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ABSTRACT. We discuss positive closed currents and Fubini-Study currents on orb-
ifolds, as well as Bergman kernels of singular Hermitian orbifold line bundles. We
prove that the Fubini-Study currents associated to high powers of a semipositive
singular line bundle converge weakly to the curvature current on the set where the
curvature is strictly positive, generalizing a well-known theorem of Tian. We include
applications to the asymptotic distribution of zeros of random holomorphic sections.
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1. INTRODUCTION

Let X be a compact complex manifold and (L,h) be a positive holomorphic line
bundle over X , with Chern curvature form ω = c1(L,h). By Kodaira’s embedding
theorem, high powers Lp give rise to embeddings

Φp : X →P(H0(X ,Lp)∗) , x 7→ {
S ∈ H0(X ,Lp) : S(x)= 0

}
into projective spaces. The Hermitian metric h on L and the volume form ωn/n! on X
induce an L2 inner product on H0(X ,Lp), hence an associated Fubini-Study metric
ωFS on P(H0(X ,Lp)∗). This gives an induced Fubini-Study metric γp = Φ∗

pωFS on
X . The induced Fubini-Study metrics are in some sense “algebraic" objects used to
approximate the “transcendental" metric ω. The relations between these metrics is
given by

(1)
1
p
γp −ω= i

2πp
∂∂ logPp ,

where Pp is the Bergman kernel function of H0(X ,Lp). Following a suggestion of Yau
[Y], Tian [T, Theorem A] proved that

(2)
1
p
γp →ω , as p →∞, in the C 2– topology .

Later, Ruan [R] proved the convergence in the C∞– topology and improved the es-
timate of the convergence speed. In view of (1), the proof consists in showing the
asymptotics Pp(x)= pn + o(pn) in the C k– topology (k ≥ 2), which implies

(3)
1
p

logPp → 0 , as p →∞, in the C k– topology .

Catlin [Ca], Zelditch [Z], Dai-Liu-Ma [DLM1], and [MM1, MM2, MM3] showed the
full asymptotics

(4) Pp(x)=
∞∑

r=0
br(x)pn−r +O(p−∞) , as p →∞, in the C k– topology ,

which obviously implies (3). The asymptotics (2) and (4) play an important role in
the Yau-Tian-Donaldson programme of relating the existence of constant scalar cur-
vature Kähler metrics to a suitable notion of stability, see e. g. [D, RT], and also in
the equidistribution theorems for zeros of random sections [SZ1, SZ2, DS, SZ3, DMS,
CM].

There are several natural generalizations of these results in the presence of singu-
larities. One of them is for a compact orbifold X and a positive orbifold line bundle
L −→ X . Then γp is degenerate at the points with non-trivial isotropy group, that is
at points of X orb

sing . However, 1
pγp still approximates the original metric on the regu-

lar set X orb
reg . Dai-Liu-Ma [DLM1] (see also [MM2, Theorem 5.4.19]) showed that for
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any 0 ≤ α < 1 we have 1
p logPp → 0 as p →∞, in the C 1,α– topology on local orbifold

charts and 1
pγp → ω as p →∞ in the C k– topology on compact sets of X orb

reg . This is
based on the orbifold analogue of (4), see [DLM1], [MM2, Theorems 5.4.10 –11] and
also [DLM2, RT] for results on orbifolds with cyclic stabiliser groups.

Another generalization is to consider a smooth manifold X and a smooth line bun-
dle L, but a singular Hermitian metric h on L with strictly positive curvature current
ω= c1(L,h). In this case γp =Φ∗

pωFS are positive currents and it was shown in [CM]
that the analogue of Tian’s result (2) is

(5)
1
p
γp →ω , as p →∞, weakly in the sense of currents.

This folows via (1) from the fact that logPp is locally the difference of two plurisub-
harmonic functions, thus locally integrable, and

(6)
1
p

logPp → 0 , as p →∞, in L1
loc(X ).

It turns out that (5) and (6) are all that is needed to obtain equidistribution results
for singular metrics and they are fulfilled in several geometric contexts, see [CM].

In this paper we consider the following setting:

(A) X = (X ,U ) is a complex (effective) orbifold of dimension n, Ω̃ is a Hermitian
form on X with induced Hermitian form Ω on the orbifold regular locus of X .

(B) G ⊂ X is an open set with orbifold structure G = (G,UG) induced by X .

(C) (L,X , h̃) is an orbifold line bundle on X endowed with a singular Hermitian
metric h̃ with (semi)positive curvature current c1(L, h̃)≥ 0.

We denote by h̃p the metric induced by h̃ on Lp := L⊗p, and we consider the orbifold
canonical bundle KX endowed with the metric h̃KX induced by the volume form Ω̃n.
With this metric data we can define the following Hilbert spaces of L2-holomorphic
sections:

(I) H0
(2)(X ,Lp ⊗KX ) is the space of L2-holomorphic sections of Lp ⊗KX endowed

with the inner product determined by the metric h̃p ⊗ h̃KX and the volume form Ω̃n.

(II) H0
(2)(X ,Lp) is the space of L2-holomorphic sections of Lp endowed with the

inner product determined by the metric h̃p and the volume form Ω̃n.

We refer to Section 2 for background about orbifolds and orbifold line bundles. Let
us recall that in the above setting X is a normal complex space and let us denote by
Xreg the set of its regular points, and by X orb

reg ⊂ Xreg its orbifold regular locus (see
Section 2.1). In Section 3.1 we discuss the notion of orbifold current and show that
positive closed orbifold currents of bidegree (1,1) are in one-to-one correspondence to
positive closed currents of bidegree (1,1) on Xreg (see Propositions 3.1 and 3.3). In
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view of these, such orbifold currents can be regarded as currents on Xreg . The notion
of singular metric on an orbifold line bundle is recalled in Section 3.2, and we refer
to Section 3.3 for the necessary definitions of spaces of L2-holomorphic sections, their
Fubini-Study currents and Bergman kernel functions.

With these preparations we can state our results.

Theorem 1.1. Let (L,X , h̃), G , Ω̃ verify assumptions (A)-(C). Suppose that X orb
reg car-

ries a complete Kähler metric and there exists a continuous function ε : G ∩ X orb
reg −→

(0,+∞) so that c1(L, h̃) > εΩ on G ∩ X orb
reg . If γp ,Pp are the Fubini-Study currents,

resp. the Bergman kernel functions, of the spaces H0
(2)(X ,Lp ⊗KX ), then:

(i) 1
p γp → c1(L, h̃) weakly as orbifold currents on G as p →∞.

(ii) 1
p logPp → 0 as p →∞, in L1

loc(G) with respect to the area measure on X .

Note that the metric Ω is not assumed to be complete, we assume just that X orb
reg

carries some complete Kähler metric. The assumption that X orb
reg is Kähler complete

is known to hold in the following situations, thanks to an argument in [O]:

Proposition 1.2. X orb
reg admits a complete Kähler metric if one of the following three

conditions hold:
(i) (X ,Ω̃) is a compact Kähler orbifold, or
(ii) X is a Stein space, or
(iii) X is a complete Kähler manifold.

An immediate consequence of Theorem 1.1 for L = KX is the following.

Corollary 1.3. Let X be an orbifold so that X orb
reg carries a complete Kähler metric,

G ⊂ X an open set, and Ω̃ a Hermitian metric on X so that c1(KX , h̃) ≥ 0, where
h̃ = h̃KX is the metric on KX induced by Ω̃. Suppose that there exists a continuous
function ε : G ∩ X orb

reg −→ (0,+∞) so that c1(KX , h̃) > εΩ on G ∩ X orb
reg . Then 1

p γp →
c1(KX , h̃) weakly on G , and 1

p logPp → 0 in L1
loc(G), as p →∞, where γp ,Pp are the

Fubini-Study currents, resp. the Bergman kernel functions, of H0
(2)(X ,K p

X
).

Under stronger hypotheses, we can formulate a version of Theorem 1.1 for L2-
holomorphic sections of Lp rather than Lp-valued holomorphic n-forms:

Theorem 1.4. Let (L,X , h̃), G , Ω̃ verify assumptions (A)-(C) such that X orb
reg carries a

complete Kähler metric and Ω̃ is a Kähler form with semipositive Ricci form RicΩ̃ ≥ 0.
If there exists a continuous function ε : G ∩ X orb

reg −→ (0,+∞) so that c1(L, h̃) > εΩ on
G∩X orb

reg , then the conclusions (i)-(ii) of Theorem 1.1 hold for the Fubini-Study currents
γp and the Bergman kernel functions Pp of the spaces H0

(2)(X ,Lp).

For overall positive holomorphic orbifold line bundles with smooth metrics we have
the following result.
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Theorem 1.5. Let (X ,Ω̃) be a compact Hermitian orbifold and (L,X , h̃) be a pos-
itive orbifold line bundle endowed with a smooth positively curved metric h̃. Then
1
p γp → c1(L, h̃) weakly on X as p → ∞, where γp are the Fubini-Study currents of
H0

(2)(X ,Lp).

An important application of Theorems 1.1, 1.4 and 1.5 is to the study of the as-
ymptotic distribution of zeros of random holomorphic sections. This is done using a
general method due to Shiffman and Zelditch, who describe the asymptotic distribu-
tion of zeros of random holomorphic sections of a positive line bundle over a projective
manifold endowed with a smooth positively curved metric [SZ1, SZ2, SZ3].

Suppose that we are in either one of the settings of Theorem 1.1, or Corollary 1.3,
or Theorem 1.4, or Theorem 1.5. We assume in addition that X is compact and Ω̃

is a Kähler form and we denote by V p the corresponding spaces of L2-holomorphic
sections in each of the above settings.

Following the framework in [SZ1], we let λp be the normalized surface measure on
the unit sphere S p of V p, defined in the natural way by using an orthonormal basis
of V p (see Section 5). Consider the probability space S∞ = ∏∞

p=1 S p endowed with
the probability measure λ∞ =∏∞

p=1λp. We have the following theorem:

Theorem 1.6. In either one of the settings of Theorem 1.1, 1.4, 1.5, or Corollary 1.3,
assume in addition that X is compact and Ω̃ is a Kähler form. Then:

(i) The Fubini-Study current of V p is the expectation Ep[S = 0] of the current-valued
random variable S ∈S p → [S = 0], given by

〈Ep[S = 0], θ̃ 〉 =
∫
S p

〈 [S = 0], θ̃ 〉dλp(S) ,

where θ̃ is a test form on X . We have that 1
p Ep[S = 0]→ c1(L, h̃) as p →∞, weakly as

orbifold currents on G (resp. on X , in the case of Theorem 1.5).
(ii) For λ∞-a.e. sequence {σp}p≥1 ∈S∞ , we have that 1

p [σp = 0]→ c1(L, h̃) as p →∞,
weakly as orbifold currents on G (resp. on X , in the case of Theorem 1.5).

Here [S = 0] denotes the current of integration (with multiplicities) over the zero
set of a nontrivial section S ∈ V p. The arguments of Shiffman and Zelditch [SZ1]
needed for the proof of Theorem 1.6 are recalled in Section 5.

Acknowledgement. Dan Coman is grateful to the Alexander von Humboldt Foun-
dation for their support and to the Mathematics Institute at the University of Köln
for their hospitality.
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2. ORBIFOLDS AND ORBIFOLD LINE BUNDLES

We recall here some necessary notions about (complex effective) orbifolds and
(holomorphic) orbifold line bundles, following [BG] (see also [ALR, BGK, GK, MM2]).

2.1. Orbifolds. Let X be a (second countable) complex space of dimension n. An
orbifold chart on X is a triple (Ũ ,Γ,φ) where Ũ is a domain in Cn, Γ is a finite group
acting effectively as automorphisms of Ũ , and φ : Ũ −→ U is an analytic cover (i.e.
proper and finite holomorphic map) onto an open set U ⊂ X such that φ ◦γ = φ for
every γ ∈ Γ and the induced natural map Ũ /Γ −→U is a homeomorphism. An injec-
tion between two charts (Ũ ,Γ,φ), (Ũ ′,Γ′,φ′) is a holomorphic embedding λ : Ũ −→ Ũ ′

so that φ′ ◦λ = φ. An orbifold atlas on X is a family U = {(Ũi,Γi,φi)} of orbifold
charts such that X = ⋃

Ui, where Ui := φi(Ũi), and, given two charts (Ũi,Γi,φi),
(Ũ j,Γ j,φ j) and x ∈Ui ∩U j, there exist a chart (Ũk,Γk,φk) with x ∈Uk and injections
λik : (Ũk,Γk,φk) −→ (Ũi,Γi,φi), λ jk : (Ũk,Γk,φk) −→ (Ũ j,Γ j,φ j). An atlas U is said to
be a refinement of an atlas V if there exists an injection of every chart of U into some
chart of V . An orbifold X = (X ,U ) is a complex space X with a (maximal) orbifold
atlas U . It follows that the underlying space X is a reduced normal complex space
with at most quotient singularities (see e.g. [BG, Sec. 4.4]).

Given an injection λ : Ũ −→ Ũ ′ and γ ∈ Γ, one has that there exists a unique γ′ ∈ Γ′
with γ′◦λ=λ◦γ [BG, Lemma 4.1.2]. Thus we get an injective group homomorphism,
denoted still by λ : Γ−→ Γ′, defined by λ(γ) = γ′. Moreover, if γ′λ(Ũ)∩λ(Ũ) 6= ; then
γ′ ∈ λ(Γ), and so γ′λ(Ũ) = λ(Ũ) [ALR, p. 3]. This implies that the set γ′λ(Ũ) depends
only on the coset [γ′]= γ′λ(Γ) and

(7) (φ′)−1(U)= ⋃
[γ′]

γ′λ(Ũ) ,

where the union is disjoint.
We write

X = Xreg ∪ Xsing,

where Xreg (resp. Xsing) is the set of regular (resp. singular) points of X . Since
X is normal, we have that Xreg is a connected complex manifold and Xsing is a
closed reduced complex subspace of X with codim Xsing ≥ 2. Given an orbifold chart
(Ũ ,Γ,φ), the isotropy group Γx of x ∈U is defined as the isotropy (stabilizer) group Γy

of any y ∈φ−1(x), which is unique up to conjugacy. The sets of orbifold regular, resp.
orbifold singular, points are defined by

X orb
reg = {x ∈ X : |Γx| = 1} , X orb

sing = {x ∈ X : |Γx| > 1} .

Then X orb
sing is a closed complex subspace of X and one has that X orb

reg ⊂ Xreg and
Xsing ⊂ X orb

sing.
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An orbifold X = (X ,U ) can be identified with the log pair (X ,∆), where ∆ is called
the branch divisor and is the Q-divisor defined by

∆=∑(
1−m−1) D .

Here the sum is taken over all Weil divisors D ⊂ X orb
sing and m is the ramification

index over D (see [BGK, GK], [BG, Sec. 4.4]).

2.2. Orbifold line bundles. We now recall the notion of a (proper) orbifold line bun-
dle on X = (X ,U ) (see [BG]). This is a collection {LŨi

} of Γi-equivariant holomorphic
line bundles π̃i : LŨi

−→ Ũi which satisfy a gluing condition. Equivariance means
that Γi acts effectively on LŨi

as bundle maps which are isomorphisms along fibers
and the following diagram is commutative,

LŨi

γ̃−−−−→ LŨiyπ̃i

yπ̃i

Ũi
γ−−−−→ Ũi

,

where γ̃ is the bundle map corresponding to γ ∈Γi. The gluing condition is as follows:
any injection λ ji : Ũi −→ Ũ j induces a bundle map λ̃ ji : LŨ j

|
λ ji (Ũi )

−→ LŨi
which is an

isomorphism along fibers, so that if γ ∈ Γi and γ′ = λ ji(γ) ∈ Γ j (i.e. γ′ ◦λ ji = λ ji ◦γ)
then λ̃ ji ◦ γ̃′ = γ̃ ◦ λ̃ ji. Moreover, the λ̃ ji are functorial: if λk j : Ũ j −→ Ũk is another
injection then ãλk j ◦λ ji = λ̃ ji ◦ λ̃k j.

The total space L of the orbifold line bundle {LŨi
} is constructed by gluing the sets

LŨi
/Γi via the maps λ̃ ji in the usual way. Let φ̃i : LŨi

−→ LŨi
/Γi be the natural map.

Then the atlas {(LŨi
,Γi, φ̃i)} gives L the structure of an (effective) orbifold, hence L is

a normal complex space. Since

φi ◦ π̃i ◦ γ̃=φi ◦γ◦ π̃i =φi ◦ π̃i , ∀γ ∈Γi ,

there exists a continuous map πi which makes the following diagram commutative:

LŨi

φ̃i−−−−→ LŨi
/Γiyπ̃i

yπi

Ũi
φi−−−−→ Ui

.

Note that πi is surjective and is holomorphic on π−1
i (Ui ∩ X orb

reg ), hence it is holomor-
phic. The maps πi glue to a surjective holomorphic map π : L −→ X .

For brevity, we will denote the orbifold line bundle {LŨi
} on X = (X ,U ) by (L,X ).

If L |X orb
reg

:= π−1(X orb
reg ), then π : L |X orb

reg
−→ X orb

reg is a holomorphic line bundle. Suppose

now that x ∈ X has non-trivial isotropy group. If y ∈ φ−1(x) for some orbifold chart
(Ũ ,Γ,φ) near x, then each γ ∈ Γy induces an isomorphism γ̃ : LŨ |y−→ LŨ |y. Hence
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L |x:= π−1(x) ∼= (LŨ |y)/Γy, and π : L −→ X is in general not a holomorphic line bundle
in the usual sense. The latter are sometimes called absolute orbifold line bundles,
see [BG]. However if X is compact then there exists m ∈N so that, for every orbifold
line bundle L on X , L⊗m is absolute.

A (holomorphic) section of (L,X ) is a collection of sections S̃i : Ũi −→ LŨi
for each

orbifold chart (Ũi,Γi,φi) so that S̃i is Γi-equivariant, i.e. γ̃◦ S̃i = S̃i ◦γ for all γ ∈ Γi,
and for every injection λ ji : Ũi −→ Ũ j one has λ̃ ji ◦ S̃ j ◦λ ji = S̃i.

Since φ̃i ◦ S̃i ◦γ= φ̃i ◦ γ̃◦ S̃i = φ̃i ◦ S̃i for each γ ∈ Γi, there exists a continuous map
Si which makes the following diagram commutative:

LŨi

φ̃i−−−−→ L |UixS̃i

xSi

Ũi
φi−−−−→ Ui

.

Note that Si is in fact holomorphic on Ui, since it is holomorphic on Ui ∩ X orb
reg . The

local sections Si glue to an injective holomorphic map S : X −→ L which verifies
π◦S = idX . Its restriction to X orb

reg is a section of the line bundle L |X orb
reg

.

We denote by H0(X ,L) the vector space of holomorphic sections of (L,X ).

2.3. Differential forms on orbifolds. A (p, q) form on an orbifold X = (X ,U ) is a
collection ψ̃= {ψ̃i} of smooth (p, q) forms ψ̃i on Ũi, for each orbifold chart (Ũi,Γi,φi),
so that γ?ψ̃i = ψ̃i for each γ ∈ Γi, and λ?jiψ̃ j = ψ̃i for each injection λ ji : Ũi −→ Ũ j.
Equivalently, a (p, q) form on X is a smooth (p, q) form ψ on X orb

reg so that for each
chart (Ũi,Γi,φi), φ?i (ψ |Ui∩X orb

reg
) extends to a smooth form on Ũi [BGK].

A (p, p) form ψ̃ = {ψ̃i} is positive (resp. closed) if each form ψ̃i is positive (resp.
closed). A (1,1) form Ω̃ = {Ω̃i} is Kähler, resp. Hermitian, if each form Ω̃i is Kähler,
resp. Hermitian (i.e. positive).

One can define the orbifold tangent and cotangent bundles of X and view orbifold
differential forms as sections of such. An important example that we will need is the
orbifold canonical bundle KX , defined as the collection of canonical bundles {KŨi

},
for all charts (Ũi,Γi,φi) ∈U . Note that the equivariance and gluing are given by the
pull-back operators, γ̃ := (γ−1)?, λ̃ ji :=λ?ji.

3. CURRENTS AND SINGULAR METRICS

We collect here a few facts about currents on orbifolds, being especially interested
in positive closed currents of bidegree (1,1). We also recall the notion of singular
metric on an orbifold line bundle and we introduce the Bergman kernel function and
the Fubini-Study currents for subspaces of L2-holomorphic sections. Throughout this
section, we use the notations introduced in Section 2.
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3.1. Currents on orbifolds. A current of bidegree (p, q) on an orbifold X = (X ,U )
is a collection T̃ = {T̃i} of currents T̃i of bidegree (p, q) on Ũi, for each orbifold chart
(Ũi,Γi,φi), so that γ?T̃i = T̃i for each γ ∈Γi, and (λ ji)?T̃i = T̃ j |λ ji(Ũi) for each injection

λ ji : Ũi −→ Ũ j. A current T̃ of bidegree (p, p) is positive (resp. closed) if each current
T̃i is positive (resp. closed). A sequence of currents T̃k = {T̃k

i }, k ≥ 1, converges weakly
to a current T̃ = {T̃i} if, for each i, the sequence of current T̃k

i converges weakly on Ũi

to T̃i as k →∞.
Let us define the action of an orbifold current T̃ = {T̃i} of bidegree (p, q) on a (n−

p,n− q) test form θ̃ = {θ̃i} (where supp θ̃b X ). Fix a partition of unity {χl}l≥1 on X so
that χl has compact support contained in Ui l and set

〈T̃, θ̃〉 =
∞∑

l=1

1
mi l

〈T̃i l , (χl ◦φi l ) θ̃i l 〉 ,

where mi = |Γi|. Note that the standard calculus with currents works as usual. For
instance, one checks that the current dT̃ := {dT̃i} verifies 〈dT̃, θ̃〉 = (−1)p+q+1〈T̃,dθ̃〉.

If Ui ⊂ Xreg the current (φi)?T̃i is well defined on Ui, since φi is proper. We show
that these currents glue to a global current on Xreg:

Proposition 3.1. Let T̃ = {T̃i} be a current of bidegree (p, q) on an orbifold X =
(X ,U ). There exists a current T of bidegree (p, q) on Xreg so that for every chart
(Ũi,Γi,φi) with Ui ⊂ Xreg we have T |Ui= 1

mi
(φi)?T̃i , where mi = |Γi|.

Proof. Let Ti := 1
mi

(φi)?T̃i. If λ ji : Ũi −→ Ũ j is an injection with Ui ⊂ U j ⊂ Xreg we
have to show that T j |Ui= Ti. If V :=λ ji(Ũi) we have by (7) that

φ−1
j (Ui)=

⋃
[γ′]

γ′V ,

where the union is disjoint and [γ′] = γ′λ ji(Γi) denotes the coset of γ′ in Γ j/λ ji(Γi).
This implies that the map φ̂ j := φ j |V : V −→Ui is an analytic cover with topological
degree mi = |λ ji(Γi)| and

Ti = 1
mi

(φi)?T̃i = 1
mi

(φ̂ j)? ◦ (λ ji)?T̃i = 1
mi

(φ̂ j)?(T̃ j |V ) .

If θ is a (n− p,n− q) test form supported in Ui then

〈T j |Ui ,θ〉 = 1
m j

〈T̃ j,φ?j θ〉 =
1

m j

∑
[γ′]

〈T̃ j |γ′V , (φ?j θ) |γ′V 〉

= 1
m j

∑
[γ′]

〈γ′?(T̃ j |V ), (φ?j θ) |γ′V 〉 =
1

m j

∑
[γ′]

〈T̃ j |V , φ̂?j θ〉 = 〈Ti,θ〉 .

�
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Let T̃ , resp. T , denote the set of positive closed currents of bidegree (1,1) on
X , resp. on Xreg. Proposition 3.1 provides a map F : T̃ −→ T , F(T̃) = T, which is
continuous with respect to weak? convergence of currents. We will prove that F is in
fact bijective and has continuous inverse. For this, we show first the following:

Proposition 3.2. Let X = (X ,U ) be an orbifold. Then each point x ∈ X has a neigh-
borhood U ⊂ X such that for every current T ∈T there is a psh function v on U with
ddcv = T on U ∩ Xreg.

Proof. The conclusion is clear if x ∈ Xreg, so we assume x ∈ Xsing. Fix an orbifold
chart (Ũi,Γi,φi) with x ∈Ui = φi(Ũi) and set mi = |Γi|, Σ=Ui ∩ Xsing. Let V ⊂ Ũi be
an open set so that all its connected components are simply connected and φ−1

i (x)⊂V .
Since φi is proper and X is locally irreducible, there exists a neighborhood U ⊂Ui of
x so that U \Σ is connected and φ−1

i (U)⊂V .
Let T ∈ T . Since codimΣ ≥ 2 and φi is finite we have codimφ−1

i (Σ) ≥ 2. Hence
the positive closed (1,1) current R = φ?i (T |Ui\Σ) on Ũi \φ−1

i (Σ) extends to a positive
closed current on Ũi. Moreover γ?R = R on Ũi. Indeed, since φi ◦γ=φi this holds on
the set Ũi \φ−1

i (Σ) which is Γi-invariant, hence it holds on Ũi. By the assumption on
V , we have R = ddcu′ for some psh function u′ on V . As φ−1

i (U) is Γi-invariant we
can define

u = 1
mi

∑
γ∈Γi

u′ ◦γ ∈ PSH(φ−1
i (U)) , so ddcu = 1

mi

∑
γ∈Γi

γ?R = R .

Note that u ◦γ = u for all γ ∈ Γi. Thus u = v ◦φi for some upper semicontinuous
function v on U . As φi :φ−1

i (U\Σ)−→U\Σ is proper and v(y)= u(z) for any z ∈φ−1
i (y),

it follows that v is psh on U\Σ. Since v is upper semicontinuous, we have v ∈ PSH(U)
[D2, Theorem 1.7] .

If S is a positive closed (1,1) current on U \Σ then (φi)? ◦φ?i S = miS. Indeed, if θ
is a test form supported in U \Σ we may assume that S = ddcρ for a psh function ρ

near the support of θ, and

(8) 〈(φi)? ◦φ?i S,θ〉 = 〈ddc(ρ ◦φi),φ?i θ〉 = mi〈ddcρ,θ〉 = mi〈S,θ〉 .

Then φ?i T = R = ddc(v◦φi)=φ?i (ddcv) on φ−1
i (U \Σ) implies T = ddcv on U \Σ. �

Proposition 3.3. The map G : T −→ T̃ , G(T) = {φ?i (T |Ui )}, where (Ũi,Γi,φi) are the
orbifold charts of X , is well defined, continuous with respect to weak? convergence,
and it is the inverse of F.

Proof. We can define T̃i := φ?i (T |Ui ) as the positive closed (1,1) current on Ũi with
local potentials v ◦φi, where v are the local potentials of T near each point of Ui
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provided by Proposition 3.2. Clearly, γ?T̃i = T̃i for all γ ∈ Γi. If λ ji : Ũi −→ Ũ j is an
injection then, with the notation φ̂ j from the proof of Proposition 3.1,

λ?ji(T̃ j |λ ji(Ũi))=λ
?
ji((φ

?
j T) |λ ji(Ũi))=λ

?
ji(φ̂

?
j (T |Ui ))=φ?i (T |Ui )= T̃i .

Hence G(T) ∈ T̃ . By (8), (φi)?T̃i = miT |Ui , where mi = |Γi|, so F◦G(T)= T.
We note that G is surjective. Indeed, if T̃ = {T̃i} ∈ T̃ and x ∈Ui, we can repeat the

argument in the proof of Proposition 3.2 to show that there exists a small neighbor-
hood U ⊂Ui of x and v ∈ PSH(U) so that T̃i = ddc(v◦φi) on φ−1(U) and 1

mi
(φi)?T̃i =

ddcv on U∩Xreg. Setting T :=F(T̃) we have for Ui ⊂ Xreg, T |U= 1
mi

(φi)?T̃i |U= ddcv,
so T̃ =G(T).

To prove the continuity of G, assume that T j, T ∈T and the sequence T j converges
weakly to T. Fix an orbifold chart (Ũi,Γi,φi) and let Σ = Ui ∩ Xsing. Then φ?i T j

converges weakly to φ?i T on Ũi \φ−1
i (Σ). Since codimφ−1

i (Σ)≥ 2, Oka’s inequality for
currents [FS] implies that the sequence of currents {φ?i T j} j has locally bounded mass
in Ũi. As any limit point equals φ?i T on Ũi \φ−1

i (Σ), we conclude that the sequence
φ?i T j converges weakly to φ?i T on Ũi. �

Definition 3.4. A Kähler current on X is a positive closed (1,1) current T on Xreg

with the property that for every x ∈ X there exist a neighborhood U of x and a strictly
psh function v on U so that T = ddcv on U ∩ Xreg.

We note that if the local potentials of a Kähler current T are C∞-smooth then X
is a called a Kähler space, cf. [O] (see also [EGZ, Sec. 5.2]). Propositions 3.2 and 3.3
yield the following:

Proposition 3.5. If X = (X ,U ) is a Kähler orbifold then X carries a Kähler current
whose local potentials are continuous near each x ∈ X and smooth near each x ∈ X orb

reg .

Proof. Let Ω̃= {Ω̃i} be a Kähler form on X and let Ω=F(Ω̃) ∈T . Proposition 3.3 and
its proof shows that every x ∈ X has a neighborhood U ⊂Ui, for some orbifold chart
(Ũi,Γi,φi), for which there exists a continuous function v ∈ PSH(U) so that u = v◦φi

is smooth strictly psh on φ−1
i (U), Ω̃i = ddcu on φ−1

i (U) and Ω = ddcv on U ∩ Xreg.
Moreover v is smooth if x ∈ X orb

reg . To see that v is strictly psh, consider any local
embedding U ,→ CN with coordinates z = (z1, . . . , zN), so φi : φ−1

i (U) −→ CN . Since
Ω̃i is Kähler and ddc‖φi‖2 is a smooth real form, by shrinking U we can find ε > 0
so that Ω̃i > εddc‖φi‖2 on φ−1

i (U). This shows that v ◦φi −ε‖φi‖2 is psh on φ−1
i (U),

hence the function ρ(z) = v(z)−ε‖z‖2 is psh on U . As ρ extends to a psh function in
the ambient space, it follows that the function v is strictly psh on U . �

We note that the notion of (positive) orbifold current is more restrictive than that
of a (positive) current on Xreg. Indeed, an orbifold differential form determines a
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smooth form on X orb
reg whose coefficients may blow up at points of Xreg \ X orb

reg . For
instance, consider the (global) orbifold structure on C2 given by the analytic cover
φ :C2 −→C2, φ(z1, z2)= (z2

1, z2), whose orbifold singular locus is the line {x1 = 0}. Then
θ = i

|x1| dx1 ∧dx1 is a smooth positive (1,1) orbifold form, since φ?θ = 4idz1 ∧dz1 is
smooth.

A current T on Xreg arising from an orbifold current acts on such forms θ in the
following way: assuming that suppθ ⊂U ⊂ Xreg for some orbifold chart (Ũ ,Γ,φ), we
have T |U= 1

m φ?T̃ for some current T̃ on Ũ , where m = |Γ|. Hence we set 〈T,θ〉 :=
1
m 〈T̃,φ?θ〉. Returning to the previous example, we see that T = i

|x1| dx2 ∧ dx2 is a
positive (1,1) current on C2 which does not arise from an orbifold current since

∫
K T∧

θ =+∞, where K is the bidisk in C2.

3.2. Singular Hermitian metrics on orbifold line bundles. We refer to [D3] for
the notion of singular Hermitian metric on a holomorphic line bundle over a complex
manifold or complex space (see also [MM2, p. 97]).

Let (L,X ) be an orbifold line bundle over the orbifold X = (X ,U ). A singular
Hermitian metric on L is a collection h̃ = {h̃i} of singular Hermitian metrics on the
line bundles (LŨi

,Ũi), for every orbifold chart (Ũi,Γi,φi), such that:
(i) h̃i is Γi-invariant: for every γ ∈ Γi with induced linear map γ̃ : LŨi

|x−→ LŨi
|γx

we have h̃i(γ̃`, γ̃`′)= h̃i(`,`′) for all `, `′ ∈ LŨi
|x , x ∈ Ũi.

(ii) h̃i satisfy the following gluing condition: if λ ji : Ũi −→ Ũ j is an injection with
associated bundle map λ̃ ji : LŨ j

|λ ji(Ũi)−→ LŨi
then h̃i(λ̃ ji`, λ̃ ji`

′) = h̃ j(`,`′) for all

`, `′ ∈ LŨ j
|λ ji(x) and x ∈ Ũi.

The curvature current
c1(L, h̃) := {c1(LŨi

, h̃i)}

is a well defined real closed (1,1) orbifold current. Indeed:
(i) c1(LŨi

, h̃i) is Γi-invariant: by shrinking Ui we may assume that LŨi
has a

holomorphic frame ẽ i on Ũi, so h̃i(ẽ i, ẽ i) = e−2ψi for some function ψi ∈ L1
loc(Ũi). As

γ̃ẽ i is also a frame on Ũi, we have γ̃ẽ i(x) = f (x)ẽ i(γx) for some non-vanishing holo-
morphic function f on Ũi and | f |2e−2ψi◦γ = h̃i(γ̃ẽ i, γ̃ẽ i) = h̃i(ẽ i, ẽ i) = e−2ψi . Hence
ddcψi ◦γ= ddcψi, so γ?c1(LŨi

, h̃i)= c1(LŨi
, h̃i).

(ii) If λ ji : Ũi −→ Ũ j is an injection then λ?ji(c1(LŨ j
, h̃ j) |λ ji(Ũi))= c1(LŨi

, h̃i): if ẽ j is

a frame of LŨ j
over some set λ ji(V ) where V ⊂ Ũi is open, then λ̃ ji ẽ j is a frame of

LŨi
over V , so λ̃ ji ẽ j(λ ji(x)) = f (x)ẽ i(x) for some non-vanishing holomorphic function

f on V . Thus

| f |2e−2ψi = h̃i(λ̃ ji ẽ jλ ji, λ̃ ji ẽ jλ ji)= h̃ j(ẽ jλ ji, ẽ jλ ji)= e−2ψ j◦λ ji on V ,

which shows that λ?ji(ddcψ j)= ddcψi on V .
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We say that the metric h̃ is (semi)positively curved if its curvature c1(L, h̃) is a
positive current.

Lemma 3.6. Let (L,X ) be an orbifold line bundle over the orbifold X = (X ,U ) en-
dowed with a singular Hermitian metric h̃ = {h̃i} and let S = {S̃i} be a section of L.
There exists a function on X , denoted by |S|2

h̃
, so that for every orbifold chart (Ũi,Γi,φi)

we have |S|2
h̃
◦φi = |S̃i|2h̃i

:= h̃i(S̃i, S̃i).

Proof. Note that the function |S̃i|2h̃i
is Γi-invariant, as

h̃i
(
S̃i(γ(x)), S̃i(γ(x))

)= h̃i
(
γ̃S̃i(x), γ̃S̃i(x)

)= h̃i
(
S̃i(x), S̃i(x)

)
, ∀γ ∈Γi .

Hence there exists as function f i on Ui so that |S̃i|2h̃i
= f i ◦φi. We have to show that

if λ ji : Ũi −→ Ũ j is an injection then f j |Ui= f i. Indeed,

f j ◦φi(x) = f j ◦φ j ◦λ ji(x)= h̃ j
(
S̃ j(λ ji(x)), S̃ j(λ ji(x))

)
= h̃i

(
λ̃ jiS̃ j(λ ji(x)), λ̃ jiS̃ j(λ ji(x))

)= h̃i
(
S̃i(x), S̃i(x)

)= f i ◦φi(x),

for every x ∈ Ũi. �

Remark 3.7. If x ∈ X orb
reg there exists an orbifold chart φi : Ũi −→ Ui so that x ∈ Ui

and φi is biholomorphic. Thus L |Ui
∼= (φ−1

i )?LŨi
is a holomorphic line bundle with

a singular Hermitian metric hi induced by h̃i. It follows that the holomorphic line
bundle L |X orb

reg
has a singular Hermitian metric h induced by h̃ and

|S|2h := h(S,S)= |S|2
h̃
|X orb

reg

for every orbifold section S : X −→ L. Moreover, the curvature current

c1(L |X orb
reg

,h)=F(c1(L, h̃)) |X orb
reg

,

where F is the map constructed in Proposition 3.1.

3.3. Bergman kernel and Fubini-Study currents. Let (L,X ) be an orbifold line
bundle over X = (X ,U ) endowed with a singular Hermitian metric h̃ = {h̃i}, and let
Ω̃ = {Ω̃i} be a Hermitian form on X . Here U = {(Ũi,Γi,φi)}, Ui = φi(Ũi), mi = |Γi|.
We denote by h the singular Hermitian metric induced by h̃ on the holomorphic line
bundle L |X orb

reg
. By Proposition 3.1, Ω̃ induces a positive (1,1) current Ω on Xreg,

which clearly is a smooth Hermitian form on X orb
reg with φ?i (Ω |Ui )= Ω̃i.

The space H0
(2)(X ,L) of L2-holomorphic sections with respect to this metric data

is defined as follows. Fix a partition of unity {χl}l≥1 on X so that χl has compact
support contained in Ui l and set

‖S‖2 =
∞∑

l=1

1
mi l

∫
Ũil

(χl ◦φi l )|S̃i l |2h̃il
Ω̃n

i l
, where S = {S̃i} ∈ H0(X ,L) .
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Define
H0

(2)(X ,L)= {S ∈ H0(X ,L) : ‖S‖2 <+∞} ,

endowed with the obvious inner product. If A i =Ui∩X orb
sing and Ã i =φ−1

i (A i), we note
that

1
mi l

∫
Ũil \Ã il

(χl ◦φi l )|S̃i l |2h̃il
Ω̃n

i l
=

∫
Uil \A il

χl |S|2
h̃
Ωn .

It follows that
‖S‖2 =

∫
X orb

reg

|S|2
h̃
Ωn =

∫
X orb

reg

|S|2hΩn ,

where |S|2
h̃

is the function from Lemma 3.6, and the same holds for the inner product.

Since H0
(2)(X ,L) is separable, let {S j} j≥1 be an orthonormal basis and denote by P

the function defined on X by

(9) P =
∞∑
j=1

|S j|2h̃ .

This function is independent of the choice of basis (see Lemma 3.8) and it is called
the Bergman kernel function associated to the space H0

(2)(X ,L).
The orbifold Fubini-Study current α̃ = {α̃i} is defined as follows: given a chart

(Ũi,Γi,φi) we may assume that LŨi
has a holomorphic frame ẽ i on Ũi. If S j = {S̃ j,i}

we write S̃ j,i = s j,i ẽ i for some holomorphic functions s j,i on Ũi, and we set

(10) α̃i = 1
2

ddc log

( ∞∑
j=1

|s j,i|2
)

,

where dc = 1
2πi (∂− ∂). To explain the terminology, let us assume that H0

(2)(X ,L)
is finite dimensional and non-trivial. Denote by ωFS the Fubini-Study metric on
P(H0

(2)(X ,L)∗) induced by the L2 inner product on H0
(2)(X ,L). Consider the Kodaira

map
Φ : X 99KP(H0

(2)(X ,L)∗) , x 7→ {
S ∈ H0

(2)(X ,L) : S(x)= 0
}
.

Then α̃= {α̃i}, α̃i = (Φ◦φi)∗ωFS , is the orbifold Fubini-Study current.

For the convenience of the reader, we include a proof of some properties of these
notions in our setting.

Lemma 3.8. If the singular metrics h̃i have locally upper bounded weights, then:
(i) α̃ is a well defined positive closed current of bidegree (1,1) on X .
(ii) The function P is independent of the choice of basis {S j} j≥1 and

(11) P(x)=max{|S|2
h̃
(x) : S ∈ H0

(2)(X ,L), ‖S‖ = 1} , ∀x ∈ X .

(iii) On each chart, logP ◦φi ∈ L1
loc(Ũi,Ω̃n

i ) and

2α̃i = 2c1(L |Ũi
, h̃i)+ddc logP ◦φi ,
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so α̃ is independent of the choice of basis {S j} j≥1.

Proof. By the Riesz-Fischer theorem we have that S ∈ H0
(2)(X ,L) if and only if there

exists a sequence a = {a j} ∈ l2 so that S = Sa, where Sa =∑∞
j=1 a jS j and ‖Sa‖ = ‖a‖2.

Given a chart Ui ⊂ X so that LŨi
has a holomorphic frame ẽ i on Ũi, we write

S j = {S̃ j, i}, Sa = {S̃a, i}, S̃ j, i = s j, i ẽ i, S̃a, i = sa, i ẽ i, with holomorphic functions s j, i, sa, i

on Ũi, and |ẽ i|2h̃i
= e−2ψi . It follows that sa, i = ∑∞

j=1 a js j, i and the series converges

locally uniformly on Ũi. Indeed, if K1 b K2 ⊂ Ũi are compact sets then, since ψi is
locally upper bounded, we have

max
K1

∣∣ M∑
j=N

a js j, i
∣∣2 ≤ C1

∫
K2

∣∣ M∑
j=N

a js j, i
∣∣2 Ω̃n

i ≤ C2

∫
K2

∣∣ M∑
j=N

a jS̃ j, i
∣∣2
h̃i
Ω̃n

i

≤ C2mi

∫
φi(K2)∩X orb

reg

∣∣ M∑
j=N

a jS j
∣∣2
h̃Ω

n

≤ C2mi
∥∥ M∑

j=N
a jS j

∥∥2 = C2mi

M∑
j=N

|a j|2 .

As this holds for every sequence a ∈ l2 we see that {s j, i(z)} j≥1 ∈ l2 for all z ∈ Ũi. Using
this and the same argument from the proof of [CM, Lemma 3.1] we show that the
series

∑∞
j=1 |s j, i|2 converges locally uniformly on Ũi, so its logarithm is a psh function

and the current α̃i is a positive closed current on Ũi. The proof that α̃ ∈ T̃ is similar
to the one showing that c1(L, h̃) is a well-defined orbifold current.

By Lemma 3.6 we see that

P ◦φi =
∞∑
j=1

|S̃ j, i|2h̃i
= e−2ψi

∞∑
j=1

|s j, i|2,

which implies (iii). To prove (ii) we let x ∈Ui, for Ui as above. If a ∈ l2, ‖a‖2 = 1, and
Sa =∑∞

j=1 a jS j then on Ũi, by the Cauchy-Schwarz inequality,

|Sa|2h̃ ◦φi = |S̃a, i|2h̃i
≤

∞∑
j=1

|S̃ j, i|2h̃i
= P ◦φi .

Moreover, if y ∈φ−1
i (x) set

a =
{

c−1 s j, i(y)
}

j≥1
, c :=

( ∞∑
j=1

|s j, i(y)|2
)1/2

.

Then ‖a‖2 = 1, S̃a, i(y)= cẽ i, so |Sa|2h̃(x)= |S̃a, i(y)|2
h̃i

= |c|2e−2ψi(y) = P(x). �
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4. PROOFS OF THEOREMS 1.1, 1.4 AND 1.5

Now we will prove the main results. In Section 4.1 we examine the extension of
holomorphic square integrable sections defined on the orbifold regular locus. This
yields the fact that the logarithm of the Bergman kernel is locally the difference of
two psh functions. In Section 4.2 we recall the L2 estimates for ∂ in the form we
use them. In Section 4.3 we prove the weak asymptotics of the Bergman kernel,
1
p logPp → 0 as p →∞, in L1

loc, and deduce Theorems 1.1, 1.4 and 1.5.

4.1. Extension of holomorphic sections. We begin with two lemmas, which are
formulated in a general context. Let (L,X ) be an orbifold line bundle over X = (X ,U )
endowed with a singular metric h̃ = {h̃i}, and let Ω̃= {Ω̃i} be a Hermitian form on X .
As before, we set U = {(Ũi,Γi,φi)}, Ui =φi(Ũi), mi = |Γi|. Let h be the singular metric
induced by h̃ on the line bundle L |X orb

reg
, and Ω be the Hermitian form induced by Ω̃

on X orb
reg .

Lemma 4.1. Assume that the singular metrics h̃i have weights that are locally upper
bounded and that

S ∈ H0(X orb
reg ,L |X orb

reg
) , ‖S‖2 =

∫
X orb

reg

|S|2hΩn <+∞ .

Then S extends to a holomorphic section of L over X and S ∈ H0
(2)(X ,L).

Proof. Without loss of generality, we can consider an orbifold chart so that LŨi
has

a holomorphic frame ẽ i on Ũi and we let |ẽ i|2h̃i
= e−2ψi . Set A i = Ui ∩ X orb

sing and

Ã i =φ−1
i (A i). The action of γ ∈Γi on LŨi

is defined by γ̃(ẽ i(y))= hi(γ)ẽ i(γy), where hi

is a group homomorphism of Γi to the group of roots of order mi of unity.
Using the notation from Section 2.2, it follows that if y ∈ Ũi\ Ã i we can define S̃i(y)

as the unique element of the set φ̃−1
i (S(φi(y))) that lies in the fiber LŨi

|y, and S̃i is a
holomorphic section of LŨi

over Ũi \ Ã i. Writing S̃i = f ẽ i, we see that

φ̃−1
i (S(φi(y)))= { f (y)hi(γ)ẽ i(γy) : γ ∈Γi} ,

so γ̃(S̃i(y))= f (y)hi(γ)ẽ i(γy)= S̃i(γ(y)). Since ψi is locally upper bounded we have for
any compact K ⊂ Ũi,∫

K\Ã i

| f |2 Ω̃n
i ≤ CK

∫
K\Ã i

|S̃i|2h̃i
Ω̃n

i ≤ CK mi

∫
φi(K)\A i

|S|2hΩn <+∞ .

By Skoda’s lemma [MM2, Lemma 2.3.22], we conclude that S̃i extends to an equi-
variant holomorphic section of LŨi

over Ũi. If λ ji : Ũi −→ Ũ j is an injection we
have λ ji(Ũi \ Ã i) = λ ji(Ũi) \ Ã j. Indeed, for y ∈ Ũi we have that the stabilizer of
λ ji(y) is (Γ j)λ ji(y) = λ ji((Γi)y) (see (7)). Using this we verify that the gluing condition
λ̃ ji ◦ S̃ j ◦λ ji = S̃i holds on Ũi \ Ã i, hence on Ũi. �
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Lemma 4.2. Assume that the current c1(L, h̃)≥ 0 and let α̃= {α̃i} be the Fubini-Study
current associated to H0

(2)(X ,L). Then every point x ∈ X has a neighborhood U con-
tained in some chart Ui on which there exist psh functions v = vx(α̃), u = ux(c1(L, h̃)),
so that α̃i = ddc(v ◦φi), c1(L |Ũi

, h̃i) = ddc(u ◦φi) hold on φ−1
i (U), and 2v−2u = logP

holds on U .

Corollary 4.3. The function logP is locally the difference of two psh functions near
each point of X .

Proof of Lemma 4.2. Let x ∈Ui. Assuming that ẽ i is a frame for LŨi
we write |ẽ i|2h̃i

=
e−2ψi , where ψi ∈ PSH(Ũi). By (10) and Lemma 3.8 we have

α̃i = ddcvi , vi = 1
2

log

( ∞∑
j=1

|s j,i|2
)
∈ PSH(Ũi) , 2vi −2ψi = logP ◦φi .

Letting ṽ = m−1
i

∑
γ∈Γi vi ◦γ, ψ= m−1

i
∑
γ∈Γi ψi ◦γ, we obtain Γi-invariant psh functions

so that α̃i = ddc ṽ, c1(L |Ũi
, h̃i) = ddcψ. Hence ṽ = v ◦φi, ψ= u ◦φi, for psh functions

v ,u on Ui. Since φi ◦γ=φi we have 2vi ◦γ−2ψi ◦γ= logP ◦φi, so 2ṽ−2ψ= logP ◦φi.
�

4.2. Demailly’s estimates for ∂. In order to prove our theorems we need the follow-
ing variants of the existence theorem for ∂ in the case of singular Hermitian metrics
due to Demailly [D1]. Let (M,Ω) be a Hermitian manifold of dimension n, (L,h) be a
singular Hermitian holomorphic line bundle. Let θ ≥ 0 be a (1,1)-current and let θabs

be the absolute continuous component in the Lebesgue decomposition of θ. For any
α ∈Λn,1T∗

x X⊗Lx, x ∈ M, we define |α|Ω,θ ∈ [0,∞] to be the smallest number satisfying∣∣〈α,β〉∣∣2 ≤ ∣∣α∣∣2
Ω,θ

〈
θabs ∧ΛΩβ,β

〉
, for all β ∈Λn,1T∗

x X ⊗Lx,

whereΛΩ is the interior product withΩ. This number is independent of the metric: if
Ω1 is another metric on M, then |α|2Ω1,θΩ

n
1 = |α|2Ω,θΩ

n, cf. [D1, Lemme 3.2 (3.2)]. Note
also that for any α ∈Λn,0T∗

x X ⊗Lx, x ∈ M, we have |α|2Ω1
Ωn

1 = |α|2ΩΩn, cf. [D1, Remar-
que 4.5]. Hence for (n,1)-forms the estimate in the following theorem is independent
of the Kähler metric.

Theorem 4.4 ([D1, Théorème 5.1]). Let (M,Ω) be a Kähler manifold of dimension n
which admits a complete Kähler metric. Let (L,h) a singular Hermitian holomorphic
line bundle such that θ = c1(L,h)≥ 0. Then for any form g ∈ L2

n,1(M,L, loc) satisfying

∂g = 0 ,
∫

M
|g|2Ω,θΩ

n <+∞
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there exists u ∈ L2
n,0(M,L, loc) with ∂u = g and∫

M
|u|2ΩΩn ≤

∫
M
|g|2Ω,θΩ

n .

Corollary 4.5. Let (M,Ω) be a Kähler manifold of dimension n which admits a com-
plete Kähler metric. Let (L,h) a singular Hermitian holomorphic line bundle and let
λ : M → [0,+∞) be a continuous function such that c1(L,h) ≥ λΩ. Then for any form
g ∈ L2

n,1(M,L, loc) satisfying

∂g = 0 ,
∫

M
λ−1|g|2Ωn <+∞

there exists u ∈ L2
n,0(M,L, loc) with ∂u = g and∫

M
|u|2Ωn ≤

∫
M
λ−1|g|2Ωn .

Proof. We have c1(L,h)abs ≥ λΩ, so by [D1, Remarque 4.2], |α|2Ω,θ ≤ λ(x)−1|α|2, for
any α ∈Λn,1T∗

x X ⊗Lx (with the conventions 1
0 =+∞, 0 ·∞= 0). Hence the conclusion

follows immediately from Theorem 4.4. �

Corollary 4.6. Let (M,Ω) be a Kähler manifold such that RicΩ ≥ 0. Assume that M
carries a complete Kähler metric. Let (L,h) a singular Hermitian holomorphic line
bundle and let λ : M → [0,+∞) be a continuous function such that c1(L,h)≥λΩ. Then
for any form g ∈ L2

0,1(M,L, loc) satisfying

∂g = 0 ,
∫

M
λ−1|g|2Ωn <+∞

there exists u ∈ L2
0,0(M,L, loc) with ∂u = g and∫

M
|u|2Ωn ≤

∫
M
λ−1|g|2Ωn .

Proof. We apply Corollary 4.5 to the line bundle (F,hF ) = (L⊗K∗
X ,h⊗ hK∗

X ), where
hK∗

X is the metric induced by Ω. Obviously, c1(F,hF ) ≥ λΩ. There exists a natural
isometry

Ψ=s :Λ0,q(T∗X )⊗L −→Λn,q(T∗X )⊗F,

Ψ s = s̃ = (w1 ∧ . . .∧wn ∧ s)⊗ (w1 ∧ . . .∧wn),

where {w j}n
j=1 is a local holomorphic frame of T(1,0)X and {w j}n

j=1 is the dual frame.

The operator Ψ commutes with the action of ∂. For a form g ∈ L2
0,1(M,L, loc) with

∂g = 0,
∫

M λ−1|g|2Ωn < +∞ we have g̃ ∈ L2
n,1(M,L, loc), ∂ g̃ = 0 and

∫
M λ−1| g̃|2Ωn <

+∞. By Corollary 4.5, there exists ũ ∈ L2
n,0(M,L, loc) with ∂ũ = g̃ and

∫
M |ũ|2Ωn ≤∫

M λ−1| g̃|2Ωn. Then u =Ψ−1ũ satisfies the conclusion. �
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4.3. Proofs of Theorems 1.1, 1.4, 1.5. Theorem 1.1 will follow from Lemmas 4.1,
4.2, and from:

Theorem 4.7. In the setting of Theorem 1.1, we have that 1
p logPp → 0 as p →∞, in

L1
loc(G∩ X orb

reg ,Ωn).

Proof. Let X ′ = X orb
reg and recall that L |X ′ is a holomorphic line bundle with a metric h

induced by h̃. We denote by hp the metric induced by h and hKX ′ on (L |X ′)p⊗KX ′ . By
Lemma 4.1, Pp is the Bergman kernel function of the space H0

(2)(X
′, (L |X ′)p ⊗KX ′) =

H0
(2)(X ,Lp ⊗KX ), where the norm is denoted by ‖ ·‖.
We let x ∈G∩X ′ and Uα ⊂G∩X ′ be a coordinate neighborhood of x on which there

exists a holomorphic frame eα of L |X ′ and e′α of KX ′ . Let ψα be a psh weight of h and
ρα be a smooth weight of hKX ′ on Uα. Fix r0 > 0 so that the ball V := B(x,2r0)bUα

and let U := B(x, r0).
Following the arguments of [D4, CM] we will show that there exist constants C > 0,

p0 ∈N so that

(12) − logC
p

≤ 1
p

logPp(z)≤ log(Cr−2n)
p

+2
(
max
B(z,r)

ψα−ψα(z)
)

holds for all p > p0, 0 < r < r0 and z ∈ U with ψα(z) > −∞. By (12) it follows that
1
p logPp → 0 in L1(U ,Ωn), as in [CM, Theorem 5.1].

For the upper estimate, fix z ∈U with ψα(z)>−∞ and r < r0. Let S ∈ H0
(2)(X

′, (L |X ′

)p ⊗KX ′) with ‖S‖ = 1 and write S = s e⊗p
α ⊗ e′α. Then

|S(z)|2hp
= |s(z)|2e−2pψα(z)−2ρα(z) ≤ e−2pψα(z) C1

r2n

∫
B(z,r)

|s|2Ωn

≤ C2

r2n exp
(
2p

(
max
B(z,r)

ψα−ψα(z)
))∫

B(z,r)
|s|2e−2pψα−2ραΩn

≤ C2

r2n exp
(
2p

(
max
B(z,r)

ψα−ψα(z)
))

,

where C2 is a constant that depends only on x. Hence by Lemma 3.8

1
p

logPp(z)= 1
p

max
‖S‖=1

log |S(z)|2hp
≤ log(C2r−2n)

p
+2

(
max
B(z,r)

ψα−ψα(z)
)
.

We prove next the lower estimate from (12). We proceed like in the proof of [CM,
Theorem 5.1] by using an argument of [D5, Section 9] to show that there exist a
constant C1 > 0 and p0 ∈ N such that for all p > p0 and all z ∈ U with ψα(z) > −∞
there is a section Sz,p ∈ H0

(2)(X
′, (L |X ′)p⊗KX ′)= H0

(2)(X ,Lp⊗KX ) with Sz,p(z) 6= 0 and

(13) ‖Sz,p‖2 ≤ C1|Sz,p(z)|2hp
.
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Observe that (11) and (13) yield the desired lower estimate

1
p

logPp(z)= 1
p

max
‖S‖=1

log |S(z)|2hp
≥− logC1

p
.

Let us prove the existence of Sz,p as above. By the Ohsawa-Takegoshi extension
theorem [OT] there exists a constant C′ > 0 (depending only on x) such that for any
z ∈U and any p there exists a function vz,p ∈O (V ) with vz,p(z) 6= 0 and

(14)
∫

V
|vz,p|2e−2pψαΩn ≤ C′|vz,p(z)|2e−2pψα(z) .

We shall now solve the ∂-equation with L2-estimates in order to extend vz,p to a
section of (L |X ′)p⊗KX ′ over X ′. Let θ ∈C ∞(R) be a cut-off function such that 0≤ θ ≤ 1,
θ(t)= 1 for |t| ≤ 1

2 , θ(t)= 0 for |t| ≥ 1. Define the quasi-psh function ϕz on X ′ by

(15) ϕz(y)=
2nθ

( |y−z|
r0

)
log |y−z|

r0
, for y ∈Uα ,

0, for y ∈ X ′ \ B(z, r0) .

Then there exists C > 0 such that ddcϕz ≥−CΩ on X ′ for all z ∈U . Since the function
ε> 0 is continuous, there exists a constant a′ > 0 such that

c1(L |X ′ ,h)≥ a′Ω on a neighborhoof of V .

Therefore there exist a > 0, p0 ∈N such that for all p ≥ p0 and all z ∈U

c1((L |X ′)p,hpe−ϕz )≥ 0 on X ′ ,

c1((L |X ′)p,hpe−ϕz )≥ apΩ on a neighborhoof of V .

Let λ : X ′ → [0,+∞) be a continuous function such that λ= ap on V and

c1((L |X ′)p,hpe−ϕz )≥λΩ .

Consider the form

gz,p ∈ L2
n,1(X ′, (L |X ′)p), gz,p = ∂(vz,p θ

( |y−z|
r0

)
e⊗p
α ⊗ e′α

)
.

For simplicity, let hp also denote the metric induced on (L |X ′)p⊗Λn,1(T∗X ′) by h and
Ω. Then∫

X ′

1
λ
|gz,p|2hp

e−ϕzΩn =
∫

V

1
λ
|gz,p|2hp

e−ϕzΩn = 1
ap

∫
V
|gz,p|2hp

e−ϕzΩn <+∞ .

Note that the integral at the right is finite by (14), since ψα(z)>−∞ and∫
V
|gz,p|2hp

e−ϕzΩn ≤ C′′′
∫

V
|vz,p|2|∂θ( |y−z|

r0
)|2e−2pψα e−ϕzΩn ≤ C′′

∫
V
|vz,p|2e−2pψαΩn,

where C′′′,C′′ > 0 are constants that depend only on x.
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By the hypotheses of Theorem 1.1, X ′ carries a complete Kähler metric. Thus, the
hypotheses of Corollary 4.5 are satisfied for the Kähler manifold (X ′,Ω), the semi-
positive line bundle ((L |X ′)p,hpe−ϕz ) and the form gz,p , for all p ≥ p0 and z ∈U . So
there exists uz,p ∈ L2

n,0(X ′, (L |X ′)p) such that ∂uz,p = gz,p and

(16)
∫

X ′
|uz,p|2hp

e−ϕz Ωn ≤
∫

X ′

1
λ
|gz,p|2hp

e−ϕzΩn ≤ C′′

ap

∫
V
|vz,p|2e−2pψαΩn .

Near z, e−ϕz(y) = r2n
0 |y− z|−2n is not integrable, thus (16) implies that uz,p(z) = 0.

Define

Sz,p := vz,p θ
( |y−z|

r0

)
e⊗p
α ⊗ e′α−uz,p .

Then ∂Sz,p = 0, Sz,p(z) = vz,p(z)e⊗p
α ⊗ e′α(z) 6= 0, Sz,p ∈ H0

(2)(X
′, (L |X ′)p ⊗KX ′). Since

ϕz ≤ 0 on X ′, we have by (16) and (14)

‖Sz,p‖2 =
∫

X ′
|Sz,p|2hp

Ωn ≤ 2
(
C′′′

∫
V
|vz,p|2e−2pψαΩn +

∫
X ′
|uz,p|2hp

e−ϕz Ωn
)

≤ 2C′
(
C′′′+ C′′

ap

)
|vz,p(z)|2e−2pψα(z) ≤ C1|Sz,p(z)|2hp

,

with a constant C1 > 0 that depends only on x. This concludes the proof of (13). �

Proof of Theorem 1.1. Let us write γp = {γ̃p,i}, where γ̃p,i is the corresponding Fubini-
Study current on Ũi defined as in (10). We fix x ∈G and let (Ũi,Γi,φi) be an orbifold
chart so that x ∈ Ui ⊂ G and LŨi

, KŨi
have holomorphic frames on Ũi. Set A i =

Ui ∩ X orb
sing and Ã i =φ−1

i (A i).

(i) Lemma 4.2 (and its proof) shows that there exist psh functions vp, u and a
continuous function ρ on Ui so that ρ ◦φi is smooth,

γ̃p,i = ddc(vp ◦φi) , c1(LŨi
, h̃i)= ddc(u ◦φi) , c1(KŨi

, h̃
KŨi
i )= ddc(ρ ◦φi) ,

and 2vp −2(pu+ρ)= logPp . Hence on Ũi,

1
p

vp ◦φi −u ◦φi = 1
2p

logPp ◦φi + 1
p
ρ ◦φi .

By Theorem 4.7 we have 1
p logPp ◦φi → 0, so 1

p vp ◦φi → u ◦φi, in L1
loc(Ũi \ Ã i). It

follows that the sequence { 1
p vp ◦φi} is locally uniformly upper bounded in Ũi \ Ã i.

If y ∈ Ã i we may assume that there exist coordinates z on some neighborhood
V ⊂ Ũi of y = 0 so that V ∩ Ã i is contained in the cone {|zn| ≤ max(|z1|, . . . , |zn−1|)}.
Applying the maximum principle on complex lines parallel to the zn axis, we see
that there exist a neighborhood V1 ⊂ V of y and a compact set K ⊂ V \ Ã i so that
supV1 vp ◦φi ≤ supK vp ◦φi. Hence { 1

p vp ◦φi} is uniformly upper bounded on V1.
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We conclude that the sequence { 1
p vp ◦φi} is locally uniformly upper bounded in Ũi.

Hence it is relatively compact in L1
loc(Ũi) and it converges to u ◦φi in L1

loc(Ũi), since
it does so outside Ã i (see [Ho, Theorem 3.2.12]). This implies that 1

p γ̃p,i → c1(LŨi
, h̃i)

weakly on Ũi, which yields (i).

(ii) The proof of (i) implies that 1
p logPp ◦φi → 0 in L1

loc(Ũi). We may assume that
there is an embedding Ui ,→CN . If K bUi and z denote the coordinates on CN then∫

K
| logPp| (ddc‖z‖2)n = 1

mi

∫
φ−1

i (K)
| logPp ◦φi| (ddc‖φi‖2)n,

where mi = |Γi|. Since (ddc‖φi‖2)n is smooth, it follows that 1
p logPp → 0 in L1

loc(Ui)
with respect to the area measure of X . �

To prove Theorem 1.4, we will need the following theorem:

Theorem 4.8. In the setting of Theorem 1.4, we have that 1
p logPp → 0 as p →∞, in

L1
loc(G∩ X orb

reg ,Ωn).

Proof. By Lemma 4.1, Pp is the Bergman kernel function of H0
(2)(X

′, (L |X ′)p)= H0
(2)(X ,Lp),

where the norm is denoted by ‖ · ‖. We repeat the proof of Theorem 4.7 by using the
same notations and replacing (n, q)-forms with (0, q)-forms. Hence the only non-
formal difference is the proof of the analogue of lower estimate from (12). More
precisely, we have to show that there exist a constant C1 > 0 and p0 ∈ N such that
for all p > p0 and all z ∈U with ψα(z) >−∞ there is a section Sz,p ∈ H0

(2)(X
′, (L |X ′)p)

with Sz,p(z) 6= 0 and satifying (13).
Let vz,p ∈ O (V ) with vz,p(z) 6= 0 satisfying (14), given by the Ohsawa-Takegoshi

theorem, and define the quasi-psh function ϕz as in (15). We solve the ∂-equation
with L2-estimates in order to extend vz,p(z)e⊗p

α (z) to the desired section of (L |X ′)p

over X ′. To this end, we proceed exactly as in the proof of Theorem 4.7, and use
Corollary 4.6 instead of Corollary 4.5. �

Proof of Theorem 1.4. We follow the proof of Theorem 1.1 and apply Theorem 4.8 in-
stead of Theorem 4.7. �

Proof of Theorem 1.5. Since (L,X , h̃) is a positive orbifold line bundle, [MM2, Theo-
rem 5.4.19] yields 1

p logPp → 0 in L1
loc(X

orb
reg ,Ωn) as p →∞, so the proof of Theorem

1.1 applies again. �

In the case of Theorem 1.5 the convergence of the induced Fubini-Study metric to
the initial metric is quite explicit. Namely, it is shown in [MM2, Theorem 5.4.19]
that there exists c > 0 such that for any ` ∈N, there exists C` > 0 with∣∣∣ 1

p
(Φ∗

pωFS)(x)−ω(x)
∣∣∣
C `

É C`

( 1
p
+ p`/2 exp

(− c
p

p d(x, X orb
sing)

))
, p À 1.



CONVERGENCE OF FUBINI-STUDY CURRENTS FOR ORBIFOLD LINE BUNDLES 23

We end the section with two lemmas which imply Proposition 1.2.

Lemma 4.9. Let X = (X ,U ) be a compact Kähler orbifold. Then X orb
reg carries a com-

plete Kähler metric.

Proof. We will adapt the arguments of [O] to our context. Let ω be a Kähler current
on X whose local potentials are continuous near each x ∈ X and smooth near each
x ∈ X orb

reg (cf. Proposition 3.5). Let us consider a Hermitian metric η on the complex
space X (see e. g. [MM2, Definition 3.4.12]). Now, X orb

reg = X \ X orb
sing and X orb

sing is an
analytic set containing Xsing . Repeating the proof from [O, Proposition 1.1] we find
a smooth proper function ψ : X orb

reg → (−∞,0] and a constant A0 > 0 such that for all
A > A0, ηA = i∂∂ψ+ Aη is a Hermitian metric on X orb

reg and the gradient of ψ with
respect to ηA is bounded. Since X is compact, there exists α > 0 such that ω ≥ αη

on Xreg . Set ωA = i∂∂ψ+ (A/α)ω, so ωA ≥ ηA . Hence, for A sufficiently large, ωA

is a Kähler metric and the gradient of ψ with respect to ωA is bounded, thus ωA is
complete. �

Lemma 4.10. Let X be a reduced Stein space of dimension n and let Y be a (closed)
analytic subset of X containing the singular locus Xsing . Then X \ Y carries a com-
plete Kähler metric.

Proof. A result of Narasimhan [N, Theorem 5] states that a reduced Stein space X
of dimension n admits a holomorphic mapping ι : X → C2n+1, which is one-to-one,
proper and regular on Xreg . Hence X \ Y is biholomorphic to ι(X ) \ ι(Y ). Since ι is
proper, ι(Y ) is an analytic subset of C2n+1. By a theorem of Grauert [G, Satz A, p. 51],
C2n+1\ι(Y ) admits a complete Kähler metric. Its restriction to the closed submanifold
ι(X )\ ι(Y )∼= X \Y is a complete Kähler metric. �

Example 4.11. Let us state some interesting particular cases of our results.
(i) Let X be a Stein manifold of dimension n. Let ϕ be a psh function on X which

is strictly psh on an open set G. Consider the Hilbert spaces

Hn,0
(2) (X , pϕ)=

{
s holomorphic n-form :

∫
X

in2
s∧ s e−2pϕ <∞

}
.

Thus Hn,0
(2) (X , pϕ) = Hn,0

(2) (X ,Lp), where (L,h) is the trivial line bundle endowed with

the metric h = e−ϕ. Let {Sp
j } be an orthonormal basis of Hn,0

(2) (X , pϕ). Let Ωn be a

volume element on X and define f p
j = in2

Sp
j ∧Sp

j /Ωn. The Fubini-Study current as-

sociated to Hn,0
(2) (X , pϕ) is γp = 1

2 ddc log(
∑∞

j=1 | f p
j |2). By Theorem 1.1 and Proposition

1.2 (ii), we have 1
p γp → ddcϕ weakly as currents on G as p →∞.

(ii) Let X be a Stein space of pure dimension n. Assume that X has only orbifold
singularities, i. e. X admits an orbifold structure such that X orb

sing = Xsing . Let ϕ be a
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psh function on X which is strictly psh on an open set G. Consider the Hilbert spaces

Hn,0
(2) (X , pϕ)=

{
s holomorphic n-form on Xreg :

∫
Xreg

in2
s∧ s e−2pϕ <∞

}
.

By defining the Fubini-Study currents as above with the help of a volume element
Ωn on Xreg we obtain that 1

p γp → ddcϕ weakly as currents on Greg = G ∩ Xreg as
p →∞.

(iii) Let X be a complete Kähler manifold, (L,h) −→ X a holomorphic line bun-
dle endowed with a singular Hermitian metric h with c1(L,h) ≥ 0 in the sense of
currents. Assume that c1(L,h) is strictly positive on an open set G. Denote by γp

the Fubini-Study current associated to Hn,0
(2) (X ,Lp). Then, as p → ∞, 1

p logPp → 0
in L1

loc(G) and 1
p γp → c1(L,h) weakly as currents on G. Note that actually the full

asymptotic expansion of the Bergman kernel (4) on G was obtained in [HsM], in the
case that h is smooth.

5. DISTRIBUTION OF ZEROS OF RANDOM SECTIONS

In this section we prove Theorem 1.6. For the convenience of the reader, we re-
call here the results of Shiffman and Zelditch [SZ1, SZ3] that are needed to prove
Theorem 1.6. As noted in [SZ3], their calculations hold in a general setting.

Let (L,X , h̃) be an orbifold line bundle over the n-dimensional orbifold X , endowed
with a singular Hermitian metric h̃, and let Ω̃ be a Hermitian form on X . No further
assumptions on X ,Ω̃, h̃ are made at this time.

If S = {S̃i} ∈ H0(X ,L), S 6= 0, we denote by [S̃i = 0] the current of integration (with
multiplicities) over the analytic hypersurface {S̃i = 0}⊂ Ũi, and we set [S = 0]= {[S̃i =
0]} ∈ T̃ .

5.1. Expectation and variance estimate. Suppose V ⊂ H0
(2)(X ,L) is a finite di-

mensional vector subspace of L2-holomorphic sections, and let {S1, . . . ,Sd} be an or-
thonormal basis of V , where d = dimV . The Bergman kernel function P and Fubini-
Study current α̃ are defined as in Section 3.3 (see (9) and (10)). Note that, for every
orbifold chart (Ũi,Γi,φi), logP ◦φi ∈ L1

loc(Ũi,Ω̃n
i ) since it is locally the difference of a

psh function and the weight of the metric h̃i.
Following the framework in [SZ1], we identify the unit sphere S of V to the unit

sphere S2d−1 in Cd by

a = (a1, . . . ,ad) ∈S2d−1 −→ Sa =
d∑

j=1
a jS j ∈S ,

and we let λ be the probability measure on S induced by the normalized surface
measure on S2d−1, denoted also by λ (i.e. λ(S2d−1)= 1).
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Consider the function

Y (a)= 〈 [Sa = 0]− α̃, θ̃ 〉 , a ∈S2d−1 ,

where θ̃ is a (n−1,n−1) test form on X . The results in [SZ1, Sec. 3.1, 3.2] are the
following:

∫
S2d−1

Y (a)dλ(a)= 0 ,(17) ∫
S2d−1

|Y (a)|2 dλ(a)≤ A Cθ̃ , where A = 1
π2

∫
C2

(log |z1|)2e−|z1|2−|z2|2 dz ,(18)

dz is the Lebesgue measure on C2, and Cθ̃ is a constant depending only on θ̃. Equa-
tion (17) says that the expectation of the current-valued random variable a → [Sa = 0]
is the Fubini-Study current α̃.

5.2. Almost everywhere convergence. We assume now that (X ,Ω̃) is a compact
Kähler orbifold and (Ep,X , h̃p) are singular Hermitian orbifold line bundles with the
following property: there exists a constant C > 0 so that 〈c1(Ep, h̃p),Ω̃n−1〉 ≤ Cp, for
all p > 0.

Let V p ⊂ H0
(2)(X ,Ep) be vector subspaces of L2-holomorphic sections with corre-

sponding Fubini-Study currents α̃p. Consider the unit sphere S p ⊂ V p with the
probability measure λp induced as above by the normalized area measure on the
unit sphere S2dp−1 in Cdp via the identification S p ≡ S2dp−1, where dp = dimV p.
Finally, consider the probability space S∞ = ∏∞

p=1 S p endowed with the probability
measure λ∞ =∏∞

p=1λp.
The result of [SZ1, Sec. 3.3] is that, for λ∞-a.e. sequence {σp}p≥1 ∈S∞,

(19) lim
p→∞

1
p

(
[σp = 0]− α̃p

)= 0 ,

weakly in the sense of currents on X . Their argument is as follows. Since

〈 [σp = 0],Ω̃n−1 〉 = 〈 α̃p,Ω̃n−1 〉 = 〈 c1(Ep, h̃p),Ω̃n−1 〉 ≤ Cp ,

it suffices to show that, for a fixed test form θ̃, one has

lim
p→∞

1
p
〈 [σp = 0]− α̃p, θ̃ 〉 = 0 ,

for λ∞-a.e. σ= {σp}p≥1 ∈S∞. Setting

Yp(σ)= 1
p
〈 [σp = 0]− α̃p, θ̃ 〉 ,
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it follows by (18) that∫
S∞

( ∞∑
p=1

|Yp|2
)

dλ∞ =
∞∑

p=1

∫
S p

|Yp|2 dλp ≤ A Cθ̃

∞∑
p=1

1
p2 <+∞ ,

which yields the desired conclusion.

Proof of Theorem 1.6. This follows from (19) and from Theorems 1.1, 1.4, 1.5, and
Corollary 1.3. �
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