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Summary. This paper is devoted to the study of the finite volume methods
used in the discretization of conservation laws defined on bounded domains.
General assumptions are made on the data: the initial condition and the
boundary condition are supposed to be measurable bounded functions. Using
a generalized notion of solution to the continuous problem (namely the
notion of entropy process solution, see [9]) and a uniqueness result on this
solution, we prove that the numerical solution converges to the entropy weak
solution of the continuous problem in L] forevery p € [1,+00). This also
yields a new proof of the existence of an entropy weak solution.

Mathematics Subject Classification (1991): 65M60

1 Introduction
1.1 The initial-boundary value problem

Let {2 be an open bounded polyhedral subset of R%. Let us denote by I its
boundary, by n the unit normal to I" outward to {2, by y the measure on [,
by @ the set @ =] 0, +o00[x {2 and by X the set X' =] 0, +-o00[x .

We consider the following scalar conservation law:

€)) w(t,x) + divy f(t, z,u(t,x)) =0, (t,x) €Q,
with the initial condition

2) u(0,2) = uo(x), =€ 2,



564 J. Vovelle

and the boundary condition
3) u(t,r) = ub(t,r), (t,r)ex.

The way the boundary condition is satisfied has to be precised. Indeed,
lest the problem (1)-(2)-(3) should be overdetermined, Equality (3) cannot
be required to be assumed pointwise, even if the solution to (1) is a regular
function (see [12] for a complete description of an intuitive approach to
the nature of the boundary condition). Supposing that ug is BV and that
u? is C2-regular, Bardos, Le Roux and Nedelec [2] prove the existence and
uniqueness of a solution to (1)-(2)-(3), explaining the way the boundary
condition must be understood and detailing an inequality on the boundary
now known as the BLN condition (see Remark 3).

Following the work of DiPerna [4], Szepessy defines a notion of measure-
valued solution to (1) and, assuming the existence of a weak entropy solution
to the problem, proves the uniqueness of the measure-valued solution. The
existence of such a weak entropy solution is ensured by the work of Bardos,
Le Roux and Nedelec. Notice that the “BLN condition ” does make sense
only if the solution u of (1)-(2)-(3) admits a trace on 2. When handling
the BLN condition we thus need the solution to be BV, which implies,
in general, that the initial condition ug is BV and the minimum regularity
required on the data is of BV type.

At any rate, the existence of a measure-valued solution is obtained
through weak estimates on approximate solutions of the problem (1)-(2)-(3)
and, under the hypotheses ug € BV (£2) and u® € C?(X), this measure-
valued solution gives rise to a weak entropy solution; this allows several
authors to study the convergence of numerical schemes associated to the
continuous problem. In [15], Szepessy proves the convergence of a stream-
line diffusion finite elements method; in [8], Cockburn, Coquel and Lefloch
prove the convergence of the monotone finite volume method; in [3], Ben-
harbit, Chalabi and Vila prove the convergence of a class of E-schemes.

We will use here a generalized notion of solution, similar to the one of
measure-valued solution: the notion of entropy process solution introduced
by Eymard, Gallouét and Herbin for the Cauchy Problem in [9]. The aim here
is to adapt the method of [9] in order to obtain the same results as Eymard,
Gallouét and Herbin in the case of the initial-boundary value problem. We
deduce from a theorem of uniqueness (Theorem 2 in this paper) that an
entropy process solution is actually a weak entropy solution. Let us highlight
a difference between the way measure-valued solution and entropy process
solution are handled: working in the framework of measure-valued solution,
it is necessary to suppose the existence of a weak entropy solution in order
to prove that any measure-valued solution is merely a weak entropy solution
(see [4]), while this hypothesis is no longer required to prove that an entropy
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process solution is an entropy weak solution. This is why, here, existence and
uniqueness of a solution is established for a flux function f € C! (or locally
Lipchitz continuous, under an additionnal hypothesis, see Remark 1).

Moreover, we intend to deal only with essentially bounded measurable
data. Consequently, a solution is sought in L>° (R x {2) and this function-
nal context does not allow the definition of such a notion as the trace of the
solution. In the L*° framework a notion of weak entropy solution has been
given by F. Otto, who achieved this work in his PhD. Thesis so that little bib-
liography is available: a summary is presented in [13] and a more complete
exposition appears in [12]. In this last reference, the existence of an entropy
solution is established under the hypothesis f € C? and the uniqueness is
proved under the hypothesis f € C!. The work of Otto relies on the use of
particular entropy-flux pairs, namely the boundary entropy-flux pairs. We
give a similar definition of solution of the problem (1)-(2)-(3), but merely
using the “semi Kruzkov entropies”, as they already appear in the work of
Carillo [5] and Serre [14] (see Sect. 2). These entropy functions admit very
simple algebraic definition, so that the study of the discrete entropy inequal-
ities satisfied by the numerical solution of the problem (1)-(2)-(3) defined
by a monotone finite volume scheme is quite straightforward.

The discrete (and local) entropy inequalities satisfied by the numerical
solution allows us to derive approximate continuous entropy inequalities.
Notice that, in the course of the proof of this result, a "weak BV estimate”
[9] on the numerical solution is needed. This weak BV estimate cannot yield
any compactness property on a family of approximate numerical solution
but is one of the key point of the proof of Theorem 3.

Notice also that monotone finite volume schemes are widely used in
practical application. For example, in oil reservoir engineering, an IMPES
scheme can be implemented to study the behaviour of the fluid in a column
(see [1] or [10]) and, in this case, comes down to a monotone finite volume
scheme.

1.2 Hypotheses and notations

We make the following hypotheses on the data and on the flux:

(i) u’ € L®(X) and up € L=(£2),
(ii) f € CY R4 x R? x R,R?) and gf
U
is locally Lipschitz continuous ,
(iii) divy f(t,z,u) =0 for a.e. (t,z,u) € Ry x R4 x R,

“)
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Remark 1 Assumption (iii) on f may be relaxed, and we can consider source
terms in (1)-(2)-(3) (see [7]). Assumption (ii) on f may also be weakened,
in particular it is enough to suppose that

(ii)a f € Lippe(R+ x RY x R, RY);

0
(in which case 8—f is defined a.e. on Ry x R? x R) provided that, for

U
every compact K; , C Ry x R, for every compact K,, C R, there exists
VK, 2.k, = 0 such that

0 0
L (59,0) = 9L 02,00 < Vi (15— ol + 1y ).
Notice that conditions (i), and (i7), are fulfilled if the function f can be

written as

forae. v € K, , forae. (s,y) € K;,, forae. (0,2) € K 5,
()b

[t z,u) = v(t,z) g(u)
with v € Lipj. (Rt x R?; RY) and g € WL2(R).

loc

Notations: We denote by B and A the quantities

5) B = max(ess sup(up) , ess sup(ub)) ,
Q b5

and

(6) A= min(essninf(uo) ,essEinf(ub)) .

Thanks to assumption (4) on f, it is known that, for every 7" > 0, f is
Lipschitz continuous on [0,7] x £2 x [ A, B]. Our work requires f to be
Lipschitz continuous but, instead of fixing 7" > 0, then working on the set
[0,T] x £2 x [ A, B], and, at last, extending the solutions obtained (with
the help of a theorem of uniqueness), we already suppose f to be Lipschitz
continuous on Ry x 2 x [ A, B]. We set Lip( f) to be its Lipschitz constant.

1.3 Main results

In Sect. 2, we emphasize the definition of weak entropy solution; the class
of entropy-flux pairs considered in the definition of weak entropy solution
can be reduced to the one of the so-called “semi Kruzkov” entropies. It is
one of the keys of the result of convergence of the scheme. As in [9] and
[6], a notion of entropy process solution is defined.

In Sect. 3, we develop the proof of a uniqueness result (that is Theorem 2).
This theorem allows us to show that an entropy process solution of the
problem (1)-(2)-(3) is necessarily a weak entropy solution. It also ensures
the uniqueness of the weak entropy solution. Notice that, in the course of
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the proof of this theorem, it is not necessary to suppose the existence of a
weak entropy solution.

In Sect. 4, we define the finite volume scheme with monotone fluxes
associated to the problem (1)-(2)-(3) and the corresponding numerical so-
lution wr ;. We prove that (u7 ) converges towards an entropy process
solution of problem (1)-(2)-(3). This yields, thanks to Theorem 2, the result
of existence of a weak entropy solution of the problem (1)-(2)-(3). Then itis
proved that (u7 j) converges to the weak entropy solution in L} (R x {2)
forevery p € [1, +00.

2 Weak entropy solution

It is well-known that the concept of weak solution is not accurate in the
study of hyperbolic problems, for uniqueness of such a solution may fail,
even if the data are regular functions. Thus, we turn to the notion of weak
entropy solution.

Notations: Let sgn™ denote the application R — R defined by

1ifs>0,
sgn”(s) = {0 if s <0

and sgn~ the application s — —sgnt(—s). As usual, we set sT =
sgn™(s)sand s~ = (—s)™.

Let x € [ A, B]. The entropy-flux pair (1,7, @) (respectively (7, , P} ))
is defined by

ni(s) = (s — K)*
2 {@i(t, r,5) = sgnt (s — k) (f(t, 2, 8) — F(t,,5)),

®)

(rsesivety {30 o w00 )

Definition 1 Ler u be in L>°(Q). The function u is said to be a weak en-
tropy solution of the problem (1)-(2)-(3) if it satisfies the following entropy
inequalities: for all k € [ A, B], for all o € C°(R, x RY R.),
// (n,j(u) o1 + Ot u) - V(p) dxdt
Q
+ [t o) o(0.2) de
9]

©) T Lip(f) / /2 i () (b, ) dry(r)dt > 0,
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and

//Q (s (w) @1 + D (t,2,u) - Vo) dadt
""/ Ny (ug) (0, x) dz

(10) +Lip(f // N, (u”) p(t,r)dy(r)dt > 0.

The semi Kruzkov entropies have rather simple algebraic expressions
that allows the study of the numerical problem associated to (1)-(2)-(3),
while, working with “boundary entropy-flux pairs”, this study may be much
more difficult. The boundary entropy-flux pairs are the entropy-flux pairs
used by Otto to define the notion of weak entropy solution. They are defined
in the following way:

Definition 2 Let (H, Q) be in C*(R?) x (C*(Ry x R4 x R?))%. The pair
(H, Q) is said to be a boundary entropy-flux pair (for the flux f) if:
1. forallw € R, s — H(s,w) is a convex function,
0
2. Yw e R, 9;Q(t,x,s,w) = 65H(s,w)a—f(t, x, ),
S
3. VweR, Hw,w) =0, Q.,.,w,w) =0, 0sH(w,w) =0.

Thanks to the following lemma, Definition 1 of weak entropy solution

gives rise to exactly the same notion of solution as defined by Otto.

Lemma 1 Let € CY(R,R) be a convex function such that: there exists
w € [A, B] with n(w) = 0 and n/(w) = 0. Then n can be uniformly
approximated on | A, B] by applications of the kind

sy ails =)+ Y Bils —Rj)*
1,p 1,9

where a; > 0, ; > 0, k; € [A, Bl and £ € [ A, B].

We conclude this section by making some comments on weak entropy
solution.

Remark 2 (see [12]) If u € L*°(Q) is a weak entropy solution of the prob-
lem (1)-(2)-(3) then: for almost every (¢, z) € Q,

A<u(t,z) < B.

Remark 3 If u € L*°(Q) is a weak entropy solution of the problem (1)-(2)-

(3) then u satisfies (see [12]): for all classical entropy-flux pair (7, ®), for
all p € C°((0,+00) x £2, Ry),

(11) // u) oy + P(t,x,u)- Vo >0
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and
(12) ess lim / |u(t) — up| dx = 0;
2

t—0+
moreover, the boundary condition is fulfilled in the following way: for all
boundary entropy-flux pair (H,Q), for all 3 € L'(X) suchthat 3 >
0 a.e.,

esslim/ / Qb r,u(t,r — sn(r), ub(t, 1))

s—0t

(13) n(r) B(t,r) dy(r)dt = 0.

Reciprocally, if u € L*°(Q), with A < v < B a.e., and u satisfies (11),

(12), (13), then u is a weak entropy solution of the problem (1)-(2)-(3).
Besides, if u € L>°(Q) is a weak entropy solution of the problem (1)-

(2)-(3) that admits a trace, meaning there exists u” in L°°(X) such that

esshm/ lu(t,r — sn(r)) —u"(t,r)|dy(r)dt = 0,

s—0t

then (13) is equivalent to the equation
Q(u,u’) - n>0 ae onX.

Choosing Q(s,w) = &1 (s, max(w,k)) + &~ (s, min(w, k)) yields the
BLN condition ([2]), that is:
for a.e. (t,r) € X,k € [u"(t,r),u’(t,r)],

sgn(u’ (t,r) —u’(t,r)) (f(u"(t,r) = f(k)) -n(r) = 0.

Notice that, in the case where 2 = R<, it is well-known that the class of
Kruzkov entropies is wide enough to ensure the uniqueness of the solution. It
is the same here, except that we have to consider the semi Kruzkov entropies
and that working with the mere Kruzkov entropies would not be sufficient,
for uniqueness would be lacking. Indeed, the classical Kruzkov entropy-flux
pairs are defined by:

ns(s) = [s = &l
(14 Dy (t,x,s) =sgn(s —k)(f(t,z,s) — f(t,x,K)).

Now, suppose that {2 =] 0, +-00[ and define the flux-function f : [0, 1] —
R by

fu) =u(l = u);
then consider the solution u of the Riemann problem on R associated to the
equation u; + (f(u)), = 0 and to the datum (u_, u, ). Let ug = uy and u’
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be constant. Then u € L>°((Q)) and satisfies: forall p € C°(Ry xR, R4),
forall k € [A, B],

/ /Q (Iu— &l p + sgu(u— K)(F(w) — F(5))pn) dadt

4 [ o= sl p(O.0)do + Lin() [ =kl p(t.0)de > 0,
R, R,

if, and only if, for all k € [ A, B], for all ¢ > 0,
(15)  —sgn(u(t, 0+) — &)(f(u(t,0+) = f(x)) + Lip(f) [u" — & = 0.

Now, choosing ug = u; = 0andu® = 1, thedatau! = 1/4andu? = 1/2
define, through the Riemann problem, two distinct measurable bounded
functions which both satisfy (15).

2.1 Entropy process solution

The proof of the existence of a weak entropy solution to the problem (1)-
(2)-(3) lies in the study of the numerical solution 17 ; defined by the finite
volume scheme associated to (1)-(2)-(3). Here T denotes the mesh, A its
“size” and k the time step (see Sect. 4). Theorem 3 states that the numerical
solution satisfies the following approximate entropy inequalities:

(Vi € [A,B], Vo € C°(Ry x R4 RY),
// ( (U k) + B (8w, uT ) - V@)d%‘dt

(16) /
nt dx
N

/2 0 (W) p(t, 2)dy () dt > —e7 4(9).

where
Vo € C°(Ry x RYRy), e71(¢) — 0 when h — 0.

The same result holds when the entropy-flux pair (7, , @}, ) is considered.

The numerical approximate solution (u7 ) is also known to be bounded
in L>°(Q) but it is not enough to pass to the limit in Inequation (16). Thus,
owing to the non-linearity of the equation and to the lack of estimate on
the approximate solution, we have to turn to the notion of measure-valued
solution (see DiPerna, [4], Szepessy, [15]) or, equivalently, to the notion of
entropy process solution defined by Eymard, Gallouét, Herbin in [9]. The
interest of this notion lies in the following result, which generalizes the
notion of weak-x convergence in L°° and free oneself from the problems of
non-linearity.
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Theorem 1 Let O be a borelian subset of R™, let R be positive and (u™)
be a sequence of L>(O) < R. Then there
exists a sub-sequence still denoted by (u™) and p € L*>(O x (0, 1)) such
that:

Vg € C(R) —>/ ))da in L(O) weak- * .

Now the notion of entropy process solution can be defined.
Definition 3 Let ;1 be in L>°(Q x (0,1)). The function (i is said to be an
entropy process solution fo (1)-(2)-(3) if:

1. forae. (t,z,a) € Q x (0,1), A < pu(t,z,a) < B,
v >

2. forallk € [ A, B|, forall«p € C®(Ry x RY), 0,

[Z%A [ .00 1(t,2) + B 10,1, ) - T,
xXdo dx dt+/ 0t (uo) (0, z) da

(17)  +Lip(f // e (u”) p(t, x) dy(x)dt >0,

3. the same entropy inequality holds when (n,, , P,

) is selected as an
entropy-flux pair.

Notice that if 1 is an entropy process solution of the the problem (1)-(2)-
(3) and if p does not depend on its last variable, that is to say: there exists
u € L*°(Q) such that

forae. (t,z,a) € Q x (0,1), u(t,z,a) = u(t,x),

then u is a weak entropy solution to (1)-(2)-(3).

We will now prove that if ;€ L*(Q x (0, 1)) is an entropy process
solution then, in fact, ;» does not depend on its last variable and that the weak
entropy solution is unique.

3 Uniqueness of the entropy process solution

Theorem 2 (“uniqueness” of the entropy process solution) Let 1, v €

L>*(Q x (0,1)) be two entropy process solutions. Then there exists u €
L*>°(Q) such that:

u(t,z,a) = ult,x) = v(t,z,8) for ae. (tz,a,8) € Q x (0,1)%.

Corollary 1 The problem (1)-(2)-(3) admits at most one weak entropy so-
lution.
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Let us first prove some lemmas that will entail Theorem (2). In order
to clarify certain forthcoming expressions, the following notations will be
used: for (t,z) € @, for sand k € R,

@(t,x,s, "<‘7) = @H(t,l‘,S) = Sgn(s -k (f(t,l‘,S) - f(taxa "<‘7) )

Ot (t,x, 8, k) = D (t,x,5) =sgn™ (s — k) (f(t,z,s) — f(t,x, k),

@7(1‘/7;1;’ 87/i) = ég(t,fﬁ, S) = Sgni(s - H)(f(tast) - f(t,.%',/i) :
Notice that & = (&1, ..., P,) takes its values in R,

Lemma 2 Let pu, v € L*™(Q x (0, 1)) be two entropy process solutions.
Then:

Vi) € CP(Ry x RY), o >0,

(18) //// u(t, 2,0) = vlt, 2, 8)| by

+&(t, z, pu(t, z, a),v(t, B))-Vw] dBdadxdt > 0.

The set 2 was supposed to be an open polyhedral subset of R?. Notice
that the following proof would still be correct if £2 were an open set with C*
boundary. Indeed, working locally (thanks to local maps covering {2), we
can suppose 2 = R% or 2 = Ri. What really requires care in the proof of
Lemma 2 is the study of the behaviour of an entropy process solution near
the boundary, so that we already suppose

2 =RL ={r=(7,24) €RY,z4 >0}
and detail the following lemmas.

Lemma 3 Let aTb denotes the maximum value between two reals a and b
and a1 b denotes their minimum value. Let 11 be an entropy process solution
to (1)-(2)-(3) and k be in | A, B]. Then:

1. there exists 0} . € L>(X) such that: for all 8 € LY(X),

1
— ess lim /// @;(t,m,u(t,a?,a),ub(t,f)—l—/f)ﬂ(t,f)dadfdt

.Z’d—>07L

// o B(t,7)dz dt,

and 9;% > 0a.e.
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2. there exists 0, . € L°°(X) such that: for all 3 € LY(X),

—esslim // / ~(t, @, pt, x, a), ub(t,T) L) B(t, T) da dT dt

(td—>0+

:/A 0, T)B(t,7)dz dt,

and 9, , > 0a.e.
3. there exists 0, € L°>°(X) such that: for all 8 € L*(Y),

1
—esslim/// @d(t,x,u(t,x,a),ub(t,f))ﬁ(t,f)dadfdt
rq—07F > Jo

- / 0,(t.7) A(t, 7) d dt
by

Lemma 4 Let i1 be an entropy process solution to (1)-(2)-(3) and k be in
[ A, B]. Then the following inequality holds: forall o € C°*(Ry xRY) , ¢ >

[ [ ()~ siatto) + 0,2, p0,.0), ) - Vit )
Q J0
xdadmdt%—/ﬂ\uo—ﬁ\w(o,x)dx+//2 0.(t, @) p(t,7,0)

(19) xdwdt—i—// Byt 7, 0,6 (£, T), 1) o (6,7, 0) dzdt > 0.
X

Proof of Lemma 3 (see [12]): Let (3 be a function of C2°(] 0, +-oo[xR?~1),
(B > 0, and define the functions g:w 5 h:w g (forw € [ A, B]) by:

g,{wﬁazd /// O (t,z, ut,z, o), wTk) B(t,T)dadT dt

mu,ﬂ (zq) /// (t,z,a) — s Tw)" B(t, T) dodT dt + Z

i=1,d—1
1
x/// OF(t,x, u(t,z, ), kTw) By, (t,7) dadT dt .
zJo

Putting ¢ = (3 in Inequation (17) where « has been replaced by x T w and
v € C®([0,400[,Ry), we get, if v € C2°(0, +00)

(20) Kt

Kyw,3

— (9 ,5(xa)) = 0 in D'(]0, +00])
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. X
and, if ")/([Ed) = X(O,E) ({Bd) (1 — ?d>,

L bt desz ~Lipt) [[ @) - wTw)*

e
1) xBdzdt + O(e).

Considering that b} € L'(0, +00), that g7, 5 € L**(0, 4-00) and
the inequality (20), we get g:w g € LN BV (0,1). Thus, esslim g:w 5
W zg—0+ T

(z4) exists and, by letting £ go to zero in the inequality (21), we get:

(22) esslirJrrl g:’wﬁ(xd) > —Lip(f) // (W, ) — kTw)* Bdz dt.
b

rq—0

Using the continuous dependency of g gonf € LY(X) and the
density of C2°(X) in L'(X), we deduce: for all 3 € L'(X), 3 > 0,

ess 11111 g, 5(zq) exists and (22) still holds. Then, approaching ub in
24—0 s

L°° (X)) by simple functions u
values w; in Q, say:

b
€

, each of them taking a finite number of
P

ul = Z wi X4,, ((Aji); pairwise disjoints)
i=1

and taking w = w;, x4, B instead of 3 in (22), then summing with respect
toi € {1,...,p} and, at last, letting € go to zero yields the first point of
Lemma 3. The same lines would be followed to prove the second point, or
to prove the third point (by taking x = w at the beginning and by using the
formula (s — w)* + (s —w)™ = |s — w|).

PrROOF OF LEMMA 4: for ¢ a positive number define the function w, by

o xgfe if0<xg<e
“’5(‘”)—{1 ife < 2y '

Let p € C°(Ry x RY), ¢ > 0and x € [ A, B]. As the function y is an
entropy process solution to (1)-(2)-(3), it can easily be shown that it satisfies
the inequality:

// /1 [Iu(t,x,a) — klwe(zq) pe(t,z) + O(t, z, u(t, z, ), K)
Q JO
Vo(t, ) Ws(xd)i| dadx dt + /Q luo — K| (0, 2) we(2q) da

1 ¢ 1
+€/ // / Q4(t, T, xq, u(t, x, ), k) p(t, T, xq) da dT dt dzg > 0,
o JJsJo
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and, by letting € go to zero:

//Q /01 [|,u(t,:1:,04) — kloi(t,x) + D(t, z, pu(t, z, ), k) - Vgo(t,x)}

xdadz dt + / luo — k| (0, ) dz + lim ess sup
Q

:Ed~>0+

1
x/// Gy(t, T, xq, u(t,z, ), k) p(t, T, 2q) dadT dt > 0.
= Jo

Moreover, using the formula
&(t,x,s,Kk) =2 {454'(75, T, s, /ﬂ’ub(t,f)) + & (t,x, s, /iJ_ub(t,E))
+&(t, z, K, ub(t, 7)) — D(t, x, s,ub(t, 7)),

we deduce from Lemma 3:

1
limesssup/// Dy(t, T, xq, u(t,x, ), k) p(t, T, xq) do dT dt
»Jo

xd~>0+

< //2 0,.(t, %) p(t,7,0)dz dt

+ // Balt,7,0,u"(t, ), K) 9(t, 7, 0) dT dt
b

which proves the inequality (19).

3.1 Proof of Lemma 2

Working on the entropy inequality (19), the doubling variable technique
of Kruzkov (see [11]) is efficient. Let us detail it: let p be a function of
0

C (] —1,0[,R4) such that / p(t) dt = 1 (notice that p has a compact
-1
support located to the left of zero). Classically, a sequence of mollifiers (p)
on R can be defined by the formula

1 /[t
pe(t) = —p <> ,e>0,
e \e
and a sequence of mollifiers (pz) on R? (¢ > 1) can be defined by the
formula

pe(x) = pe(@1) x -+ x pe(xq), v € RT.
We also define R. by:

—t
R, : tr—>/ pe(s)ds.
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Let 1 be in C°(Ry x RY), 1) > 0 and define ¢ by

@(t’ Z,$, y) = 1/)(75,1‘),05(75 - S)ﬁs(x - y) :

We apply inequality (19) with k = v(s,y,3), (t,z) — @(t,z,s,y) as a
test function and integrate w.r.t. (s, y, 3). On the other hand, the function v
satisfies the inequation

//Q /01 (s, y, 8) — k| @s(s,y) + B(s,y,v(s,y,5),K)

V(s y)dBdyds + /Q 0 (up) (0, y) da

@) +Lip(f) / i — | o(s,7,0) dj ds > 0;
b

In (23), wesetk = u(t, z, o), choose (s, y) — ¢(t, x, s,y) as atest function
(notice that (t, z,0,y) = (t,x, s,7,0) = 0) and integrate w.r.t. (¢, z, ).
Summing the two inequalities thus obtained yields the following result:

(24) Ay + Ay + Apy) + Ao + A} + A3 > 0,
where:

aeo= [ [ // [ 1tz = vl ),

X pe(x —y) pe(t — s)df dy ds da dx dt,

wa>—////// (t, e, plts 2, ), (5,9, B)) - V(1 2)

X pe(x —y) pe(t — s) df dy ds dadzx dt,

ago= [ [ ] [ 100 ntt.00. 00600

—P(s, y, u(t,z, a),v(s,y,8))] - Vpe(z —y)
X(t, x) pe(t — s) df dy ds dadzx dt,

Ao:////ruo — (5,3, B)] (0, 2)

X pe(x pe(—s)dp dydsdx,

- f oo

X pe(—yq) pe(t — s)dT dt dB dy ds ,

Az—/////qsdmowx) V(s 9, 8)) $(1,7,0)
X pe (T

pe(—ya) pe(t — s) dT dt dy df ds .
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Now, we study the behaviour of each of those terms as ¢ goes to zero.

Terms Ay, and Ay, . From the theorem of continuity in means is deduced
the convergence of (Ay,) + A(y,)) to the right-hand side of the inequality
(18) of Lemma 2, that is to say:

Ay — Afy,) and A,) — Ay,

where:

°°t>—//Q /01 /01 |u(t, @, 00) = vt z, B)| vy df da e dt
—//Q /01 /01 O(t, x, p(t, o, ), v(t, x, 8)) - VipdB dadx dt .

Term Az,). Notice that, if f does not depend on (¢, ), then A5, = 0.
Actually, using the fact that div, f(¢,2,s) = 0 and the local Lipschitz

0
continuity of a—f we prove (see [6])
s
limsup Az,) < 0.
Term Ap. Let us consider Inequality (23) where k = wug(x) and (s,y) —

(0, x) R-(s) pe(z — y) has been selected as a test function. Integrating the
result w.r.t. z € (2 yields an upper bound for Ag:

—Ao+ B, +Bo >0,

//// (5,9, (5,9, B), uo(z))

-Vpe(x —y)(0,2) Re(s) dy ds df dz
By = /Q /Q o ) — 1o (y) | (0, 2) fe(z — ) d dy

where:

The theorem of continuity in means allows us to prove By — 0. Let us
denote by C(5,) the term defined by the expression of B(;,) where ug()
has been replaced by ug(y). An integration by parts (w.r.t. the x variable)
shows that C'5,) — 0 and, from the theorem of continuity in means again
and the fact that || R¢|| ;1 < e we deduce: C'5,) — B(5,) — 0 whene — 0.

Eventually, we have: lim sup 4¢ < 0.
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Terms A% and A%. Without any calculation, we have:

A’i=//29w|g-

Moreover, in view of Lemma 3 (applied to v), the following convergence

holds:
Ag—>—// 0,0, -
P

Eventually, by letting € go to zero, is deduced from the inequality (24)
the following inequation:

@ﬁf“%ﬁ/ﬁﬁ Ot —//Z 0,1, > 0.

Changing the roles of 1+ and v and making the average of the two inequations
obtained this way yields Inequality (18) of Lemma 2.

3.2 Proof of Theorem 2

Recall that, in the course of the proof of Lemma 2, the set {2 has been
supposed to be the half-plane Ri but that Inequality (18) still holds when
f2 is an open bounded polyhedral subset of R%: the details of the opera-
tions of localization and of transport have been eluded, but, for example,
the dependance of the test-function 1 on the variable = has been carefully
maintained. Indeed, we come back now to the case where {2 is any open
bounded polyhedral subset of R% and choose a test-function independant of
x in (18), which is the function ¢y defined by:

Yo(t,z) = (T —t)x(0,1) (1),
where T > 0. This yields:

ATA;A{AIW““ﬁﬂ—vﬁw#mdxﬁdawago.

As T is any positive real number, the following equality holds:
forae. (12,0, 8) € Q x (0,1) x (0,1), p(t,2,a) = v(t,z,5).

Now, define the function u by the formula

1
u(t,:n):/o wu(t, z, o) do.

Taking into account the product structure of the measurable space () x
(0,1) x (0,1) we get:

p(t,z,0) = u(t,z) = v(t,z,B) for ae. (t,z,0,8) € Q x (0,1)%
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4 Convergence of the finite volumes scheme
4.1 Presentation of the scheme

Let 7 be a family of disjoint connected polygonal subsets of {2 (called
control volumes) such that {2 is the union of the closures of the elements
of this family and such that the common interface of two control volumes
is included in an hyperplane of R. Let h be the size of the mesh: h =
sup{diam(K), K € T}. Notice that h < 400 (for the set {2 is bounded)
and suppose: there exists o > 0 such that

{ahd < m(K),

@5) m(0K) < L1pd=1 VK e T,

where m(K) is the d-dimensionnal Lebesgue measure of K and m(90K)
is the (d — 1)-dimensionnal Lebesgue measure of OK. If K and L are two
control volumes having an edge ¢ in common we say that L is a neighbour of
K and denote L € N (K). We sometimes denote by K| L the common edge
o between K and L and by nk , the unit normal to o, oriented from K to L.
Moreover, £ denotes the set of all edges and £? the set of boundary edges,
thatis: £ = {0 € &, m(c N IN) > 0}.If K € T, Ek is defined as the set
of the edges determined by 0K, i.e.: Ex = {oc € £, m(c NOK) > 0}.

Remark 4 Assumption (25) yields the following estimate on the number of
control volumes:

(26) 7] < he

m(§2)
o

Let k be the time step. The numerical fluxes Fy , (for K € T and
o € Ek) are functions in C(R? R) satisfying the following hypotheses
of monotony, conservativity, regularity and consistency (recall that B =
max(essﬂsup(uo) ,ess;up(ub)) and A = min(essginf(uo) ,essEinf(ub)) ):

(i) on[A,B]?, (a,b) — F} ,(a,b) is nondecreasing w.r.t. a
and nonincreasing w.r.t. b,
(ii) forallo = K|L € £\ &, forall
a,be [Av B] ,F}}’U(a, b) = _F[T,L,a(bﬂ a) )
(27) { (iii) on [ A, B]?, F , is Lipschitz continuous and admits
m(o) Lip( f ) as Lipschitz constant,
(iv) forall s € |

(n+1)k
Fi ,(s,) / / f(t,z,s) ngqedy(z)dt.

Notation: If ¢ = K|L € & we will denote Fyg 1, by Fig ;.
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Notice that the property of consistency (iv) above gives, owing to
div, f =0,
(28) Vse [A,B], VK €T, > Fi,(s5) =0.
o€EK

The discrete unknowns v’ (for n € N and K € T) are defined by the
following set of equations:

1

29 Q= de, VK
(29) Up m(K)/Kuo(x) T, eT,

1 (n+1)k
(30) ub™ = (o) /nk ) ul(t,z) dy(z)dt, Vo € €%, ¥n €N,

n+l
WK}{)E£L4%4£Q£'+ 2{: f@(d(uK’uKRJ ::07
o€k

(31 VK eT,VneN,

where

g "if o€ &L

The numerical solution is then defined by: for all K € T, foralln € N,
ur i (t,x) = ul forall (¢,x) € [nk, (n+ 1)k[x K.

Moreover, we will suppose that a CFL condition is fulfilled, that is to
say:

(32) 3¢ €]0,1] suchthat k < (1 —¢)

n uL if o=KI|L,
ulﬂa::

a’h
2Lip(f)

Then, the monotony of the schemes is ensured. Indeed, we deduce from (31)
and (28)

u Tt —
m(K)KTK + Z (F o (ufs Uk o)
o€k

(33) —Fi o (U, ui)) = 0.
Therefore

uptt = (1—L 3 o )u};JrL S T,

" Ww}()aegK ’ WK}()GGSK ’ ’
where 1, , = (Fjt, (e, ufe ;) — Fft o (e, i)/ (e — e ) if e #
U ,» O T . = 0 else. The monotony and the regularity of the fluxes (see
(#47) of (27)) and the CFL condition ensures —% Z Ko 1]. Thus,

U€5K

the following remark holds.
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Remark 5 Forall K € T, n € N, (31) can be rewritten in the following
way:

u}?—l = H}l((u?ﬂ (u?(,a)aegf{)) )

where the function H - is nondecreasing with respect to each of its arguments
and satisfies
Hy (u, (u)pegy)) = u forallu € R.

4.2 L*>-stability and weak BV estimate

The scheme defined by (29)-(30)-(31) is L*°-stable and a weak BV estimate
— that is a weak estimate on the time and space derivatives of u7 ; — holds.

Lemma 5 Assume that (27) and (32) hold. Then the approximate solution
ur  of (1)-(2)-(3) defined by (29), (30) and (31) satisfies:

A <ury(t,z) < B forae. (t,x) € Q.
Proof. We prove by induction on n € N:
VK eT, A<uj <B.

It is true for n = 0 and the heredity of the proposition is a consequence of
the monotony of the scheme (see Remark 5).

Let us now detail the weak BV estimate.

Lemma 6 Assumethat(25),(27)and (32) hold. Let ur j. be the approximate
solution of the problem (1)-(2)-(3) defined by (29), (30) and (31). Let T' be
positive and set N = max{n € N,n < T/k} and &}, = {(K,L) €

T2,L € N(K) and u? > u?}. Then there exists C > 0 only depending
on 2, ug, ub, Lip(f), T, a and £ such that, if k < T,

N u’zérglgafgu@(FK oldy ) = Fig »(d, d)) .
aay 2k X : ) <
n=0 (K,L)e€r |+ max (FK’U(d, c) — FK,U(C, 0))

e ur <c<d<ul

and
N C
(35) > Y mOl! —ukl <
n=0 KeT h
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Proof. In the following, we denote by C' various quantities that only depend
on £2, ug, u®, Lip(f), T, a and €.

Multiplying (33) by k u};, then summing over X € 7 andn € {0, -- -,
N} yields the following equality:

36) B1 + By =0,
where

n+1 n n
E : E uK)“‘Kv

n=0 KeT
N

By=) kY Y uk(Ff (uk, ufk,) = Fo(uf,ui)) .
n=0 KeT o€€k

The last two summations in the expression of Bs can be gathered by edges,
according to the following lemma:

Lemma 7 Let n € N. Let p be an application T x & — R such that

an,K\L = —p’LlyK‘L if uy = u. Then we have
‘2
DD ko= > Wik Tk T D Phe
KeT o€€k (K,L)e&n, oe&d

(Notice that if o € E® then there exists a unique K € T such that ¢ =
OK N 012; therefore the p. , in the last sum are well defined.)

The proof of this lemma is left to the reader.

From this result is deduced By = B3 + ba 3, where

N Wi (PR (0 ) = R (u, w)
Bi=) k D, ,

n=0 (k.Lyeen, | —uf(Fg (uf,up) = Fg p(uf, uf))

be3 = Zk‘ Z e (Fi o (e, uy™) — Fit o (ulfe, u))

n=0 gcgb
An estimate on the quantity b 3 of the kind:
(37) o3| < C
is available since:
|b2,3] < 2NkLip(f) max(|A[,|B|)* ) m(o)

oc&b
= 2T Lip(f) max(| A, |B|)*m(012) .
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d

Now, define the function ¥y ;, primitive of the function s +— S
’ s

Fi1(s,5), by

n B Cl n
Vg (s) :/ TdfFKL(T,T) dr.
A S

From an integration by parts is deduced the formula: V (a,b) € R?,
b(Fg 1 (b,0) — Fg 1 (a,b))
—a(Fg 1 (a,a) — Fy (a,b)

b
- / (Fp 1 (5 5) — FP (. b))ds

Vi (b) = ¥g (a) =

so that
(38) B3z = By +b34,

with

N
bia=—-3 S k(R (k) — U (}),

n=0 (K,L)e&"

int

B4—Z Z / (Fg r(ufe,ur) — Fi (s, ))ds.

n=0 (K,L)e&n

int

The relation (28) ensures > | LEN(K) Uy ; = 0; from this and Lemma 7
(summation over the edges) it appears that bz 4 reduces to a sum over the
edges of the boundary and, as b 3, satisfies

(39) lb3a| < C.

Now, fix a,b,c,d € Rs.t. a < ¢ < d < b. Taking into account the
monotony of Fy ;, the following inequality holds:

b d
/ (FR(b,a) — FP (s, 5))ds > / (F2(d,¢) — P (d,))ds.

Moreover F ; (d, .) is Lipschitz continuous and nonincreasing so that (see

[9D

d
/ (FR 1 (dyc) — F 1 (d, 5)) ds
1

2 DKL Lip() o4 )~ P (d D).
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Therefore, we get:

n

U
/ (FP 1 (e ) — F 1 (5, 9))ds

n
L

1
> F2 o (d,c) — F;(d,d))?
= om(K|L)Lip(f) u%ﬁ?ﬁadxgu";(( K,L( ;) K,L( ,d))”,

and

e
[ F i) = Fiy(s,9)ds
up
1
> F2 (d,c)— FP 2
= 9m(K|L) Lip(f) U%Sglga%u%( K,L( ;) K,L(Ca ),

so that

(40) B4 > Ba

where B is defined by:

4sz Z & Z
n:0 (K’L)egﬁt
1 . . ,
RIE) vy 2 g Pl (€)= Fit (2. )

(41) 1

+m u’igl(zlgaa?{gu?((F}é’L(d’ c) = Fg (e, c))?
Recalling the equality By = By + b2 3 + b3 4 and the estimates on the terms
ba 3 and b3 4 described in (37) and (39), it appears that
(42) By >B-C.
On the other hand, the quantity B; reads:

,,Z Z n+1 unK)2+% Z m(K)(u %H)

n=0 KeT KeT

—% S mlK) ()

KeT

There exists C' > 0 such that —C is a lower bound for the last two terms of
the previous equality. Moreover, the Cauchy-Schwarz inequality and (31)
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lead to:
2
(e — ufe)? < me)(Zg m(o))
(30 o P ) = P ).

o€l

From this last inequality, from Lemma 7 (summation over the edges), from
the assumption (25) on the mesh and from the CFL condition (32) are de-
duced the following inequalities:

N
SO Y mR) G — ) < (1B +C

n=0 KeT
and:
43) B >-(1-§{)B-C.

Now, as the equality B; 4 Bs = 0 holds and as (43) and (42) are satisfied,
we have B < C, that is to say (recall that C' may depend on &):

44) B<C.
Moreover, from the Cauchy-Schwarz inequality is deduced:

max (Fﬁ,a(dv C) - F&,a(dv d))

N uf <c<d<up

2k

o cneen, |+ max  (FR(d¢) — Fi(c,0))

int u’igcgdgu?{
N 1/2
(45) <C (Z EoY m(K|L)) BY2.
n=0 (K,L)e&r,

and, taking into account the following estimate (deduced from (25) and (26))

N
k> m(K|L)<C/h,

n=0 (K,L)c&n

int

it appears that the weak BV estimate on space derivatives (34) holds. To get
the weak BV estimate on time derivatives (35), use (33) to get the following
estimate:

m(K)|uf —uk] <k Y |FR o (uhoul ) = o (uf, uf)]
oceli

Summing the result over K € T andn € {0, ---, N}, then using Lemma 7
and (34), yields Inequation (35).
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4.3 Entropy inequalities

We wish to prove that the approximate solution w7y . satisfies approximate
entropy inequalities that have already been discussed in the introduction of
the entropy process solution (see Sect. 2, relation (16)). To this purpose, we
will work with the semi Kruzkov entropies; that is one of the keys of the
following results (the other key being the weak BV estimate).

We recall some notations about it.

Notations: 0 denotes the function from R to R defined by

(46) M (s) = (s —R)",
and &} the associated flux-function from @ x R to R defined by
47) @;:(t’ Zz, 8) = SgnJr(S - ’i)(f(tv x, S) - f(ta xz, H)) :

Notice that, if a Th = max(a, b) and a_Lb = min(a, b), then we have
ni(s)=sTk -k,

and

D (t,x,8) = f(t,z,sTk) — f(t,x,K).
Therefore, the associated entropy numerical flux function is defined by the
formula

(48) @}Zﬁ(a,b) = F}%a(a—r’%ab—rﬁ) _F}é,o‘(’%ﬂ%)'
Ifo = K|L, (K,L) € T2, then (p;’KIL is denoted by @E’E’H.

4.3.1 Discrete entropy inequalities

Lemma 8 Assumethat(25),(27)and (32) hold. Let ut , be the approximate
solution of the problem (1)-(2)-(3) defined by (29), (30) and (31). Then, for
allk € [A, B, forall K € T ,n € N, the following local discrete entropy
inequality holds:

(i) — it (uf)
k

1 n ,n n n
m(K) o€k

Proof. From the monotony of the scheme (Remark 5) is deduced the fact

that Hy (uf Tk, (uf; , TK)oesy ) is an upper bound for upt! and k, thus
for u”HTFc too, that is to say:
Wi T <ulkTr — L
® m(K)
(50) X Z (Fg oUWk T Uk , TK) = Fg o (ug Tr,uk TK)).

ocelk
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Substracting from this inequality the equality

K=t 3 (FRoleum) = Fip(ror).

o€EK

yields the result.

4.3.2 Continuous entropy inequality

Theorem 3 Assume that (25), (27) and (32) hold. Let u j, be the approxi-
mate solution of the problem (1)-(2)-(3) defined by (29), (30) and (31). Then
the following approximate continuous entropy inequalities hold:

(VK € [A,B], VQO € CCOO(R+ X Rd,R+),
//Q (n,j(uik)got + @i(t, T, uT k) Vgo) dx dt
+ | e

| +Lin) [ el )i @) de = —erat).

61y

where:
Vo € C°(Ry x R RL), e x(p) — 0 whenh — 0.

The same result holds when the negative semi-Kruzkov entropies are con-
sidered.

Proof. Let ¢ be in C°(R; x R4, R, ) and  be in [ A, B]. We fix T > 0
such that ¢ = 0 on [T, 00[x {2 and set N = [T'/k + 1]. We also denote by
uY- the application defined by u9-(z ) =uY fora.e. z € K, and by u% . the

application defined by ug-k( ) = ud" forae. (t,x) € [nk, (n+ k[xo

(n+1)k
Multiplying (49) by k m/(K) ¢ = / / © dx dt, and summing
over K € T, n € N, yields the inequality:

(52) Th+15<0,

where

(53) Z > m(K) (n(upt) = n(uf)ek ,
n=0 KeT

and, by summing over the edges, T = T4 + T2b, with

N @;—{ZK(U?OUL) 45?(2 n(unK’unK))
Tint — k ,
2 nZ:O KLZE" @4— n n @‘i‘ n n o,n
(K,L)e&i, ©7( KLn(uK7UL) KL,-@(uL7uL)
(54)
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(55) Tb_ Zk Z QDK @;Zm uK’ a ) @}Z,ﬁ(u?{au%»

n=0 gcgb

Proving the approximate continuous entropy inequalities comes back to
prove

(56) Tio + Too < eT ()

where 7179 and T5q are defined by
To=— [ nt i ot — [ () o) e,
Too = — //Q & (t,z,ury) - Voddt

57) ~Lin(f) [ )t drfa)dt.

To this purpose, we compare 17g to T and Thg to T5.

1 Estimate on T7¢9 — T}
Using the definitions of ug- and ur i, the quantity T’ reads:

77/@ u?;(—i-l (n+1)k
Tlo_zz / / ,(n 4 1)k) dx dt

n=0 KeT

+ [ 0t ) = i (w0) ¢(0) do
2

From the fact that 777 is 1-Lipschitz continuous is deduced:

(58) Tio — Th| < e5(p) + 7 4(),

where

() = /Q [ — o] 9(0) de

3 ru?:l —uf
(59 { erale) =" >
n=0 KeT

(n+1)k
/ /|g0 (n+ 1)k) — @(x,t)|dxdt.

Before giving precise estimates on these quantities, we study the difference
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2 Comparison of Toy and T5 We divide the study into two steps. Indeed, we
have to take care to what happens inside and on the boundary of {2. From
the definition of the function w7 1, from the fact that div, f = 0 and from
Lemma 7 is deduced the equality:

int b
where

RN MDY

n=0 (K,L)EEn

int

(n+1)k
/ / B (1) - i o dy (o) de
nk K|L

(n+1)k ’
/ / Ttz ul) g @ dy(x) dt
KL

(n+1)k
TS = — Z / / (t,x,ufk)  niepdy(x)dt

n=0 gc&b nk

~Lip(f) /2 i (u?) @ dn () dt

2.1 Estimate on |Tint — Tint|

In order to compare 752! to Tim, let us introduce the average value of  on
an edge, defined by

o 1 (n+1)k
%o = Tom(o) /nk /Usodv(w) dt.

Notice that, ¢ being a regular function, its average values on K, L and K |L,
with (K, L) € &, are “close” each to other. That is why we rewrite:

. N n+1
T =~k / /K R
n

n=0 (KL )eEn

int

g, @ dy(w) dt — B} (e, uf) B )

n+1
/ | o)
nk K|L

i dy(@) de— O (i, ut) @) |
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then

. (n+1)k
Tint — Zk / / Tt 2, ul)
=0 K|L

(KL )een

int

ngpdy(r)dt — @;r(% (U UHK)@TILQL)

+, +, =
(@I(h(ugz,u%) P (i ) ) B

n+1
/ / (1,0, }) i o dr(x) dt
nk KI|L

+ ~
_QSKZ (g U%)@%\L)
+ + =
(@I e k) = P (e ) ) B

cant int,+ int,—

Now, let €Tk €Tk 16Tk be defined by

(60)

cmt

€7k (© Zk
n=0 (

1 n

n+1
n
/ / & (t,z,ul) - gL
nk KI|L

T

t+ +, +
=Yk Y ](dﬂK,’z,Au?ounK)—dﬂK,’z,Hw’;{,uz))
n=0 (K,L)e&n

int

xN(soK ~ @) |

t b
=2k Y |(ekh k) - O] (e up)
n=0  (K,L)een,

(v~ Sl )|

The following estimate holds:

(n+1)k
> / / . (txuf) - ngL
K|L

K,L)eEn

int

?T‘\»—l

(61) T35 — T3] < e (@) + o7 it (0) + 75 (9).

Notice that ECTZZt is a consistency error (it tends to zero with h thanks to

the property (iv) of assumption (27) satisfied by the numerical fluxes). The
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quantities 57— L *and aﬁtk are those which measure the difference between

Tint and Ti"t. We will use the weak BV estimate (34) to prove that they
tend to zero as h does. But we first study the quantity 7% — T,.

2.2 Comparison of szo and T2b

Recall that the quantity TQZ’0 is defined by:

(n+1)k
T20— Zkz / / (t,z,ufk) - ngopdy(z)dt

oeEd

N (n+1)k
62 —Lip(f) Y. > / / e (u?) p dy(x) dt .

n=0 gcgb / "k

Now, let us denote by T2bo the following quantity

T20— Zk Z 45}2% (Ui, ug) Pk

= oe&d
N

(63) = kY Lip(f)ym(o) n} (ub™) ¢ -
n=0 ge&b

Then T% can be compared to 7%:

TQO_Zk Z P @}ZH (ufe, u™) + Lip(f) m(o) nf (ul™)),

n=0 oegb
and this quantity is nonnegative:

(64) TS — T4 > 0.
Indeed, the following lemma holds:

Lemma 9 Assume that (27) holds. Let o be in E® and K be in T s.t. 0 =
OK N OS2 Then: ¥k € [A,B], Va, be [A,B],

F ,(aTrk,bTK) — Fi ,(k, k) + Lip(f) m(o) (b— k)" > 0.

Proof. The numerical fluxes being non-decreasing functions with respect
to their first variables, the following inequality holds:

Fg o (aTr,bTk) > Fg ,(K5,bTk).
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Moreover, from the fact that F , is a m(o) Lip(f)-Lipschitz continuous
function, is deduced the inequality

Fi o(1,bT k) = Fig o (1, 5) + Lip(f) m(0) (b— k)T >0,
which yields the result. O

Now, let us estimate the quantity 7%, — 7%,. To compare the expressions
(62) and (63), we write

(n+1)k

i ()P = i (") —

1
v [ / )~ D)
1 (n+1)k
+ / / e (W),
k’m(a) nk o "
and get
b b b b ~c,b
(65) 1T50 — Too| < €7 1.(0) +e71(0) + €74 (9),
where

b N 1 (n+1)k
SRS IS S - B R
S 7
NEo P~ QSKO'I{(UK’U'K)

) = Lin) / Ium—ub!@dv(x)dt,
P

£ () ZZLZP () 1 (ug™) |k — @51

n=0 gcgd

(66)

Eventually, from (52), (58), (61), (64) and (65) is deduced the approximate
continuous entropy inequality (16) with

t+ ¢
(67) 57—k—57,€+57+57k+5$k +€$k +eb g,
€51, being a consistency error defined by
t
(68) €Tk —507“; +5Tk+57k

(see (60) and (66)).
Let us now turn to the study of e7 4.
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3 Estimate on e j,

We first turn to the consistency errors, for example to Es—zzt which, we recall,

is defined by

c znt

ST SR M

n=0 (K,L)eEr

int

1 +,n n n
MK|L — (K|L)®KL ,.;(UKa UK)) pdy(z)dt

(n+1)k 1
—— t T, U n -
I /m L) mHIE R

x@}’z’ﬁ(uﬁ, uﬁ)) pdy(z)dt|.

As the numerical fluxes, the numerical entropy fluxes are consistents: for all
€A, B],

n+1
@}ZH (s,5) / / Ot (t,x,8) niody(z)dt.
n o

Therefore, the quantity 5??( () can be rewritten as:

(n+1)k
Zk Z / /K st @, uf) - nK|L

n=0 (K,L)cE!

int

c znt

1 n ~
K|L) ¢;F(L n(uKa UK)) (‘10 - @7}(|L) d’Y(x) dt

(n+1)k
—/ / Ttz ult) - nK|L
nk K|L

m(K|L) 4522 (U, U7Ll)> (¢ — @TILqL) dry(zx)dt|.

Now, writing

n+1
olt:2) = B = oy L i
(69) x(p(t, ) — p(s,y)) dy(y) ds,

the following majoration holds: for all (¢,s,z,y) € [nk,(n + 1)k[*>x
(K|L)?

(70) lo(t, z) — (s, y)| < (k+h)H(\VSO!+|<Pt|)HLOO
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Besides, the function f is Lipschitz continuous so that there exists C' > 0,
only depending on {2, f, A, B, such that for all s € [ A, BJ, for all
(K,L) € Eing, forallt € [nk,(n+ 1)k[and all z € K|L,

1
[t 2.8) - D R |<cm+r.

Discussing the respective positions of u%, 7 and s, we deduce from this
result the following estimate

1
— B (e wk)| S 2C(h 4 ),

TO|@E (o) s = e P

which is still true when v is replaced by u7 .
From (69), (70) and (71), is deduced the estimate

) < 2C ||Vl + ledd)| | (b + k)2 Z S km(K|L)

7 n=0 (K,L)e&l,
m({2) -1
3 (T4 1) (ht k)R

<20[(1vel +ledd)||

the second inequality being a consequence of assumption (25) on the mesh.
Eventually, the CFL condition (32) holding, we get

e (p) 0.

We would do the same to get an estimate on slfrck and él%fk, in order to prove
that they are shrinking to zero when h does.

We now study the errors 57- *and aﬁtk defined by (60). Here, the weak
BYV estimate on space derivatives (34) is required. Indeed, we have

G (U, ul) — O (ufe,ul)

< max (Flré,a(d? C) - Fln(,a(d> d))

uf <c<d<u’y
and, thanks to the integral Taylor formula, we get an estimate on the differ-

ence between the average value of ¢ on a controle volume and on one of its
edge: there exists C,,, depending only upon ¢, such that

V(K. L) € & |9k — Preypl < Cp (h+ k).
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Therefore, the following estimate on ai;t,f(go) holds

N

) < Co(h+h) Y kY

n=0 (K,L)c&r

int

max (FK,O'(d’ C) - F[Té',o(da d))

% uf <c<d<u},
FE _(d,c)— Fp
+u2§rcn§a;lxgu;‘<( K,U( 70) K,O’(C7 C))
h+k
<c,c™

= W ’

where the constant C'is given by (34). We would follow the same lines to get

a similar estimate on 5?2 (). Moreover, the continuity of the translations

in Lj, . ensures that the quantities £5-() and 51}7 () tend to zero when h
does.

Convergence of the scheme

We come back to the discussion preceding the introduction of the entropy
process solution (see Sect. 2): we know that u7 ;, is bounded in L>° (Lemma
5); the compacity result given in Theorem 1 proves that there exists p €
L>(Q x (0, 1)) such that, up to a subsequence, for all g € C(R),

g(ur i) —>/ ))da in L%°(Q) weak —x when h — 0.

Then, taking Theorem 3 into account, it is clear that p is an entropy process
solution to problem (1)-(2)-(3). Thus, the function y does not depend on its
third variable (Theorem 2): there exists u € L>°(()) such that u(¢,z, o) =
u(t, x) for a.e. (t,z,a0) € Q x (0,1). Consequently, the function u is a
weak entropy solution to problem (1)-(2)-(3) and the whole sequence (u7 )
converges to u in L} (Q) for every p € [1, oc], as proved by the following
lemma.

Lemma 10 Let O be a bounded borelian subset of R™ and let (v") be a
bounded sequence of L>°(O) such that there exists v € L>(O) satisfying:
forall g € C(R),

g(v") — g(v) in L>(O) weak — *.

Then, for all p such that 1 < p < 400, v — v in LP(O).
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Proof. The space L>(0) is continuously imbedded in the space L%(O);
taking g(z) = x we therefore have: v" — v in L?(Q) weak-x. Taking
g(x) = 2*, we also prove |[v"[| 120y = ||v]|12(0) and the Hilbert structure
of the space L?(Q) allows us to get the result when p = 2, then, using the
fact that (v™) is bounded in L>°(O), for every p.

Eventually, we have proven the following results.

Theorem 4 There exists a unique weak entropy solution to problem (1)-(2)-

(3).

Theorem 5 Let o € Ry and & € (0,1) be fixed. Assume that assumptions
(25), (27) and (32) hold. Let u j, be the numerical approximate solution
of the problem (1)-(2)-(3) defined by (29), (30), (31). Then, for every p
in[1,+00], uT ) converges to the weak entropy solution to (1)-(2)-(3) in

Lfoc<Q)‘
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