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CONVERGENCE OF KAHLER-RICCI FLOW

GANG TIAN AND XTAOHUA ZHU

0. INTRODUCTION

In this paper, we prove a theorem on convergence of K&hler-Ricci flow on a
compact Kahler manifold M which admits a Kéhler-Ricci soliton. A Kéhler metric
h is called a Ké&hler-Ricci soliton if its Kéhler form wy, satisfies equation

Ric(wh) — Wh = Lth,

where Ric(wy,) is the Ricci form of h and Lxwy, denotes the Lie derivative of wy,
along a holomorphic vector field X on M. As usual, we denote a Kéahler-Ricci
soliton by a pair (gixs,X). According to [IZ1], X should lie in the center of a
reductive Lie subalgebra 7, (M) of n(M), which consists of all holomorphic vector
fields on M. If X = 0, wy, is just a Kéhler-Einstein metric. Since wy, is d-closed,
we may write Lxwp = g(i’)g@ for some real-valued smooth function 6. It follows
that the first Chern class ¢; (M) is positive and it is represented by wy,.

The Ricci flow was first introduced by R. Hamilton in [Hal. If the underlying
manifold M is Kahler with positive first Chern class, it is more natural to study
the following Ké#hler-Ricci flow (normalized):

295 = —Ric(g(t,)) + g(t. ),
(0.1)

9(0,-) = 9o,
where gp is a given metric with its Kéhler class representing ¢1 (M ). It can be shown
that (0.1) preserves the Kéhler class.

Let Aut,(M) be the connected Lie subgroup of the automorphism group of M
corresponding to 7,.(M). Let K be a maximal compact subgroup of Aut,.(M).
According to [TZ1], we may assume that a K&hler-Ricei soliton (gxg, X) is K-
invariant and the imaginary part Im(X) of X generates a one-parameter subgroup
Kx of K. The following is our main result.

Main Theorem. Let M be a compact Kdahler manifold which admits a Kdhler-
Ricci soliton (g s, X). Then any solution g(t,-) of (0.1) will converge to the gk s
in the sense of Cheeger-Gromov if the initial Kdhler metric gy is Kx-invariant.

Corollary. If M admits a Kdhler-Einstein metric, then any solution of (0.1) will
converge to a Kdhler-FEinstein metric in the sense of Cheeger-Gromov for any initial
Kahler metric go with Kdhler class c1(M).
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676 GANG TIAN AND XTAOHUA ZHU

This corollary was first announced by G. Perelman [P2] when he was visiting
MIT in the Spring of 2003.

Our proof of the main theorem is to study a certain complex Monge-Ampere
flow which arises from (0.1). The flow of this type has been studied before by many
people (cf. [Cal], [CTI], [CT2]). Indeed, our proof used a deep estimate of Perelman
([P2]; also see [ST]). We combined Perelman’s estimate with estimates on solutions
of complex Monge-Ampere equations we have used in our proving the uniqueness
of Kéhler-Ricci solitons [TZ1].

The organization of this paper is as follows. In Section 1, we describe an un-
published estimate of Perelman on the time derivative of potential functions of
evolved Kéhler metrics along the Kéhler-Ricci flow. In Section 2, we use the rela-
tive capacity theory, which was first developed in [Ko| and adapted to the case of
Kihler-Ricci solitons in [TZ1], to obtain a C%-estimate for a certain Monge-Ampere
equation. Then in Section 3, we obtain a global Harnack-type inequality for solu-
tions of complex Monge-Ampere flow associated to the Kéhler-Ricci flow (0.1). In
Section 4, we derive monotonicity of the generalized K-energy introduced in [TZ2].
A CP-estimate on a modified complex Monge-Ampere flow is obtained in Section 5
and the Main Theorem will be proved in Section 6.

1. AN ESTIMATE OF PERELMAN

In this section, we first reduce the Kahler-Ricci flow to a fully nonlinear flow on
Kaher potentials. Then we discuss a recent and deep estimate of Perelman.
Let (M, g) be an n-dimensional compact Kéhler manifold with its Ké&hler form

wy representing the first Chern class ¢;1(M) > 0. In local coordinates z1,-- -, zy,
we have
V=T & ; ; o 9
= — .fd 2 /\d_-7 e _— ).
Wy = 5o i;:lglj ' NdZ, g;; g(azi7 &Zj)

Moreover, the Ricci form Ric(w,) is given by

R;; = —0;0;1og(det(g;7)),
Ric(wy) = %2 Y0 Rizdz! AdZ.

Since the Ricci form represents c¢1 (M), there exists a smooth function h on M such
that

e

5 00h.

(1.1) Ric(wg) —wy =
An easy computation shows that the flow (0.1) preserves the Kéhler class of its
solution g(t), so we may write the Kahler form of g(t) at a solvable time ¢ as

V-1
= ——00
Wy = Wy, + o ¥
for some smooth function ¢ = ¢(t,-) = ;. This ¢ is usually called a Kéhler po-
tential function associated to the Kahler metric g(¢). Using the Maximal Principle,
one can show that (0.1) is equivalent to the following complex Monge-Ampere flow
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CONVERGENCE OF KAHLER-RICCI FLOW 677

for (t,-):
9 det(g,7+¥,3)

(1.2) { o ~le =ty te—h
©(0,-) =0.

Observe that %—fh:o = —h.

Differentiating on both sides of (1.2) on ¢, we have
00p _ \0p O

R + ==,
ot Ot at = ot
where A’ denotes the Laplacian operator associated to the metric w,. Then it
follows from the standard Maximal Principle that

0
_ D < t
atgp(t7 )| — Ce ?

(1.3)

and consequently,
lo(t, )] < Ce”.
By using these facts and arguments in deriving the higher order estimates in Yau’s
solution of the Calabi conjecture [Ya], H.D. Cao showed that (1.2) is solvable for
all t € (0, +00) [Cal.
Using his W-functional and arguments in proving noncollapsing of the Ricci flow
[P1], recently, G. Perelman proved the following deep estimate [P2].

Lemma 1.1. Let ¢; be a solution of Monge-Ampere flow (1.2). Choose ¢; by the
condition hy = —%—f + ¢¢ such that

hy, n __ n
/ € Wy, = / Wy
M M

Then there is a uniform constant A independent of t such that
(1.4) |he| < A.

For the reader’s convenience, we will present a proof of Lemma 1.1 taken from
[ST] in the appendix. Lemma 1.1 is crucial in proving our main theorem. Recall
that h; is defined by (1.1) with w, replaced by w,, and can be different from a
constant. In Section 4 below we will further prove that ¢; is uniformly bounded

dp
and so 5 is.

2. RELATIVE CAPACITY AND CP-ESTIMATE

In this section, as in [TZ1], we will use the relative capacity theory for plurisub-
harmonic functions first developed in [Ko] to derive a C°-estimate on a certain
Monge-Ampere equation.

First we recall some notation which can be found in [BT]. For any compact
subset K of a strictly pseudoconvex domain 2 in C", its relative capacity in €2 is
defined as

cap(K, Q) = sup{/}{(ﬁ@gu)”| u € PSH(?), -1 < u < 0},

where PHS(2) denotes the space of plurisubharmonic functions (abbreviated as
psh) in the weak sense. For any open set U C €, we have

cap(U, Q) = sup{cap(K, Q) | for any compact K C U}.
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678 GANG TIAN AND XTAOHUA ZHU

The extremal function of K relative to €1 is defined by
ug(z) = sup{u(z)| v € PSH(Q)NL>®(Q),u <0 and u|lx < —1}.
One can show that v} (z) = lim,/_ ,ux (2’) is a psh function. It is called the upper

semicontinuous regularization of ug. A compact set K is said to be regular if
uwj = ug. The following are some properties of u}, (cf. [BT], [AT]):

uj € PSH(Q), —1 < wj <0, 11%19 ul =0,
(V=100u*)* =0 on Q\K,
U = — on K, except on a set of relative capacity zero.

Moreover, we have
(2.1) cap(K,Q):/(\/flagu‘;{)":/ (V—=100uj)™.
Q K

Lemma 2.1. Let Q be a strictly pseudoconvex domain in C™ and let u < 0 be a
smooth solution of the following complexr Monge-Ampeére equation on §:
det(u;) = f.
Suppose that u and f satisfy
u(p) >c(peQ) and

2.2 K, Q)3

(22) / fdv < Acap(K, ) —PED

K 1+ cap(K, Q)3
for any compact subset K of Q). If the sets

U(s) = {z|u(z) < s} n Q"

are nonempty and relatively compact in Q" C Q' CC Q for any s € [S,S + D],
where S is some number, then there is a uniform constant C', which depends only
onc,D,5Q,Q, such that

(2.3) ~infu < CA° + D.

Proof. This lemma is essentially due to [Ko]. For the reader’s convenience, we will
include a proof using an argument from [TZ1]. Put

a(s) = cap(U(s),Q) and b(s) = /U (VT

Then we define an increasing sequence sg, s1, ..., Sy by setting sg = S and

s; = sup{s| a(s) < lir£1 ea(t)}
t~>sj_1
forj=1,..., N, where N is chosen to be the greatest integer such that sy < S+D.
By using an argument in Lemma 4.1 of [TZ1], we can prove

(2.4) S+D—sy < (Ae)wa(S+ D)
and
(2.5) sy — S < 2(Ae)w (1 4 nd)a(S + D)7s.

However, it was proved in [AT] (or Theorem 1.2.11 in [Ko]) that

/
cap({u < s}nN,Q) < <

s
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CONVERGENCE OF KAHLER-RICCI FLOW 679

where ¢’ depends only on ¢ and Q. Tt implies that

/

(2.6) a(S+D) < .

Combining (2.4)—(2.6), we get

/

D <22 +n6)(Ae)%(%_S)%.
It follows that
5 <Py 0 4 p
Consequently, we have
- 1Qn’fu < c’(@)"‘se‘sﬁS + D,
so (2.3) is proved. O

Lemma 2.2. Let Q) be a strictly pseudoconvexr domain in C™ and let u < 0 be a
smooth solution of the following complex Monge-Ampeére equation on §:

det(uﬁ) = fa
where f(>0) € LT (Q) for some ¢y > 0. Suppose that u satisfies
u(p) >c (p € Q).

Define U(s) as in last lemma. If the U(s) are nonempty and relatively compact in
Q" for any s € [S, S+ D] for some S, then for any positive § < 6y and € < €q, there
is a uniform constant C' = C(c, D, dg, €0, ', Q) such that

1
. n—+49 5
—bnlfuﬁc(&) ||fHL1+‘(Q)+D'

Proof. Let ug be the relative extremal function of a regular set K with respect to
Q and let v = cap™ = (K, Q)ug. Then v is a psh function and satisfies

/(\/—1351})" =1 and lim v=0.
Q

By Lemma 2.5.1 in [Ko], we have
A(U'(s)) < ¢ exp{—2m]s|}

for some uniform constant ¢’ independent of v, where A(U’(s)) is the Lebseque
measure of U'(s) = {v < s}. It follows that for any ¢ > 1,

[ <o+ Y- | jol9d
Q =17~

s—1<v<—s

o0
<Ql+ Z(s + 1)2e~ 27

i=1

—+o0
<9+ 0’64“/ sle™2™ s
2

2.7)

< C1272([q] + 2)! < C127F2(q + 2)712.
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680 GANG TIAN AND XIAOHUA ZHU
On the other hand, we have
cap(K, 9) (1 + cap™/O(K,) | fau
K
< [ ol ol
K
= /<|v|”+ [o["0+ %)) fdp

71.(1+e n(148)(1+e)
/ o +( / it
Q

Combining (2.7) and (2.8), we get
cap(K, Q)5

1+ cap(K,Q)3

)]

Li+e(Q)-

)

/ fdp < Acap(K, Q)
Q

where
nass) o (1 +0)(1+¢€)

( de

n(1+5)
56) P2 fll ey

Therefore, it follows from Lemma 2.1 that

n( )
A=20,2 +2)"5 2| e

< CQ(

. Co n+3nd )
—infu < C(5 ) Al 21+e ) + D
Now the lemma follows from replacing 3nd by 4. ]

Proposition 2.1. Let (M, g) be a compact Kihler manifold and let ¢ be a smooth
solution of the complex Monge-Ampére equation on M,

det(g;7 + ¢;5) = det(g;5) f,
supys ¢ = 0.
Then, for any positive 6 < &y and € < €g, there are two uniform constants C,C’
which depend only on g, g, €9 such that
. 1.,
—1]1\1}%0 < C(&) +6Hf||(z1+e(M) +C"

Proof. This is a direct corollary of Lemma 2.2 (cf. the proof of Proposition 4.1 in
[TZ1]). We omit its proof. O

3. A HARNACK-TYPE INEQUALITY

In this section, we use Proposition 2.1 to develop a C-estimate for solutions of
the Monge-Ampere flow (1.2).

Proposition 3.1. Let ¢ = ¢; be any solution of (1.2). Then, for any positive
0 < 1, there are two uniform constants C = C(g,n,0) and C' = C’(g,n,d) such
that

oscarp =sup e —infp < C(/ <p(wg _ wg))nJré + .
M M M
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CONVERGENCE OF KAHLER-RICCI FLOW 681

Proposition 3.1 is analogous to Proposition 4.2 in [TZ1] for the complex Monge-
Ampere equation which arises from the equation for Kéhler-Ricci solitons.

As before we assume that (M, g) is an n-dimensional compact Kéhler manifold
such that wy represents the first Chern class ¢ (M) > 0. We need two lemmas in
order to prove Proposition 3.1.

Lemma 3.1 (Poincaré-type inequality). Let h be the smooth function deter-
mined by the relation (1.1). Let C*°(M,C) be the space of complez-valued smooth
functions. Then for any ¢ € C*°(M,C), we have

(3.1) [ ety > [ ipen;.
where

~ 1 n
b= [ ey,

In particular, for any ¢ € C*(M), we have

— 1
(3.2) / |8<p|26hwg > / gogehwg - V(/ wehwg)Q.
M M M
Proof. Let L be the linear differential operator on C*° (M, C) defined by
Ly = Ap+ (Oh,0), for € C™(M,C),

where A denotes the Laplacian operator of g. Then L is elliptic and self-adjoint
with respect to the following Hermitian inner product:

(W, &) = /Mw’ehw:;, for 1,4 € C®(M,C);

namely,
(LY, ¢ )n = (¢, LY ).

It follows that all eigenvalues of L are real. Denote by 0 = Ag < A1 < ... < \; <.
the sequence of eigenvalues of L and by ; (i = 0,1,2,---) the corresponding
sequence of eigenfunctions with the property (15, ;) = 0;;, for any ¢, j. Note that
1o is constant. Then {v;} is a complete orthonormal basis of the space W12(M, C)
with respect to the weighted L2-norm (-, ). On the other hand, using the Bochner’s
technique, one can prove that Ay > 1 ([F2]). So (3.1) holds, so does (3.2). O

Lemma 3.2. Let ¢ = ¢; be any solution of (1.2). Then there is a uniform constant
co > 0 independent of t such that

Co n
(3.3) /M exp{— %5 (0 = sup )} < C.

where I(p) = 3 [}, (wi —w?) > 0.

Proof. As in [TZ1], we will use an iteration argument to prove this lemma. Without
loss of generality, we may assume I(p) > 1.
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682 GANG TIAN AND XTAOHUA ZHU

Let @ = ¢ — sup,; ¢. Then for any p > 0, we have

/ (‘@)”(wg - w;b_l A wg) = g (_a)ivag(@) AL
M M

—p2£ (!
T JMm

It follows that

1 n 2
(3.4) /M B(—p) P P < ML /M<—¢>pw:;.

+1

Applying Lemma 3.1 to function (—%)“z in the case of the metric Wy, We have

— o p 1 _ n
(3.5) /M|a(*90)p2 ehtww Z/M( P)Ptle Mw sat7V(/M(ﬂp)(pﬂ)/zehtw%)z,

where h; = —%—f + ¢; which are uniformly bounded for ¢ (cf. Lemma 1.1). Thus by
using the Holder inequality, we get

[ Coprion o[ (omeu, + L [ (oo, [ (o,
M M M

and consequently

6o [ e <dh [ oraneg [ o [ pwn

where c, ¢’ are uniform constants.
By the mean-value inequality, we have

supgpgvfl/ pwy + C.
M M

It follows that

S/ plwy —wy) +CV
M
< al(p),

where a is a uniform constant. Thus inserting this inequality into (3.6), we get

(3.7) /M< PP < ad (p+ I(p)) / (—p)Pul.

M

Iterating (3.7), we have

/ (—p)PH 1wl < 2acT(0))?(p + 1) / (—p)l < (T(@)PH (p+ 1)
M

M
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CONVERGENCE OF KAHLER-RICCI FLOW

Now choosing & < m, we obtain

“+o0

Ep
N i / (—p)Pul
/M ? pz_(:)p! M ¥

Put ¢y = 5. Then (3.3) is proved.

ac’*

683

O

Proof of Proposition 3.1. Let ¢; and hy be given as in Lemma 1.1. Let @ = ¢ — ¢

and @ = ¢ — sup,; ¢. Then (1.2) becomes

(3.8)

det(g;7 + ¢;7) = det(g;3)f,
supys @ = 0,

Wheref:h—i—%—f—ct—@:h—ht—@. Since

we have
(3.9) 0<c < / e_aw;‘ <eo
M
for some uniform constants ¢; and co. This implies
(3.10) supp > —C and infp < C.
M M

By (3.10) and Lemma 3.2, we have

Co

/M exp{~(1+ 7Py < oo /M exp{~ 77 (P~ sup ) — P}

I(p)

Co

:ecOc/ exp{———= (¢ —supp) — Plw

Co
<C/ =% (o n < .
< Mexr){ I(@)(so Skzpso)}wkpf 2

It follows that

||f\|L1+%(M) < Cs.

Thus, applying Proposition 2.1 to (3.8), we see that for any 6 > 0 there are uniform

constants C4 and C5 only depending on § such that

. M —_ M = < n+6 .
SJI\I/[p ©® 1]r\14f © 111\14f @< Cyl(p)"™ 4+ C5
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684 GANG TIAN AND XTAOHUA ZHU

4. MONOTONICITY OF GENERALIZED K-ENERGY

In this section, we show the monotonicity of the generalized K-energy intro-
duced in [TZ2] along the K&hler-Ricci flow. Since M has positive first Chern class,
associated to any holomorphic vector field X on M, there is a unique smooth,
complex-valued function 6x = 0x(g) on M such that

. =175
{@Xwg = "3 00x,
Ox, n __ n
fM € Wy = fM Wy s

where ixw, is the interior product of X with wy, that is, ixw,(Y) = wy(X,Y) for
any vector Y. The first relation above implies

(4.1)

: v—1 -
Thus we see that (gxg, X) is a Kéhler-Ricci soliton if and only if A = 8x modulo
a constant, where h is a smooth function determined by the relation (1.1) associ-
ated to the metric gxs. As an obstruction to Kéhler-Ricci solitons, the following

holomorphic invariant was introduced in [TZ2]:
Fx(v) = / v(h — 9X)69Xw2, v € n(M),
" .

where (M) denotes the Lie algebra consisting of all holomorphic vector fields on
M. When X = 0, the functional Fx(-) is just the Futaki invariant [F1]. It was
shown in [TZ2] that Fx(-) is independent of the choice of Kéhler metric g and
Fx(-) = 0 if there exists a K&hler-Ricci soliton (gxs, X) on M.

Let n,(M) be a reductive Lie subalgebra of n(M) and let X € n,.(M). Let Kx be
the one-parameter group generated by Im(X) and let g be a K x-invariant Kéahler
metric. Set

Mx(wg) ={p € C®(M)| wy = wy + %85@ >0, Im(X)(¢) = 0}.

Associated to the invariant F'x(-), the following functional on M x (w,) was intro-
duced in [TZ2]:

@)=~ [ [ ilRieton) ~

-1 _

— g(@@@x(ww) —d(h
where ¢ = ¢y (0 < t < 1) is a path connecting 0 to ¢ in Mx(wy), Ox(wy) =
Ox + X () and Ric(wy) denotes the Ricci form of wy. If X = 0, then f,, (¢) is
just Mabuchi’s K-energy [Mal.

Let X be in the center of n,.(M) and let Aut,.(M) be the connected subgroup

associated to n,(M). Then

wo = O0x (W) A BOx (wy))] A e Wi At

p*Lxw, = Lx(p*wy,), V p € Aut,(M).
Thus if ¢ € Mx(wy), then
0, € Mx(wy), V p € Aut,. (M),
where ¢, is the Kahler potential function determined by

e

-1
*w, = ——00yp,.
p Wy =Wy + o Pp
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CONVERGENCE OF KAHLER-RICCI FLOW 685

Moreover, analogous to the case of the K-energy and the Futaki invariant, we have
the following for fiy,

dfi, (©p,) _
. Re(Fx (v)),

where p; = exp{tv} is a one-parameter subgroup generated by a holomorphic vector
field v on M. This implies that if Fx(-) = 0, then

(4.2) fheo, (pp) = Pl (¢), ¥V p € Aut,.(M).
Note that X must lie in the center of n,(M) if Fx(-) =0 [TZ1].

Lemma 4.1. Let ¢ be a solution of the flow (1.2). Suppose that the initial metric
g is Kx-invariant and that the holomorphic invariant Fx (.) vanishes. Then

(4.3) fiw, (¢) < 0.

Proof. Let oy = exp{tX} be a one-parameter subgroup in Aut,(M) generated by
X and let ¢' = ¢,, be defined as above for the subgroup {o;}. Then w, satisfies
the modified Kéhler-Ricci flow,

0
—w
ot *
Then, using integration by parts, we have

dfs
(45) Peale) L [ G e X w0 <0

It follows that

(4.4) = —Ric(wy) + wyr + Lxwyr.

fiw, (") <0,
and consequently, by (4.2), we get (4.3). O

It was shown in [TZ2] that if M admits a K&hler-Ricci soliton (gxs, X ), then
the functional fi,, (-) is bounded from below on Mx (w,). So by (4.5), we have

1 oo _ / ,

It follows that

1 o _890/ 2 Ox+X(p')—t n
By using the Maximal Principle, we get from (4.4) that
0y’ det(g;; + ¢37)
(4.7) L4 Y T L X))+ — h+ O

ot % det (9:7)

Differentiating the above equation on ¢, we obtain

0 ¢’ 0y’ Oy’ 0y’
4. —ZF N4 X
(4.8) ot ot or TX ) T
Let 5
_ LP eIx+X n
ay = at X (¢’ ) tP .

Then it is easy to see that

da n
(49) e ML 2 [
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686 GANG TIAN AND XTAOHUA ZHU

Lemma 4.2. Suppose that M admits a Kdhler-Ricci soliton (gks,X). Let g be
a Kx-invariant Kdhler metric on M. We choose h in equation (1.2) by adding a
suitable constant so that

(4.10) i/ (h—ex)wnz—l/oo/ H58—¢||260X+X(*”/)’t(w D™ A dt.

Then the solution ¢'(t,-) of (4.7) with the initial condition ¢'(0,-) = 0 satisfies

lim 8—@/69}( +X(‘Pl)w3, =0.

t—oo Jar
Proof. By (4.9), we have

(e_tat) — 78@/ ! n
(4.11) - /,¢ t||3ﬁ||2€ex+x(@)(ww’) :
Note that P
h—0x = *afih:o

and

oo _9 / ,
o= [ [ 1% ey
0 M
Then we have

[ee] _a / ,
at:/ et’s\|88—ﬁ||2eex+x(*”)(wwz)"/\ds
t

o 9y ,
< [ IR e XD ) A
t
— 0, as t — oo.
Thus the lemma is true. ]

Proposition 4.1. Suppose that M admits a Kdhler-Ricci soliton (gxs, X). Let ¢
be a solution of (1.2). Suppose that the initial metric g is K x-invariant and that h
is normalized as in Lemma 4.2. Then the constants c; in Lemma 1.1 are uniformly

bounded. Consequently, the %—f are uniformly bounded.

Proof. Let ¢'(t,-) be the solution of equation (4.7). Then

99" _ ¢ /

— =440 X .

o = ot TOxTXE)
Thus by Lemma 4.2, we get

| —8—¢69X+X("°,)w”,| <C

v ot el =

for some uniform constant C', and so
Ve < C + |/ hye?x X @gn, .
M

Here we use the fact that the | X (¢)| are uniformly bounded for any 1 € Mx (wy)
[ZL]. Therefore by Lemma 1.1, we obtain
C
‘Ct| < v + A

and 5 o
'
L < = 4+ 2A. O
A
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5. A CO-ESTIMATE

In this section, we use the properness and monotonicity of fi,, () to derive the
CP-estimate for solutions of (1.2). We will assume that M admits a Kihler-Ricci
soliton (ng, X)

Let us recall two other functionals on M x (w,) introduced in [TZ2]:

~ ~ 1
Fo,(0) = () = 3 @eex — log( V/ "ew)
5.1
o =——/ / aw efx X (W )w”/\dt—log(i/ eh*“’w”)
P vV Ju g
and
19 n 0 X n
V/ / (e"Xwpy —efxF (w)wl/,)/\dt,

where ¥ = (0 <t < 1) is any path from 0 to ¢ and both functionals are
independent of the choice of path [ZL]. The following result was proved in [TZ2].

Lemma 5.1. We have
- 1 1
() = Foy(0) = 3 [ (i, = 0x = XN ¥+ 2 [ (007,
g g V M ¥ V M

where h and h,,, are smooth functions determined by the relation (1.1) associated
to wy and w,, respectively, and normalized by

h, n _ hy n o __
/ewg—/ etvew, =V.
M M
In particular, we have

(5.2) fiw, () = Fuu, (p) = C.
The following lemma was proved in [CTZ] by using the same arguments in [TZI].

Lemma 5.2. Assume that M admits a Kdhler-Ricci soliton (grs,X), and let
A (wis, X) be the space of eigenfunctions of the first nonzero eigenvalue of the
second order elliptic operator L defined on Mx (wks), where

Lo=A0gysp+ X(¢).
Then for any ¢ € Ay (X, gxs)t, we have
(5.3) Fus(9) 2 Clyye ()75 —C'

for some uniform constants C' and C’, where
1 n \4 -1 = n
Lows () = v /M p(wks — (ks + 786@ ).

In order to apply the above lemma to obtain a CY-estimate for solutions of
(1.2), we shall modify the flow. Let p; € Aut, (M) be a family of holomorphic
transformations on M. Let

=1 _
(54) w¢, = p;“w@ = wg + ?88@
where w,, is the evolved metrics in the flow (1.2). Then wg satisfies
0 .
(5.5) 5P = —Ric(wg) + wp + Lyexywo
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where X = X, = p; ! - % € n(M) is a family of holomorphic vector fields on M.
Consequently we get a Monge-Ampere flow for ¢ (modulo a constant),

@ - det(gij + @i})

(5.6) at 8 det(g;7)

+Re(X (@) + @ — h+Re(f5),

where 6 ; is the smooth function defined by (4.1) for the holomorphic vector field X.
From the proof of the uniqueness of Kéhler-Ricci solitons in [TZ1], one can choose
a holomorphic transformation p; for each t so that ¢(¢,-) — ¥y € Aj(wgs, X)*,
where Uq is a smooth function satisfying

V_laém@

5.7 = vy -
(5.7) Wg = WKS o

Proposition 5.1. Suppose that M admits a Kdhler-Ricci soliton (9xs, X). Let ¢
be a solution of (5.6). Suppose that the initial metric g is Kx-invariant and that
h is normalized as in Lemma 4.2. Then there is a uniform constant C' such that

(5.8) Illcon < C.

Proof. Note that the existence of Kahler-Ricci soliton (gx s, X) implies that Fix (-) =
0. By (4.3) in Lemma 4.1, we have

fiury () = fiu, () < 0.
It follows that
ﬁwKs (55 - \IIO) = [was(_\llo) + [ng (95)
< ﬂgxs(_‘yo)'

On the other hand, by Lemma 5.2, we have

Fapes(§ = Wo) > Ol (§ — Wo) 755 — C.

Thus by Lemma 5.1, we see that there is a uniform constant C7 such that
Logs (@ — Vo) < Ch.

This shows that

(5.9) 1(¢) < O

It is clear that (5.6) is equal to

S 0 .
(5.10) det(g;; + 35) = det(g) exp{h + 57 0 pi = }.

Since %—f o p¢ is uniformly bounded (Proposition 4.1), we can apply Proposition 3.1
to the solution ¢ of (5.10). Thus by (5.9), we have

oscyp < C’g(l’(gb)’”rl +1) <Cy.

The estimate (5.8) follows from this. O
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6. HIGHER ORDER ESTIMATES AND PROOF OF MAIN THEOREM

In order to get higher order estimates of solutions to (5.6), we shall modify the
gauge transformations again which appeared in Section 5. The argument used here
is similar to one in Sections 6 and 7 in [CT2]. First we observe

Lemma 6.1. Let p; be a family of holomorphic transformations defined in Section

5. Then for each integer i = 0,1, ..., we have
(6.1) lpiy-pi =1 <C
for some uniform constant C, where the norm || - || denotes the distance between

two elements in Aut(M).
Proof. Let ¢ be a solution of (5.6). Then
/—

* 1 9,
(pi) wy, = wg, = wy + 733%
and

-1 _
(pi+1)*w<ﬂi+1 =Wg, 1 = Wy + ?aa@i"rl'

It follows that
(pi)*wtpi+1 - (pi)*wsﬁi = (pi+1 ' (pz‘_Jrl1 : pi))*wiﬂi+1 - (pi)*w%
V=1 B R B .
= ?38[80%1 : (Pi+11pi) — @] + [(pi-i-llpi) Wy — wgl.
Thus
B . 1 B _ i+1 asp
(piipi)fwy —wg = — 5 901Pis1 - (Pi1pi) — @i+ (/ 5 - pil-
Since the smooth function
G=qir1-(pilipi) — i+ (/ adt) P
is uniformly bounded by Proposition 4.1 and (5.1), we have
lpiipi — 1| < C
for some uniform constant C'. O

Using Lemma 6.1, one can choose a modified family of holomorphic transforma-
tions p, € Aut,.(M) (0 < t < 00) to replace p; such that for any t € (0,00) (cf.
[CT2]),

(6.2) loi i, — Id| < C

and

(6.3) 1.2, < c
a7

where the (p; ). % = X € n,(M) induce a family of holomorphic vector fields on
M. Furthermore, for any k£ > 0, we may assume that there is a constant Cj such
that
X,
”W lg < Ch.
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Let © = i, be a family of smooth functions determined by

/1 _
D) w, = ——00%.
(P1) wy = wg + o ¥

Such a family is unique modulo addition by constants. Then by adding appropriate

constants if needed, we may assume that @ satisfies a complex Monge-Ampere

equation

_ dp _  _
(6.4) det(g;7 +9i7) = det(g;3) exp{h + - - — P}
Since

N Y s S
500 = (p; Py — I)"wy + —09((p: '7,)"P),

Proposition 5.1 implies that
(6.5) I@llcoan < C

for some uniform C'

To obtain a C?-estimate and C®-estimate for p, we need to further modify
the Ké&hler-Ricci flow equation. Let oy = exp{tX} be an one-parameter sub-
group generated by X associated to the Kahler-Ricei soliton wgg and let w, =

(77" - 00) wics. Define f, = f,, by
V-1
2

Since (p; ' - 04)*wk s is also a Kéhler-Ricci soliton w.r.t to X, we may assume that
f, modulo a constant satisfies the equation

99,

(py ' 00) wis = wis +

(6.6) det(.‘]ﬁ + (fp + \1/0)2.3) = det(gﬁ)eh—ex—X(fp+‘lfo)—fp—\llo7
where Uy is given as in (5.7). Differentiating the equation on ¢, we have
fp | 9/, of,
Ao 9T (9le
"ot o ( ot )
where A, = A, is the Laplacian operator of the metric w,. This implies
I — L0f,
(6.7) 8—: = (Popy b at) 8—:\t=o-
On the other hand, % satisfies
v—1_=0f
Ly _x(wp,) = 5—00—"

o ot
It follows that modulo constants, we have

of
a—tp = eXfy(th)’

where 0y _<(w,,) is determined by

{uﬂ%=§%xw»

Observing that
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we can deduce
Oy < 0o < C
10x_x(wp,) — E' =

for some uniform constant Cy. In particular,

|

Combining this Wlth (6.7), we get

|t ollcoary < 110x _x(wp,)li=ollcoary + Co-

H HCO(M) <C.

Moreover, for any integer [ > 0, one can have
of,
19Jp
pE”wP S Ca
where V! denotes the I-th covariant derivative with respect to the metric w,.
Let ¢ = ¢y = (p; ' - 0¢)*(@ — Wp). Then ¢ is uniformly bounded. Note that 1)
satisfies

(6.8) |V

1 _
o)'wgs + ——00)
2

=wg + g@g@p +fp+ Vo),

=

where w, is defined as in Section 4. Thus by (4.4) and (6.6), we get a parabolic
equation for :

aw Wn/ af
L —log -2 + X _ 2P
5 = 18 " +XW) Y-
This is equivalent to
oY (W, + LL80y)" af,

. — =1 T X —=£,
(6.9) 5 =log B X W) -
Since

(wp—’_%aaw)n :( —1.0_)*( % )
wy ¢ K Wi e
and
[log 2| = log 2 +log |
KS g KS
0
—|h+£-p p+log—L|<C
ot n
we have
V=159
og( et 22 000"
wﬁ
It follows that
(wp + LLay)" af,
\ |<|1 g( o )+ X @)+l + |57 < ¢
P
Here we have used the fact that the |X(¢)| are uniformly bounded for all ¢ €

Mx (wg) [Zh).
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Lemma 6.2.

(6.10) n+ Ay <C.
Proof. Let A" = A} be the Laplacian operator associated to w,. Set
o 3f
F=a-X (V) =+ p

Then for sufficiently large ¢, using (6.9) and followmg arguments in [Yal, we compute
A(e™(n+ App)) > e Y[AF — Cy — en(n + A1)
(6.11) n 1

+ (n+Ap1/))izzll+¢ﬁ

where we choose a local coordinate system at a given point p € M so that w, =

I,

N O

% S, dz' Adz' at p and C; depends only on the metric wxg. Note that

0 0
AL F = Apa—lf —(n+A)+n—A,X () + Ap%
0
2 57+ 8p%) = (IVpXllw, + 1)+ Aptp) — c(n+ Apy)) s;ZpX(u;)
,ecw(X(efcw(nJrpr Z afp ”wﬁJrAp%
i=1
and
IVpXllw, = VX luks-
Thus by (6.8), we get
0
(6.12) A,F > &(nJrpr) —Co(n+ App) —
— e (X (™ (n+ Ap))).
Since
S s T+ P+ )
i=1 (O
— e (n 4 Apy) T
> Cae™ (n+ D)
and
0 0 0
(et Ag) = P 1+ Agth) — S+ A0
<e 0 —(n+ Ap0) + Cs(n+ Ay0),

ot
we get from (6.11) and (6.12) that

(6.13) = 5 (e + D)) + Al (n+ Agy)) + X (7 (n+ A)
2 6_0'4/«'(_06 - C’?(TL + A;{Q/J) + Cgeﬁw(n + qul))lJrﬁ)'
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Applying the Maximal Principle to function e~ (n+ A1) in (6.13), we obtain
n+ Ay < Cexp{e(y — i]I\14f ) H1 + exp{— i]r\}lf Ph).

Then (6.10) follows from (6.5). O

Proposition 6.1. Assume that M admits a Kahler-Ricci soliton (gks, X ). Then

(i) the metric wy + %85@ is uniformly equivalent to the metric wgy;
(ii) we have a uniform estimate
[@llcsan < C.
Proof. It follows from (6.9) and Lemma 6.2 that
0<c §n+pr§c2.
It follows that
cp<n+ AUJKS(G_ \IIO) < co.

Then (i) follows easily from this.
For the third derivative estimate, we consider Calabi’s function

S =979 g iz,

where (g'¥7) is the inverse of the Hermitian matrix function associated to the metric
w, + %851/}. Note that S is equal to the quantity

—iT— 6] —kt

) (‘,0 \Ilo)z]k((p \Ijo)rsta

where ()7 denotes the inverse of the Hermitian matrix function associated to the
metric wg.
Following Calabi’s computation as in [Yal, by Lemma 6.2, one can get

0
E)(S + CAp’lb) > C18 — Cs.

Here ¢ is sufficiently large, and C7 and Cs are uniform positive constants depending
only on the metric wgg. Then by the Maximal Principle, we see that S < C. Hence
by part (i), we obtain

(Ap -

l@llcs ) < C'. O

Proof of Main Theorem. We shall prove that wy, converges to a Kahler-Ricci soli-
ton. First we show that the solution % of (6.4) has uniformly bounded C*-norms.
Note that © is a solution of the following equation:

0p _ o det(g;7 +@;5)
ot~ 08 det(g,7)

Differentiating this equation on zj in a coordinate chart of M with local holomor-

(6.14) +Re(X(®)) + @ — h + Re(b%).

phic coordinates (z1, ..., 2,), we have
8 8@ ~0¢g.~ =007 _
! =gv L g "2 5 — (h—Re(fx — X(P)))k.
Since A’ is umformly elliptic and s at least of C“ (0 < a < 1), by the standard
Schauder estimates, we see that £2 has a uniform C?®-norm. Slmllarly, =2 has a

uniform C%“-norm. Hence, the C’3 “qnorm of @ is uniformly bounded. Repeatlng
this process, one can easily show that the C*-norm of % is uniformly bounded for
each integer k£ > 0.
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From the above arguments, we see that for any sequence of functions ©,, there is
a subsequence which converges to a smooth function @, on M in the C*-topology.

Next we show that w, + %a%m is a Kéhler-Ricci soliton. Let o, = exp{tX}
and 0’ = o] = 0;1 - P Since

[ 1) Gl XD = [T X

then by (4.5), we have
- o¢’ - djiw, (@)
6.15 D((a') =V|12 fx+X @) yn — MW \F )
(6.15) J By S, e X Py —
By the lower bound of fi,, (¢’) [TZ2], one concludes that there is a sequence of ;,
i=1,2,..., such that X; — XOO and

(6.16) [ By S, i, 0. as i
On the other hand, by (4.4), we have
V=1 _ 9o’

Then the C*-norm of (o’ )*%g@’ is uniformly bounded, so there exists a convergent
subsequence of (0/)* ¢/ Hence by (6.16) and Lemma 4.2, we conclude that
(0/)* 2 (t;,-) (still denoted by the same indices t;) converges to zero in the C*-
topology, and consequently, by (6.17), Kéhler metrics wg, converge to a Kahler-

Ricci soliton associated to a holomorphic vector field X,. By the uniqueness [TZ1]
and [TZ2], we see that Xoo = X and the limit Kéhler-Ricci soliton w, + ¥ 2995,
must be f*wkgs for some element § € Aut,.(M). For simplicity, we may assume
that 8 is just the identity in Aut, (M).

It remains to prove that wgp, converges to (wg + %a%w,){) as t goes to
infinity. If this is false, then there is a convergent sequence wg,. whose limit is not
(wg + gfﬁ_m, X). But by (6.15) and the lower bound of f,, (¢'), we see that
for any fixed number € > 0 there is a sequence s; € (—e +t;,e +¢;), i = 1,2,.
such that relation (6.16) holds for the sequence (¢”)* %> 2|, _ s;- It follows from (6. 17)
that wy_ converges to (wy + %85¢OO,X ) in the C’k sense. On other hand, on
cach interval [—€+ti, e + 1], D — P, satisfies the following Monge-Ampere flow:

L \/_ — n
0 ©— P, (w + 88(()0_41031)) ~/— —  —
( 375 1) :]og Pei +RG(X(@—§051))+(@—§051)+G7
wg,
where
8@ Y_% \5
H = ——>|s, + Re(fx — 0%, ) + Re((X — X))

ot
Note that ||H||cx ) < Ce, when i is sufficiently large. Thus by using the implicit
function theorem, we see that

1@ — Ps:llerny < O(e), V€ [—e+tie+ti,

when 4 is sufficiently large. Here d(¢) — 0 as ¢ — 0. Since e can be chosen to
be small, the sequence @, will converge to ., which contradicts the assumption.
The proof is completed. O
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Remark 6.1. To get the C?-estimate and C3-estimate of ,, we used (6.9) instead
of (6.14). The reason for this is that in (6.9), the holomorphic vector field X is
fixed and X (¢¢) is uniformly bounded according to a result in [Zh], while in (6.14),
we do not know how to bound Re(X¢(%,)).

Remark 6.2. Following arguments in Section 10 in [CTT], one can further prove
that the evolved metrics wy, of (6.17) will exponentially converge to a Kéhler-Ricci
soliton with respect to X in the sense of Cheeger-Gromov. More precisely, there
is a family of automorphisms 3; € Aut,.(M) with ||3; — Id|| < C such that for any
integer k > 0 it holds that

ID* 15} (Ric(wg,) — wg, = Lxwg,)]lgxs < Crle)e > 27179 — 0, as t — oo,

where DF denotes the covariant derivative of degree k with respcet to the Kéahler-
Ricci soliton gixg and € > 0 is a small number and Ay > 1 is the second nonzero
eigenvalue of operator Ay, . + X(-) on the K x-invariant functions space.

APPENDIX

In this appendix, we outline a proof of Lemma 1.1 which is taken from [ST]. The
proof consists of three main steps.

Step 1. Let uw = —h;. Then we show that u is uniformly bounded from below.
To prove this, we need to introduce Perelman’s W-functional for a pair (g, f):
(A1) Wig.5) = [ [(R(g) + DS + fle~fav,,

M

where ¢ is a Riemanian metric on M and R(g) denotes the scalar curvature of g
and where f is a smooth function on M which satisfies a normalization condition

(A.2) / e~ fav, :/ v, = V.
M M

Let
u(g) = inf{W(g, f)| f satisfies (A.2)}.

It is easy to see that u(g) can be attained by some f. In [P1], it was shown that
w1(g(t)) is increasing if g(¢) is a family of evolved Riemanian metrics along the Ricci
flow. Since in our case of Kéhler-Ricci flow (0.1),

R(g(t)) = 4(=Du+n),

we have

C < ulg(t)) < W(g(t), he)
= / [4(=Au+ |Vul> +n) + ule™"wg = 4n/ W +/ ue “wg,
M M M

where A and V denote the d-Lapalace operator and the covariant derivative of type
(1,0) associated to metric g(¢), respectively. Thus

(A.3) / ue “wy > —Ch.
M

By (1.3), we have

du
A4 — =A
(A.4) 7 u+u+a,
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for some constants a = a;. Using (A.2), we get

:__/ ue” v n<Cl

On the other hand, by using the Maximal Principle, it is known that scalar curva-
ture R = R(g(t)) is uniformly bounded from below. Thus

0
(A.5) 8—?=—R+n+u+a§02+u,
where R = —Au + n is the scalar curvature of g(t) after a scale for the case of

Kahler metrics.
Now we assume that u(tg)(zo) < —2C3 < 0 for some time ¢y and some xo € M.
So it holds that

u(to)|u < —2C4
for some neighborhood U of zy. Thus
ou

8t<t0)|U<C2+u< —(C5 < 0.
It follows that
(A.6) u(t)|p < —Coe' 0 < —Cset,
for any t > tg. i
We choose some constants b; so that ¢ = @y = ¢y + by and u = %—f. Then by

(A.6), we have

P(t)|lo < —Cye!
for any t > to. Since ¢(t) is an almost subharmonic function, one can apply the
Green’s formula to obtain

(A.7) max @ < maxy @y + C(go) < —Che’ + C(go),
for any ¢t > tg9. On the other hand, by (A.5), one sees
0
—(u—@) < Cy.
BT (u—9) < Co
It follows that
(A.8) max @y > —Cot — max s (up — Po)-

(A.8) is a contradiction to (A.7) for sufficiently large t. This implies that u(t) >
—2(C' for any ¢ and so Step 1 is proved.
Step 2. Choose B so that u + B > 0. Then we claim

(A.9) |Vu|? < C(u+ B)
and
(A.10) —Au < C(u+ B).

(A.9) and (A.10) can be proved by using the standard Maximal Principle for the
parabolic operator % — A (see [ST] for details). For simplicity, we outline a proof
for (A.9).
By (A.4), we have
0

(57— D) (D) = —|VVu|* + Au
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and
0 —
(57~ N)|Vul? = —|[VVul?> — |[VVul? 4 |Vul?.
|Vul®
Let H = 5. Then
2(p _ 2 VL
(2 _AVH = [Vul*(B —a) |VVul* +|VVuyl
(A1) ot (u+ B)? u+ B
' N 2<Vu,V|Vu|2> L |Vu|*
(u+ B)? (u+ B)3’
After a simple estimate of the last three terms on the right side of (A.11), one shows
0 |Vu|>(B — a) (Vu,VH) ¢ |Vul*
— —NHL< ——— >+ (2— - =
(at JH = (u+ B)? +(2-9 u+ B 2 (u+ B)3’
for some small e. Thus one can use the Maximal Principle to get
maxy H < C.
This proves (A.9).
By (A.9), we get
(A.12) u(z,t) < CDiam(M, g(t))* + C".

So to complete Lemma 1.1, it suffices to prove that the diameters Diam (M, g(t)) of
M are uniformly bounded. Note that we can also get from (A.10) and (A.12) that

(A.13) R(g(t)) < CDiam(M, g(t))* + C"
and
(A.14) |Vu| < CDiam(M, g(t)) + C".

Step 3. Prove
(A.15) Diam (M, g(t)) < C.

We use an argument by contradiction to prove (A.15). The proof is similar to one
of Perelman’s noncollapsing theorems ([P1]). Let x = z; € M be a minimal point of
function u(t,y) and denote dy(z) = dists(x, z). Let By(ky, ko) = {2] 281 < dy(2) <
2F2} be an annuli in M. Then by using the noncollapsing result of Ricci flow ([P1],
[KL]) together with (A.13) and (A.14), one sees that the following statement is true
([ST]): If Diam(M, g(t)) is large enough, then for every € > 0 there exists By (k1, k2)
such that

(A].G) VOI(Bt(kl, kz)) < € and VOI(Bt(kl, ]{32)) S 210nV01(Bt(k1 + 2, kQ - 2))

Moreover, there exists ; and ro and a uniform constant C' such that 2 < ry <
2kl 9k < py < 2R2 L and

(A17) /| Rl < OVOIB b))

Now we suppose that there is a sequence ¢; such that Diam (M, g(t;)) — oc.
Then by the above statement there are sequences {ki}, {ki}, {ri} and {ri} such
that (A.16) and (A.17) are satisfied for these sequences. Let f; be a sequence of
smooth cut-off functions on R such that f; = 1 on [2’91*2,2’“5*2] and f; = 0 on
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(—o0, 78] U [r}, 00). Let u;(z) = e fi(di(2)) be a sequence of functions on M such
that [, ufw;f = [yrwa, by choosing suitable constants C;. Since

t;

VOI(Btz( ia ké)) <€ — 07

it is easy to see that C; — 0.
By the monotonicity of p(g(t)), we have

C < pg(t:)) < W(g(t:), —2Inw,)

=" 4| fl(disty, (2)))> — 22 In f;)w”
(A.18) - (Al a(diste, ()7 = 2f7In fi)wg,

—|—/ R(g(ti))ufwg - —2C;.
By, (T},rf) K
On the other hand, by (A.16) and (A.17), we estimate
[ mGuen, < [ R,
By, (ri,r%) By, (ri,r%)
< 0162ch01(Bti( 17]6%))
< 0129 210Vol(By, (KL + 2, kb — 2))

10n 2 n __ 10n n
§ 012 / uiwwi = 012 / wgo.
M M

(A.19)

Similarly by (A.16), we have
(a20) e[ s -2 e, < 02 [ g
Bti ( i 77‘1.2) B M

Thus inserting (A.19) and (A.20) into (A.18), we get
C§C3—2CZ'—>—OO,
which is impossible. Therefore, (A.15) is true.
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