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CONVERGENCE OF FOURIER SERIES IN DISCRETE
CROSSED PRODUCTS OF VON NEUMANN ALGEBRAS

RICHARD MERCER

ABSTRACT. The convergence of the generalized Fourier series L7 (x(g))u(g) is
considered in the crossed product of a von Neumann algebra by a discrete group. An
example from classical theory shows that this series does not converge in any of the
usual topologies. It is proven that this series does converge in a topology introduced
by Bures which is well suited to a crossed product situation. As an elementary
application, we answer the question: In what topology is an infinite matrix (repre-
senting a bounded operator) the sum of its diagonals?

Let ¥ be a von Neumann algebra on a Hilbert space §, G a countable discrete
group, and a an action of G on U (i.e. « is a homomorphism from G to the
automorphism group of % ). Then one can define the cross product M = R(YA, G, a)
as the von Neumann algebra on & = /*(G; ©) generated by {m(a): a € A} and
{u(g):g€ G}, whereforé € ®,g, h € G,a € ¥,

(m(a)é)(g) = a;'(a)é(g)  (u(g))(h) = &(g7'h).

To each x € M one can associate a function x(g): G — A with the idea that x is
represented by Lw(x(g))u(g). It is well known that x(g) uniquely determines x,
and this is sufficient for many applications. One may also hope that the series
actually converges to x in some topology on M. The purpose of this note is to clarify
some of the recent confusion regarding this convergence. We will show that
convergence does not take place in any of the usual topologies on ¢, and then show
that convergence does occur using the 3-topology of Bures.

As an application in a more elementary setting, we consider the question: In what
topology is a matrix the sum of its diagonals?

The following example is due to S. Kawamura.

Let X = C, G = Z, and « the trivial action. Then I is the von Neumann algebra
on [%(Z) generated by the operators u(n), where u(n)é(m) = §(m — n) for ¢ € 1%(Z).

Let T be the unit circle with Lebesgue measure, and let F: L?>(T) — /*(Z) be the
Fourier transform, normalized to be unitary. Then for each n, F *u(n)F is multipli-
cation by e’"* on L*(T) and so is in L®(T). F* - Fis a W *-isomorphism from I to
F*MF. It follows that F*IMMNF is generated by the multiplication operators e'™,
hence F*MMF = L*(T). It is easy to check that the series ¥, .m(x(g))u(g)

Received by the editors May 1, 1984 and, in revised form, July 23, 1984.
1980 Mathematics Subject Classification. Primary 46L10; Secondary 47C15.
Key words and phrases. Discrete crossed product, conditional expectation.

©1985 American Mathematical Society
0002-9939 /85 $1.00 + $.25 per page

254

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



FOURIER SERIES IN VON NEUMANN ALGEBRAS 255

becomes L%___ x(n)e' in this situation, where x(n) are the Fourier coefficients of
a function x € L®(T'). The question here is then: In what topology on L*(T") does
the Fourier series for x converge to x? We will now show that convergence does not
even occur in the weak operator topology, and therefore not in any stronger

topology.

PROPOSITION 1. There exists x € C(T) such that the Fourier series for x does not
converge to x in the weak operator topology on L*(T).

PROOF. Let x,, = X¥__,x(n)e' denote the Nth partial sum of the Fourier series
of x. Then each x, belongs to C(T'). Therefore |x,(0)| < ||xyll- By [5, p. 102] we
know that there is a dense G set in C(T') such that, for every x therein, sup|x ,(0)|
= oo. If we consider { x, } to be a collection of linear functionals x: L'(T) - C by
Xyt g8 = [xyg, then by the Banach-Steinhaus theorem [S, p. 98] we conclude that
sup| [xyg| = oo for all g in some dense Gj set in L'(T). Since the weak operator
topology on L*(T) is identical to the weak* topology on L*(T) as a Banach space,
the desired conclusion follows immediately. O

By reversing the spatial isomorphism of It with L*(T') induced by F, we conclude
that 7(x(g))u(g) need not converge to x € M in the weak operator topology.
Erroneous claims for the convergence of this series have been made in [8, p. 366, 4,
p. 284, and 3, p. 785]). We now turn to the problem of establishing convergence in
the proper topology.

The notation and calculations of [8] will be useful, so we review them here. For
g € G define P,: & - $ by P& = £(g™"). Also define Q, = P}P,. Then

Pgu(h)=Pgh’ u(h)*Pg*=Pgh’ u(h)*qu(h)= Qgh’

P,P* =1, PPf= ifh+g.

{Q,} is an orthogonal set of projections with Y. Q, = 1.

gEG
& may be written as ®, 9., where each 9, is a copy of . Then P, is a partial
isometry with support § .- and range 9, and Q, is the projection from § t0 & ,-1.
Pr(a)P} = ay(a), =(a)= ZGPg*ag(a)Pg, a € U (o-weak convergence).
g€

Define E: B(R!) —» A by E(x) = P,xP*, and define x(g) = E(xu(g)*) for x € M,
g € G. (eis the identity element of G.) Then

E(u(g)xu(g)*) = a,(E(x)), P xP;} = ag(x(g'lh))

m: A — 7(A) C M is a W *-isomorphism. £ = 7 o E is a faithful normal conditional
expectation from I to #(A). Using the formulas given above, one can show that,
foranyy € M, E(y) = L,c 0,70, the sum converging o-weakly.

Note that although [8] assumed U to be abelian, this assumption was not
necessary for any of the above calculations.

Now consider the locally convex topology on It defined by the pseudonorms
x = w- E(x*x)!/?, w € o/ ,. This is essentially the A-topology of Bures [1, p. 48]. It
is the appropriate topology here because it works (Proposition 3) and it is based in a
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natural way on the crossed product construction. Because E is faithful, the U-topol-
ogy is Hausdorff. Recall that by “¥ . ;m(x(g))u(g) converges in topology T~ we
mean that the net {¥ . r7(x(g))u(g)} - on the directed set of all finite subsets F of
G converges in the topology 7.

LEMMA 2. For any finite set F C G and x € M,
() E(xfxp) = E(xfx) = E(x*xp) = E(x*(Z,cr0,1)%),
(i) E(xpx}) = E(xpx*) = E(xx}) = E(x(Z;erQ,)x*).

PROOF. Let g, k € G. Then we have

Q,m(x(g))u(g) = Qumo E(xu(g)*)u(g)
- 0 E 0mu(8)*0,Julg) = Quxul9)"Quu(s) = QuxCss

IeG
Taking adjoints we also have

[7(x(g))u(g)]*Qi = Qux*Q,.

To check (i) calculate

xtxe = ZaG(m)u(n) ' o) T a(x(e)u(s)]
heF keF gEF
= Z Z Qth*Qkakg’
g.heF keG
xtx = L a(x(mu(n) [ L 0)x= T ¥ 0ux*eer
heF keG heF keG
xX*xp= x*( Z Qk)( Z w(x(g))k(g)) = 2 x*Q xQ -
keG geEF keG
Therefore
E(xpxp) = PxpxpP¥= Y X PQux*QuxQ P
ghEF KkEG
=y Px*Q 1 xP} = E(x*( Y Qg-n)x),
gE€EF gEF
where we have used
[P, k=hT", L _ | PX k=g,
Felun = {0, kens,  2nle {0, k+g.

The proofs that E(x¥x) and E(x*x ) give the same result are similar. Likewise, the
same type of calculations can be used to show (ii). O

PROPOSITION 3. For any x € M, x . converges to x and x} converges to x* in the
A-topology on M.

PROOF. By Lemma 2 we have E(x}xp) = E(x*(X,crQ,-1)x) and E(xpxf) =
E(x(XeerQg)X™).
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Since the nets (X, c rQ,-1) rand (X, c rQ,) r are monotone increasing and converge
to the identity o-weakly, E(x¥xr) and E(xpx}) are monotone increasing and
converge o-weakly to E(x*x) and E(xx*) respectively. Also by Lemma 2 we have
E(x¥x)= E(x*xp)= E(x}xg) and E(xpx*)= E(xx¥)= E(xpx}). Therefore
E((x = x)*(x = xp)) = E(x*x) = E(x}x;) and E((x = xp)(x — xp)*) =
E(xx*) — E(xpx¥).

For any w € %,, weE((x — xp)*(x — xp)) = w(E(x*x) — E(x}xz)) = 0,
showing that x - converges to x in the %-topology. Likewise,

wo E((x — xg)(x* = x§)) = w( E(xx*) — E(xzx})) > 0,

showing that x ¥ converges to x* in the A-topology. O
The following result is well known [7, p. 119], but is easily proven in this setting.

CoRrOLLARY 4. If M is finite then for x € M, ¥, ;7m(x(g))u(g) converges in
L*(M) to x.

PROOF. Let 7 be a trace for M. Then 7o E(x) = T(C,e6Q,%0,) = T(X,e6Q,x)
=7(x). Since r€ M,, Tromr € A,, so Tomo E((x — x)*(x — xg)) converges to
zero. But this expression equals 7 o E((x — Xp)¥(x — xg)) = 7((x — xp)*(x — Xg)),
showing that x . converges to x in L2(M). O

Now that we know what it means for X, . ;7(x(g))u(g) to converge, the formulas

(8]

xy(g) = X x(h)a,(y(h7g)) and x*(g) = a,(x(g™)")
heG
have their intended meaning, representing the components of Fourier series converg-
ing to xy and x*, respectively.

For the reader’s convenience we also mention the notion of *“matrix convergence,”
which gives an alternative way in which {x(g)} < represents x.

If x € I and £ € Q, then since ¥,.;Q, converges strongly to the identity,
x§ = XyexQ,¢, the sum converging in &, and likewise x§ = ¥, , c 0,x0,¢. Using
the definition of Q,, we have x§ = Zg’,,EGPg*ngP,,*P,,g, and hence (x¢)(g7!) =
T a(PXPE(A™), of (x€)(8) = Tye g PEXPEVE(R).

For each, g, h € G set x(g, h) = P,axP = ag-.(x(gh‘l)) € A. Then (x§)(g) =
Y, ecx(g, h)&(h), the sum converging in § for each g. This shows x to be
represented by an %-valued matrix indexed by G.

Since xy£(g) = L, xy(g, k)E(k), and also xpE(g) = £,5,x(g. h) y(h, k)E(k), we
conclude that xy(g, k) = X,x(g, h)y(h, k), the sum converging strongly. Therefore

a1 (xy(gk)) = %ag-l(x(gh“))ah—x(y(hk“))

or

xy(gk™) =L x(gh™)agyy(hk™) or xy(g)= %)C(h)ah(y(h“g)%
h

showing that this formula converges strongly in 9.
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As an application of the ideas presented thus far, consider the following question.
Let A be a bounded operator on a Hilbert space H represented as a matrix (4,;)
with respect to some orthonormal basis. For each integer K, define the matrix A(k)
by A(k),; = A;; if i =j + k, 0 otherwise. The matrices 4(k) then represent the
different diagonals of the matrix A. In what topology does the sum X___ A(k)
converge to A? The example involving Fourier series given earlier, if interpreted as
an example regarding Laurent matrices on L%(Z), shows that convergence does not
necessarily occur in the weak operator topology.

Let { P,} be the mutually orthogonal one-dimensional projections on the basis
vectors of H. Then E(A) = LP,AP,is a faithful normal conditional expectation from
B(H) to D, where D is the algebra of diagonal matrices. An elementary calculation
then shows that E(A(k)*4) = E(A*4(k)) = E(A(k)*A(k)), whereas
E(A(k)*A(l)) = 0 when k # L If Fis a finite set of integers, define 4 = ¥, . pA(k).
It then follows that E(A%¥A) = E(A*4;) = E(A%A[). Calculation also shows that
the ith entry of the diagonal matrix E(A4*4) is *,,|4,,,|?, while the corresponding
entry of the diagonal matrix E(A%Af) is X,,cry;|Anl? where F+i= {k+i
k € F}. It is then clear that { E(A%A )} is an increasing net converging to E(A*A)
in the strong topology.

We now are able to imitate the proof of Propositon 3 to show the following:

PROPOSITION 5. The partial sums ¥, . rA(k) converge to A in the locally convex
topology on B( H) defined by the pseudonorms A > « - E(A*4)'/?,w € D, = I*.

The author would like to thank Victor Kaftal, Jon Kraus and Jun Tomiyama for
valuable suggestions.
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