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CONVERGENCE
OF NONCONFORMING MULTIGRID METHODS
WITHOUT FULL ELLIPTIC REGULARITY

SUSANNE C. BRENNER

ABSTRACT. We consider nonconforming multigrid methods for symmetric pos-
itive definite second and fourth order elliptic boundary value problems which
do not have full elliptic regularity. We prove that there is a bound (< 1)
for the contraction number of the W-cycle algorithm which is independent of
mesh level, provided that the number of smoothing steps is sufficiently large.
We also show that the symmetric variable V-cycle algorithm is an optimal
preconditioner.

1. INTRODUCTION

The multigrid theory for conforming finite element methods where the finite ele-
ment spaces on successive grids are nested is now well understood (cf., for example,
the books [42], [46], [10] and the references therein).

However, for certain problems the simplest finite element methods are noncon-
forming or conforming but nonnested. For example, the simplest method for the
stationary Stokes equations uses the Crouzeix-Raviart element (nonconforming),
and the simplest finite element methods for the plate bending problem use the Mor-
ley finite element (nonconforming) or the (reduced) Hsieh-Clough-Tocher macro-
element (conforming but nonnested). Also, some simple nonconforming methods
can overcome the phenomenon of locking in elasticity problems and plate problems
(ct., [5], [37], [28], [67])-

The convergence of multigrid methods for nonconforming elements was studied
in [14]-[18], [20], [21], [23], [49], [9], [43], [50], [62], [63], [52], [55], [64], [65], [68]
and [60]. The convergence of the multigrid method for macro-elements was studied
in [66]. The results for the nonconforming or conforming but nonnested multigrid
methods can also be obtained from the more abstract theory of Bramble, Pasciak
and Xu (cf., [13]) once their “regularity and approximation” assumption is verified
for each concrete problem. The results in all the papers (except [65]; see below)
cited above for nonconforming and macro elements have been obtained under the
condition that the underlying boundary value problem has full elliptic regularity.
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26 SUSANNE C. BRENNER

In this paper we study the convergence of multigrid methods for nonconforming
finite elements without assuming full elliptic regularity. We follow the methodology
of Bank and Dupont in [6], where the convergence of conforming, nested W-cycle
multigrid methods is established without full elliptic regularity. The two key ingre-
dients in their approach are: (i) the equivalence between mesh-dependent norms
and fractional order Sobolev norms on the finite element space, and (ii) a duality
argument involving fractional order Sobolev spaces. Since the nonconforming fi-
nite element space may not be a subspace of the fractional order Sobolev space,
there are no straightforward generalizations of (i) and (ii) to the nonconforming
case. We overcome this difficulty by relating the nonconforming finite element to a
conforming finite element.

The idea of using conforming “relatives” in the treatment of nonconforming
finite elements was first used in the context of additive Schwarz preconditioners for
nonconforming finite elements (cf., [22], [24], [25]). Let (K,P,N) and (K, P, N) be
two finite elements (cf., [30], [27]), where K is the shared element domain, P and
P are the spaces of shape functions, and A and A are the sets of nodal variables.
We say that (K,P,N) < (K,P,N)if P C P and N C N, and refer to (K,P,N)
as a “relative” of (K,P,N). Let V and V be the finite element spaces on the
same triangulation associated with (K, P,N) and (K PN ) respectively. Then
we say that V < V if (K,P,N) =< (K,P,N). Our idea is to find a conforming
finite element space V}, for a given nonconforming finite element space V4, such that
Vi, =< f/h. Then we obtain multigrid convergence results for V}, by exploiting its
connection with Vj,. In the theory we do not require that the Vj, on successive grids
be nested. Therefore, by applying the theory to Vi, = Vi, we also have multigrid
convergence results for conforming but nonnested finite element methods.

After the completion of the first draft of this paper, we learned that W-cycle
convergence in the (nonconforming) energy norm without full elliptic regularity
was obtained in [65] by a different technique. However, one of the assumptions
(Assumption A.4) in [65] concerns a discretization error estimate for nonconforming
finite elements which is not in the literature and was not proved in [65]. It turns
out that this estimate follows from our theory (cf., the remark after Theorem 3.8).
Thus the estimate from our approach combined with the theory in [65] would give
another complete proof of the W-cycle convergence in the (nonconforming) energy
norm.

The rest of the paper is organized as follows. In Section 2 we set up the notation
and assumptions of an abstract framework for our finite element multigrid analysis
which is applicable to both second and fourth order problems. Preliminary esti-
mates are established in Section 3. In Section 4 we obtain the convergence of the
k-th level W-cycle algorithm and the full multigrid W-cycle method in both the
(nonconforming) energy norm and a lower order norm. In particular we show that
the contraction number of the k-th level W-cycle algorithm is bounded away from
1 uniformly when the number of smoothing steps is sufficiently large. For fourth
order problems, the convergence in the lower order norm and the connection to
the conforming relative result in a better pointwise convergence rate for the non-
conforming method. We also prove that the symmetric variable V-cycle multigrid
algorithm is an optimal preconditioner. Applications of our theory to second and
fourth order problems are given in Sections 5 and 6.
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CONVERGENCE OF NONCONFORMING MULTIGRID METHODS 27

For future reference, we state the WW—cycle and variable V—cycle algorithms here.
Let V1, V4, ... be finite-dimensional vector spaces, and let Ay : Vi, — Vi, I,’j_l :

Vi1 — Vi and I,l:_l : Vi — Vi_1. The equation to be solved is
(1.1) Az =g.
The W-cycle multigrid algorithm. Let m; and ms be two nonnegative integers.
The W-cycle multigrid algorithm with initial guess zg yields WMG (k, 2o, g) as an
approximate solution to the equation (1.1).

For k = 1, WMG(1, 2, g) is the solution obtained from a direct method. In other
words,

WMG(17 20, g) = A_lg'
For k > 1, WMG(k, 29, g) is defined recursively in three steps.

e Pre-smoothing. Let z; € Vi (1 < 1 < my) be defined recursively by the
equations

1
(1.2) 2 =2z_1+A—(g—Ak2z-1), 1< <my,
k
where A dominates the spectral radius of Ay.
e Correction. Let g := I,f_l(g — Agzm,). Let ¢; € Vi—1 (0 <14 < 2) be defined
recursively by
(1.3) g0 =0, and
qz:WMG(k‘._laq’L—lag)v 1= 172
Let Zmi4+1 = Zm, + Illz_qu.
e Post-smoothing. Let z; € V}, (m1+2 <1 < my+mao+1) be defined recursively
by the equations
1
(14) zl:zl_l—l—A—(g—Akzl_l), m1+2<I01<mi+mg-+1.
k
Then WMG(k, 20, 9) = Zmq+ma+1-

The symmetric variable V-cycle algorithm. Let m; (j = 2,... , k) be positive
integers which are chosen so that Gom; < mj_1 < Bimy for j = 3,... .k, and
1 < By < (1. The symmetric variable V-cycle multigrid algorithm with initial
guess zq yields VMG (k, 2o, g) as an approximate solution to the equation (1.1).

For k =1, VMG(1, 29, g) is the solution obtained from a direct method. In other
words,

VMG (1,29, 9) = AT 'g.
For k > 1, VMG(k, 29, g) is defined recursively in three steps.

e Pre-smoothing. Let z; € Vi, (1 < 1 < my) be defined recursively by the
equations

1
. =z_ — (g — _ <[ <
(1 5) 21 Z1-1 + A (g Az 1), 1<I< mi,

where A, dominates the spectral radius of Ay.
e Correction. Let g := I,]:_l(g — Akzpm,), and

(1.6) g =VMG(k - 1,0,7).

Let zpy+1 = Zm, + I,’j_lq.
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28 SUSANNE C. BRENNER

e Post-smoothing. Let z; € Vi, (my, +2 <1 < 2my, + 1) be defined recursively
by the equations

1
(1.7) lezl_l—l—A—(g—AkZl_l), mg+2<1<2my+1,
k

Then VMG(k, z0,9) = 2om,,+1-

2. AN ABSTRACT FRAMEWORK

In this section we set up an abstract framework for our finite element multigrid
analysis, which will be carried out in Sections 3 and 4 under the assumptions
stated here. Throughout this paper, £ = 1 (second order problems) or 2 (fourth
order problems), and « € (0,1]. The case & = 1 corresponds to the case of full
elliptic regularity.

We begin with the continuous problem. Let V' be a Hilbert space and af(-,-) be
a symmetric bilinear form on V which is bounded and coercive:

(B) la(vi,v2)| < lvrl[vvellv Yor,ve €V,
(©) a(v,v) 2 |vllj; VveV

In order to avoid the proliferation of constants, we adopt the notation <, 2 and =~.

The statement F' < G (or G 2 F) means that F' is bounded by G multiplied by a
constant which is independent of mesh sizes. The statement F' ~ G means F' < G

and G < F.
Let F' € V'. The continuous problem is to find u € V such that
(2.1) a(u,v) = F(v) YveW
There exists a unique solution of (2.1) by (B), (C) and the Riesz Representation
Theorem.
We assume that there exist two other Hilbert spaces Z and W such that
(R-1) Z =V =W,
(R-2) lullz S Elw,

where F € W’ and w is the solution to (2.1).
Moreover, we assume the spaces Z and W are related by the following duality
estimate.

(D) (¢ o) S Cllzllvllw VCeZ veV.
Remark. In applications V is a subspace of H(Q2), W is a subspace of H‘~%(),

and Z is a subspace of H*%(Q). The elliptic regularity for (2.1) is then given by
(R-1) and (R-2).

Next we describe the finite element spaces. Let Vi, Vs, ... and V4, Va, ... be two
sequences of finite-dimensional vector spaces with corresponding mesh parameters

h1,ha,.... We assume that there exist positive constants C'; and Cs, independent
of the mesh sizes, such that
(M) Cirhg_1 < hp <Cohgp_1 and 0<C; <(Cy < 1.

We assume that the spaces Vi and f/k are connected to the spaces of the contin-
uous problem through the following relations:

(C-1) Vi CV  (ie., Vi is conforming),
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CONVERGENCE OF NONCONFORMING MULTIGRID METHODS 29

and there exists a Hilbert space X such that

(C-2) WX and Vi, Vo, CX for k>1,

(C-3) W =[X,V]i_(a/e);

where [X V]l_(a /0y denotes the interpolation space obtained from X and V' by the

complex method of interpolation (cf., [7], [61], [44]). When oo = 1 = ¢, we interpret
[X, V]o to be the space X.

Remark. Note that we do not assume Vk_l - Vk, ie., Vk is conforming but not
necessarily nested, and the space Vi can be nonconforming and hence nonnested.
However, they are all inside the space X, which is just L?(Q) in applications.

Let Vo = {0}. We assume that, for each positive integer k, there exists a sym-
metric positive definite bilinear form ay(-,-) on Vy_1 + Vi + V such that ag(:,-)
reduces to a(+,-) on V and ag—1 (-, ) on Vx_1. The (possibly nonconforming) energy
norm || -|[x on Vi—1 + Vi + V is then defined to be

(2.2) V]l = [ar (v, 0)]/2.
It follows from the boundedness and coercivity conditions (B) and (C) that
(2.3) [ollv ~ vl VveV.

Furthermore, we assume the following inverse estimate holds for k > 1:
(I) [olle S R l0lx - Yo € Vier + Vi + Vi

We assume there exists an interpolation operator Il : V' — V}, which satisfies
the following interpolation estimates for k > 1:

(11-1) ITxv = vllx + A vl S Brllvllv Vuev,
(11-2) 1€ = ¢l x + B¢ — Tl S hi Kz V(e Z

Tlle spaces Vi and f/k are connected by the operators E : Vi, — Vk and
Fy : Vi, — Vj, which satisfy the following:

(E) |Eww —vllx Shillvll Vv eV,
(ELT) | ExIk¢ — Cllx + hEl| Exllk¢ — Cllv S hitlI¢llz V¢ € Z,
(F) |Fo —3llx S hillolly  V§ e Vi,
(FE) FrEww=uv Vv e Vg.

Remark. In applications the constructions and analyses of Ej and Fj, rely on the
relation Vi, < V..

Let ( € Z and (i € Vi be related by

(2.4) a(C, Exv) = ag(Ck,v) Vv € V.

We assume that

(N-1) lak(C = Ce, 0)| S R lICl 2 [[vlle Vv e Vi, C € Z,
(N-2) lak (¢ = G TE S h KNz éllz V¢ €€ Z.
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30 SUSANNE C. BRENNER

Remark. In applications the estimates (N-1) and (N-2) are obtained by modifying
standard estimates for nonconforming finite element methods.

So far the relations between the spaces Vi have not been specified. Now we con-
nect Viy—1 and Vj by the coarse-to-fine intergrid transfer operator If | : Vy_1 —
Vi. We assume that the following estimates on I 1{5—1 hold:

(I-1) 1110 = vllx S hillollk-1 Vo € Vi,
(I-2) 11 M1 ¢ = Tl x S h e l¢llz V¢ e Z.
We also assume that Vj is equipped with the inner product (-, ), such that
(P) (v,v)k = (v,v)x Vv e V.
We can then define Ay : Vj, — Vi, by
(2.5) (Agv1,v2)k = ag(v1,v2) Yui,v9 € V.

By our assumptions on ag(+, ), Ag is a linear symmetric positive definite operator.
It follows from (I), (P) and (2.5) that

(2.6) p(Ar) < Cihy ™,

where C, > 0 is independent of k. The number Ay in (1.2), (1.4), (1.5) and (1.7)
is then defined by Ay = C,hy %
Finally, the fine-to-coarse intergrid transfer operator I,f_l Ve — Vi1 is

defined by
(2.7) (Ill:_ll}l,l}g)k_l = (v, IF o) Vv €Vi and v € Vi1,
For the convergence analysis we also need the operator P,f_l Ve — Vi
defined by
(2.8) ap—1(PFvi,v2) = ag(vr, If_jva) Yoy € Vi and vy € Vi1,

It is easy to see from (2.5), (2.7) and (2.8) that the operators Ay, Ag_1, I,’:_l and
P! are related by

(2.9) A1 P = IF Ay

3. PRELIMINARY ESTIMATES

In this section we derive some estimates in preparation for the convergence anal-
ysis in the next section.

Lemma 3.1. The following estimates hold:

(3.1) [Exvllv S llolle and | Exvllx S llvllx Vo e Vg,
(3-2) [Ex0l[x S llollv and  [|Fyollx < [lo]lx Vo e Vi,
(3-3) 15 yvlle S lvlle-1 and |G yollx S lvllx Yo € Vi,

Proof. Using (1), (2.3) and (E) we have
1Exolly S I1Ekv — vl + [vlle S A 1 Brv = vllx + olle < [[v]lk,
1Bwvllx S 1Bk —vllx +llvllx S hillolle + llvlix S llollx
The estimates (3.2)—(3.3) are similarly established by using (I), (F) and (I-1). O
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Lemma 3.2. The following estimates hold:
(3.4) IERTILC = Cllw S hili¢llz V¢ € Z,
(3.5) | Exllyv — vl x + hL || Exllyo|lv S hLllolly Vv e V.

Proof. The estimate (3.4) follows immediately from (C-3), (EII) and interpolation
(cf., [7], [61]). The estimate (3.5) is obtained from (II-1), (E) and (3.1) as follows:

[ Exllw — vl x + || BTl v
(3.6) S | Ex(Wkw — o)l x + || Exv — ollx + hi|lollv
S 1Mo = ollx + hiJlollv S hillollv-
|
For the convergence analysis, we need the following mesh-dependent norms on Vj:
(37) lol2 s = (A7 0,00 Vo€ Vi

The spaces (Vi, || - |lk,s) form a Hilbert scale (cf., [44]).
From (2.2), (2.5), (2.6), (3.7), (P) and the Cauchy-Schwarz inequality, we have

(3.8) Iollor = Vv, 0)k = Jollx Vv e Vi,

(3.9) lollex = llvllx Vo € Vi,

(3.10) Ilolls.e S AL *llollex YveV, and t<s,
(3.11) lak(v1, v2)] < lorlleekllozlle-re  Voi,v2 € Vi, t €R.
Lemma 3.3. The following estimates hold:

(3.12) I vllse S Bollsp—r VO < s < b€ Vi,
(3.13) |||P,f_1v|||t,k_1 Svlle.e Vi<t <20veV,
(3.14) 11 Me—1¢ = TiClle—a S h €Nz V¢ € 2.

Proof. The estimate (3.12) follows from (3.3), (3.8), (3.9) and interpolation (cf.,
[44]). The estimate (3.13) then follows from (2.8), (3.12) and duality.
From (I-2), (3.8), and (3.10) we have

(3.15) 1281 ¢ = MiCllok S R <z V¢ € Z,

(3.16) 1251 s ¢ = TiCller S BENICz V¢ € Z.

The estimate (3.14) follows from (3.15), (3.16) and interpolation. O
Lemma 3.4. We have the following equivalence of norms:

(3.17) lvlle—ae = [ Exvllw Vv € Vi

Proof. From (C-3), (3.1), (3.8) and (3.9), we obtain by interpolation that

(3.18) [Exollw < lolle-ak Vo€ Vi

Let Qi : X — Vj, be the orthogonal projection with respect to the inner product
of X. Then from (I), (FE), (II-1), (3.2), (3.5), (3.8) and (3.9) we have

(3.19) I FQrvllor S 1FrQrvllx S 1Qrvllx S llvllx Vove X,
(3.20) 15 Qrvller S 1FxQr(v — Exllyv)|lex + Tkv]lex
S hitlv — B ol x + ol S vlly - Yo eV
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32 SUSANNE C. BRENNER

We find by (C-3), (3.19), (3.20) and interpolation that

(3.21) IExQrvlle—ak < ollw Vv e W.
In particular, we have by (FE) and (3.21) that
(3.22) lole-ak = 1FeQuErvlle-ak S | Exvllw Vo € Vi

|

Theorem 3.5. Let { € Z and { € Vi, be related by (2.4). Then the following
estimates hold:

(3.23) 1€ = Celle < hx lI<llz,

(3.24) ITTk¢ = Celle—ar S BRI 2-

Proof. We have the following estimate for nonconforming methods (cf., [27]):
. arp(¢ — Ce,v

(3.25) €~ Gl < inf ¢ v+ sup 1G]
vEVi vevinfoy  [vlle

The estimate (3.23) follows from (N-1), (II-2) and (3.25).
By (3.17) and duality we have

(326) WG~ Celleea ~ B¢ — Gollw = sup  (2EIC =G,

HEWN\{0} llpllw
Let ¢ € W’ be arbitrary. We define £ € Z and &, € Vi by the following equations:
(3.27) a(&,v) = ¢(v) Vv eV,
(3.28) a (&g, v) = ¢(ERv) Yo e V.
From (R-2) we have
(3.29) I€llz < el

Using (2.4), (3.27) and (3.28), we have

(3.30)  @(Er(kC — Ck)) = a(&, BpIliC — €) + ar &k, € — Gr) + ar(€ — &, €).

The terms on the right-hand side of (3.30) can be estimated as follows.
Using (D) and (3.4), we have

(3.31) la(&, B¢ — O S 1€l 2 BRIk — Cllw < B 1€l 1<l 2-
It follows from (II-2), (N-2) and (3.23) that
lar(€ks € — Qo) S law (€ — Tk, € — G| + |ar(Tk&, € — Gr)

(3.32) S hillElz liCl z.

Similarly, we have

(3.33) |ar(€ = &, )l S 7 1€l z 1€ 2
The estimate (3.24) now follows by combining (3.26) and (3.29)—(3.33). O

The following corollary is an immediate consequence of (II-2), (EII), (3.1), (3.4),
(3.17), (3.23) and (3.24).

Corollary 3.6. Let ( € Z and (, € Vi be related by (2.4). Then the following
estimates hold:

¢ — ExGllv SheliClz  and  |I¢ — Exlellw S b2 <] 2.
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Remark. Let ¢ € Z and (}, € Vi, be the solutions of the continuous problem a(¢, v) =
¢(v) Vv € V and the discrete problem ay(Ck,v) = ¢(Eyv) Vv € Vi. Because of
the presence of the operator Ej, the discrete problem is well-posed for ¢ in some
negative order Sobolev spaces even though V4 is nonconforming. Theorem 3.5 and
Corollary 3.6 give the discretization error estimates for these new nonconforming
finite element methods.

Lemma 3.7. Let ( € Z, and let € Vi, and (x—1 € Vi—1 be defined by

(3.34) ar (Ck,v) = a((, Exv) Yo e Vg,
(3.35) ak-1(Ck—1,v) = a((, Ex_1v) Vve Vi_1.
Then the following estimate holds:
(3.36) IGk—1 = P Gille—ai—1 S B3 1IC] -
Proof. Again, by (3.17) and duality we have
(3.37) I¢k—1 = P Glle—ai—1 = ([ Beo1 (G — P 1) llw
— s |6 (Er—1(Co—1 — P;f_le))‘ .
seW\{0} l[¢llw
Let £ € Z, &, € Vi, and &1 € Vi1 be defined by
(3.38) a(€,v) = ¢(v) Yv ey,
(3.39) a (&g, v) = ¢(ERv) Yo € Vg,
(3.40) ak—1(&k—1,v) = ¢(Er_10) Vv e Vi_1.
Again, the estimate (3.29) holds. Using (D), (2.8), (3.34), (3.35) and (3.40), we
find that
(3.41) ¢ (Er—1(Ce-1 — PF' )|

= |ar-1(Co—1 — P{ "G, &)

= |ak—1(Ch-1, &—1) — ar (G If_1 51|
= |a(¢, Ex—1&k—1 — EpIf_1&5—1)|
Szl Ex-1ér-1 — Brli_ &k llw-

On the other hand, by (M), (3.4), (3.12), (3.14), (3.17), (3.38)—(3.40) and The-
orem 3.5, we have

| Ex—1&k—1 — ErIf_ 1 &rillw
SNEr—1(&k—1 — Meallw + [ Ex—111k—1& — E||w

(3.42) )
+ 1€ = EpIligllw + [ B (k€ — I 1) w
FIBE (M€~ )l S 3 €]
The lemma now follows from (3.29) and (3.37)—(3.42). O

Finally we derive within our abstract framework the discretization error esti-
mates for the standard (nonconforming) discretization.

Theorem 3.8. Let '€ X', u € Z, and uy € Vj, be such that
(3.43) a(u,v) = F(v) Vv eV,
(3.44) ag(uk,v) = F(v) Yv € V.
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Then the following estimates hold:
(3.45) lu—urlle S hitllullz + Rl Flx
(3.46) I — wklle—an S R (lullz + B | Fllx -

Proof. Let u € Vj, satisfy

(3.47) ag(uy,v) = F(Exv) Yo € V.
Theorem 3.5 implies that

(3.48) lu = uglle S A flullz,
(3.49) kv — i lle—an S hilullz-

From duality we have

|ak (ug — uy,v)|

(3.50) |ur — uplle = sup
veVi\{0} ||U||7€
Using (E), (3.44) and (3.47), we obtain
(3.51) |ar(ur — up, )| = |F(v = Bpo)| S BllFllx[[o]le.

Combining (3.50) and (3.51), we have
(3.52) e = il S RillFllx

The estimate (3.45) follows from (3.48) and (3.52).
By (3.17) and duality, we have

6(B(u, — )]

(3.53) lluy, — wklle-ak = | Be(u), — ug)lw = sup
peW\{0} l[6llw

Let £ € Z and & € Vi satisfy (3.27), (3.28) and (3.29). It follows that
(3.54) O (Br(uy — ur)) = ar(Er — T, up — ug) + ap (€, uy, — up,).
From (II-2) and (3.52) we have
(3.55) |ar (& — &, ug — up)| S P Fllxo[1€]l 2
On the other hand, from (II-2), (EII), (3.44) and (3.47) we obtain
(3.56) |aw (e, uy, — wi)| = | F(ERILE — T18)|

<|IF|lx (|1 Bele€ — €]l x + (1€ — i€l x)
S hFF )€ 2

Combining (3.29) and (3.53)—(3.56), we have
(3.57) i, = wrlle—ak S B IF|x0
The estimate (3.46) follows from (3.49) and (3.57). |
Remark. The estimate (3.45) is the Assumption A4 in [65].

The following corollary is an immediate consequence of (II-2), (EII), (3.1), (3.4),
(3.17), (3.45) and (3.46).
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Corollary 3.9. Let F, u and ug be as in Theorem 3.8. Then the following esti-
mates hold:

lu— Exullv < hitllullz + Byl F| x-,

u— Erurllw S Bp*|lullz + by (| F | x-

4. CONVERGENCE ANALYSIS

In this section we establish the convergence results for the multigrid algorithms.
First we investigate the convergence of the W-cycle algorithm. Following the
methodology in [6], we start with the convergence analysis of the two-grid algo-
rithm, where we assume that the residual equation is solved exactly on the coarser
grid, i.e., the g2 in the correction step is replaced by

(4.1) 0= AT

Let z be the exact solution of (1.1), and let e; = z — z; for i = 0,... ,m, where
m = mi1 + mo + 1. In order to relate the final error e,, to the initial error eg, we
introduce the operator Ry defined by

1

From the pre-smoothing step (1.2) and the post-smoothing step (1.4), we have
(4.3) ej=Rrej_1, j=1,2,...,my,mi+2,...m.
Since Ay dominates the spectral radius of Ay, it is easy to see that
(1.4) IRetllok < llollos Vo € Vi, sER

From (2.9), the correction step of the two-grid algorithm, and (4.1), we have
(4.5) emit1 = €my — IF_1q=em, — IF_ A T Y Age, = (I — IF_  PF Ve,
It follows from (4.3) and (4.5) that
(4.6) em = R (I — IF_  PF YR ey
Lemma 4.1. We have the following smoothing property:

IR olse S by ?[max(L,n)] = GO ofls—p.1

(4.7)
foranyseR, >0, n=0,1,2,....

Proof. For n > 1, the proof of (4.7) is standard (cf., [6]). For n = 0, the estimate
follows from (3.10). |

The following estimate on the operator I — If | PF™! is the crux of the conver-
gence analysis.

Lemma 4.2. We have the following approzimation property:
(4.8) 0T = B PE VYol S W2 ollesas Vo € Vi,

Proof. From (3.17) and duality we have

_ Q’) Ek (I _ Ik_ Pk—l)v
(4.9) I - Il]:—lplf 1)’U|||€—o¢7k ~  sup ‘ ( k=17 k )|
$eW\{0} [l
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Let ¢ € W’ be arbitrary. We define ¢ € Z, (,, € V}, and (,_1 € Vx_1 by

(4.10) a(¢,v) = é(v) Vvev,
(411) ak((k,v) = d)(Ek’U) Vv e Vk,
(4.12) ak_l(Ck_l,v) = ¢(Ek_1’l}) Vo e Vi_q.
From (R-2), we have

(4.13) I¢llz < lillw-

Using (2.8) and (4.11), we find
(4.14) o(BEx(I — IF_ P~ 1))
= ar (G, (I = IE_ P 1)0)
= ar(Cr,v) — a1 (P G, P 0)
= ar (G — If_ 1 Gho1,0) + a1 (Ge1 — PY G, B0

We can estimate the two terms on the last line of (4.14) by using (M), (3.11)-
(3.14), (4.10)—(4.12), Theorem 3.5 and Lemma 3.7 as follows:

(4.15) lag (e — IF_1Cr1,0)]
SNk = Iy Crelle—ak 10l e+ak

S (06 = TeClleaue + ITE1 1€ = TeCle-ae

+ 12—y (1€ — Ck—1)|||e—a,k) lvlle+ak
S hlIClz lollevan
(4.16) |ak—1(Ce—1 — P&~ Gk, P 0)|
S UCk-1 = By Gelle—ae—1 1P 0lleta—
S RISl z Bolle+an -

The estimate (4.8) now follows from (4.9) and (4.13)—(4.16). |
Theorem 4.3 (Convergence of the two-grid algorithm). For mq + ma sufficiently
large, the two-grid algorithm is a contraction in the || - ||k norm, with contraction
number uniformly bounded away from 1. For my sufficiently large, the two-grid

algorithm is also a contraction in the || - |le—a,x norm, and the contraction number
is uniformly bounded away from 1.

Proof. Since the final error e,, is related to the initial error ey by (4.6), we have by
(3.9), (4.7) and (4.8) that

(4.17) lemlli = IR (I = Iy PR eolle
< by, max(L,ma)] = CON(I — If PEYRM eoll—a
< hitfmax(1,m2)] =Y | R eollesa

< Mmax(1, mg)] =9 max(1, m1)] =/ [leg1. .

~
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Similarly, we have by (4.4), (4.7) and (4.8) that

m k— m
(4.18) lemlle—as = IR (I — Iy PE R eolle—ak
< NI = I PEY R eolle—ak
< IR eollerak

S [max(1,m)] = Jemlle—an -

~

The theorem follows from (4.17) and (4.18). O

Remark. The estimate in (4.18) seems to indicate that a one-sided algorithm with
only pre-smoothing may be more efficient for convergence in the || - [|¢—q,r norm.

The next theorem follows from (3.12), Theorem 4.3 and a standard perturbation
argument (cf., [6]).

Theorem 4.4 (Convergence of the W-cycle multigrid algorithm). For m; + mq

sufficiently large, the W-cycle multigrid algorithm is a contraction in the || - ||k
norm, with contraction number uniformly bounded away from 1. For my suffi-
ciently large, the W-cycle algorithm is also a contraction in the || - |i—a.k norm,

and the contraction number is uniformly bounded away from 1.

Let F € X', w € Z and ug € Vj, be such that (3.43) and (3.44) hold. We can
find an approximate solution for (3.44) by the following full multigrid method.

The full multigrid W-cycle algorithm. For k£ = 1, the approximate solution
11 € V1 is obtained by a direct method.
For k > 1, the approximate solution 4y, € Vj is obtained recursively from

ugo = IF_yig—1
(419) Uk,5 = WMG(kvuk,j—la fk)a 1 S .] S T,

Up, = Uk, r,
where r is a positive integer independent of k and fi € Vj is defined by
(fk,v)kZF(U) YveVg.
Theorem 4.5. Let F' € X', u € Z and uy, € Vi, be such that (3.43) and (3.44) hold.
Let m1 4+ ma (resp., m1) be sufficiently large so that the W-cycle algorithms are
contractions in the |||k (resp., ||-lle=a,k) norms with contraction numbers uniformly

bounded away from 1. Then, for r sufficiently large, the following estimates hold for
the approximate solutions ay (k= 1,2,...) obtained by the full multigrid algorithm:

(4.20) lur = tkllx S hllullz + b Fllx

(4.21) k= @lle-ak S R llullz + hF I Fllxe
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Proof. By (M), (II-2), (3.3), (3.9), (3.12), (3.14), (3.16), (3.45) and Theorem 3.8

we have
(4.22) g = Ig_yun—1llk < [Jur — Mpulle + | Tew — I Me_yulx
+ (175 (Me— 1w — 1) ||k
S hllullz + Bl Fllxe,
(4.23)  Juw — Iy uk—1lle—ak < lluk — Teulle—a + TMew — I 1wl —ak

I E (e 1w — 1) e—ak

< hillullz + B Fllxe

Let & > 1. By (4.19) and the assumption on the W-cycle algorithm, there exists
a positive ¢ such that § < 1 and

(424) ||uk—ﬂk||k S 5T||uk—ff_1zlk_1||k for k = 1,2,... s

(4.25) Nk — tnlle—ar < 0 Nlur — IF jdp_1le—ar fork=1,2,....

Combining (3.3), (4.22) and (4.24), we obtain

(4.26) g — tiglle < 6" [lue — I8 _yue—1lle + |51 (up—1 — de—1)||x]
<67C [(hllullz + il Fllxo) + lluk—1 — de—1l&] ,

where C’ is independent of k.
Similarly, using (3.12), (4.23) and (4.25), we obtain

(4.27) flug — tkllo—an < 6"C" [(he*|lullz + b F | x7) + lluk—1 — tr—1lle—ak]

where C” is independent of k.
Since 0 < a < ¢, it follows from (M) and iterations of (4.26) and (4.27) that

k ol 1a J ;

(4.28) o=l < |3 (G ) | (el + BP0,

j=1

[ & ol J ) ;
4200 - inlean < |3 (Grm ) | (8 ullz + 1),

i=1 N1
The estimates (4.20) and (4.21) follow from (4.28) and (4.29) for r sufficiently
large. |

The following corollary is an immediate consequence of (3.1), (3.17), Theo-
rem 3.8, Corollary 3.9 and Theorem 4.5.

Corollary 4.6. The following estimates hold under the assumptions of Theorem

4.5:
(4.30) Ju— digllx + [|u — Extillv S bt llullz + hil| Fllx,
(4.31) ITTew — dklle—ak + |u — Ertillw S he® |lullz + by || F| x--

Remark. For fourth order problems, pointwise convergence of 4y, follows from (4.31)
and the Sobolev inequality (cf., the remark after Example 6.1).
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Next we consider the symmetric variable V-cycle algorithm as a preconditioner.
Let By : Vi, — Vi, be defined by

Brg = VMG(k,0,9).

It can be shown by mathematical induction that By is a linear symmetric positive
definite operator with respect to (-,-); (cf., Theorem 4.5 in [10]). Therefore By Ay,
is symmetric positive definite with respect to ax(-,-). Our goal is to estimate the
condition number of By, Aj, with respect to the energy norm || - || induced by a (-, -).

The following lemma furnishes the crucial “regularity and approximation” esti-
mate in the Bramble-Pasciak-Xu theory for the symmetric variable V-cycle multi-
grid preconditioner.

Lemma 4.7. The following estimate holds:

(Ak’l}, Ak’l}

aft
(4.32) muu_¢4¢HWmns< X ”) (ar(v,v))= (/0

for all v € Vi, where A\, (= p(Ayg)) is the largest eigenvalue of Ay.
Proof. Let v € Vi, be arbitrary. Using (3.7), (3.11) and (4.8), we have
(4.33) lan (I = T PE 1o, 0)l SN = Ty P olle—ag ollera
< N0 s = (AT 0 0
Hoélder’s inequality implies that
(4.34) (AT, 0) < (Ago, Ago))! " (Ao, ) @70,
The estimate (4.32) follows from (4.33), (4.34) and (2.6). O

We can now simply apply the Bramble-Pasciak-Xu theory ([10], [12], [13]) to obtain
the following theorem.

Theorem 4.8. The condition number of BiAy with respect to the energy norm
| - |l% 2 bounded by a positive constant which is independent of the mesh parameter

k.

5. APPLICATIONS TO A MODEL SECOND ORDER PROBLEM

In this section we apply our theory to the Poisson equation with homogeneous
Dirichlet boundary condition. Let 2 be a polygonal domain in R? and f € L?(Q).
Consider the following boundary value problem:

(5.1) —Au=f inQ and u=0 ondQ.

Let V = H} (), and let a(-,-) on V x V be defined by a(vi,v2) = [, Vv -Vug da.
Conditions (B) and (C) follow from the Cauchy-Schwarz inequality and the Poincaré
inequality (cf., [48]), respectively.

The weak formulation of (5.1) is to find u € V' such that

(5.2) a(u,v) = /vadx VoeV.
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By the elliptic regularity theory for non-smooth domains (cf., [36], [39], [40],
[41]), there exists a € (3, 1] such that for f € H~'%((2), the solution u of (5.2)
belongs to H'**(Q) and

(5.3) lullmrr+ace) S Ifllm-1+2(0)-

Let Z = H'T*(Q) N HY(Q) and W = Hy~*(Q) (= H'~%(Q) since 1 —a < 1/2).
Clearly, (R-1) holds and (R-2) follows from (5.3).
Let X = L%(Q). From interpolation of Sobolev spaces (cf., [61] and [57]) we have

(5'4) Z = [H(}(Q)v H2(Q) n H&(Q)]aa

and W = [L*(Q), H} (2)]1—a- In particular, the condition (C-3) holds.
The Laplacian A is a bounded linear operator from H?(Q) to L?(2), and from
H'(Q) to H=(Q). Therefore by interpolation (cf., [61]) we have

(5.5) IAC 1400y S <l mva V¢ € HTH(Q).

Let ( € Z and v € V. There exists a sequence ¢, € C5°(2) (the space of
C* functions with compact supports in §2) which converges to v € V. Since
HY(Q) — Hy~ (), the sequence ¢, also converges to v € Hy~“(Q). Therefore,
we have
(5.6) a(C,v) = lim [ V(-Vé,de= lim (—AC, ¢,) = (A v),

n—oo Q n—oo
where (-,-) denotes the canonical duality bilinear form between H~'*%(Q) and
H3~*(Q). The duality estimate (D) now follows from (5.5) and (5.6).
We now consider finite element multigrid methods for (5.2).

Example 5.1. Let {7} be a sequence of quasi-uniform triangulations (cf., [30],
[27]) of Q. For simplicity we may assume that 757 is obtained by connecting the
midpoints of the edges of the triangles in 7. Therefore, (M) holds for C; = Cy =
1/2.

Let V¥ = {v € L*(Q) : v|r is linear for all T € 7y, v is continuous at the
midpoints of interelement boundaries} be the P; nonconforming finite element space
associated with 7;, (cf., [35]), and let V;* = {v € HY(Q) : v|r is quadratic for all
T € Ti} be the Py conforming finite element space associated with 7. The space
Vi (vesp., Vi) is the subspace of V;* (resp., V;*) whose members vanish at the
boundary nodes. Note that Vj, < V; and the conditions (C-1) and (C-2) clearly
hold. The finite element space V}* is equipped with the inner product (-, ) defined
by (vi,v2)g = hi >, wvi(m)va(m), where the summation is taken over all the
midpoints in the triangulation 7. The equivalence of (v,v); and (v,v)r2(q) is
standard. Hence (P) holds.

Let ax(-,-) be defined by ax(vi,v2) = Ypeq [p Vi - Vogde. Then (I) is a
standard inverse estimate (cf., [30], [27]). The discrete problem for (5.2) is to find
ug € Vi such that

(5.7) ak (ug,v) = / fode YoveV,.
Q
The interpolation operator Il : V. — Vj, is defined by

(5.8) (TTw)(m) = I%I / vds,
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where m is the midpoint of the edge e. Note that

(5.9) (Hk§)|T = §|T if C‘T is linear.
The following estimate can be found in [35]:
(510) IC = MeCllzaery + held = Wl ery S Wil moery,  B=1,2,

for all T € 7;, and ¢ € H?(Q) N H3(Q). The estimate (II-1) follows from (5.10)
with 0 = 1, and the estimate (II-2) follows from (II-1), (5.4), (5.10) with § = 2 and
interpolation.

The operators Ej, : Vi, — f/k and F}, : f/k — V} are defined by

(Exv)(m) = v(m) for all internal midpoints m € 7y,
(Exv)(p) = average ofv;(p) for all internal vertices p € 7y,

where v; = v|r, and T; € T, contains p as a vertex, and
(5.12) (Fp0)(m) = o(m) for all midpoints m € 7.

Note that F}, is well-defined because Vj, < Vk

The relation (FE) is trivial, and the estimates (E) and (F) can be found in
[24]. For the proof of (EII), it is convenient (because we can ignore the boundary
conditions) to introduce the operator Ej : V* — V;* which is defined by the same
formula in (5.11) for all midpoints and vertices of 7;. Note that for v € Vj, we
have Ejv = Epv except at the vertices on 9€).

Let T € 7, and let St be the interior of the union of the closures of all the
triangles in 7 neighboring T'. We have the following estimate for E} (cf., [24]).

(513) ||EZ’U — ’UH%P(T) S h% Z |U|%11(K) Vv e Vk*'
KeSr

It follows from (5.13) and a standard inverse estimate that

(5.14) IE*v|l2(ry S Ivllpaesy) Vv € VY.
The definition of E}; also implies that

(5.15) (EZ?])‘T =n if n‘ST is linear.

Let T € Ti. Let ¢ be an arbitrary linear function on Sp and ¢ € H2(Q) be an
extension of ¢. For any ¢ € H?(Q) N H(Q), it follows from (5.9), (5.10), (5.14)
and (5.15) that

(5.16) || EfILC — Cllrzery < 1ER(C — O)l2(ry + 1€ = dllz2ery S1IC — dllr2(sy)-

Since ¢ is an arbitrary linear function on St, it follows from (5.16) and the Bramble-
Hilbert lemma (cf., [11]) that

(5.17) | ExeC = Cllzeery S hplCl a2 (se)-
Summing (5.17) over all the triangles T' € 7}, we have
(5.18) IB:LC = Cllze) S hilClazio) V¢ € H(Q) N Hg ().
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Since Eill;¢ and E}11,( differ only at the vertices along 0€2, we have

(5.19) BTG = BTy Sk Y > (L]0
pGBQT c 7;@
T>p

ShEYS Y (WOlm) - <o)
pGBQT c ,Tk
T>p
< hilCle o
by (5.10). It follows from (5.18) and (5.19) that
(5.20) I ExTIkC = Cllr2) S Pil¢lmz@) V¢ € H?(Q) N Hy ().
By (5.10), (5.20) and standard inverse estimates, we have
(5.21) IERTTkC = Clla @) S Py BRI — Tkl L2 () + [TC = Clw
S helClm2 @) V¢ € HX(Q) N Hy ().
On the other hand, using (E), (I) and (II-1), we have
(5.22) [ ExIlkC = Cllz2) + Al ExIlk¢ — Cllm (o)
S Bk — Tl 2 (o) + 1MkC = Cllz2(o)
+ hie (| eIk — Tl + [HkC — ¢lx)
ShiliCla ) V¢ e Hy(Q).

The estimate (EIT) now follows from (5.4), (5.20), (5.21), (5.22) and interpolation.

Next we verify the assumptions (N-1) and (N-2). Let ¢ € H2(2) N H}(Q), and
let ¢ € Vi be related to ¢ through (2.4). Let v € Vi + V, then Green’s formula
implies that

(5.23) T;k / (AC) vda:+z /

where [v] denotes the jump of v (in the direction of n) across the edge e, and the
second summation is taken over all the edges of 7.
Since Exv € HE(Q), it follows from (2.4) and (5.23) that

(5.24) an(Geyv) == Y / AQ)Eyvdr Vv € V.
TeTy
By subtracting (5.24) from (5.23), we obtain
(5.25)  ar(¢ —Ck,v) Z / AQ) (v — Exv) dx—i—Z/ ds Vv eV
TeTy
Using the Cauchy-Schwarz inequality and (E), we have

Z/A( (v — Epv)da| <

TeTy

(5.26) S hie |l az@)llvlle Yo € Vi,
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Since v is continuous at the midpoints, a standard argument (cf., [35]) shows that

;/eg—i[v] ds
Combining (5.25)—(5.27), we have

(5.28) lar (¢ = G, )| < e €l m2(0) V]l Vv € Vi
Assume now that ¢ € H}(Q). By (2.4) and (3.1) we have

(5.29) ar(Cr, Ck) = a(C, BrCr) < ICllar o) 1 BeCrll a1y S IS @) 11Ck k-
It follows from (5.29) that

(5.27) SthCHH2(Q)H’U||]€ Yv e V.

(5.30) Cklle S NSl (),
which then implies
(5.31) |ar(C = Gy 0)| < IC = Crllx [vllk S ISl @) vl Vo€ Vi

The estimate (N-1) follows from (5.4), (5.28), (5.31) and interpolation.
From (5.25) we obtain

(5.32)  an(C— G Ik8) = — / (AQ) (k€ — Exllk€) dx + Z/ 5, [LLké]d
TET,
for ¢,& € H2() N HY(Q).
It follows from the Cauchy-Schwarz inequality, (5.10) and (5.20) that

633 |5 [ A0~ B de| < 1 [Clmaco €l
TeT;
Since I is continuous at the midpoints, we have by a standard argument (cf.,
[35])
oC
530 |3 [ Famedd =12 [ e = s < B 1<l o

Combining (5.32)—(5.34), we obtaln
(5:35) k(¢ = G IRE| S PR < 2@ €l w2y V¢ € H?(Q) N Hy ().

On the other hand, for ¢,& € H}(Q), we get the following trivial estimate by
using (5.10) and (5.30):

(5.36) |ak (€ = G &) < 1€ = CrllwTwEllx < [IKHmr (@) €l mr @)
The estimate (N-2) follows from (5.4), (5.35), (5.36) and (bilinear) interpolation
(ct., [7]).

Finally, we define the intergrid transfer operator If . Let m be a midpoint of
an edge of a triangle in 7. If m € 99, then (If_,v)(m) = 0. If m lies in the
interior of a triangle in 7j,_1, then (If_ v)(m) = v(m). Otherwise if m lies on
the common edge of two adjacent triangles Ty and T5 in 7j_1, then (7, ,’j_lv)(m) =
3 [vly, (m)+v|z, (m)]. The proof of the estimate (I-1) can be found in [14] and [18].

Let ¢ € H3(Q) N H (). A slight modification of the arguments in [14] and [18]
(where the nodal interpolation operator was used) gives

(5.37) I If_ M1 ¢ — ¢l p2) S hi K] e

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



44 SUSANNE C. BRENNER

For ¢ € H3(Q), using (M), (II-1) and (I-1) we have the estimate
(TF_ M1 ¢ — | 2
SE_ -1 ¢ — e— 1l 2
+ [Tk-1¢ = Cllz2 () + 1€ — il 220
S hellClle o)-

The estimate (I-2) now follows from (5.4), (5.37), (5.38) and interpolation.
We have verified all of the assumptions in Section 2 for this example. Therefore
the results in Section 4 are applicable to the multigrid algorithms for (5.7).

(5.38)

In the next example, we omit the technical details since they can be carried out
along the same lines as in Example 5.1.

Example 5.2. In this example, we assume that the sides of the polygonal domain
Q) are parallel to the coordinate axes. Let {7} be a sequence of quasi-uniform
“triangulations” of 2 consisting of rectangles. For simplicity we may assume that
Tr41 is obtained by connecting midpoints of the opposite sides of the rectangles in
Tk
Let Vi = {v: U}R € (1,21, 29,23 —23) VR € Ty, v is continuous at the midpoints
of the interelement boundaries and vanishes at the midpoints on 92} be the non-
conforming “rotated” bilinear element (cf., [52]), and Vi = {v € H}(Q) : ’U‘R is
biquadratic for all R € 7;} be the conforming Qs finite element space. Note that
Vi = Vi. The inner product for Vj is defined by (vi,v2)r = hi > vi(m)va(m),
where the summation is taken over all internal midpoints m of the triangulation
Tk

Let ak(-,-) be defined by ag(vi,ve) = ZReTk fR Vo1 - Vugdx. The discrete
problem is again given by (5.7).

The interpolation operator Il : V' — Vj is defined by the same formula in
(5.8), and the estimate (5.10) remains valid (cf., [52]).

The operator Ey : Vi, — Vj is defined by (Exv)(m) = v(m) for all internal
midpoints m € Ty, (Exv)(c) = v(c) for all centroids ¢ € Ty, and (Exv)(p) =
average of v;(p) for all internal vertices p € 7, where v, = U‘R, and R; € T,
contains p as a vertex. '

The operator F}, : f/k — Vj is defined by the same formula in (5.12), and the
intergrid transfer operator is defined by averaging as in Example 5.1.

All the assumptions in Section 2 can be verified for this example by the same
arguments used in Example 5.1. Hence the results in Section 4 are applicable to
the multigrid methods for (5.7) using the “rotated” Q; finite elements.

Remark. The nonconforming P; and “rotated” Q; finite elements are equivalent to
the lowest order triangular and rectangular Raviart-Thomas mixed finite elements
(cf., [53], [4], [2]). There are multigrid methods for (5.1) using the lowest order
Raviart-Thomas elements (cf., [19], [2]) which are based on the multigrid methods
for the nonconforming elements. The results in Section 4 are therefore applicable
to these multigrid algorithms for the lowest order Raviart-Thomas finite elements.

6. APPLICATIONS TO A MODEL FOURTH ORDER PROBLEM

In this section we apply our theory to the biharmonic equation with homogeneous
Dirichlet boundary conditions. Let € be a bounded polygonal domain in R? and
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f € L?(Q2). Consider the following boundary value problem.

(6.1) A’u=f inQ and u:g—u:O on 9f).
n

Let V = HZ(Q), and let a(-,-) on V be defined by either

Q

4,5=1,2
or

a(v,w) = / [AvAw +(1-0) (21111121%112 — Vgyay Wy — vmzmzwrlml)] dx,
Q

where o is the Poisson ratio and 0 < o < % For either choice of the variational
form a(-, ), conditions (B) and (C) follow from the Cauchy-Schwarz inequality and
the generalized Poincaré inequality (cf., [48]), respectively.

The weak formulation of (6.1) is to find u € V' such that

(6.2) a(u,v) = /vadx VoeV.

By the elliptic regularity theory for non-smooth domains (cf., [36], [39], [40],
[41]), there exists a € (3, 1] such that for f € H=2*((2), the solution u of (6.2)
belongs to H*+*(Q) and

(6.3) lull r2+a(e) S I1fllm-2+(0)-

Let Z = H?>t(Q) N HZ(Q) and W = HZ™%(Q). Clearly, (R-1) holds. Since
W' = H=2T2(Q), the estimate (R-2) follows from (6.3).
Let X = L?(Q2). By the interpolation of Sobolev spaces (cf., [61], [57]), we have

(6'4) Z = [Hg(Q)v HB(Q) n Hg(Q)]aa

and W = [L*(Q), H3 (Q)]1—a/2- In particular, the condition (C-3) holds.
The biharmonic operator A? is a bounded linear operator from H3(Q) to H (),
and from H?(Q) to H~2(2). Therefore by interpolation we have

(6.5) A% r-24a () S ¢l gera) V¢ € H*TQ).

As in the case of the Poisson equation (cf., Section 5), the duality estimate (D)
follows from (6.5) and a density argument.

We now consider finite element multigrid methods for (6.2). In the following
examples, {7;}72 ; is a sequence of quasi-uniform triangulations of Q2. For simplicity
we assume that 7,1 is obtained by connecting the midpoints of the edges of the
triangles in 7. Let T € 7. We denote by St the interior of the union of the
closures of the triangles in 7; neighboring 7.

Example 6.1. Let V;* = {v € L*(Q) : ’U‘T is quadratic, v is continuous at the
vertices and dv/dn is continuous at the midpoints of interelement boundaries}
be the Morley finite element space associated with 7y (cf., [47]), and let V;* be
the Hsieh-Clough-Tocher macro element space associated with 7p (cf., [34]). A
function & € V" is O on Q, and its restriction to each T' € 7}, is piecewise cubic
on the three triangles formed by the centroid and the vertices of T. The space
Vi (vesp., Vi) is the subspace of V;* (resp., V;*) whose members have zero nodal
values along 0Q2. Note that V) = f/k. The inner product for V' is defined by
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(v,w) = h3 >, v)wp) + hiS 98 (m) 2L (m), where the summations are taken

. ) 2 g (1) G
over all vertices p and midpoints m in 7.

The symmetric positive definite bilinear form ag(-,-) is defined by either

(v, w) E E /vmq%ww?m]

TeTy 1,7=1,2

(v, w) Z/AvAw—i— (1-0)

TeTy

or

X (2'Um1rzwz1m2 — Uiz Waozy — U1212w1111):| de.

The discrete problem for (6.2) is to find uy € Vj such that

(6.6) ak(ug,v /fv dx Yv e V.

Clearly, (M), (C-1), (C-2), (I) and (P) are satisfied.
The interpolation operator Il : V' — V}, is defined by

O(Mxv) 1 [ov
on (m) = le] J. On

where p and m range over the internal vertices and midpoints of 7;, and m is the
midpoint of the edge e. Note that

(6.8) (Hk§)|T = C‘T if C‘T is quadratic.

(6.7) (Ixv)(p) = v(p) and

The following interpolation estimates are established by the standard techniques
for almost affine family of finite elements (cf., [30]).

1€ — Gl 221y + hel¢ — Tkl o ()
h2|¢ — Tl a2y S PRIC e 1y 8=2,3,

for all T € T, and ¢ € HP(Q) N H3(2). The estimate (II-1) follows from (6.9)
with 3 = 2, and the estimate (II-2) follows from (II-1), (6.4), (6.9) with 8 = 3 and
interpolation. From (6.9) with 8 = 3 we also have

(6.10) (Y 16— TCBreny) " S BNy V¢ € HY () N HE(Q),
TET,

(6.9)

Let p and m be the internal vertices and midpoints of 7. The operators Ej :
Vi — Vi and Fy : Vi — Vj are defined by

(Ekv)(p) = v(p),
O(Eyv) ov
o (1) = 5o (m),
(0% (Exo)|(p) = average of (0%u)(p), 18] =1,

(6.11)

where v; = v|p, and T; contains p as a vertex, and
(6.12) (F)(p) = o) and 2 gy = D0

Note that F}. is well-defined because Vi, < Vj. Clearly the relation (FE) holds, and
(F) follows from a simple element by element calculation.
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Let E; : V;' — V be defined by the same formulas in (6.11) for all vertices
and midpoints of 7;. A straightforward computation (cf., the similar computation
in [24] where the Argyris element was used instead of the Hsieh-Clough-Tocher
element) yields

(613) ||EZ’U — UH%Z(T) S hi Z |U|%I2(K) Vv e Vk*
KeSr

Moreover,

(6.14) (Eim)|y=n ifn|g is quadratic.

It follows that

(6.15) | Ev — Uﬂiz(n) < hi Z |U|%12(T) VoeVy.
TeT;

Let v € Vj;,. Since Eyv and Ejv differ only by their first order derivatives at the
vertices along 0f2, we have

616) B — BolBaay S B IVl S BAIWIE Vo€ Vi,

where the summation 3" in (6.16) is taken over the triangles in 73 neighboring 9.
The estimate (E) follows from (6.15) and (6.16). A standard inverse estimate
then yields

(6.17) (S 1B — o) S halloll Vo € Vi
TeT
Using (6.8), (6.9), (6.13), (6.14) and the Bramble-Hilbert lemma as in Example
5.1, we obtain
(6.18) IExLC = Clleie) S hilClms@) V¢ € HY(Q) N HE ().

Since FiI1;¢ and Ej1I;(¢ differ only by their first order derivatives at the vertices
along 99, we have, by (6.9),

2
| BTG = BiTlellFey S bt > S VO], | ()
pedNTET;
T>p

(6.19) <Y Y vl - v o)

pedNTET;
T>3p

SRl Ve HN Q)N H(Q).
It follows from (6.18) and (6.19) that

(6.20) BT = Cllz2) S hil¢lms@) V¢ € H(Q) N HG ().
By (6.9), (6.20) and standard inverse estimates, we have
(6.21) | ExTkC — Cllarzeo) S by 2l EelleC — i€l 22(e) + 1Tk = ¢l 2o

S hlClus) V¢ € H?(Q)NHF(Q).
By (I), (E) and (II-1) we also have the trivial estimate
(6.22) || ExTIkC — Cllz2() + Rl BelliC = Cllmz) S hillllaz@) V¢ € HF ().
The estimate (EII) follows from (6.4), (6.20), (6.21), (6.22) and interpolation.
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Next we turn to the assumptions (N-1) and (N-2). Let ¢ € H3(Q) N HZ(Q) and
Ck € Vi be related to ¢ through (2.4). Let v € V}, 4+ V; then by the Green’s formula
(cf., [59]) we have

(6.23) ar(¢,v) Z /V AC) - Vvdx—|—2/ G1(Q)[ve,] + G2(Q)[vs,]) ds,

TeT

where G1(¢) and G2(¢) are combinations of second order derivatives of ¢, [vg,] and
[vz,] denote the jumps of v,, and v,, across the edge e, and the second summation
is taken over all edges e of 7.

Since Exv € HZ(Q), it follows from (2.4) and (6.23) that

(6.24) (Gv) == / V(AQ) - V(Eyv) da
TeT;
By subtracting (6.24) from (6.23) we obtain
(6.25) ar(C = Cev) =— ) / V(AC) - V(v — Epv) da
TeTy

3 [ (@Obal + GOl ds Vo€

By the Cauchy-Schwarz inequality and (6.17) we have

Z/VAC V(v — Exv)dx

TeT

(6.26) S hellllms o) lvlle Vo € Vi

Since vy, and vy, are continuous at the midpoints, we have, by a standard argument
for nonconforming finite elements,

(6.27) SthCHHs(Q)HU”k Yv e V.

5 [ (@Ol + Ga(Olen) s

Combining (6.25)—(6.27), we obtain

(6.28) |ar(C = G, v)| S PrllC sy lvlle - Vo € Vi

Let ¢ € H2(Q). Then we have the obvious estimate

(6.29) Skl S NSl a2,

which implies that

(6.30) lar(C = Gk )| SIC = Gellellvlle S WSl mz@llvlle Vo € Vi

The estimate (N-1) now follows from (6.4), (6.28), (6.30) and interpolation.
By (6.9) and (6.20) we have

(6.31) | Ekl1kE — Tl o) S 1ERTRE — EllL2(o) + 1€ — Tkl L2 (o)
Shilléllpa) Y€€ HY Q) NHF(Q).

A standard inverse estimate then implies that

(6.32) ( Z | BTk — Tkl 1 o))
TeT,

V22 el VE € HA(Q) N HEQ).
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It follows from (6.25) that

639 alC=GIhe) == 3 [ VA0 Ve~ Flg) da

TeT

£y / (G2 (O[(M4€) ] + Ga(Q) (1) ]) ds

for ¢,& € H3(Q) N HZ(Q).
By the Cauchy-Schwarz inequality and (6.32) we have

(6.34) < hllCl as ) 1€l (o)

Z / V(AQ) - V(IIx€ — Exlli€) dx
TeTy T
for ¢,& € H3(Q) N HZ(Q).

A standard argument for nonconforming finite elements shows that

> [ (@011, + GalO M) ]) ds

(6.35) <

3 / (GL(OI(MkE)ar — £n1] + Ga(O[(IM48)y — Ea,]) dis

S BElClms o) €l ms@) V¢, € € HY(Q) N HG ().
Combining (6.33)—(6.35), we obtain
(6.36) lan (¢ = G TE)| S hillCll s o) €l sy V¢, € € HA(Q) N HG(Q).
On the other hand, for ¢,& € HZ(2), the estimates (6.9) and (6.29) imply that

(6.37) lar (¢ = G, k&)| S 1<l a2 () €]l 2(0)-
The estimate (N-2) now follows from (6.4), (6.36), (6.37) and (bilinear) interpola-
tion.

The intergrid transfer operator If , : Vj_1 — Vj, is defined by averaging as
follows. Let p be a vertex of 7; inside Q. If p is also a vertex of 7;_1, then
(IF_,v)(p) = v(p). If p is the midpoint of the common edge of two triangles 77 and
T, € ﬂ_l, then

(1)) = 5 [tl, () + o], ()]

Let m be a midpoint of an edge e of 7 inside 2 and n be a unit normal of e. If m
is in the interior of a triangle in 7;_1, then

3(115—11’) v
5, (M) =5 (m).
If m is on the common edge of two triangles 77 and T5 in 7;_1, then

Iy yv) 1 [0v|p, v,
St A == m m

on (m)—2 8n() 877,()

The estimate (I-1) follows immediately from the estimates in [16], and the estimate
(I-2) follows from the estimates in [16] and interpolation, as in Example 5.1.

Since all of the assumptions of our theory hold for this example, the results in
Section 4 are applicable to the multigrid methods for (6.6).
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Remark. For 1/2 < a < 1, the estimate (4.31) and the Sobolev inequality (cf., [61])
imply that

sup [u(2) = [Bun)@)] S b2l sy + B2 .

€N

Since Exv and v coincide at the vertices, we have
max u(p) — ar(p)| < W ull ey + Bl fll L2,

where the summation is taken over all the vertices of 7.
In the case « = 1, we have, for any 0 < 3 < 1,

max lu(p) — ak(p)] < Cs |hi” lull govey + By 2| fll 2oy | -

Remark. The symmetric variable V-cycle preconditioner for the Morley finite ele-
ment method can also be used to precondition the Argyris finite element method
(cf., [3], [26]).

Remark. The results in Example 6.1 are also valid for the Adini element (cf., [1],
[29], [45]) and the incomplete biquadratic element (cf., [58]), which are connected
to the Bogner-Fox-Schmit element (cf., [8]) and the Fraeijs de Veubeke-Sander
quadrilateral element (cf., [54], [38], [32]), respectively.

Example 6.2. Let Vj, = Vi, € HZ(Q2) be the Hsieh-Clough-Tocher or the reduced
Hsieh-Clough-Tocher macro finite element space associated with 7j, (cf., [34], [31],
[51]), and let ax(-,-) = a(-,-) on Vj. The discrete problem for (6.2) is to find uy € V4

such that
(6.39) a(ug,v) = /va dr Vv e V.
There exists an interpolation operator Il : V' — Vj such that
(6:40) 116 = ThCllzaery + hEIC = WClrzcry S WYl lms(srys  B=2.3,
and
(6.41) (IkQ)|p = ¢y if ¢|g, is quadratic.

The estimates (II-1) and (II-2) follow from (6.40). The operator II; can be con-
structed by using the techniques in [33] and [56]. For the Hsieh-Clough-Tocher
element, we can also take II; to be the composition of the interpolation opera-
tor for the Morley element defined in (6.7) and the connection operator defined in
(6.11).

Let Ej = F), = identity map on V. The estimates (E), (EII), (F), (FE), (N-1)
and (N-2) are then completely trivial. We can take [, ,’j_l : Vi1 — V3, to be the
nodal interpolation operator. Then (I-1) is a standard interpolation error estimate.
Moreover, we have

(6.42) (I,f_lv)‘T = v|T if v|T is quadratic.
The estimates (II-1) and (I-1) imply that
(6.43) ITF_ Tg—iC — il 2 S hi, ¢z Y€ HG(9Q).
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Using (6.41), (6.42) and the Bramble-Hilbert lemma, we obtain (cf., the proof of

(6.20))

(6.44) 1T Tem1 ¢ — Tl p2eoy S Al me) V¢ € HA(Q) N HE(Q).

The estimate (I-2) follows from (6.4), (6.43), (6.44) and interpolation.

Therefore the results from Section 4 can be applied to these macro element

methods.
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