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ABSTRACT. We show that for planar dispersing billiards the return times distribution is in the limit
Poisson for metric balls almost everywhere w.r.t. the SRB measure. Since the Poincaré return map
is piecewise smooth but becomes singular at the boundaries of the partition elements, recent results
on the limiting distribution of return times cannot be applied as they require the maps to have
bounded second derivatives everywhere. We first prove the Poisson limiting distribution assuming
exponentially decaying correlations. For the case when the correlations decay polynomially, we
induce on a subset on which the induced map has exponentially decaying correlations. We then
prove a general theorem according to which the limiting return times statistics of the original map
and the induced map are the same.

1. INTRODUCTION

The purpose of this work is to study the statistical laws ruling the occurrence of rare events for
billiards. The starting point is the analysis of stationary stochastic processes Xy, X1, ... generated
by the dynamics of the billiards considered. The rare events will be the exceedances of an high
threshold u, meaning the occurrence of the event X; > u, for some j € Ny, which will correspond
to the entrance of the orbit, at time j € Ny, in a small region of the phase space, namely in small
neighbourhood of a certain point ¢ chosen in the phase space.

We will consider the Rare Events Point Processes (REPP), which keep record of the number
of exceedances (or entrances in such small balls around () in a certain normalised time interval.
When the waiting times (conveniently normalised) between the occurrence of rare events is typically
exponential, then one expects the REPP to assume a Poisson type behaviour.

Recently Chazottes and Collet, [CC13] showed that for any two-dimensional dynamical system
(T, X, n) modeled by a Young Tower which has bounded derivative and exponential tails (and
hence exponential decay of correlations for Hoélder observations) the REPP converges typically in
distribution to a Poisson process, when the balls around ¢ shrink towards its centre. They also gave
rates of convergence. Unfortunately their proof relies on both the boundedness of the derivative
of T, |DT | < C, and exponential tails. Their results do not apply to exponentially mixing Sinai
dispersing billiards (which have unbounded derivative) nor to billiard systems with polynomial
rates of decay of correlation.

Our goal is to show that for planar Sinai dispersing billiards (with finite or infinite horizon)
and also for certain billiard systems with polynomial decay of correlations, the REPP, typically,
converges in distribution to a standard Poisson process, when the thresholds u converges to the
maximum value attainable and the corresponding neighbourhoods shrink to ¢. This typically means
that the convergence of the REPP to a standard Poisson occurs for a.e. point ¢ chosen in the phase
space, with respect to the invariant measure, which, in our case, is equivalent to Lebesgue measure.
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Note that there are two perspectives to look at rare events in a dynamical setting: one consists
in looking at the exceedances as extreme values for the random variables X, for j € Ny, in which
case, one uses tools of Extreme Value Theory; the other consists in looking at rare events as hits or
returns by the orbits to small sets in the phase space which is tied to the phenomenon of recurrence.
These two perspectives are linked and essentially they are just two sides of the same coin. This
connection was first observed in [Col01] and formally established, in [FFT10, FFT11].

Our proofs are based upon extreme value theory and some remarkable ideas of Collet [Col01].
We first give proofs for Sinai dispersing billiards, then show how recent work of Chernov and
Zhang [CZ05] and Markarian [Mar04] allows us to extend these results to billiards with polynomial
decay by inducing on a subset for which the return map has good hyperbolic properties.

2. THE SETTING AND STATEMENT OF RESULTS

Let (T, X, 1) be an ergodic transformation of a probability space. We suppose that X is embedded
in a Riemannian manifold of dimension d. Suppose that the time series Xy, X1, ... arises from such
a system simply by evaluating a given observable ¢ : X — RU{=£o0} along the orbits of the system,
or in other words, the time evolution given by successive iterations by T

(1) Xp,=¢oT", foreachnéeN.

Clearly, Xy, X1, ... defined in this way is not an independent sequence. However, T-invariance of
1 guarantees that this stochastic process is stationary.

We suppose that the r.v. ¢ : X — RU {£oo} achieves a global maximum at ( € X (we allow
©(¢) = +00). We assume that ¢ and p are sufficiently regular so that, for u sufficiently close to
up = ¢((¢), the event

Uw):={zeX: p(x)>u}={Xo>u}
corresponds to a topological ball centred at (. Moreover, the quantity p(U(u)), as a function of u,
varies continuously on a neighbourhood of up.

We are interested in studying the extremal behaviour of the stochastic process Xy, X1, ... which
is tied with the occurrence of exceedances of high levels u. The occurrence of an exceedance at time
J € No means that the event {X; > u} occurs, where u is close to up. Observe that a realisation of
the stochastic process Xg, X1, ... is achieved if we pick, at random and according to the measure p,
a point x € X, compute its orbit and evaluate ¢ along it. Then saying that an exceedance occurs
at time j means that the orbit of the point x hits the ball U(u) at time j, i.e., f/(z) € U(u).

For more details on the choice of the observables so that the above properties hold and the link
between extreme values and hitting/returns to small sets endures we suggest the reader to look
at [Frel3, Section 4.1]. However, for definiteness we mention that a possible choice for ¢ in this
setting, where the invariant measure p will be equivalent to Lebesgue measure, is the following:
consider some point ( € X and take

(2) p(x) = —log(dist(z, (),
where dist(-, -) denotes the usual euclidean metric in X.

A very important issue in order to take limits is to establish the rate of convergence of u to up.
For that we will consider sequences (uy,)nen such that

(3) lim np(Xo > uy,) =7,

n—oo
for some 7 > 0. The motivation for using such normalising sequences comes from the case when
Xo, X1, ... are independent and identically distributed (i.i.d.). Let M,, = max{Xo,...,Xp,—1}. In

this i.i.d. setting, it is clear that P(M, < u) = (F(u))", where F' is the d.f. of Xy, i.e., F(x) :=
P(Xo < z). Hence, condition (3) implies that

P -
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as n — o0o. This means that the waiting times between exceedances of u, is approximately,
exponentially distributed.

For example, if ¢ is given as in (2) and if x has a density with respect to Lebesgue measure m,
where p(() := %(C) then the scaling constants can be chosen as u,, = (1/d)logn + p(¢).

2.1. Rare Events Points Processes and respective convergence. Before we give the formal
definition for REPP, we introduce some formalism. Let S denote the semi-ring of subsets of Ry
whose elements are intervals of the type [a,b), for a,b € ]Rar . Let R denote the ring generated by S.
Recall that for every J € R there are k € N and k intervals I1,...,I; € S such that J = Ui?:lfj. In
order to fix notation, let aj, b; € Ry be such that I; = [aj,b;) € S. For I = [a,b) € S and a € R, we
denote al := [aa,ab) and I + o := [a+ o, b+ «). Similarly, for J € R define aJ := al; U---Ualy
and J+a:=(L +a)U--- Ul + ).

Definition 2.1. For stationary stochastic processes Xg, X1, ... and sequences (up)nen satisfying
(3), we define the rare event point process (REPP) by counting the number of exceedances (or hits
to U(uy,)) during the (re-scaled) time period v,J € R, where J € R and v, := 1/u(Xo > u,) is,
according to Kac’s Theorem, the expected waiting time before the occurrence of one exceedance.
To be more precise, for every J € R, set

No(J) = D lx;5u,

Jj€vnJNNp

Our main result states that the REPP V,, converges in distribution to a standard Poisson process.
For the sake of completeness, we give next the meaning of convergence in distribution of point
processes and also the definition of a standard Poisson process. (See [Kal86] for more details).

Definition 2.2. Suppose that (N,),en is a sequence of point processes defined on § and N is
another point process defined on §. Then, we say that N, converges in distribution to N if the
sequence of vector r.v.s (Np(J1),..., Nn(Ji)) converges in distribution to (N(J1),...,N(Jg)), for
every k € N and all Jy,...,J; € S such that N(0J;) =0 a.s., fori=1,... k.

Definition 2.3. Let 717,75, ... be an i.i.d. sequence of random variables with common exponential
distribution of mean 1/6. Given this sequence of r.v., for J € R, set

oo
N(J) = /1J d (Z 5T1+__,+Ti> ,
i=1
where J; denotes the Dirac measure at ¢t > 0. We say that IV defined this way is a Poisson process
of intensity 6.

To simplify the notation, whenever J = [0,¢) for some ¢ > 0 then we will write
Np(t) := Np([0,t))) and N(t) := N([0,t)).

Remark 2.3.1. If & = 1 then we say that NV is a standard Poisson process and, for every ¢ > 0,
the random variable N () has a Poisson distribution of mean ¢.

Remark 2.3.2. In the literature, the study of rare events is often tied with the existence of
Extreme Value Laws (EVL) or the existence of Hitting Times Statistics (HTS) and Return Times
Statistics (RTS). The existence of EVL has to do with the existence of distributional limits for
M, = max{Xo,...,X,—1}. On the other hand, the existence of exponential HTS means the
existence of a distributional limit for the elapsed time until the orbit hits certain balls around (,
when properly normalised. When the orbit starts in the target ball around ¢ and consequently we
look at the first return (rather than hit) and its limit distribution then we say we have RTS, instead.
Since no exceedances of u,, up to time n means that there are no entrances in a certain ball around
¢ up to time n, the existence of EVLs is equivalent to the existence of HTS (see [FFT10, FFT11]).
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Moreover, in [HLVO05] it was proved that an integral formula relates the distributions of HT'S and
RTS, and which in particular yields the standard exponential distribution as its unique fixed point.
Note that the convergence in distribution of the point processes N,, to a standard Poisson process
N implies that lim,,—co (M, < uy) = limy, 00 (Np(7) = 0) = 77, which means that there exists
an exponential EVL for M,,, which implies the existence of exponential HTS, for balls around (¢,
which in turn implies the existence of exponential RTS, for balls around . We note also that
certain extreme value statistics lift from base transformations to suspension flows [HNT12].

Leadbetter [Lea74] introduced some conditions on the dependence structure of general the sta-
tionary stochastic processes, called D(u,,) and D’(u,), which can be used prove the convergence of
REPP to the Poisson process (see [LLR83, Section 5]). However, condition D(uy,), which imposes
some sort of uniform mixing is often too strong to be verified in a dynamical setting. Recently,
Freitas et al [FFT10] gave an alternative condition, named Ds(uy,), which together with the origi-
nal D’(uy,) was enough to prove the convergence of the REPP N,, in distribution to the standard
Poisson process N. This is precisely the statement of [FFT10, Theorem 5|. The great advantage
of this weaker condition Ds(u,) is that it is much easier to check in a dynamical setting.

We will show that the stochastic processes arising from the billiard systems considered satisfy
both these conditions Ds(uy,) and D’(u,). Hence, we give next the precise formulation of the two
conditions.

For every A € R we define

M(A) :=max{X; :i € ANZ}.
In the particular case where A = [0,n) we simply write, as before, M,, = M([0,n)). Also note that
{M(A) < un} = {No(v;14) = 0}.

Condition (D3(u,)). We say that Ds(u,,) holds for the sequence Xo, X1, ... if there exists y(n, t)
nonincreasing in ¢ for each n and ny(n,t,) — 0 as n — oo for some sequence t, = o(n) (which
means that ¢,/n — 0 as n — oo) so that

P ({Xo > un} N{M(A+1) <up}) = P(Xo > un)P(M(A) < un)| < 7(n,1),
for all A€ R and t € N.

This condition is a sort of mixing requirement specially adapted to the problem of counting
exceedances. Using decay of correlations of the billiard systems considered we will verify it for the
stochastic processes arising by such systems.

Condition (D'(uy,)). We say that D’(u,) holds for the sequence Xy, X1, Xo, ... if

[n/k]
' i 3080 0

While D3(uy,) is a condition on the long range dependence structure of the stochastic process
Xo, X1,..., D'(uy) is rather a condition on the short range dependence structure which inhibits
the appearance of clusters of exceedances. In other words, if we break the first n random variables
into blocks of size [n/k|, then D’(u,) restricts the existence of more than one exceedance in each
block, which means that the exceedances should appear scattered through the time line.

2.2. Planar dispersing billiards. Let I' = {I';,i = 1 : k} be a family of pairwise disjoint, sim-
ply connected C3 curves with strictly positive curvature on the two-dimensional torus T?. The
billiard flow B; is the dynamical system generated by the motion of a point particle in @ =
T2/(UF_, (interior T';) with constant unit velocity inside @ and with elastic reflections at 0Q =
Ulefi, where elastic means “angle of incidence equals angle of reflection”. If each I'; is a circle
then this system is called a periodic Lorentz gas, a well-studied model in physics. The billiard
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flow is Hamiltonian and preserves a probability measure (which is Liouville measure) i given by
dfii = Cg dgdt where Cg is a normalizing constant and ¢ € @, t € R are Euclidean coordinates.

We first consider the billiard map T : 0Q) — 9Q. Let r be a one-dimensional coordinatization of
' corresponding to length and let n(r) be the outward normal to I" at the point . For each r € T’
we consider the tangent space at r consisting of unit vectors v such that (n(r),v) > 0. We identify
each such unit vector v with an angle § € [—m/2,7/2]. The boundary M is then parametrized by
M :=0Q =T x [-n/2,7/2] so that M consists of the points (r,0). T : M — M is the Poincaré
map that gives the position and angle T'(r,0) = (r1,0:1) after a point (r,6) flows under B, and
collides again with M, according to the rule angle of incidence equals angle of reflection. Thus
if (r,0) is the time of flight before collision T'(r,0) = By, g)(r,0). The billiard map preserves a
measure dy = cpr cos @ drdf equivalent to the 2-dimensional Lebesgue measure dm = dr df with
density p(z) = Cpslog 0 where z = (r,0).

Under the assumption of finite horizon condition, namely, that the time of flight h(r, #) is bounded
above, Young [You98] proved that the billiard map has exponential decay of correlations for Holder
observations. The strategy relied on building a Gibbs-Markov structure, that is now usually called
Young Tower, with a corresponding induced map bearing nice hyperbolic properties. Then the idea
was to pass the good statistical properties of the induced map to the original system, in which the
tail of the inducing time ended up playing a prominent role, in particular, in the determination
of the system’s mixing rates. This settled a long-standing question about the rate of decay of
correlations in such systems. Chernov [Che99] extended this result to planar dispersing billiards
with infinite horizon where h(z,r) < oo for all but finitely many points (r, §) but is not essentially
bounded. Chernov also proved exponential decay for dispersing billiards with corner points (a class
of billiards we do not discuss in this paper). A good reference for background results for this section
are the papers [BSC90, BSC91, You98, Che99].

Our first theorem is:

Theorem 2.4. Let T : M — M be a planar dispersing billiard map. Consider that the stochastic
process X, X1,... is given as in (1) for the type of observables ¢ considered above. Then for
w a.e. ¢, conditions D3(u,) and D'(uy) hold for Xo, X1,... and sequences (un)nen Satisfying
(3). Consequently, the REPP N,, given in Definition 2.1 converges in distribution to the standard
Poisson process.

Remark 2.4.1. In particular, note that for each ¢ > 0 and each integer k£ we have:

. _tF
nh_}nolo w(Ny(t) =k)=e o
The strategy for proving Theorem 2.4 is to show the validity of conditions Ds(u,) and D’(uy,)
for various dynamical systems modelled by Young Towers, in particular dispersing planar billiards.
The proof of D'(u,) has been given in Gupta et al [GHN11] but we reproduce it for completeness
in Section 3.1. The proof of D3(u,) is similar to that of the proof for a related condition Da(uy,)
(useful in establishing the existence of EVL) given in [GHN11].

2.3. Billiards with polynomial mixing rates. Markarian [Mar04] developed an elegant tech-
nique to use inducing to establish polynomial upper bounds for rates of decay of correlation in
certain billiard systems. Young [You99] had used coupling to establish polynomial decay for cer-
tain non-uniformly expanding maps and Markarian’s ideas built upon this work.

Markarian’s idea was to find a subset M C X on which the first return map F : M — M
has strong hyperbolic behavior, in particular admits a Young Tower with exponential tails. His
approach was subsequently extended by and Zhang [CZ05] to many billiard systems exhibiting
polynomial decay.
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Notation: Given a finite measure p on X and a measurable set A C X (u(A) > 0), then we
denote by p4 the corresponding conditional measure on A, i.e. pa(B) = u(ANB)/u(A) for B C X
measurable.

The first hitting time function is given by

(5) ryr(z) == min{j > 1:T’(z) € M}
and measures the time until the orbit of a point € X enters M. The induced map F' : M O is
then given by F' = T"M and its invariant measure is the normalised measure pps. If the return time

tails decay polynomially, that is if u(z € X : ras(x) > n) = O(n~?) for some constant a > 0 then
Markarian [Mar04] showed that

(6) [ovorrau- [ oin [ van

for some constant C'. This allows us to extend our results above on Poisson limit laws to the setting
of billiards with polynomial mixing rates, by first inducing on M and then realizing 7' : X — X as
a first-return time Tower over (F, M, uar).

< Cn~ ol Lipll || Lip

Theorem 2.5. Suppose (T, X, ) is a billiard system with SRB measure p and M C X is a subset
such that the first return map F : M — M admits the structure of a Young Tower with exponential
tails. Suppose further that the function 7, defined in (5), is integrable with respect to . Consider
now that the stochastic process Xo, X1, ... is given as in (1) for the type of observables ¢ considered
above. Then for p a.e. (, the REPP N, given in Definition 2.1 converges in distribution to the
standard Poisson process.

The idea to prove Theorem 2.5 is to use the same strategy for dispersing billiards to show that
for the first return time map F' : M — M and for the stochastic processes it gives rise, we have
convergence of the points processes N,, to the standard Poisson process, p-a.e. Then we use an idea
introduced in [BSTV03], which essentially says that the original system 7" shares the same property
of the first return time map F, meaning that for stochastic processes arising from the dynamics of
T we also have that the points processes NV,, converge to the standard Poisson process, for y-a.e. (.
Unfortunately, the original statement of [BSTV03] only allows to conclude that if the first return
time F' has exponential HT'S/RTS for balls around p-a.e. ¢ then the original system 7" also has the
same property. However, as remarked in [BSTV03], a small adjustment to the argument used there
allows to prove the stronger statement that the same holds for the convergence of point processes
to the standard Poisson process. For completeness, we state here such a result and prove it in
Section 4.

In order to distinguish objects of the induced system F' from the corresponding objects of the
original system, we will use the symbol * over these objects. In particular we will write i := ;.
Let ( € M and ¢ be an observable as above, which achieves a global maximum at (.

This new induced system gives rise to a new set of random variables

X, =poF™

We can thus consider N,(J) for J € S and & = 1/(Xo > uy,) defined analogously to N, (J) in
Definition 2.1 for the original system.

Proposition 2.6. Suppose (T, X,pn) is an dynamical system with p absolutely continuous with
respect to Lebesque, M C X is a measurable set with (M) > 0 and let F': M — M denote the first
return induced map. Assume that for N, converges in distribution (w.r.t. [i) to a standard Poisson
process N, for fi-a.e. ( € M. Then for the original map (T, X, pu) we can say that N, converges in
distribution (w.r.t. the measure ) to a standard Poisson process for p-a.e. point ( € M.

We remark that the statement of [BSTV03|, which said that the limit distribution for HT'S/RTS
for the induced map F was equal, at p-a.e. point ¢, to the respective HT'S/RTS distributional limit
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for the original system T, was extended in [HWZ13] by removing the p-a.e. point { restriction. In
an ongoing work about an extremal dichotomy for intermittent maps, the first named author with
A.C.M. Freitas, M. Todd and S. Vaienti proved an extension of the [HWZ13] result to include the
convergence of point processes, which implies Proposition 2.6.

3. CONDITION D3(uy) FOR YOUNG TOWERS WITH EXPONENTIAL TAILS

We will make an assumption on the invariant measure p, which is automatically satisfied for
planar billiard maps. We assume,
Assumption A : For p-a.e. ( € M there exists £ := £(¢) > 0 such that if A, ({) = {y € M :
r < d(¢,y) < r+e€} is a shell of inner radius r and outer radius r + € about the point ¢ and if r
sufficiently small, 0 < € < r < 1, then p(A,(¢)) < €.

Assumption A is satisfied by planar dispersing billiards with finite and infinite horizon as the
invariant measure isequivalent to Lebesgue. This is proved in [BSC91, Appendix 2| where it is
shown that d may be taken as 1 in the case of finite horizon and 4/5 in the case of infinite horizon.

The Young Tower assumption implies that there exists a subset A C M such that A has a
hyperbolic product structure and that (P1)-(P4) of [You98] hold. We refer the reader to Young’s
paper [You98| and the book by Baladi [Bal00] for details. A similar axiomatic construction of a
tower is given by Chernov [Che99] which is a good reference for background on dispersing billiard
maps and flows.

By taking T to be a local diffeomorphism we allow the map T or its derivative to have disconti-
nuities or singularities.

Next we describe briefly the structure of a Young Tower with exponential return time tails for a
local diffeomorphism 7' : M — M of a Riemannian manifold M equipped with Lebesgue measure
m.

There is a set A with a hyperbolic product structure as in Young [You98| and assume there is
an Z1(m) return time function R : Ag — N. Moreover assume there is a countable partition Ao
of Ay so that R is constant on each partition element Ag;. We put R; := R| Ao+ Now the Young
Tower is defined by

A= Ui,lgRi—l{(x> l):z e AO,i}
and the tower map F': A — A by

F(x l)— (:L’,l+1) ifx€A07i,l<RZ‘—1
o (TRix,O) ifx e Aoﬂ',l =R, -1 ’

We will refer to Ay := U;(Ag;,0) as the base of the tower A and denote A; := Ag;. Similarly we
call A; = {(x,1) : | < R(z)}, the Ith level of the tower. Define the return map f = T% : Ag — Ag
by f(x) = TR®)(2). We may form a quotiented tower (see [You98] for details) by introducing an
equivalence relation for points on the same stable manifold. We now list the features of the Tower
that we will use.

There exists an invariant measure mqg for f : Ag — Ag which has absolutely continuous con-
ditional measures on local unstable manifolds in Ag, with density bounded uniformly from above
and below.

-1
There exists an F-invariant measure v on A which is given by v(B) = %
Ao

B C A;, and extended to the entire tower A in the obvious way. There is a projection m : A — M
given by m(z,1) = T'(z) which semi-conjugates F' and T, that is it satisfies 7 o F = T o 7. The
invariant measure pu, which is an SRB measure for T': M — M, is then given by u = mv. Denote
by W} (x) the local stable manifold through x i.e. there exists ¢(z) > 0 and C' > 0, 0 < o < 1 such
that

for measurable

Wise ={y - d(z,y) < €, d(T"y, T"x) < Ca" ¥n > 0}.



8 J. M. FREITAS, N. HAYDN, AND M. NICOL

We use the notation W} _ rather than W2 (z) in contexts where the length of the local stable manifold
is not important. Analogously one defines the local unstable manifold W} _(x). Let B(z,r) denote
the ball of radius r centered at the point x. We lift a function ¢ : M — R to A by defining, with
abuse of notation, ¢(x,1) = ¢(T'x).

Under the assumption of exponential tails, that is if m(R > n) = O(6") for some 0 < # < 1 then
for all Lipschitz ¢, ¥ one has

(7) Jovorau— [ odn [ van

for some constant C. Moreover, if the lift of 9 is constant on local stable leaves of the Young Tower,
then

(8) ‘/aﬁon”du—/cédu/tbdu’ < COM|l i ]| so-

< COT @l Lipll¥l Lip

As before, let ¢ be in the support of u and define a stochastic process X,, given by X, (z) =
—log d(T™z, (). In the remainder of this section we establish condition D3 (uy,) for maps modeled by
a Young Tower with exponential tails satisfying Assumption A. Our main theorem for this section
is:

Theorem 3.1. Let T : (M,u) — (M, p) be a dynamical system modeled by a Young Tower with
exponential tails satisfying Assumption A. Then the stochastic process Xo, X1, ... defined as in (1)
satisfies the condition Ds(uy,).

Proof. We first define
B i(Q) = {&: T*W;(2) NOB(C,r) # 0}
and obtain as an immediate consequence of Assumption A the following:

Proposition 3.2. Under Assumption A there exist constants C > 0 and 0 < 71 < 1 such that for
any r, k

9) H(Brk(Q)) < Ot

Proof. As a consequence of uniform contraction of local stable manifolds [?, (P2)], there exist
a € (0,1) and ¢; > 0 such that d(T"(x), T"(y)) < c1a™ for all y € Wy (z). In particular, this implies
that |Tk(W;79(:U))\ < c10* where | - | denotes the length with respect to the Lebesgue measure.

Therefore, for every x € B, j(() the leaf T k(Wﬁ(m)) lies in an annulus of width 2c;a® around
0B((,r). By Assumption A and invariance of u the result follows. O

We now continue the proof of Theorem 3.1. The constant 71 below is from Proposition 3.2. Let
A€ S, sothat A= Ué-:l[aj,bj) and define T4 = [aq, by].

Lemma 3.1. Suppose ® : M — R is Lipschitz and WV 4 is the indicator function

Y=L (a)<un)
Then for all j > 0

(10) ’/i)\I/AOTjdu—/CPdu/\IIAdM’ <cC (Hq)HOOTlU/?J n ”@HL@@U/%)

Proof. Define the function ® : A — R by ®(z,7) = ®(T"(z)) and the function W4 (z,r) =
U4 (T"(x)). We choose a reference unstable manifold 4% C Ap and by the hyperbolic product
structure each local stable manifold W,'(z) will intersect 4 in a unique point #. Here x denotes a
point in the base of the tower Ag and we therefore have z € W(%).
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We define the function W 4(z,r) := ¥ A(Z,7). We note that W 4 is constant along stable manifolds
in A and the set of points where W4 # W 4 is, by definition, the set of (z, ) which project to points
T"(x) for which there exist 1, x2 on the same local stable manifold as 7" (z) for which

x1 € {M(A) < uy}
but
xy ¢ {M(A) < up}
This set is contained inside UZ:;?ZT_’“Bumk. If we let a; > |j/2] then by Proposition 3.2 we have

oo

- _ D
’/{‘I’um,umm a ‘PLj/2J7Lj/2J+bz} < > wBu) < Cr
k=Lj/2]

By the decay of correlations as proved in [You98|] under the assumption of exponential tails, we
have

< CJ|@llwip 0872,

’/‘i)\l’/HLj/?J onLj/2JdV_/<i>d1//‘I’A+U/2JdV

Recall,
‘/(I)‘IIA-FU/QJ OTj_U/%d[L—/(I)dy/\I/A_i_U/QJd/L‘ = ‘/(i)\ijA—l-Lj/QJ OFj_U/QJClI/—/‘i)dy/\i’A+Lj/2JdV

We will use the identity [ ¢poF — [ ¢ [ = [ (o F—poF)+ [ poF— [ [+ [ [~ [ [ .
Thus

‘/@@Aﬂj/zj oTJ‘—U/QJdM—/@du/\lfAﬂjmdu‘
_ ’ [0ac o B0~ [ @ [0,y

+CPfLipt

< ‘/i’ (Vaiiso = Warpigay ) o F7U v

+ ’/&)dl// <@A+U/2J —\i/AJrU/QJ) dv
s¢C (2”‘1’”°OV {@Aﬂj/% # ‘i’Am/zJ} + ||‘1>HLip9U/2J)

(1) <C ([ @floert” + Lol ).

We complete the proof by observing that [ Wudu = [¥ A+j/2/dp by the p invariance of T and
that \I/A+Lj/2JOTj7Lj/2J:\IIA—i-j:\I/AOTj. ]

To prove condition Ds(u,), we will approximate the characteristic function of the set U, =
{Xo > uy} by a suitable Lipschitz function. This approximation will decrease sharply to zero near
the boundary of the set U,. The bound in Lemma 3.1 involves the Lipschitz norm, therefore, we
need to be able to bound the increase in this norm.

We approximate the indicator function 1y, by a Lipschitz continuous function ®,, as follows.
Since U, is a ball of some radius 7, ~ ﬁ centered at the point ¢, we define ®,, to be 1 inside a

2
ball centered at ¢ of radius r,, —n~ ¢, where £ comes from Assumption A and decaying to 0 so that
2
on the boundary of U,, ®, vanishes. The Lipschitz norm of ®,, is seen to be bounded by n¢ and
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11y, — @1 < -5. Therefore
‘/1Un\1/A+U/2J OTj_U/QJdM_M(Un)/‘PA—Hd.U’
< | = 2 | 0 (10l )

)

(12) +'/(1Un —@n)du/\yAHj/QJdﬂ

and consequently

[1(Un N{M(A+1) < up}) = p(Un)n({M(A) < un})| < v(n,j)
where
v(n,j)=C (n‘z + n%HIU/QJ)

where 01 = max {r,0}. Let j = t, = (logn)®. Then nvy(n,t,) — 0 as n — oo. Note that we had
considerable freedom of choice of t,, anticipating our applications we choose t,, = (logn)®. ]

3.1. Property D’(u,) for Planar Dispersing Billiard Maps. We have shown Ds(u,) is im-
mediate in the case of dispersing billiard maps with finite horizon, as they are modeled by a Young
Tower in [You98| and have exponentially decaying correlations. Chernov [Che99, Section 5| (see
also [BSC91, Section 5]) constructs a Young Tower for billiards with infinite horizon to prove ex-
ponential decay of correlations so that condition Ds(u,,) is satisfied by this class of billiard map as
well. Hence to prove a Poisson limit law we need only prove condition D’(u,,), which we do in this
section.

It is known (see [Che99, Lemma 7.1] for finite horizon and [Che99, Section 8] for infinite horizon)
that dispersing billiard maps expand in the unstable direction in the Euclidean metric | - | =
(dr)2 + (d¢)2?, in that |DTv| > CX"|v| for some constant C' > 0 and A > 1 independent of v.

If we choose Ny so that A :== CANo > 1 then TN (or DTN0) expands unstable manifolds (tangent
vectors to unstable manifolds) uniformly in the Euclidean metric.

It is common to use the p-metric in proving ergodic properties of billiards. Recall that for any
curve 7, the p-norm of a tangent vector to v is given as |v|, = cos ¢(r)|dr| where v is parametrized in
the (r, ) plane as (r, ¢(r)). Since the Euclidean metric in the (7, ¢) plane is given by ds? = dr?+4d¢?
this implies that |v|, < cos¢(r)ds < ds = |v|. We will use [,(C) to denote the length of a curve in
the p-metric and I(C) to denote length in the Euclidean metric. If « is a local unstable manifold
or local stable manifold then C1i(7), < I(y) < Cay/1p(7).

For planar dispersing billiards there exists an invariant measure p (which is equivalent to the
2-dimensional Lebesgue measure) and through p-a.e. point x there exists a local stable manifold
W .(x) and a local unstable manifold W}“_(x). The SRB measure 1 has absolutely continuous (with
respect to Lebesgue measure) conditional measures p, on each W} (x). The expansion by DT is
unbounded however in the p-metric at cos = 0 and this may lead to quite different expansion
rates at different points on W} (x). To overcome this effect and obtain uniform estimates on the
densities of conditional SRB measure it is common to definite homogeneous local unstable and local
stable manifolds. This approach was adopted in [BSC90, BSC91, Che99, You98]. Fix a large ko
and define for k& > kg

Ik:{(r,e):g—k_2<9<g—(k+1)_2}

Iy ={(r0): —g+(l<:+1)‘2 <0< ig E2)

and - -
Iry = {(r,0) : =5 +hyt<b< 5 ko).
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We call a local unstable (stable) manifold W2 (z), (W .(z)) homogeneousif T"W}" (x) (T~"W} (x))
does not intersect any of the line segments in Ugsg, (I U I_x) U Iy, for all n > 0. Homogeneous

W (x) have almost constant conditional SRB densities jr’)sz in the sense that there exists C' > 0

such that & < j#j; (21) jr’sz (22) < C for all z1, 20 € W.(x) (see [Che99, Section 2] and the
remarks following Theorem 3.1).

From this point on all the local unstable (stable) manifolds that we consider will be homoge-
neous. Bunimovich et al [BSC91, Appendix 2, Equation A2.1] give quantitative estimates on the
length of homogeneous W} (x). They show there exists C, 7 > 0 such that pu{z : [(W} (z)) <
eor [(Wph.(z)) < €} < Ce” where [(C) denotes 1-dimensional Lebesgue measure or length of a

rectifiable curve C'. In our setting 7 could be taken to be %, its exact value will play no role but

for simplicity in the forthcoming estimates we assume 0 < 7 < %

The natural measure p has absolutely continuous conditional measures p, on local unstable
manifolds W} (x) which have almost uniform densities with respect to Lebesgue measure on W} (z)
by [Che99, Equation 2.4].

3.1.1. Controlling the measure of the set of rapidly returning points. Let A z = {z : [Wj (z)] >
Ve} then “(Afﬁ) < ¢1€™/? by Bunimovich’s result. Let z € A,z and consider Wy (z). Since
| T W (z)| < A7 WE, (2)] for k > Ny we obtain by the triangle inequality for y,y’ € W, (x):

- L - 1
d(y,y) < AT ', y) + d(TFy, T™y) + d(TFy,y) < 2e+ 14w y)

which implies d(y,y’) < 2(1 — §)e. Thus
Hy € Wis(x) 1 d(y, T™"y) < e} <2(1 = A" Ne < eoV/elfy € Wik.(2)}.

Since the density of the conditional SRB-measure p, is bounded above and below with respect to
one-dimensional Lebesgue measure we obtain 11, (y € W (z) : d(y,T*y) < €) < c3\/e. Integrating

&
€

over all unstable manifolds in Az (throwing away the set M(A\[)) we obtain p{x : d(T *z,z) <
€) < cae™/? (c4 < 1+ c3). Since p is T-invariant we get

En(e) = p{z : d(T*z, ) < €} < cye™/?
for £ > Ny. Consequently

. 2
By :={z:d(T?z,z) < —= for some 1< j <log®k}

VEk
obeys the upper bound p(Ey) < c5k~7 for any o > 7. Let us note that a similar result has been
shown in [CC13], Lemma 4.1.

3.1.2. Controlling the measure of the set of points whose neighborhoods have large overlaps with the
sets Ey. Define the Hardy-Littlewood maximal function M; for ¢(z) = 1, (z)p(x) where p(z) =

%(m), so that

1
M;(x) :=sup

) s, P

Hence (cf. [Fol99, Page 96])
el

<
m(lmil > €) < 22

where || - || is the £ norm with respect to m. Let
Fro={x: p(B(x, k)N Ep, ) > (kP2
Then Fj, C {My./2 > k~7%/2} and hence
m(F,) < ,u(Em/z)k:”ﬁﬂ < Ck™0/2k78/2,
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If we take 0 < 8 < 0/2 and 7 > /4 then for some & > 0, k~77/2k78/2 < k=19 and hence
Zm(Fk) < 0.
k

Thus by Borel-Cantelli for m-a.e. (hence p-a.e.) ¢ € X there exists N(() such that ¢ ¢ Fj for all
k > N(¢). Thus along the subsequence ny, = k=2, (U, NT U, ) < nlzl*‘s for k > N(¢) where as
before U,, = {X¢ > u,} (and thus T=7U,, = {XqoT’ > u,}). This is sufficient to obtain an estimate
for all w,. For if k7/2 < n < (k+1)7/2 then p(U, N T7U,) < p(Up, NT 7 Up,) <mpt 70 < 2n7 1790
for all n large enough as (E1)7/2 — 1.

We now control the iterates 1 < j < Np. If ¢ is not periodic then mini<;<;<n, d(TiC,TjC) >
5(¢) > 0 and hence (U, NT~7U,) =0 for all 1 < j < Ny and n large enough.

Since wu,, was chosen so that nu(U,) — 1, we get

w(U, NTIU,) < 2n7170

for any 1 < j < log® n, and consequently

log® n
. _] o
nh_)rrolon Z:l wU, NTU,) =0.
J:

3.1.3. Accounting for exceedances between log® n and v/n. We use exponential decay of correlations
to show

J
(13) lim n Z (U, N T7U,) = 0.
j=log®n

As before, we approximate the indicator function 1y, of the set U,, by a suitable Lipschitz function.
Recall that U,, is a ball of some radius 7, ~ ﬁ centered at the point (. We define &, to be 1

inside B((,ry, — nfg), where £ comes from Assumption A, and decaying to ®,, =0 on X \ U,,. The
2
Lipschitz norm of ®,, is then bounded by n¢. Thus

[ 1o T ([ 1, dw?l < | [ @ul@n o T dn ([ @0
1 i = ([ 10,
| [ 10, 0T d = [ @@ 0T da.
If (logn)® < j < p = /n then we obtain by decay of correlations for the first term

[ n@uo ) de— ([ @, du?| < onlei < o

if n is sufficiently large. For the second term we obtain for n large enough

( / Bdp)® — ( / 1, dp)?] < u(A,, ase) < (126 < COn™?

Similarly we estimate the third term as follows

[ ea@no T du— [ 10, (0, 0T dul < 2004, w0 < 5

B‘Q

Hence equation (13) is satisfies which concludes the proof of Theorem 2.4.
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4. BILLIARDS WITH POLYNOMIAL MIXING RATES

Proof of Theorem 2.5. First suppose ( is a generic point in M. We may establish a Poisson limit
law for nested balls about ¢ by proving Ds(uy,,) and D'(u,) as in the case of Sinai dispersing billiards
for the map F': M — M with respect to the measure pys. To prove Ds(uy,) note that local stable
manifolds contract exponentially, Assumption A holds (as the measure py () = ﬁ( N M)) and
the exponential decay of Equation ?? in the Lipschitz norm versus .£*° holds because we have the
structure of a Young Tower for F': M — M. Hence D3(u,) holds for generic points ¢ in M. These
are the only ingredients of the proof for Ds(uy,).

The proof of D'(u,,) also proceeds in the same way as for Sinai dispersing billiards as the local
unstable manifolds contract uniformly under F~!, the measure u; decomposes into a conditional
measure on the local unstable manifolds which is absolutely continuous with respect to Lebesgue
measure. These are the only ingredients of the proof of D’(u,) for Sinai dispersing billiards.

Finally we use Proposition 2.6 to extend this result to generic points in phase space. [l

Proof of Proposition 2.6. The argument below is built on adjustments of the proofs of [BSTV03,
Theorem 2.1] and [FFT13, Theorem 5]. Since N is a simple point process, without multiple events,
we may use a criterion proposed by Kallenberg [Kal86, Theorem 4.7] to show the stated convergence.
Namely we need to verify that

(1) E(NV,(D)) — E(N(I)), for all I € S;
(2) p(Nn(J)=0) — w(N(J)=0), for all J €R,
where E(-) denotes the expectation with respect to p. As before let us put U, = {Xo > uy,}.

The first condition follows trivially by definition of the point process N,. In fact, let a,b € RT
be such that I = [a,b), then, recalling that v, = 1/u(U,), we have

Lvnb] [vnb)]
E(Nn(I)) =E Z lr-iy, | = Z E(1r-iy,)
j=|vna|+1 j=|vnal+1

= ([wnbd] — (lvnal +1)) p(Un)
~ (b= a)vpp(Un) —— (b —a) = E(N(I)).

[e.9]

By [Zwe07, Corollary 6] we only need to show that
pnr(Na(J) = 0) —— P(N(J) =0), forall J € R.
n—,oo

Let
n—1

1 ,
E,(x):= - Z; rar o F'(x)
7=
then by the ergodic theorem we get for py-a.e. x € M:
1
E (x)—>c::/ rar duy = ————
" M u(M)
where the final equality follows from Kac’s Theorem. Moreover ¢ = vy, /0p,.
For p-a.e. © € M, there exists a finite number j(z, ¢) such that |E,(z) —c| < € for all n > j(z,¢).

Let G¢ := {x € M : j(x,e) < n}. Moreover, we define N = N(g) to be such that
(14) a(Gy) > 1 —¢.
Since

< en for z € G5 and n > N,

n—1
Z ru(F(z)) — en
i=0
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for all such n, there exists s = s(x) with |s| < en such that F"(z) = T“"5(z). Since ry, =
Zg’é_l rar o F', we obtain
ru, (x) = cry, (x) + s
for some |s| < 7y, (z) whenever 7y, (z) > N and z € G5, where we used that ¢ = vy, /0.
Note that since Up41 C UpVn the sets Ly, = {fy, > N} are nested, i.e. Ly, C Ly, ,7n.
Hence, as pup(tu, < j) < jum(U,) — 0, as n — oo there exists N’ = N'(e) sufficiently large such
that

(15) par (L)) <.

for all n > N'.
Let Jsup =supJ + 1. Observe that

g (N[0, Joup)) > ) < it (N0 /8a[0, Joup)) > )

= uu (Nn(C[O, Jop)) > H) 5 P(N([0, cJsup) > £) — 0.

U—UR K—00

This implies that we can choose K(J) independent of £ such that pps (N,(J) > K(J)) < e.
, (i—1)
Also, for any x € M and i = 2,..., let 7“8) (z) == 1y (T"vn )(x) where r((}) := 1y, and put

T&L = T(i];l + 7‘82, with Tlljn = ry, for the ith return time to U, under the map 7. Similarly we

, (i—1) ) ) ;
define fgi (z) == 7y, (F'Un )(z) and 7f;, = %ZU;1 + fgi for the ith return time to U, under F'. We

will use the ergodic theorem to approximate 77, (x) by ¢7{; (x) on a large set.
For that purpose put

K ,
Etin, J,€) i= {Na(J) = 0} N {Nu((0, Juup)) > K} 00 | (T 7% (éiv/K N LN/Q)
j=1

By stationarity, (14) and (15), for K, N and n sufficiently large we have
(16)  |uar (Nn(J) = 0) — par (E(un, J,€))
~ c c
< (N[0, Jawp)) > )+ Kpng (G5)) + K ((25)") < 3e

By definition of é’fv/K we now conclude that for z € E(u,,J,e) and j = 1,..., K, there exist
lsj| < 672((]{3 (x) such that
1“83 (x) = cfgz (x) + s5.
Hence
(17) 7, — o, | < Ke

on E(uy,J,e) for j =1,..., K. Since 0, = v,/c, from (17), we get that for € E(uy,,J,¢) and
every j=1,...,. K

(18) 7, (x) €vnd = ) (x) € 0n(1+ B(0,Ke/c))J
and also
(19) # () €tnd = T () €va(1+ B(0,Kefc))J,

where we used (1+ B(0,0))J ={x=(14+y)z: |y| <,z € J}. Hence,

A A

punt (N (J) = 0) < payr (E(un, (14 B(0, Ke/c))J,€)) < pnr(Nn((1 4 B(0,2K¢/c)).J) = 0).
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Taking limits as n — oo, by hypothesis, we get that
B(N(J) = 0) < piar (Eun, (1+ B(0, Ke/c))J, 2)) < B(N((1 + B(0,2Ke/c)).J) = 0).
Finally, using (16) and that lims_,o P(N((1 + B(0,6))J) = 0) = P(N(J) = 0) (as J is a finite
union of disjoint intervals), we get

lim par(N, (J) = 0) = B((N(J) = 0).

n—oo

5. SOME APPLICATIONS

As listed in Chernov and Zhang [CZ05] Theorem 2.5 applies to semi-dispersing billiards in rect-
angles with internal scatters, Bunimovich stadia, Bunimovich flower-like regions and skewed stadia
(see the figures above). These billiards have polynomial mixing rates yet exhibit Poisson return
time statistics.

(A) A Bunimovich stadium. (B) Flower like stadia.

FIGURE 1. Some polynomially mixing billiards.
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