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Convergence of a Shock-Capturing Streamline
Diffusion Finite Element Method for a
Scalar Conservation Law in Two Space Dimensions

By Anders Szepessy

Abstract. We prove a convergence result for a shock-capturing streamline diffusion
finite element method applied to a time-dependent scalar nonlinear hyperbolic conser-
vation law in two space dimensions. The proof is based on a uniqueness result for
measure-valued solutions by DiPerna. We also prove an almost optimal error estimate
for a linearized conservation law having a smooth exact solution.

1. Introduction. In this note we continue the analysis of shock-capturing
streamline diffusion finite element methods (SC-metods for short below) for hy-
perbolic conservation laws initiated by Johnson and Szepessy [6], [7], where con-
vergence for Burgers’ equation in one dimension was proved using the theory of
compensated compactness. We prove here strong convergence in L'°¢ for a SC-
method with piecewise linear elements applied to the following scalar conservation
law in two dimensions:

2

(1.1a) u‘+2£—.fi(“):0 in R* x Ry = R,
1=1 t

(1.1b) u(z,0) = ug(z) for z € R,

where the f;: R — R are given smooth functions and we assume that the initial
data ug € Lo (R?) have compact support. The convergence result is obtained using
a uniqueness result by DiPerna (1] for measure-valued solutions by proving that the
finite element solutions are uniformly bounded in L.,, weakly consistent with all
entropy inequalities and strongly consistent with the initial condition. We also show
that the accuracy of the method when applied to a linearized conservation law is
at least @ (h®/2), where h is the mesh parameter.

The streamline diffusion method is a general finite element method for hyperbolic
problems which may be viewed as a certain combination of the standard Galerkin
method and a least squares method. In the shock-capturing streamline diffusion
method an artificial viscosity is added, with viscosity depending on the residual
of the finite element solution and a certain mesh-dependent parameter (here the
residual means the result of the hyperbolic operator applied to the finite element so-
lution). The shock-capturing streamline diffusion method combines &@(h3/2) accu-
racy (in the case of piecewise linear elements) with good stability obtained through
the least squares control of the residual and the shock-capturing artificial viscosity.
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528 ANDERS SZEPESSY

For more information on streamline diffusion finite element methods we refer to
Hughes and Mallet [2], Johnson et al. [4] and the references therein. An extension
of the convergence result of this paper to include also boundary conditions is given
in {9].

The shock-capturing artificial viscosity coefficients in this paper differ from those
in Hughes and Mallet 2] and Johnson et al. [7], where the artificial viscosity was
normalized by dividing by the gradient of the approximate solution. We compensate
by using here a smaller mesh-dependent parameter in the coefficient of the artificial
viscosity. This makes no essential difference in the convergence proof for nonsmooth
solutions, but makes it possible to easily prove that the error for a linearized version
of (1.1) is of the desired order @ (h*+1/2) in regions where the exact solution is
smooth, when using elements of order k.

An outline of the paper is as follows. In Section 2 we give some background
on Young measures and state the uniqueness result for measure-valued solutions
satisfying entropy conditions. In Section 3 we introduce the SC-method and in the
main Theorem 3.1 we prove that the finite element solutions U” converge strongly
in L;,‘)c, 1 < p < o0, to the unique Loo-solution u of (1.1) as the mesh parameter
h tends to zero. The proof is divided into Lemmas 3.1-3.3, which are proved in
Sections 4-6. In Lemma 3.1 we prove that |[U?||,, is uniformly bounded in h
by proving Ly-estimates and letting p tend to infinity as in {7] in the case of one
space dimension. In Lemma 3.2 we prove that the Young measure associated with
U" is a weak solution and satisfies all entropy inequalities corresponding to convex
entropies. Finally, in Lemma 3.3 we prove convergence towards initial data as h
tends to zero by combining weak convergence and Lo-stability. In Section 7 we
prove error estimates for the SC-method applied to a linearized version of (1.1)
with smooth solution, thus demonstrating that the shock-capturing modification
in the SC-method does not degrade the accuracy for smooth solutions. We shall
denote by C a positive constant not necessarily the same at each occurrence and
always independent of A.

2. Measure-Valued Solutions. In this section we give the necessary back-
ground material on Young measures and measure-valued solutions of conservation
laws following [10], [11], [1]. Our convergence result is based on Theorem 2.2 below.

THEOREM 2.1. Let u; be a uniformly bounded sequence in Loo(R3), i.e., for
some constant K,

Then there exists a subsequence (again denoted) u; and a family of measurable
probability measures v, € Prob(R), y € R3, such that suppuy is contained in
{z € R: |z| < K} and the Lo, weak-star limit,

(2.2a) g(u;(-)) — (),

exists for all continuous functions g, where

@22) o) = [ o(¥)dvy = (y,000)
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CONVERGENCE OF A FINITE ELEMENT METHOD 529

for almost all points y € Ri. Here, v, being measurable means that (vy,g) is
measurable with respect to y for each continuous function g.

COROLLARY 2.1. The sequence u; in Theorem 2.1 converges strongly to u if
and only if the associated Young measure vy reduces at almost all points y to a
Dirac measure concentrated at u(y), t.e.,

(23) Vy = 6u(y)-
Since uj; 1s uniformly bounded in Loo(Ri), strong convergence in L}D"c for some p,
1 < p < oo, is equivalent to strong convergence in L}I°° for allgq, 1 < g < oc.

We can now define the measure-valued (mv) solution of (1.1) introduced by
DiPerna (1].

Definition. A measurable map v: y — vy, € Prob(R) from the domain R3 is a

mv solution of (1.1a) if

2
(2.4 SN+ D ol i) =0 in (RY)

i.e., in the sense of distributions on R3,

2
/Rs (d)t(l/y’ A+ Z<”y’fi()\))¢z,-) dzdt =0

+ 1=1
for all ¢ € &'(R3). Further, a mv solution v of (1.1a) is admissible if

2
(2.5) ) + 3 ol i) S0 in F(RY),

i=1
for all convex entropy pairs (n,q) = (n,q1,42).

We recall that (n,q) is a convex entropy pair if the entropy n: R — R is continu-
ous and convex, the corresponding entropy flux ¢ = (q1,¢2): R — R? is continuous
and all &!-solutions u(z,t) of (1.1a) satisfy the additional conservation law

E LA SR
(2.6) 21w + > 5 () =0 in D'(R}).
i=1

For smooth 7, (2.6) holds if and only if
nfi=q, =12,

which means that every convex smooth function n(u)} forms an entropy pair (1, q)
provided that the corresponding entropy flux ¢ = (g1, q2) is defined by

wt) = [ ds =12
0
We recall that the classical admissibility condition for a solution u to (1.1a) reads
] N
. = —¢;(u) <0 in 2'(R®
(27) 8tn(U)+; 52,0 S0 in F'(RY),

for all convex entropy pairs. The basic existence and uniqueness result for the
Kruzkov Lo-solution u to the scalar conservation law (1.1), see [8], reads as follows:
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530 ANDERS SZEPESSY

If ug € L1(R?) N Loo(R?), then there exists a unique function u € Loo(R3) which
satisfies (2.7) for all entropies 7 of the form nx(A) = |\ — k|, k € R, together with
the initial condition

lim flu(-,) = uol[, (r2) = 0.

The following result [I, Theorem 4.2 and Remark 3| gives an extension of the
Kruzkov uniqueness result to measure-valued solutions.

THEOREM 2.2. Suppose that ug € L1{R?)NLo(R?) and that v is an admissible
mv solution of (1.1a) generated by a uniformly bounded sequence u; in Loo(R3),
such that for some constant C

(2.8) /R?(Vy, [Alydz < C,

(2.9) lim %/0 /Rz(uy,l)\—uo(xﬂ)dzdtzo.

t—0+
Then v is the Dirac solution vy = 6y, where u is the unique Lo -solution of (1.1).
According to Corollary 2.1 we then have u; — u strongly in L;,°°, 1<p< .

3. Formulation of the Method and the Main Theorem. In this section we
formulate the SC-method and give a basic Lo-stability result and some interpolation
estimates, which will be used below.

The SC-method is based on a space-time finite element discretization of Ri
defined as follows. Let 0 =ty < t; < t2 < --- <tz = T be a sequence of time
levels with ¢, 1 —t, ~ h, set I, = (tn,tn+1) and introduce the “slabs” S,, = R?x I,
and the sets R2 = R? x {t,}. Let T, " be a quasi-uniform triangulation of R? into
triangles K with one right angle (cf. Remark 3.1), smallest angle uniformly bounded
away from zero and diameter hx ~ h. For each Ke ’f‘,{‘, let the prism K x I, be
divided into three tetrahedrons

T(K,1) = feab, T(K,2)=decb, T(K,3)= abce,

according to Figure 3.1, and form the corresponding “triangulation” T} = {T(f( ,1),
1=1,2,3, VK € T/} of S, into tetrahedrons.

€
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FIGURE 3.1
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CONVERGENCE OF A FINITE ELEMENT METHOD 531

Remark 3.1. The requirement that the triangles Ke T,’j have one right angle
is technically convenient when proving Lemma 4.2 and Proposition 5.3. We expect
these results to hold also for a more general triangulation of R? x Ry. In [9] we
prove the corresponding results for a general triangulation of R x Ry. 0O

Define
Vi ={ve H'(S2): |k € Pi(K) VK €T}, vl maa,, . =0}
Qoo ={(z,t) € RY: |z] <s+15'}, s,8 >0,
T, = |J 77,
n>0

where Py(K) denotes the set of linear functions on K, R = max{|z|;z € suppug}
and M is a positive constant to be defined below. In other words, V;* consists of
continuous piecewise linear functions on the slab S, which are zero for large |z|.
We shall seek an approximate solution U”* in the space V; = Hﬁ:o Vit e,
for n = 0,1,2,...,N we will have U*|g, € V. Note that the functions in Vj
are continuous in z and possibly discontinuous in ¢ at the discrete time levels ¢,,.
The SC-method for (1.1) can now be formulated: Find U* € V}, such that for

n=0,1,2,...
2
/ L(U™) (v+6 (vt +Zf{(Uh)vz.)) dzdt+/ (Ur ~ UMy ds
n =1 erl
(3.1) +/ e (UM)VU - Vudzdt
+/ EQ(Uh)VzUh -Vevdzdt =0 Vv €V,
where

2
LU =U8 + ) (iU,

1=1

1 (UM) = SILUMI(L + |/, UM)] + /UMD,

e2(U") = 6|01,

vi(,t)=sgrgiv(,t+8),

. Ut —U*)(z 2 if dz >0 for K € TP,

Gl e | OE U@ i [ ;
0 otherwise,

U-(,0) = uo("),

2
Vew-Vav= E Vg, W, ,

i=1

Vw-Vv=w + Vw- Vo,
and the positive parameters 6, 8, 6 satisfy
h/6 —»0and §/h'"¢ -0 ash—0, Ve >0,
5§=Ch*, §=Ch>,
where%<al<2,%<a2<l.

(3.2)
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532 ANDERS SZEPESSY

Existence of a solution to (3.1) follows from a variant of Brouwer’s fixed point
theorem as in [5]. From now on, U = U" will denote a solution of (3.1). Our main
result is the following

THEOREM 3.1. The solutions U™ of (3.1) converge strongly in L;,"C(Ri) for
1 < p < 0o to the unique Loo-solution of (1.1) as h tends to zero.

The proof is divided into three steps: Lemmas 3.1-3.3.
LEMMA 3.1. There is a constant C such that the solutions U of (3.1) satisfy
“Uh“Loo(Ri) <C, 0<h<l

LEMMA 3.2. There is a subsequence of the solutions U" of (3.1) that generates
an admissible mv solution v of (1.1).

LEMMA 3.3. There is a constant C such that the mv solution v in Lemma 3.2
satisfies

[ wnbaz<c
R2

and the initial condition
1 t
lim - | (vy,|A —uo(2)|)dzdt = 0.
0

t—0+ I

Theorem 3.1 now directly follows by combining Lemmas 3.1-3.3, Theorem 2.2
and Corollary 2.1.
Next, we give the following basic L-stability result obtained by taking v = U?

in (3.1):
N
/ (UM dz + Z/ (Uh —U*) dz + 25/ (L(U™)? dz dt
R?v+1 n=0" B2 sw
(3-3) +2/ EI(U")|VU"|2dxdt+2/ ea(UM)| VU dzdt
SN SN
<[ (),
R2
where SV = USI:O S, and integrals over SV are interpreted as a sum of integrals
over the S,.

We shall need the following standard interpolation error estimate (3.4),
“superapproximation” result (3.5) and inverse estimate (3.6), where 7w € V} is
the usual piecewise linear interpolant of a function w € I1,50%(S,). A proof of
the superapproximation result is given in (7).

LEMMA 3.4. There are constants C such that for w € WP (w)NE (Sy,), v € Vi,

n=0,1,2,...,
(343.) ||u) - 7rw”Wk,oo(w) S Chs—k“’w“Ws,m(w), s = 1, 2, k= O, 1, p = 00,
(3.4b) lw — Twllgr) < CR2 *llwllga,), k=01, p=2,
lvw — m(vw)lwe.e
(3.5a) “)

< CR  ollillwlipr ow), — k=0,1, p=oo,
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CONVERGENCE OF A FINITE ELEMENT METHOD 533

flow — 7r(Uw)”H'c(L.;)

(3.5b) 4
< CR * ol ) (1wl i) + Rllwll o)), k=0,1, p=2,
lvw — 7(vw)|| L, (r2
(3.5¢) 12 2(Re)
< ChYE ol L sn) (Wl (s, + Blwllg2s,),  P=2,
(3.6a) IVollL, @) SCR oll,w), 1<p<oo,
(3.6b) [0l () S Ch™*2[[0]| (505 =2,

where w = R, S,, KNRZ or KNS, for K € Ty, and W”’( ) is the usual Sobolev
space (here dot denotes seminorm and W*? = H?).

4. Proof of Lemma 3.1 (The L.,-Estimate). In order to prove the L-
estimate of Lemma 3.1, we shall need the following two preliminary lemmas.

LEMMA 4.1. There are posttive constants ¢ and C independent of p such that
forp=2m m=123,...,andn=0,1,2,...

Z / 1U+—U_||V Uyl? ”U+||L°°(KOR2 dz

KeTy

< / 01V, - Vo ((UP)) de dt,

n

ch/ Uy —U_|VUy - Vaug dzg/ U] |UzU - Vo] de dt
R2 Sn

< Ch/ |U+—U_HV:[U+'V1’U+|dZII Yv eV},
R:

The proof of Lemma 4.1 is a simple combination of the proofs of Lemmas 4.1-4.2
in [7].

LEMMA 4.2. There is a constant ¢ > 0 independent of p such that for p = 2m,
m=123,...,andn=0,1,2,.

/ e (VU -Vr(UP~ 1)da:dt>~— Z / &1 (U)|VU|? ||U||” 2 dzdt
n KeTp
Proof. Consider a tetrahedron K € T}'. Since
VU -Vr(UP™)| k and |[VUP|UIE

are constant on K, it is sufficient to prove that

VU Vr(UP) 2 SIVUPION K

Define the function fp: S3\{£3(1,1,1, 1)} — R by

fo(y1,y2,93,4)
- - -1 1 -1
Cwmy)T - )T - + (s —y4)(y§’ AN

= =) =3
((y1 —y2)% + (31 - y3)2 + (y3 — ya)2) max(y? 2,427 4877 4272
2— -2- -2 —2—1 ¢
(1 - 922 Yty 2+ (v — w2 o v (us —wa)? Yo v T
-2 2 :
((y1 —y2)?2 + (y1 - ys) + (y3 — v4)? )maX(yl R Y ST
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534 ANDERS SZEPESSY

We note that f, is continuous on S2, and after an appropriate choice of coordinate
directions we get by the definition of f,

VU V(U 2 inf Sp@IVUPIIL -

We have

o) > 1(y1 — Y22+ + (m - ve) WY+ yg‘2)—+ (ys_— y4)i(y§_2 +y5 ”2).

4 ((y1 = 2)% + (1 ~ y3)2 + (y3 — v4)?) max(y? 2, 4872, 4872, 457 %)
Let us first assume that |y |P~2 = max; <;<a(3?"2). If (31 ~y2) +(y1-y3)? > 1/p?,
then we clearly have

(4.1) oY) > c/p”.
In the case (y1 — y2)% + (y1 — y3)? < 1/p?, we have

p—2 p—2
i — Y -2 .
(4.2) (y_) = (1 - yl——y) > exp (—M> > ¢, 1=2,3,
1 v ply1

so that

foly) 2

1 (y_2)p-2 (y1 — va)
4 \p (y1 —y2)? + (y1 — ¥3)? + (y3 — ya)?
41 (y_3>p_2 (y1 ~y3)® + (y3 — ya)?

4 \n (y1—y2)? + (41 —¥3)? + (y3 — y4)?

>c,

which proves (4.1).
Next, we consider the case |y2|P~2 = maxi<i<a(|y:[P~2). If |y1 —y2| > 1/p, then
(4.1) follows directly, while if |y; — y2| < 1/p, then we have as in (4.2)

o) > 1(y1/y2)P 2 ((y1 — y2)® + (y1 — y3)?) + (y3/y2)? % (y3 — va)?

“4 (y1 —y2)2 4 (y1 ~y3)% + (y3 — v4)?
S Ll = 92)" + (1 — 93)?) + (3/v2)P~2 (43 — )’
4 (y1—y2)2 + (y1 —y3)2 + (y3 — va)?

If now |y; — y3| > 1/p, then (4.1) holds, and finally, if |y1 — y3| < 1/p, then we
have |ys — y2| < |y1 — y2| + |vy1 — y3| < 2/p, and as in (4.2) we obtain (4.1). By
symmetry, this proves (4.1) forally € S3. 0O

Taking now v = 7(UP~!) in (3.1), where p is an even integer greater than 2, we
get

0= /"L(U)U”‘ld:cdt+/RZ(U+ ~U_)Uy)P tdz

—/ LU)(Ur? —W(Up‘l))dxdt—/ Uy = U_)UR™! = m(UP™1)) da
Sn RZ

+5/ L(U)(U” 1t+2f1 Uit )dmdt
Sn

-6 LU) ((Up—l) r(UP~! t+Zf (UP™),, W(Up‘l)z,.)>dxdt
Sn

+/ e (U)VU - Vr(UP~V)dz dt

8
+/ 52(U)VIU-vxw(UP—l)dzdtzZE;.

t=1
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CONVERGENCE OF A FINITE ELEMENT METHOD 535

Using the standard interpolation estimates (3.4) and the stability estimate (3.3),
we have

KGT"

<op® ¥ / sl(U)|VU|2||U||’;;2(K) dz dt

+Cp2%6/ e1(U)|VU |2 dzdt = 1, + 11,
Sn

where by Lemma 4.2

Cp hé

.| < / e (U)VU - Vr(UP~ Y dz dt,
Sn

and by (3.3)

N
> L] < Cp*hé /3.
n=0
Further, using (3.3) and Lemma 4.1, we have

R ol 10 = U-9UPIVIE S do
KeTy

< Op2h? Z / Uy —U_||VU|? I|U||L°° (knRz) 42
KeTn Kn{|U|>1}

+ Cp2h2/ Uy = U_||V U dz

RZN{{U|<1}

< Cp'h |(7|va~vz7r(Up—1)dzdt+cp2h/ U |V, U|? dz dt.
Sn Sn

With the aid of these estimates we get by summation over n = 0,1,2,...,N for
p* < Cmin(6/(hé), §/h)

Z / S S AN
RZ R2
hé h
+6p(p - 1)/ (LUV)2UP dzdt < Cp® ( E) .
sn 5§ 3
Using now the convexity of the function U — UP, we have

01,y + o0 = 1) [ (BP0 drat

< |luolly (ge) + CP*(h/8 + h6 [3).
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The next step is to obtain Ly-estimates for all ¢ € (0,00). As in [7], we have for
tn <t S tn+1

tnt1
. p -~ 14 _ -1 ! -1
102, rmy = WO I p/t /R (UtUp £y s U) dz dt
7

tni1 1/2
SNU=IE (52 y+P (LU))*UP~ 2 dx dt U?P dz dt
Lo(Rnt) Sn t R?

< NV- s, + S00 = 1) [ (L0)PUP 2 dod

Sn

p tnt1
- . p
B0 1)/t 1UC, ) gay ds.

Thus, by Gronwall’s inequality we obtain for ty <t <ty
(4.3) IO (r2y < €M luolly, (rey + CP*(R/E + h8/5).

This proves by (3.2) the existence of positive constants ¢ and «q, independent of p
and h, such that

(4.4) sup ||U(~,t)|[Lp(R2) <C if4<p<Lch™®,
>0
Further, there is a constant C, independent of ¢ and h, such that all v € V}, satisfy
the inverse estimate
(4.5) lvtllze(r2) < (Cqgh™ ) oxllz,(r2), 1< g< o0,
which is proved analogously to Lemma 4.1. Finally, using (4.4)-(4.5), we have
||Uh||L°°(R§r) = Ullo(r2) < C(ph~1)%/? sup Uz, r2)
< Cexp(e(l14+ ag)h®°Inl/h) < C,
for h sufficiently small, which completes the proof of Lemma 3.1.

5. Proof of Lemma 3.2 (The Entropy Condition). To prove Lemma 3.2,
we first note that by Lemma 3.1 the solutions U”* of (3.1) are uniformly bounded
in the Lo,-norm, so that by Theorem 2.1 there exists a subsequence {U"} which
converges in the weak-star topology in L (R3 ), and the limit can be represented
by a family of probability measures v, such that for all continuous state vari-
ables ¢

(5.1) g(U™ () — (v, 9(N).

Our next step is to prove that the Young measure v is an admissible mv solution,
i.e., that v satisfies in the distribution sense

2
0
(52) at Vy7 ;5“ Vy7f1, =0»

and for all convex entropy pairs (7, ¢)

a 2. 9
(5.3) uy, Z 5—— {(vy,qi(A)) <0.
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CONVERGENCE OF A FINITE ELEMENT METHOD 537

To prove (5.3), let (n,q1,¢2) be a smooth convex entropy pair. Let & €
B2 (R? x Ry), ® > 0, and partition ® as follows:

P=9+0p,

where ¢, 0 > 0, ¢ € F°(Qp,,p) and p € G°(R? x Ry\Qp,, ). Taking
v=m(n'(U)¢) in (3.1), we get

0= /nL(U)n’¢dxdt+/Rz(U+ -U_)n ¢dzx

- /S L)' 6 — n(nf 8)) da dt / (Us ~U_)('é — (' $))+ dz

RZ

+5/S L(U) ((n’¢)t+2f{(n’¢)z,-) dz dt
- 6/ L(U) ((n’fﬁ)t —n(n'¢) + Z filn'¢ - 7r(77'¢))$|.) dz dt

) 8
+/ el (UYVU - Vr(n'¢) dz dt +/ eo(U)VU - Vor(n'¢)dzdt = ZE:L

Integrating by parts and summing over n, we have

_/SN (n(U)dn +Zq¢(U)¢z,.) dz dt

(5.4) )
* n§=:0 (‘/R?x+1 n(U_)¢dz - \/R?, (n(U+) B (U+ - U_)nI(U+))¢dz)
==Y Y E.=-) R
n=013=3 i=3

Using now the convexity of 7, we see that the sum of the integrals over RZ, R, ,
is nonnegative.

PROPOSITION 5.1. There holds

8

liminf Y  R' > 0.
h—Q 4
1=3

PROPOSITION 5.2. There are positive constants ¢, C such that

”U“Loo(R2><R+\Qk+1 ) < Ce—c/(h+6+3+g/\/5)’

where R = {|z|: = € suppuo} and M is a positive constant to be defined below.
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We postpone the proofs of these results to the end of this section. From (5.4)

we get
—/ ("(U)‘I’t'*'zqi(U)@z,-) dz dt
SN -
8 .
< —ZRZ ‘/SN (’Y(U)Pt+2qi(U)gozi) dx dt
(5.5) ’:3 i
=-) R _/ (’7(0)% +ZQ’£(O)SO11) dz dt
1=3 sn i

+/SN <(7](0 t+Z Qz _Qz ‘PI{) dzdt,

where the first integral on the right-hand side is zero and the second tends to zero
as h — 0 by Proposition 5.2. Letting h — 0 in (5.5), using (5.1) and Proposition
5.1, we now obtain (5.3).

In order to treat all convex continuous entropies n, we observe that a standard
regularization n® = n * we maintains the convexity, and n*, ¢¢ tend to 7, ¢; uni-
formly. Here, w satisfies the following conditions:

weBT((-1,1), w>0, /Rwdy=1, we(y) = e tw (g)

3

By dominated convergence applied to (5.3) with n® — n we then obtain (5.3) in
the general case. Next, by taking n(A) = £X in (5.3) we get (5.2), thus proving
that v is an admissible mv solution.

It remains to prove the propositions. We shall estimate the R* using the estimates
(3.3)-(3.6) and the L,-estimate in Lemma 3.1. We have

RO+ IR < Chht8) = [ LW I Bl e d

KeTy,
< Ch(h +6) / IL(U)|(IVU 2 + VU] + 1)||llwz. (k) dz dt
KeT,
<0% [ eO)ITUP + Chih+ DL yisr)
C (%S + h\/E) .

Using also Lemma 4.1, we have

|R4|<Z S on? / N0 U (9,0 + 19201+ Dl de

n=0 KeT}

1/2
< (‘h/ U] |V, U*dz dt + Ch®/? (Z U+ = U-Z2(ge )

n=0
<C< +h3/2>
6
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Further,

RS =6 LU )2 II( )¢d$dt+6/ <¢t+2fz¢m.> (U)dz dt

SN
> ~CO|ILU) | Lygsm) 2 ~CV.
To estimate R7 and R, we shall use the following result.
PROPOSITION 5.3. We have
U(r(n'(U)))e 20, VU - Va(r(n'(U))) 2 0.

Proof. We see that Uy(n(n'(U))); is constant on each tetrahedron K € Tj.
According to the construction of the tetrahedrons K, there is for each K an or-
thogonal coordinate transformation in the z;,xs-plane such that K always has
one edge in each coordinate direction. Hence, let (z1,29,t), tj < t < t5, be
such an edge of K; then the sign of Uyn(n’(U)): is equal to the sign of
(U(zy,z2,t)) — U(z1, 22, 85)) (0" (U(21,22,t))) — n'(U(21,22,t5))), which is non-
negative since 7’ is nondecreasing. An analogous argument in the z; directions will
then, after summation, complete the proof of Proposition 5.3, since V,v - Vow is
invariant under orthogonal coordinate transformations. O

Let Py| k € Py(K) VK € Ty, be defined by

(5.6) 9%|K:/K¢dzdt/ (/K dzdt) Vo € Lo(RY),

i.e., Py is the Ly-projection of o onto the set of piecewise constants. Then using
(5.6), we have

= > /51 )VU -V(r(n'¢) — m(n' P ¢)) dz dt

KETy,
Kcs»
+ > /51 YU - Vr(n'Pd)dedt =1+11,
KeT,
Kcs™
N<C ¥ [ Ve e=-2e)l.ov0lda
KET,
KcsV
<C Y /51 J(RIVU )2 + [VUNIV |1, (k) dz dt
KeTy,
KcsWN
1/2
< Ch/ [VU|2dIdt+p (/ 51(U)|VU|2 d(l)dt”{-:l(U)HLoo(SN))
SN

< Clh+\/o/n),

where we have used that

(I =PVl Lok € CRIVEI L (k)
and the inverse estimate (3.6) to obtain

ler(@)oirs) < CF/h
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Next, by Proposition 5.3, and since ¢ is piecewise constant, we have

=¥ / e (U)VU - V(x(n')Pddzdt > 0,
KeT, 'K
Kcsh

so that
R" > -C(h+ V3 /h).

Finally,
RS = ). /K e2(U)VoU - Va(n(n'$) — n(n' P)) dz dt

KeTy,
Kcsy

+ Z / e2(U)VU - Vo (n'Po)dzdt =11 + 1V,
Ker, VK
KcsV

As above, we get by Lemma 4.1

— N -
) < ChE S /R [OIVLU - Va(n(n' (¢~ F9))) da
n=0 n

— N .
<ci % /K 1 1V.U) Va6 — PO)1ienre) da

KeT, n=0
KcsWN

<t Y / 01 VUl V21 (6 ~ P)) o) dadt
KeT, 'K
KcsN

<CF 3 [ 10T + VDol do
KeT, * K
Kcs?

1/2
< Ch/ e2(U)|V U2 dzdt + C (/ Eg(U)|VzU|2dzdt||z-:2(U)HL°°>
SN SN

<Ch+ \/%).
Finally, by Proposition 5.3,

V=3 / ex(U)VoU - Va(r(n (U))) P dz dt > 0.
KeT, ' K
KcsN

Letting now A — 0 in the above estimates, we obtain Proposition 5.1. O
Proof of Proposition 5.2. Let us introduce the cutoff function

a1 if BR+1—|z) +t <0,
Y(z,t) = { exp(—(ﬁ(R'i'l —|z[) +t)/7) otherwise,
where 1
5=8 suw (If1 ()], | f2(w)])
[wl<IU" |2 oo
h>0
and

r=C(h+6+6+8/h),
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where C is a sufficiently large constant. We now take M = 1/8 in the definition of

V7. Further, we note that | R3Oy = 1 and ® is exponentially decreasing in

Q4.1 - We then have for U = U hand N =1,2,3,... the following local stability

result:
l /
2 R2

N+1

N
U2y dz + }:/ (Uy —U_)*pdx
n=0 RZ

(5.7) +6 (L(U))dexdw/ e1(U)|VU*¢ dz dt
SN SN

+/ e2(U)| VLU |2 dz dt < C/ugwdz.
SN

A similar stability estimate is proven in Theorem 1.2 of [4]. Since ug € Lo (R?)
and suppug C {z: |z|] < R}, we obtain from (5.7)

/ Uid} dr < C"re"ﬂ/f,
R%

so that by the inverse estimate (3.6b),

WUl LR34, , 4 )nit<Th) S

Cﬁe_ﬂ/’r
h b)
which is the desired result. O

6. Proof of Lemma 3.3 (The Initial Condition). Here we prove that the
L-stability (2.8) and the initial condition (2.9) are satisfled. First we note by
the definition of Vi, that (v(z ), |Al), i.e., the Lo weak-star limit of |U”(z,¢)|, has
support in {15 YoM (i-e., compact support in z for fixed t). Next, by the following
Lo-stability,

(6.1) U™ )l Lo(r2) < exp(Ch/6)luol L, (r2)

which is obtained from the stability estimate (3.3) by a Gronwall inequality as in
(4.3), we get

(62) “Uh('at)”Ll(Rz) < C||u0||L2(R2)7 t<T.

Now using that g(U"(z,t)) — (v(z,),¢(})) in the Lo, weak-star topology for every
continuous state variable g, we obtain from (6.1) and (6.2)
(6.3) / (u(z,t),)\2)dx < / uldr ae te(0,T)
R? R?
and
/Rz<u(1,t),|x|>dz <C ae te(0,T),

which proves (2.8).
To prove (2.9), we shall use a technique (see [1]) which involves the following
weak convergence and the Lo-stability (6.3):

PROPOSITION 6.1. For ¢ € €} ({z € R?: |z| < R+ 2}) we have

lim (V(zyt),/\)(f)d?l):/ uggp dz.

t—0 R2 R2
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We postpone the proof of this result to the end of this section. Assuming first
that up € %' (R?) and suppug C {z € R?: |z| < R}, we have with the aid of
Proposition 6.1 and (6.3),

limsup/ Vaty, (A — up)?) dz
R2

t—0

(6.4) = lim sup/ (Via.ty, AT — ud — 2up(X — uo)) dz
R2

t—0
< —21imsup/ (V(z,¢), A — up)up dz = 0.
t—0 JR2
Further, by using that (v(;+),|A — uo|) has its support in 3,9, and Jensen’s
inequality, we get
lim sup/ 2(1/(“), A — uo(z)|) dz
R

t—0

(6.5) 1/2
< Climsup </ (V(z1), (A — uo)?) dx) =0,
R2

t—0

which proves the initial condition (2.9) for regular initial data. In the more general
case ug € Lo (R?) with suppug C {z € Rf: |z] < R}, we let the functions f,, satisfy
Jn € B (R?), supp fn C {z € R?: |z| < R} and limpo0 || fn — wo||1,(r2) = 0, and
use (6.3) and Jensen’s inequality to obtain

. _ 2 — . . _ 2

tll_I}(l) 2 <V(z,t)’ (A —uo)*) dzx nlLH;o th_I'% 2 <V1,t7 (A= fa)%).
Now, as in (6.4) we have

lim lim | (V). (A= fr)?)dz =0,

n—oo t—0 RZ

so that
1/2
limsup/ (V(z,0)s |A — uol) dz < lim C (/ (V(z.t), (A = u0)2) dx) =0.
t—0 JR2 t—0 R2

We now turn to the proof of Proposition 6.1. Let ¢ € &l (R?), supp¢ C {z €
R%: |z| < R}, v € ([0, T)), ¥(0) = 1 and take v = m(é®) in (3.1). Letting then
h tend to zero, we obtain as in (5.2)

/ / V(z,t), )@ dz Yy dt
R, JR?

+/R+ /RQZ:((V(z,t%fi(/\»ﬁbz,)d-’l?wdt+/R2 uopdzr =0

Further, we define the functions A, B € Lo ((0,T)) by

A= [ wao M@ dz, B = [ T b )b ) ds

Since vy is a measure-valued solution, we have A; + B = 0 in the sense of distribu-
tions on R4. We note that B € L,((0,7T)), which implies A; € L,(0,T). Hence, A
has bounded variation and lim,_ A(t) exists. Taking now

(1 - nt)?, t<1/n,
0, t>1/n

(6.6)

(6.7 Y= = {
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n (6.6), we get
/ woddz = — lim [ A(£)(n)edt = lim At),
R2 n—oc¢ R2 t—0

which proves the proposition.
Remark 6.1. An alternative method to prove the initial condition (2.9) is to
establish the strong L; convergence

lim U (,t) — uollL, (r2) =0

by using standard error estimates with respect to a solution having smooth initial
data. This is possible, since for short times such a solution remains smooth. Using
this method, we get (2.9) choosing also § = Ch. Recall that to obtain (6.3) we
assumed h/é — 0 as h — 0, cf. Remark 6.2.

Remark 6.2. The following argument, cf. [1], proves that Theorem 3.1 holds also
for the case § = h. Analogously to (6.6) and (5.3), we obtain

/R / (V(x,t)a/\2)¢ dz dlg dt
/R/RQZ o TNz ) davdi+ [ (u)odz 20,

where g, are the entropy fluxes corresponding to the entropy A? and @, 9 are as in
(6.6). Using now that v satisfies (5.3) with n = A? we note (cf. [1]) that the integral

A= [ e ¥)6(a) do

(6.8)

has bounded variation as a function of ¢ and hence the limit lim,_,q A(t) exists.
Taking now % as in (6.7) and ¢(z) = 1 for z € 03, ,,, We have by (6.8)

im [ (Vg A )dm</ (up)?¢ dz,
t—0 R2 R2

which combined with Proposition 6.1 proves (6.4) and (6.5) as above. We thus
conclude that Lemma 3.3 holds also for 6 = h.

7. Error Estimates for the SC-Method. In this section we prove that the
SC-method applied with piecewise polynomials of order k to the linear problem

d

Lu)=u + Zaiuz. =0 in R¢x Ry,
i=1

u(-,0) = up on RY,

(7.1)

with smooth solution has essentially the same order of convergence as the corre-
sponding streamline diffusion finite element method (see [4]) obtained by choosing
g1 = €2 =01in (3.1), i.e,, @(h**t1/2). Introducing the bilinear form

Buy(v,w) = /qM L{v)(w+ 6(L(w))) dz dt

M
+ Z / (vy —v_)wg dx +/ viwy dx,
n=1 Rﬁ Rg
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the SC-method for (7.1) can be formulated, now with V}, consisting of piecewise
polynomials of degree k: Find U € V}, such that for M =0,1,2,...

B (U, v) +/

e1(U)VU -Vudzdt -+-/
SM

e2(U)VLU - Vyvdadt = / ugvy dz,
SM

R§

with £; and g5 as in Section 3. For the quantity e = U — nu € V},, we have

Bis(e,e) +/ e1(U)|Ve|? dz dt +/ £2(U)| Vel dz dt
sM sM
= Bp(u— mu,e) — / e1(U)V(ru) - Vedz dt
(7.2) oM
—/ e2(U)Vymu - Vyedzdt
SM
=1+ 14111
Now
1 M
Bu(ee) = 2 (”e—”iz(RﬁHl) + Z lle+ — e—||%,(Rg) + ||e+||iz(ng))
(7.3) n=1
+6/ (L(e))? dz dt,
SM
and with the notation = u — 7u, we have
1 M+1
1=Bu(n¢) < 5Blee)+ ) Inlf, (s
(7.4) 2 2 Il
+ 67 InlL, sy + SILMIL, (sm)-

Further, by (3.6),

/ (L(U))? dz dt + 2(6ﬂ/ |V (mu)|?|Ve|? dz dt
SM sM

/SM(L(e))?dde %/(L(nu))2dzdt

)2
+C@||V7ru||%°o/ e? dx dt,
sM

II

IA

S o]

(7.5) <

h2
and finally, by Lemma 4.1,
10 < 5/ |ﬁ|2dzdt+0h§2/ Vo mul?|V ge)? da dt
h sM SM
(7.6)

M =,
52
< E lles — e‘”iz(Rﬂ) + C||Vz7ru||%ooz/ e’ dzdt.
n=0 sM

| =

Combining now (7.2)-(7.6) and the interpolation estimate (3.4), with V;* now
consisting of piecewise polynomials of degree k > 1, we get for u € H2(SM) n
Wl,oo( SM )

—~~

Bu(e,e) <Ch?* (5 + h2/6)+C |  €dxdt.
sMm
Thus by a Gronwall argument, as in (4.3), we have

B(e,e) < Ch?*(5 + h?/6).
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Using now (3.4), this proves that for M =1,2,3,...

M

U - “)—”iz(Rng) + Z U4+ — U—”%,Q(R;{)
(7.7) n=1

IO = 0)+ 1, gy + 8 [ (L0)? dzde < O3 (5 + 12/,
SM

which for § = Ch gives the accuracy @ (hk+1/2),
Remark 7.1. Following [4], we easily get local error estimates corresponding to
(7.7) away from regions where the exact solution is nonsmooth.
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