSs
ne2 (S) := sup inf [[v—wl, .
vEHHZ W S

The decomposition Lemma allows us to recast 7(.S) in terms of n4(S, k, )
and ng2(9):

Lemma 5.10. Let Q C R?, d € {1,2,3}, be a bounded domain and select \ > 1.
Set y := \/d\ and define

v VPy
Cyz = sup Nomz i Cu:= sup sup | Allzz(@)

rerz@) 12 )’ rer2(@) peNo (VE)PH fllL2(0)’

where, for each f € L?(QY) we employ the A-dependent decomposition N f = vge +
v4 according to Lemma B8l Let S C H (Q) be a finite dimensional approzimation
space. Then, the adjoint approximability n(S) is bounded by

n(S) < Cana (S, k,v) + Crzngz (S).

Before proving this statement, we stress that the scaling in Definition has
been chosen such that, according to Lemma B3] the constants C4 and Cp2 are
bounded uniformly in k.

Proof. For f € L?(2), we employ the splitting v = N} f = vy2 +v4 as in Lemma
for the selected A > 1. We set

- 0 if f =0, B 0 if f—o0,
and note vz € HH* and 0 € H*(v, k). Then,
n(S)=  sup  inf o+ vr, = ]y,
rerz@\foywes  [[fllz2@)
< sup inf oA = wlly, +  sup inf o, = wily,

= rerz@noyveS flle)  rerzingorwes 1l

< ||UA||H/||”A||H inf ||z — w”H
rerz@n(oy  Ifllpeq)  wes
I sup ””H?H'H / HUH?HH inf (o7, — w”?—t
FEL2(Q\{0} £l 20 wes
< Cana(S) + Crznpyz (9) 0
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APPENDIX A. ESTIMATE OF BESSEL FUNCTIONS

In this appendix we derive some estimates for the Hankel and Bessel functions
that are used in Subsection First, we will consider the case of large arguments
z > 1 and then the case 0 < z < 1.

Case 1: z=Fkr > 1.

From [Il 9.2.5-9.2.16], we conclude that the Hankel functions H, él) and Bessel
functions Jy, £ € Ng, can be written in the form

1, 9.2.5 2 .
(AIh) Jg(z)[ = ]M;(Pe(z)cosx—Qg(z)smx),
1, 9.2.7 2 . ;
AIb) ngl)(z)l Z ] /E(Pz(Z)-i-lQé(Z))eXa
where x := z — w/4. The functions P, Q¢ have the following property: Upon
defining
T Be,ok
(EIk) Prm (2) =) =
k=0
ETH) Qo (2) = — i " Brok+1
em (2) = =13 S2k+1
k=0
with
i* ye
Beg = W and g, as in (312)
there holds
h’l 2m| 1
Py — Py y— < eml -
B I O e

Ye,2m+1 1
(Qe — Qem—1) (2)] < 3omTE (2 1)1 2L

Note that in Subsection B.2] the order ¢ is always small, i.e., £ € {0,1} and, hence,
we do not analyze the dependence of the constants on £ in the following estimates.
We conclude that

1
* 26/ %] (2[£])! 22141 =G

and similarly,

C C C
@) ver1: QeSS PGS 5 Q)< S
Hence, for f € {Jg,ngl)}, ¢ € Ny, there holds
) Vi1 ()] <
>1: =7
[1} 9.1.60]
and the combination with |J; (z)] <  C for all z > 0 yields
1
>0: < .
(A3b) Va2 00 ()l <Oy
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We need an estimate of the derivative at the argument z = kr for z > 1. The
derivative of (AB) can be written in the form

i (1) [ 9.2.7] er ii _
(A.4) S HG (k) T =T C e [ (P (k) +1Qo (k)

+ C (Py(kr) +1Qo (kr)) dir (eikr %) .

The combination of (A4]) and ([A.2) leads to

) s | < (r\/_ ﬁ)

We also need an estimate of 0, (e_i’” Hél) (k:r)) Employing (AJD) we obtain

di; (efikr Hél) (kr)) _ \/; ffr/4;i (\/%(Po (kr) +1Qq (kr))) .

Thus, for kr > 1, we get
C
rEr

An estimate of the second derivative of Hél) is derived by using [I], 9.1.27, 9.1.28]:

(A3R) k
< Cky/—.
r

(A.6)

Or (e_ikr H(gl) (kr))‘ <

(1)
(A7) 1 (kry 4 )
p

d
s ()| =2

Case 2: z = kr € (0,1).
To estimate Hél) (%) in the range (0,1) we employ

HY (2) = Jo (2) + Y (2)

and use for Yy (z) the expansion

Yo(z):%(log ) ——Zw k+1) (_%>

(k)*
where
n—1
Y (n) :=—y+ Z k=Y and ~:=0.57721566... is Euler’s constant.
k=1

For 0 < z <1, we have
¥ (k + 1
< — .
Yo (2)] ‘1 2‘+ Z4k kl
Furthermore,

k k
1
W;(k+1)|<7+1+z <7+1+/ de:7+1+logk:;7/+1ogk.
5=2
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Thus, for 0 < z < 1, we have
2 z 2 v + logk:
Yo (2)| < — ‘10 —‘ + —
Yo ()] < = [log | + = ; e

vtlogk <9 e get

4k k!

Since
2
[Yo (2)] < - [log z| + C.
This leads to the estimate:

2
@3r) vz e10,1] : ‘Hél) (z)‘ < = Jlog 2| + .
The combination with (A3R]) finally results in
2 C
HY ‘ <mind 2 o, —\.
@) [HE (2)] < min < = log 2| + 7

We will need further estimates of J; and 6TH(§1). From [I], 9.1.60], we conclude that
(A.8) Vz>0: Ji(2) <1/V2.
For the derivative of Yy, we obtain (by using J) = —Ji)

2k

For 0 < z <1, we obtain

k
Ei@/](k-ﬁ-Q) (%) <§§:7+k’g (k+1) <f§:ki:c,z.

et El'(k+1)! k4F (k+1)! — 7
Now,
[T 9.1.62]
(A.10) PAC e
and we get
2 z z ez 2
<Z(z'4+Zllogl+ )< = .

YY (2) (z +210g2+2)_m+c

Hence, for 0 < r < 1/k, we arrive at
k2r 1 k2

(A.11) () (kr)’ =k (|J) (k)| + |y (kr)]) < —+Ck;+T <C (T QT) .

In addition, we need some weighted estimates for second order derivatives of
HY. From (AJ) we obtain

(k) )
2% kr - (_ 4 )
Or (r0nYo (kr)) =" | =21 (kr)—krlog = Jo (kr) + krkzzow (k+2) T

This leads to the estimate, for 0 < z <1,

|0y (r0,. Yo (k)| < szT <C’ +
T

kr
log —| | .
o5 )

d, (TGTH(()I) (kr)) = —rk2Jy (kr) + 10, (r0, Yo (kr)),

Note that
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and, hence,

(A.12) YO<kr<1:

O, (r(‘)THél) (k:r))‘ < %k‘zr (C +

kr
log —| | .

We finally state a lemma required for the proof of Lemma 3.7
Lemma A.1. Let|s| >k and k > kg > 0. Then

2 : .
I (st VHY (k) = {el(\s|+k)r I(|glp) + el(—lslHR)r pI1 ST} I (k).
o()o()ﬁm fH(slr) S slr) ¢ g* (kr)
where the functions f1, f11, g' satisfy for r > 1 and a C > 0 depending solely on
]{70.'

0]+ 1) + 1 ()] < €,
(15 PO+ 0]+ 0] ) <

Proof. By symmetry of Jy, we may assume s > 0. Formulas (ATh]), (AIB) imply
the stated representation with fI(sr) = & (Py(sr) +iQq(sr))e™ /4, fll(sr) =
L (Po(sr) —iQo(sr)) e ™4, and g’ (kr) = (Py(kr) +1Qo(kr))e!™/*. The estimates
for fI, f11 ¢! now follow from the bounds for Py, Qo, P}, Qb given in (A2R]),

(B.20). O

APPENDIX B. APPROXIMATION BY hp-FINITE ELEMENTS.
CASE I: FINITE REGULARITY

The purpose of the present section is the proof of Theorem [B.4] which constructs
a polynomial approximation to a function v € H*, s > d/2, in an element-by-
element fashion (see Definition [53]). The novelty of the present construction over
existing operators such as those of [3], [I4], [34] is that we obtain optimal rates (in
p) simultaneously in the H'-norm and the L?-norm. Closely related results can be
found in the recent paper [21], where similar duality arguments are employed to
obtain estimates in L2.

B.1. Lifting operators. In the p-FEM, globally continuous, piecewise polynomial
approximations to a function u are typically constructed in two steps: in a first step,
discontinuous approximations are constructed element by element. In a second step,
the jumps across the element interfaces are corrected by suitable lifting operators.
The construction of these lifting operators is the purpose of the present section; the
ensuing Section [B.2]is devoted to the analysis of polynomial approximation.
Before proceeding we recall the definition of the Sobolev space Hééz (Q). If Qis
an edge or a face of a triangle or a tetrahedron, then the Sobolev norm || -

is defined by

”Héf(n)

2

)

L2(Q)

(B.1) HU”?{ééa(Q) = HUH%U/?(Q) +

u
dist (-, 09)
and the space Hégz (€) is the completion of C§°(£2) under this norm.

Lemma B.1. Let K2P be the reference triangle in 2D. Vertex and edge lifting
operators can be constructed with the following properties:
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(1) For each vertex V of K2D there eists a polynomial Ly, € P, that at-
tains the value 1 at the vertex V and vanishes on the edge of K*P oppo-
site to V. Additionally, for every s > 0, there exists Cs > 0 such that
HLV,p”Hs(fEZD) < Csp_1+s-

(2) For every edge e of K2P there exists a bounded linear operator . : H&éz(e)
— HY(K?P) with the following properties:

(a) Yue P, N Héf(e) D Teu € Py,
1/2
(b) Yu € Hog (e) : ﬂ'eu‘ai?w\e =0,
1/2
(c) Yu € Hyl® (e) : pllmeull o zany + [ meull g 2

< C (Il ooy + P20l 2o )-

Proof. Let K22 = {(z,y)|0 <z < 1,0 <y < 1—z}. The vertex function Ly, for
the vertex V' = (0,0) is defined as Ly ,(z,y) = (1 — (x +y))P. A simple calculation
then shows the result. The functions Ly, for the remaining 2 vertices are obtained
by suitable affine transformations.

For the edge lifting, let e be the edge e = {(2,0)|0 < x < 1}. By [3] there exists

a bounded linear operator F : Héf (e) — H'(K?2P) with the following properties:
Eul. = u, Eu‘ai?w\e =0,and Fu € Ppifu € ?pﬂHééQ(e). Introduce the auxiliary
operator (Gu)(z,y) := (1 — y)?(Eu)(z,y). By [3I, Lemma B.5], we have

pHGu”Lz(f{‘zD) + ||GUHH1(E2D) <C (‘EU|H1(E2D) +p1/2Hu”L2(e))
< C (Il iy + 22l 22 ) -

Denote by Hfl . HY(K?P) — HY(K?P) NP, the H-projection and set meu :=
Eu+ HII}’1 (Gu — Eu). Then by the stability of Hfl and E we have

Hﬂ'eUHHl(f(\zD) < ||GUHH1(f{\2D) + 2||GU — Eu”Hl(f(\?D)
< C (Il gy + 2l o)) -

which is the desired H!'-stability result. For the L?-bound, we use a duality argu-
ment as in [21]:

1Gu = Bu—T1 (Gu— Bu)|| 2 gony < Cp~ [(Gu— Bu) =T (Gu— Bu)|| 22y

The H'-stability of H{f ' together with stability properties of £ and G produce the
desired L2-bound. O

Lemma B.2. Let K3P be the reference tetrahedron in 3D. Vertez, edge, and face
lifting operators can be constructed with the following properties:

(i) For each vertex V of K3 there exists a polynomial Ly, € P, that attains
the value 1 at the vertex V and vanishes on the face opposite V. Addi-
tionally, for every s > 0 there exists Cs > 0 such that HLV,p”Hs(f{sD) <
Csp73/2+5.

(ii) For every edge e of K3D there exists a bounded linear operator m, : H&f(e)
— Hl(I?3D) with the following properties:

(a) meu € Py if u € Pp N Hyl (e),
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(b) (wew)|s = 0 for the two faces f with fNe =10,
(c) for the two faces f adjacent to e (i.e., fNe=¢e),

plimeullzp) + llmeull sy < Cllull gz + P2 ull2ee),
Imetllgssoqoreomy < C (272 ullyaga ey + lullzee) )
plimell o gom) + [Tt g eamy < C (0720l oy + lullzee) ) -

(iii) For every face f of K3P there exists a bounded linear operator w¢ : Hééz f)
— HY(K3P) with the following properties:
(a) mpu € Py if u € Py N Hy)(f),
(b) (ew)lyr =0 for the faces f' £ f,

Plimsull o omy + Il s ooy < C (Il gase gy + 22 ullzep) ) -

Proof. We take the reference tetrahedron K3D o be K30 = {(z,y,2)|0 <z <
L0<y<l—-z,0<z<l-—z-—y}

Proof of (i). For the vertex V = (0,0,0) we select Ly ,(x,y,2) = (1 — (x +y +
z))P. A calculation shows that Ly, has the desired properties. The functions Ly,
for the remaining 3 vertices are obtained by affine transformations.

Proof of (iii). [34, Lemma 8] exhibits a bounded linear operator F : Hégz (f)—
Hl(I/(\'SD) with the additional property that Fu € P, if u € P, N HééQ(f). With-
out loss of generality, let f = OK3D N {z = 0}. Define the auxiliary operator
(Gu)(z,y, 2) := (1 — 2)P(Fu)(z,y, z). This operator satisfies (see [3I, Lemma B.5]
where the analogous arguments are worked out in the 2D setting)

PGl om) + 1GUl g1 om) < C (1Pl g oy + P2 Ful 2 )
< Cllullgygaqpy + 2" llulzz(r)-

Again, letting Hfl : HY{(K3P) — HY(K3P)n P, be the H'-projection, we can set
meu = Fu+ Hfl (Gu — Fu). The desired properties of 7y are then seen in exactly
the same way as in the 2D case of Lemma [B.1l

Proof of (ii). Set fe1 = K3 N{z =0} and Je2= OR3P N{l—2—y—2z=0}.
The edge shared by the faces f.1 and fe2 is e = {(z,1 —2,0)|0 < z < 1}. By
Lemma [B.] a function u € H&éz(e) can be lifted to a function Eu € H'(f.,1) such
that Eulass, ;\ =0 and

V2 ullpage))

Additionally, if u € Pp, then Eu € P,. Since the same lifting can be done for
the face f.2, we can find a function, again denoted Eu € H'(0K3P), that van-
ishes on OK3P \ (fe,l U fe2 U e), such that pHEUHLz(a?SD) + ||EU||H1(31?3D) <

Pl Bullzas, ) + 1Bullm s,y < C (ullyagagy +p

C (Hu||H1/2(e) —|—p1/2||u||Lz(e)). Additionally, Eu is a piecewise polynomial of de-
00
gree p if u € Pp. An interpolation inequality gives

||Eu||H1/2(af(\3D) S CHEU’”LQ(BESD Hl(@f{‘:}D)

< C'Zfl/2 (”UHH&({Q(aEw) +p1/2||u||L2(3?3D)) :
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For this function Eu, [34, Lemma 8] provides a lifting Fu € H*(K3P) with
||Fu’||H1(f(\3D) < C||Eu||H1/2(?3D). To get a better L?>-bound, we introduce the
distance functions dj () := dist(:, fe,1) and da(-) := dist(:, fe2) as well as d(-) :=
dist (-, fe,q1 U fe,2) = min{d;i(-),d2(-)} and set w := (1 — d)P. Define Gu := wFu.
Then (Gu)|yzsp = (Fu)|yzsp since wly, ,up,, = 1 and Fu|6f(\3D\(fE)1Ufe‘2) = 0.
Additionally, Gu € H 1(I/(\' 3D) since w is Lipschitz continuous. Furthermore, we
have

(B.2) pHGuHm(k\SD)+||GUHH1(E3D) <C (HFUHHl(k\sD) +p1/2HFUHL2(fE,1UfE,z)) .

To see this, we adapt the proof given in [31], Lemma B.5]. We split K3P = K, UK,
with K; = {(z,y,%2) € K3D |d(z,y,2) < di(x,y,2)}, i € {1,2}. We note that on
K, we have d(z,y,z) = di(z,y,2) = 2. Hence, by the arguments given in [31]
Lemma B.5], we get

PIGull 2y + 1Gull ey < € (1Pl ey + P21 Fulliags, ) -

Proceeding completely analogously for Ks gives us (B2)). Since Fu|ggsp coincides
with Eu, we conclude that Gu satisfies

(B.3) plIGul L2k + |Gull g i,y < Cp~ 2 (HUHHééz(e) +pl/QHUHM(e)) :

We recall that Hfl . HY(K3P) — H}(K®P) NP, denotes the H'-projection and
we define
et := Fu+ Hfl(Gu — Fu).

If u is a polynomial of degree p, then 7 u is a polynomial of degree p. Additionally,
Teu = Fuon OK3D g0 that the estimates for 7. on the faces of 3D are satisfied. To
see the H!(K3P)- and L2(K3P)-bounds we note that the stability of Hfl together
with (B33) and the stability of F gives us the H'-bound. The L?-bound follows
as in the proof of Lemma [B] and in [2I] from Nitsche’s trick: HmuHm(gw) <

[eu — GU”]}(?SD) + ||GUHL2(§3D) < Cp~H|Fu— GUHHl(ﬁw) + ||GUHL2(§3D)~ U

B.2. Approximation operators. Lemma [B.3 provides polynomial approxima-
tion results on triangles and tetrahedra. The lifting operators of the preceding sub-
section are employed in Theorem [B.4] to modify the approximations of Lemma [B.3]
such that approximations are obtained that permit an element-by-element con-
struction in the sense of Definition 5.3} that is, the approximation 7u of a function
u satisfies the following: For every vertex V', edge e, face f of K , the restrictions
(mu)(V), (mu)le, (mu)|s are completely determined by u(V'), ule, ul, respectively.

Lemma B.3. Let K be the reference triangle or the reference tetrahedron. Let

~

s > d/2. Then there exists for every p a bounded linear operator m, : H*(K) — P,
and for each t € [0,s] a constant C > 0 (depending only on s and t) such that
(B.4) [lu— 71'puHHt(f(\) < Cp_(s_t)|U|Hs(f€)v pzs—1

Additionally, we have ||u—7rpuHLW(j<\) < Cp_(s_d/2)|u\Hs(k\). Furthermore, for the
case d = 2 we have ||u — Tpul| ey < Cp_(s_l/Q_t)|u|Hs(k\) for0 <t <s—1/2

for every edge. For the case d = 3 we have ||u — mpu| g () < Cp_(5_1/2_t)|u|H5(f<\)
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for 0 <t <s—1/2 for every face f and ||u — mpu| gy < C’p_(s_l_t)|u|Hk(k\) for
0<t<s—1 for every edge.

Proof. The construction of 7, with the property (B.4) is fairly classical (see, e.g.,
[5]). Ome possible construction is worked out in [3I, Appendix A] first for integers
s, t and, then, interpolation arguments remove this restriction. Next, we consider
the L°°-bound, for which we need the assumption s > d/2: We recall that for a
Lipschitz domain K C R? and s > d/2 there exists C > 0 such that

—d/(2s d/(2s s
(B.5) lullo ey < Cllull (R Nl 3y Yu € BY(K).

From this, the desired L>-bound follows easily. The inequality (B.]) can be seen
as follows: First, using an extension operator for K (e.g., the one given in [42]
Chap. V1)) it suffices to show this estimate with K replaced with the full space

R<. Next, [45, Thm. 4.6.1] asserts the embedding Bzd)/l2 (RY) € C(RY). Finally, the
Besov space BQd/ *(R?) is recognized as an interpolation space between L2(R%) and
H*(R%): Bgflz(Rd) = (L*(R?), H*(R%))4/(25),1. The interpolation inequality then
produces the desired result. The remaining estimates on the edges and faces follow
from appropriate trace inequalities. Specifically, let w C 9K be an edge (for d = 2)
or a face (for d = 3). By [45] Thm. 2.9.3] the trace operator +y is a continuous
mapping in the following spaces:

v 3217/12(1?) - L*(w) and ~:HYK)— H™?(w), t>1/2.

Together with the observation B;’/IZ(I/(\') = (LQ(I/(\'),HS(I/(\'))U(QS)J the desired es-
timates can be inferred. It remains to see the case of traces on an edge e of the
tetrahedron in the case d = 3. In this case [45, Thm. 2.9.4] asserts the continuity
of the trace operator in the following spaces:

v: B3 (K) = L*e) and ~:H'(K)—H'"'(e), t>1.

Again, these continuity properties are sufficient to establish the desired error esti-
mates. ]

We conclude this section with the construction of an approximation operator
that permits an easy element-by-element construction.

Theorem B.4. Let K C R? be the reference triangle or the reference tetrahedron.
Let s > d/2. Then there exists C > 0 (depending only on s and d) and for every p
a linear operator w : H? (IA() — Pp that permits an element-by-element construction
in the sense of Definition such that

(BG) pH’LL - ﬂ—’u’HLZ(f(\) + ||’LL - 7T’U,||H1(f(\) S Cp (3_1)|U|H5(f(\) Vp 2 s—1.

Proof. We discuss only the case d = 3; the case d = 2 is treated very similarly.

Also, we will construct wu for a given w; inspection of the construction shows that
u +— mu is in fact a linear operator.
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Let ' € P, be given by Lemma[B3l Then, for p > s — 1 there holds

( ) HU' - Wl‘lHt(f(\) < Cp_(s_t)|U|Hs(j(\)7 0 <t< S,
( ) lu =7y < Cp~ O P lul gy Vaces f, 0<t<s—1/2,
U =T || Ht(e) L CPp YT U ey edges e, <t<s-—1,
e <Cp " Dlulya gy Ved 0 1
(B.10) lu— 771HLoc(f() < Cp7(873/2)‘u|1{s(?)

From (BI0) and the vertex-lifting properties given in Lemma [B:2] we may adjust
7! by vertex liftings to obtain a polynomial 7% satisfying (B.1)—(B.9) and addi-
tionally the condition (B3] of Definition B3l We next adjust the edge values. The
polynomial 72 coincides with u in the vertices and satisfies (B.9). By fixing a
t e (1/2,s—1), we get from an interpolation inequality:

p1/2||u - 772||L2 (e) T Hu - 7"2”[{1/2( )
1 2 1/(2
< P2 u = 72| ae) + Cllu — 72| ) lu = 713 o)

Ht(e)
S Cp_(s 3/2) |U|Hs(f€

Hence, for an edge e, the minimizer 7° of the functional (54) satisfies p*/?|lu —

7| 2oy + lu — 7 ||H1/2 < Cp (s— 3/2)|u|Hk ; the triangle inequality therefore
gives that the correction 7¢ — 72 needed to obtaln condition (IBZSI) of Definition (3]
likewise satisfies p'/2||7® — 72| p2(e) + [|Te — 7 ||H1/2 < Cp~ (= 3/2)\u| . We

conclude that the edge lifting of Lemma [B:2] allows us to adjust 72 to get a poly—
nomial 73 € P, that satisfies the conditions (5.3)) and (5.3) of Definition 5.3 Ad-
ditionally, we have

pHu - 773“;;2(?) + ||u - 7T3||H1(K) < Cp_ s=1) |U|H s(K)?
pllu— 7|22y + llu— 7| gy < Cp~ (s=3/2) |u\Hs(/[;) for all faces f.
Since 73|, = 7° for the edges, the minimizer 7/ of the functional (5.5)) for each face

s o satisfypuu 7 iapy + =78 s < pllu— o)+ llu— sy <
Cp=(5=3/2)|u) wo()- From the triangle 1nequahty, we conclude that

pllr® — 7rfHL2<f> + 7 = 7l iy < Op~ 7Pl ),

together with 7% — 7/ € H}(f).

Hence, the face lifting of Lemma [B.2] allows us to correct the face values to
achieve also condition (5.3) of Definition (.3l Lemma [B:2] also implies that the
correction is such that (B.6]) is true. O

APPENDIX C. APPROXIMATION BY hp-FINITE ELEMENTS.
CASE II: ANALYTIC REGULARITY

In this section, we construct a polynomial approximation operator for analytic
functions that permits element-by-element construction in the sense of Defini-
tion B3] and leads to exponential rates of convergence.

Lemma C.1. Let d € {2,3}. Let G1, G C R be bounded open sets. Assume that
g : Gi — R? satisfies g(G1) C G. Assume additionally that g is injective on Gy,
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analytic on G and satisfies
VP9l L= () < Cohp! Vp € Ny, |det(g")| > co >0 on G1.
Let f be analytic on G and satisfy, for some Cy, v¢, & > 0,
(C.1) IVP fll2(q) < Cpry? max{p, k}¥ Vp € Np.
Then, the function f o g is analytic on G1 and there exist constants C, 1 > 0 that
depend solely on 4, Cy4, co, and ¢ such that
IVP(f o 9)llz2(a) < CCprf max{p,k}’  Vp € No.

Proof. This is essentially proved in [30, Lemma 4.3.1]; specifically, [30, Lemma 4.3.1]
analyzes the case d = 2 and states that C, v; depends on the function g. Inspection
of the proof shows that the case d = 3 can be handled analogously and shows that
the dependence on the function g can be reduced to a dependence on Cj, 74, and

Vf- O

Lemma C.2. Let d € {1,2,3}, and let K C R? be the reference simplex. Let 7,
C > 0 be given. Then there exist constants C, o > 0 that depend solely on 7 and

C such that the following is true: For any function u that satisfies for some Cy, h,
R >0, k > 1 the conditions

(C.2) HV"uHLQ(E) < Cy(Fh)" max{n/R, }" Vn € N, n>2,
and for any polynomial degree p € N that satisfies
(C.3) h/R+ rh/p < C

there holds
h/R p+1 w<h p+1
(Him) +(5) |

Proof. Let II;u € P; be the L2-projection of u onto the space P;. Set U := u—1II;u.
It suffices to approximate u from P,. By the lemma of Deny and Lions and (C.3))
we have

HﬂHLz(}?) < CHVQUHH(E) <CCL(1+ (h/R)2 + (h“)Q) < CCup27
IVl 2z < ClIVull o) SCCu(1+(h/R)? + (hk)?) < CCyuph/ Rmax{l, KR},
HV”EHLQ(K) = ||V”u\|L2(E) < CCy(Fh/R)" max{n, Rx}" Vn > 2.

(C4)  inf fu= iy < CCu

We conclude that (estimating generously p < p? for the case n = 1)

(C.5) IV @l 12 () < CCup®(Th/R)" max{n, kR}"  Vn € No.

For the case kR < 1, we estimate kR < 1 and get directly from [30, Thm. 3.2.19]
h / R >P+1

oc+h/R

It remains to consider the case kR > 1. To that end, we note that (CH) and the

Sobolev embedding theorem H? (I/(\' ycC (E) gives us for suitable C' > 0,

IV"*u < C.p*C [(Wh/R)"Jr2 max{n + 2, kR}" ">
+(Fh/R)" max{n + 2, kR}"]
< CCup*(Fh/R)" max{n + 2, kR}" (1 + max{(n + 2)h/R, hn}Q) Vn € Np.

Jnf 1l =7l ) < CCu (

”Lac(g)
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Hence, we get for suitable constant v > 0 in view of (C.3)),

(C.6) HV”@HLOO(?) < CCup*(Fyh/R)" max{n + 2, kR}" Vn € Ny.
Define
(C.7) p= Ve,

and let ry = diam(K) and bz be the barycenter of K. The bounds ((6), (2)
and Stirling’s formula in the form n! > (n/e)™ imply that the Taylor series of @
about z € K converges on a (complex) ball B/, r)(z) C C? of radius 1/(uh/R)

and center z € K. For the polynomial approximation of u, we distinguish the cases
ph/R < 1/(2r¢) and ph/R > 1/(2r9).
The case ph/R < 1/(2r0): In this case the Taylor series of u about bz converges

on an open ball that contains the closure of K. We may therefore approximate u
by its truncated Taylor series T, u. The error is then given by

~ 1 s @
u(x) — Tpu(x) = Z JD u(bg)(x — b?) s xr e Bl/(uh/R)(bf(\> C (Cd.
a€eNg:|a|>p+1 ’

Hence (5.2) and (C.8) imply

i = Tyullzm s, 0en € D- IDEbR)Ir < 37 rgd™ IV ] e )

la|>p+1 n=p+1
— 1
< CCyp* Z ] max{n + 2, kR}"d"/?(yyh/R)"ry =: 8.
n=p+1 '

The last sum S is split further using Stirling’s formula n!>(n/e)™ and (142/n)" <

e

1
S =CCyup* Y. (Vdroyysh)"

p+1<n<kR—-2

v Y a0

n>max{p+1,xR—2}

1 n
<ceqpie | S (\/&rownh) + 3 (evaVdroh/R)™ | =: 81 + 5.
n: N——
n>pt1 n>ptl
We estimate these two sums separately. For Sy, we use the assumption puroh/R <
1/2, which allows us to estimate

1 1
2uro 2urg

hR p+1
oo ()

2urg

p+1
SQ < CCup4e2(,ur0h/R)p+1 = Ccup462 <h/4R>
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For Sy, we recall that Taylor’s formula gives, for > 0,

1 G| 1 /® pl
Z —x”:er—Z—x":— (x—t)petdtgz e”.
n! n! o' Jo p!

n>p+1 n=0

Hence, we can estimate S; by (recall that Fyv/d = u/e),

p+1 0 P+l
Sy < C'Cup4 ((,u/e)ronh) e(,u/c)rol-ch < CCup5 (e ILTOI{h) :
p! p+1

where, in the second inequality, we have used the assumption hx/p < C and Stir-
ling’s formula n! > (n/e)” and have abbreviated 6 := Cp/ero. Combining the
estimates for S; and Sy we arrive at the following estimate for suitable ¢ > 0
(depending only on p,rq, and 6’)

N Hh, p+1 h/R p+1
i = Tpull e (B, (b)) < 5 < CCu <<g_p) - (0 + h/R) '

Since dist(K, 0By, (b7)) > 0, the Cauchy integral formula for derivatives then im-

plies
_ kh\ Pt h/R \*M!

The case ph/R > 1/(2rg): We recall that for every = € K the Taylor series of @
about z converges on the (complex) ball By /(,4/r)(x) C C% From (C3) we get a
lower bound for 1/(uh/R), namely, 1/(uh/R) > 1/(uC) =: 2r1. We conclude that

u is analytic on Usy, = |J, .z Bar, (z) C C. The estimate (C.6) and a calculation

analogous to the above reveals that on i,, :=|J _=~ By, (z) we have

zef(\
Hﬂ”Lm(erl) < Ccup4el9nh

for a constant ¢ > 0 independent of p, k, h. Approximation results for analytic

functions on triangles/tetrahedra (see [30, Prop. 3.2.16] for the case d = 2 and [16,

Thm. 1] for the case d = 3) imply the existence of C, b > 0 that depend solely on
r1 such that

: o e 4 Yrxh —bp
77617r)1£+1 [lu 7r||W2,x(K) < CCup e’ e Vp € Np.

We finally distinguish two further cases: If 9xh < pb/2, then we can estimate
p+1
phePhp=bp < e/ < C( 1/(2uro) )
o +1/(2uro)

for suitable constants C', ¢ > 0 depending only on b, u, and ro. Since h/R >
1/(2uro) and the function z — x/(o + z) is monotone increasing, we have reached
the desired bound. If, on the other hand, 9xh > pb/2, then

~ \ P \ P
p4e19f<,he—bp < Ce?h < 0e?Cr = ¢ (6190) <C ("f_h%eﬂc) :
p

we recognize this bound to have the desired form. O
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Lemma C.3. Assume the hypotheses of Lemmal[C2l Then one can find a polyno-

mial m € Py that satisfies
h/R p+1 wh p+1
(i) + ()

and additionally admits an element-by-element construction as defined in Defini-

tion [5.3]

Proof. The construction follows standard lines. We will only outline the arguments
for the case d = 3. In order to keep the notation compact, we introduce the

expression
/R N\ R\
(am) () ]

In what follows, the constants C;, o; > 0 (i = 1,2,...) will be independent of
Cu, h, R, p, and k. Let m € P, be the polynomial given by Lemma It
satisfies ||u — < E(C,0). Therefore, we may correct m by a linear

(C.8) o= Tl ) < CCu

E(C,0) = CC,

w2 i)
polynomial without sacrificing the approximation rate to ensure w(V) — w(V') for
all vertices V' € V. This corrected polynomial, denoted 72, vanishes in the vertices
and still satisfies ||u — WQHWQ‘OO(E) < E(C3,02). Next, we correct the edges. We
illustrate the procedure only for one edge. Without loss of generality, we assume
that K = {(z,9,2) |0 < z,y,2 < 1,x4+y < 1 —z} and that the edge e considered is
e=1{(0,0,2)|z € (0,1)}. Let the univariate polynomial 7¢ € P, be the minimizer
of the functional (5.4). From [u — 2 ||lyy2.c0(e) < [|u— 7T2||W2»w(?) < E(Cy,03) we
can conclude that p'/2|lu — 7| 2(¢) + [|u — 7T€HH1/2(6) < Cp'/?2E(Cy, 05). Hence,
00
for the required correction ¢ := 72|, — 7¢, which vanishes in the two endpoints
of e, we get from a triangle inequality and standard polynomial inverse estimates
|57 poe(e) + 17N oo (e) < E(Cs,03). We may lift this univariate function to K

11—z

by

1 — oy —
#ﬁ(z).
This is a polynomial of degree < p that vanishes on all edges but the edge e;
clearly, H%eHLm(?) < E(Cj3,03). The polynomial inverse estimate H%BHWLOO(?) <
%) < E(C4,04). Proceeding in this fashion
for all edges, we arrive at a polynomial 73 with the desired behavior on all edges
of K and satisfies ||u — 7T3||W2:°°(f(\) < E(Cs,05).

It remains to construct a correction for the faces. To that end, the key issue
is again that of a lifting from a face f. Without loss of generality, this face is
f = {(z,4,0)]0 < z,y,2 +y < 1}. For a polynomial ¢ defined on f that
additionally vanishes on Jf, we define the lifting 7/ by

~f :a:y(l—:t—y—z)

This is a polynomial that vanishes on all faces of K except on f. Additionally, it is
a lifting, i.e., %f|f = 7°. As in the case of the lifting from the edge we see that if 7¢
is exponentially small on f, then the lifting is likewise exponentially small. To see
that the required correction 7¢ is exponentially small, let 7/ be the minimizer of
the functional (5.5). Since 72 has the desired behavior on the edges of f, we have

(Y, 2) =

C’pQH%eHLw(f{\) shows that H%EHWQ,OO(

(2, y).
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m3lay = 7l|as and therefore ||u — 7T3||W2,Do(f(\) < E(Cjs,05) allows us to conclude

|73 — 7|1y £ CE(Cs,05). Polynomial inverse estimates then imply for the

lifting 77/ that \|%f||W1,m(I?) < E(Cs,06). O

ACKNOWLEDGMENT

We would like to thank Professor R. Hiptmair for discussions concerning the
choice of the model problem.

REFERENCES

[1] M. Abramowitz and I. A. Stegun. Handbook of Mathematical Functions. Applied Mathematics
Series 55. National Bureau of Standards, U.S. Department of Commerce, 1972.

[2] M. Ainsworth. Discrete dispersion relation for hp-version finite element approximation at
high wave number. STAM J. Numer. Anal., 42(2):553-575, 2004. MR2084226 (2005i:65174)

[3] 1. Babuska, A. Craig, J. Mandel, and J. Pitkdranta. Efficient preconditioning for the p ver-
sion finite element method in two dimensions. STAM J. Numer. Anal., 28(3):624-661, 1991.
MR1098410 (92a:65282)

[4] I. Babuska and S. Sauter. Is the pollution effect of the FEM avoidable for the Helmholtz
equation considering high wave numbers. SIAM, J. Numer. Anal., 34(6):2392-2423, 1997.
MR1480387|/(99b:65135)

[5] I. Babuska and M. Suri. The optimal convergence rate of the p-version of the finite element
method. STAM J. Numer. Anal., 24:750-776, 1987. MR899702|/(88k:65102)

[6] I. M. Babuska, F. Ihlenburg, E. T. Paik, and S. A. Sauter. A generalized finite element
method for solving the Helmholtz equation in two dimensions with minimal pollution. Comp.
Meth. Appl. Mech. Eng., 128:325-359, 1995. MR 1368049 /(96j:65115)

[7] L. Banjai and S. Sauter. A Refined Galerkin Error and Stability Analysis for Highly Indefinite
Variational Problems. SIAM J. Numer. Anal., 45(1):37-53, 2007. MR2285843|/(2008c:65308)

[8] S. Brenner and L. Scott. The Mathematical Theory of Finite Element Methods. Springer-
Verlag, New York, 1994. MR 1278258 |(95{:65001)

9] A. Buffa and P. Monk. Error estimates for the ultra weak variational formulation of
the Helmholtz equation. Math. Mod. Numer. Anal., pages 925-940, 2008. MR2473314
(2009j:65295)

[10] O. Cessenat and B. Després. Application of an ultra weak variational formulation of elliptic
PDEsS to the two-dimensional Helmholtz equation. SIAM J. Numer. Anal., 35:255-299, 1998.
MR1618464 (99b:65139)

[11] O. Cessenat and B. Després. Using plane waves as base functions for solving time harmonic
equations with the ultra weak variational formulation. J. Computational Acoustics, 11:227—
238, 2003. MR2013687|/(2004j:65182)

[12] S. Chandler-Wilde and P. Monk. Wave-number-explicit bounds in time-harmonic scattering.
SIAM J. Numer. Anal., pages 1428-1455, 2008. MR 2377284 /|(2008k:35071)

[13] P. Ciarlet. The finite element method for elliptic problems. North-Holland, 1987. MR0520174
(58:25001)

[14] L. Demkowicz. Polynomial exact sequences and projection-based interpolation with appli-
cations to Maxwell’s equations. In D. Boffi, F. Brezzi, L. Demkowicz, L. Durdn, R. Falk,
and M. Fortin, editors, Mized Finite Elements, Compatibility Conditions, and Applications,
volume 1939 of Lectures Notes in Mathematics. Springer-Verlag, 2008.

[15] A. Deraemaeker, I. Babuska, and P. Bouillard. Dispersion and pollution of the FEM solution
for the Helmholtz equation in one, two and three dimesnions. Int. J. Numer. Meth. Eng.,
46(4), 1999.

[16] T. Eibner and J. Melenk. An adaptive strategy for hp-FEM based on testing for analyticity.
Computational Mechanics, 39:575-595, 2007. MR2288643|/(2008d:65132)

[17] C. Farhat, I. Harari, and U. Hetmaniuk. A discontinuous Galerkin method with Lagrange
multipliers for the solution of Helmholtz problems in the mid-frequency regime. Comp. Meth.
Appl. Mech. Eng., 192:1389-1419, 2003. MR1963058

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=2084226
http://www.ams.org/mathscinet-getitem?mr=2084226
http://www.ams.org/mathscinet-getitem?mr=1098410
http://www.ams.org/mathscinet-getitem?mr=1098410
http://www.ams.org/mathscinet-getitem?mr=1480387
http://www.ams.org/mathscinet-getitem?mr=1480387
http://www.ams.org/mathscinet-getitem?mr=899702
http://www.ams.org/mathscinet-getitem?mr=899702
http://www.ams.org/mathscinet-getitem?mr=1368049
http://www.ams.org/mathscinet-getitem?mr=1368049
http://www.ams.org/mathscinet-getitem?mr=2285843
http://www.ams.org/mathscinet-getitem?mr=2285843
http://www.ams.org/mathscinet-getitem?mr=1278258
http://www.ams.org/mathscinet-getitem?mr=1278258
http://www.ams.org/mathscinet-getitem?mr=2473314
http://www.ams.org/mathscinet-getitem?mr=2473314
http://www.ams.org/mathscinet-getitem?mr=1618464
http://www.ams.org/mathscinet-getitem?mr=1618464
http://www.ams.org/mathscinet-getitem?mr=2013687
http://www.ams.org/mathscinet-getitem?mr=2013687
http://www.ams.org/mathscinet-getitem?mr=2377284
http://www.ams.org/mathscinet-getitem?mr=2377284
http://www.ams.org/mathscinet-getitem?mr=0520174
http://www.ams.org/mathscinet-getitem?mr=0520174
http://www.ams.org/mathscinet-getitem?mr=2288643
http://www.ams.org/mathscinet-getitem?mr=2288643
http://www.ams.org/mathscinet-getitem?mr=1963058

CONVERGENCE ANALYSIS FOR FINITE ELEMENT DISCRETIZATIONS 1913

(18] C. Farhat, R. Tezaur, and P. Weidemann-Goiran. Higher-order extensions of discontinuous
Galerkin method for mid-frequency Helmholtz problems. Int. J. Numer. Meth. Eng., 61,
2004. MR2099956/ (20051:65185)

[19] C. Gittelson, R. Hiptmair, and I. Perugia. Plane wave discontinuous Galerkin methods. Tech-
nical Report NIO7088-HOP, Isaac Newton Institute Cambridge, Cambridge, UK, 2007.

[20] I. S. Gradshteyn and I. Ryzhik. Table of Integrals, Series, and Products. Academic Press,
New York, London, 1965. MR0197789(33:5952)

[21] B. Guo and J. Zhang. Stable and compatible polynomial extensions in three dimensions and
applications to the p and h-p finite element method. STAM J. Numer. Anal., 47(2):1195-1225,
2009. MR2485450

[22] I. Harari. Reducing spurious dispersion, anisotropy and reflection in finite element analysis
of time-harmonic acoustics. Comput. Methods Appl. Mech. Engrg., 140(1-2):39-58, 1997.
MR1423456, (97g:76054)

[23] 1. Harari. Finite element dispersion of cylindrical and spherical acoustic waves. Comput.
Methods Appl. Mech. Engrg., 190(20-21):2533-2542, 2001.

(24] 1. Harari and D. Avraham. High-order finite element methods for acoustic problems. J. Com-
put. Acoust., 5(1):33-51, 1997.

(25] 1. Harari and T. Hughes. Finite element methods for the Helmholtz equation in an exterior
domain: Model problems. Computer Methods in Applied Mechanics and Engineering, 87:59—
96, North Holland, 1991. MR1103417(92d:65192)

[26] T. Huttunen and P. Monk. The use of plane waves to approximate wave propagation
in anisotropic media. J. Computational Mathematics, 25:350-367, 2007. MR2320239
(2009b:78012)

[27] F. Ihlenburg. Finite Element Analysis of Acousting Scattering. Springer, New York, 1998.
MR1639879 (99g:65114)

[28] F. Ihlenburg and I. Babuska. Finite element solution to the Helmholtz equation with high
wave number. Part II: The h-p version of the FEM. Siam J. Num. Anal., 34(1):315-358,
1997. MR1445739|/(98:65109)

[29] W. McLean. Strongly Elliptic Systems and Boundary Integral Equations. Cambridge, Univ.
Press, 2000. MR1742312/(2001a:35051)

[30] J. Melenk. hp finite element methods for singular perturbations, volume 1796 of Lecture Notes
in Mathematics. Springer-Verlag, 2002. MR1939620(20031:65108)

[31] J. Melenk. hp-interpolation of nonsmooth functions and an application to hp a posteriori
error estimation. STAM J. Numer. Anal., 43:127-155, 2005. MR2177138|/(2006g:65178)

[32] J. Melenk and S. Sauter. Wave-number explicit convergence analysis for finite element dis-
cretizations of the Helmholtz equation. Technical Report 09/2009, Inst. fur Mathematik,
Univ. Ziirich, 2009.

[33] J. M. Melenk. On Generalized Finite Element Methods. Ph.D. thesis, University of Maryland
at College Park, 1995.

[34] R. Munoz-Sola. Polynomial liftings on a tetrahedron and applications to the hp-version of
the finite element method in three dimensions. SIAM J. Numer. Anal., 34(1):282-314, 1997.
MR1445738 (98k:65069)

[35] J. C. Nédélec. Acoustic and Electromagnetic Equations. Springer, New York, 2001.

[36] A. Oberai and P. Pinsky. A numerical comparison of finite element methods for the Helmholtz
equation. J. Comput. Acoust., 8(1):211-221, 2000. MR1768338

[37] F. Olver. Asymptotics and Special Functions. A K Peters, Natick, 1997. MR1429619
(971:41001)

[38] E. Perrey-Debain, O. Laghrouche, and P. Bettess. Plane-wave basis finite elements and bound-
ary elements for three-dimensional wave scattering. Phil. Trans. R. Soc. London A, 362:561—
577, 2004. MR2075907(2005b:78017)

[39] S. Sauter. A refined finite element convergence theory for highly indefinite Helmholtz prob-
lems. Computing, 78(2):101-115, 2006. MR2255368 |(2007h:65130)

[40] A. Schatz. An obeservation concerning Ritz-Galerkin methods with indefinite bilinear forms.
Math. Comp., 28:959-962, 1974. MR0373326|/(51:9526)

[41] C. Schwab. p- and hp-Finite Element Methods. Oxford University Press, 1998. MR1695813
(2000d:65003)

[42] E. Stein. Singular integrals and differentiability properties of functions. Princeton University
Press, 1970. MR0290095| (44:7280)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=2099956
http://www.ams.org/mathscinet-getitem?mr=2099956
http://www.ams.org/mathscinet-getitem?mr=0197789
http://www.ams.org/mathscinet-getitem?mr=0197789
http://www.ams.org/mathscinet-getitem?mr=2485450
http://www.ams.org/mathscinet-getitem?mr=1423456
http://www.ams.org/mathscinet-getitem?mr=1423456
http://www.ams.org/mathscinet-getitem?mr=1103417
http://www.ams.org/mathscinet-getitem?mr=1103417
http://www.ams.org/mathscinet-getitem?mr=2320239
http://www.ams.org/mathscinet-getitem?mr=2320239
http://www.ams.org/mathscinet-getitem?mr=1639879
http://www.ams.org/mathscinet-getitem?mr=1639879
http://www.ams.org/mathscinet-getitem?mr=1445739
http://www.ams.org/mathscinet-getitem?mr=1445739
http://www.ams.org/mathscinet-getitem?mr=1742312
http://www.ams.org/mathscinet-getitem?mr=1742312
http://www.ams.org/mathscinet-getitem?mr=1939620
http://www.ams.org/mathscinet-getitem?mr=1939620
http://www.ams.org/mathscinet-getitem?mr=2177138
http://www.ams.org/mathscinet-getitem?mr=2177138
http://www.ams.org/mathscinet-getitem?mr=1445738
http://www.ams.org/mathscinet-getitem?mr=1445738
http://www.ams.org/mathscinet-getitem?mr=1768338
http://www.ams.org/mathscinet-getitem?mr=1429619
http://www.ams.org/mathscinet-getitem?mr=1429619
http://www.ams.org/mathscinet-getitem?mr=2075907
http://www.ams.org/mathscinet-getitem?mr=2075907
http://www.ams.org/mathscinet-getitem?mr=2255368
http://www.ams.org/mathscinet-getitem?mr=2255368
http://www.ams.org/mathscinet-getitem?mr=0373326
http://www.ams.org/mathscinet-getitem?mr=0373326
http://www.ams.org/mathscinet-getitem?mr=1695813
http://www.ams.org/mathscinet-getitem?mr=1695813
http://www.ams.org/mathscinet-getitem?mr=0290095
http://www.ams.org/mathscinet-getitem?mr=0290095

1914 J. M. MELENK AND S. SAUTER

[43] M. Stojek. Least-squares Trefftz-type elements for the Helmholtz equation. Int. J. Numer.
Meth. Engr., 41:831-849, 1998. MR 1607804

[44] R. Tezaur and C. Farhat. Three-dimensional discontinuous Galerkin elements with plane
waves and Lagrange multipliers for the solution of mid-frequency Helmholtz problems. Int.
J. Numer. Meth. Engr., 66:796-815, 2006. MR2219901/(2007a:65215)

[45] H. Triebel. Interpolation Theory, Function Spaces, Differential Operators. Johann Ambrosius
Barth, 2 edition, 1995. MR 1328645 |(96{:46001)

[46] G. N. Watson. A Treatise on the Theory of Bessel Functions. Cambridge University Press,
1922. MR1349110 (961:33010)

INSTITUT FUR ANALYSIS UND SCIENTIFIC COMPUTING, TECHNISCHE UNIVERSITAT WIEN, WIED-
NER HAUPTSTRASSE 8-10, A-1040 WIEN, AUSTRIA
E-mail address: melenk@tuwien.ac.at

INSTITUT FUR MATHEMATIK, UNIVERSITAT ZURICH, WINTERTHURERSTR 190, CH-8057 ZURICH,
SWITZERLAND
E-mail address: stas@math.uzh.ch

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=1607804
http://www.ams.org/mathscinet-getitem?mr=2219901
http://www.ams.org/mathscinet-getitem?mr=2219901
http://www.ams.org/mathscinet-getitem?mr=1328645
http://www.ams.org/mathscinet-getitem?mr=1328645
http://www.ams.org/mathscinet-getitem?mr=1349110
http://www.ams.org/mathscinet-getitem?mr=1349110

	1. Introduction
	2. Formulation of the model Helmholtz problem
	3. Analysis of the continuous problem
	3.1. Estimates for the DtN operator Tk
	3.2. Analysis of the solution operator Nk
	3.3. Existence and uniqueness
	3.4. An adjoint problem

	4. Stability and convergence analysis
	4.1. Discrete stability
	4.2. Convergence analysis

	5. Example: hp-FEM
	Appendix A. Estimate of Bessel functions
	Appendix B. Approximation by hp-finite elements.  Case I: finite regularity
	B.1. Lifting operators
	B.2. Approximation operators

	Appendix C. Approximation by hp-finite elements.  Case II: analytic regularity
	Acknowledgment
	References

