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CONVERGENCE OF THE MULTIGRID V-CYCLE ALGORITHM
FOR SECOND-ORDER BOUNDARY VALUE PROBLEMS
WITHOUT FULL ELLIPTIC REGULARITY

SUSANNE C. BRENNER

ABSTRACT. The multigrid V-cycle algorithm using the Richardson relaxation
scheme as the smoother is studied in this paper. For second-order elliptic
boundary value problems, the contraction number of the V-cycle algorithm
is shown to improve uniformly with the increase of the number of smoothing
steps, without assuming full elliptic regularity. As a consequence, the V-cycle
convergence result of Braess and Hackbusch is generalized to problems without
full elliptic regularity.

1. INTRODUCTION

In this paper we consider the effect of the regularity of a second-order elliptic
boundary value problem on the asymptotic behavior of the contraction number of
a V-cycle multigrid algorithm with respect to the number of smoothing steps.

Let Q be a polygonal domain in R? with reentrant corners. Consider the varia-
tional problem of finding u € H} () such that

(1.1) a(u,v) = F(v) Yo e HY(Q),
where F' € H~1(Q), the dual space of HZ (), and

(1.2) a(u,v) = /Q[p(x)Vu - Vo + r(z)uw] de Yu,v € H(Q).

We assume that p(z) and 7(z) are C! on Q, p(x) > 0 on Q, and 7(z) > 0 on Q.
It is clear that

(1.3) la(v1,v2)| < Cllor|lgollvallmi)y  Yor,ve € HY(Q),
and the Poincaré inequality implies that
(1.4) a(v,v) > c||v||?{1(9) Vo€ Hy(Q).

Here C and ¢ are positive constants which depend on  and the coeflicients p(z)
and r(z).
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508 SUSANNE C. BRENNER

The estimates (IL3))-(L4) and the Riesz representation theorem imply (cf. [16]
14]) that () is uniquely solvable and

(1.5) luller@) S 1Fa-— @ -

In order to avoid the proliferation of constants, we henceforth use the notation
A < B (or B 2 A) to represent the inequality A < constant x B, where the constant
is positive and independent of all the variables in the inequality, and it is always
assumed to be mesh-independent (i.e., it is independent of mesh sizes and mesh
levels). The notation A ~ B is equivalent to the statement that A < B and B < A.

Because of the presence of reentrant corners, the solution of (II)) does not have
H?(Q) regularity for F' € Ly(f2). Instead (cf. Corollary 5.12 and Section 14 of [18],
and also the related work in [21], [27]), there exists a number « satisfying

1< <1
- <
2

such that u € H'T*(Q) N HF(Q) for F € H~1T*(Q), and the following regularity
estimate holds:

(1.6) lull g+ (o) S 1| -1+2(q) -

Let 77 be a triangulation of €, and the triangulations 7, k = 2,3,..., be ob-
tained from 7j_; by connecting midpoints. The P; finite element spaces associated
with the triangulations 7; will be denoted by Vj. The k*® level discrete problem
for (L) is to find uy € Vi such that

(1.7) a(ug,v) = F(v) Vve V.
On each level we introduce a discrete inner product
(1.8) (v1,v9)p = hi Z v1(p)va(p) Yoy, v € Vi,
PEVy

where Vj is the set of all the internal vertices of 7. We can then represent the
variational form a(-,-) on Vi x Vj by the operator Ay : Vi — Vj defined by

(19) (Ak’l)l,’l)g)k = a(’l)l,’l)g) V’Ul,’l)g cVi.

Note that Ay is symmetric positive definite with respect to (-, ).
The discrete problem (L) can be rewritten as

(1.10) Apug = fi
where fi € Vi is defined by
(111) (fk;v)k :F(’U) YVvoe V.

The V-cycle multigrid algorithm (cf. [23] 25] [5] [10]) is an iterative solver for
equations of the form (CIU). Given g € Vi and initial guess zg € Vj, it produces
MGvy(k,g,z0,m1,m2) as an approximate solution for the equation

(1.12) Apz=g,

where my (resp. mg) is the number of pre-smoothing (resp. post-smoothing) steps.
The following are the known results concerning the convergence of the V-cycle
multigrid algorithm.
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CONVERGENCE OF THE MULTIGRID V-CYCLE ALGORITHM 509

In the case of full elliptic regularity where o« = 1, Braess and Hackbusch [22,[4] 23]
(cf. also [II, 251 [7]) proved that there exists a positive mesh-independent constant

C' such that
(113) HZ_MGV(k7g7ZO)m17m2)Ha
< < Iz = 2ol
~ | C + [max(my, 1) max(mg, 1)]1/2 Olla
for my + mo > 1, where the energy norm || - ||, is defined by
(1.14) lv]le = Va(v,v) Yo € Hy(9).

For the case where o < 1, Zhang [33] and Bramble and Pasciak [8, [0] (cf. also
[31], [32], 20l 1], 28]) showed that there exists a positive constant § < 1, independent
of the meshes and the number of smoothing steps, such that

(1.15) Iz = MGy (k, g, z0,m1,m2) [0 < 0|2 — 20]la -

Note that, in contrast to (II3]), the estimate ([LI5) does not indicate that the
contraction number of the V-cycle algorithm decreases with the increase of the
number of smoothing steps.

In this paper we develop a new additive approach to the convergence of the
V-cycle algorithm and obtain the following estimate (cf. Lemma [6.8):

(1.16) |z — MGy(k,g,20,0,m)|la S m 2|z — 20||a
for m sufficiently large. Combining ([LIH) and (TIG), we have (cf. Theorem [6.9)
(117) ||Z—MGV(k,g,Zo,m1,m2)”a

C

< —
~ | C + [max(mq, 1) max(ma, 1)]*/2 Iz = zolla

for my; + mo > 1, where the positive constant C is mesh-independent. In other
words, the estimate (CI3) is generalized to boundary value problems without full
elliptic regularity.

Remark 1.1. The new result (LTZ) is obtained only for the V-cycle algorithm us-
ing the Richardson relaxation scheme as the smoother (cf. Section BI), while the
estimates (LI3) and ([CIH) are valid for many other smoothers. The generalization
of (LTT) to other smoothers will be investigated in future work.

The rest of the paper is organized as follows. The multigrid V-cycle algorithm
with the Richardson relaxation scheme as the smoother is described in Section
Tools for the analysis of the multigrid V-cycle algorithm are developed in Sec-
tions BHAL The estimates (ILI6l) and (CIT) are then proved in Section

2. A MULTIGRID V-CYCLE ALGORITHM

In this section we describe the V-cycle multigrid algorithm with Richardson
relaxation as the smoother. First we note that the Py finite element spaces Vj, are
nested, i.e.,

(2.1) VicVeC---C Hy (),
and the mesh sizes hy = maxrcr, diam T are related by

(2.2) hi = 2hj for k=1,2,3,....
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510 SUSANNE C. BRENNER

It is also easy to see that the mesh-dependent inner product defined by (L8] satisfies
(2.3) (0,0~ vllT,@  YvE Vi,

and then (I.3]) and a standard inverse estimate (cf. [16, [14]) imply that the spectral
radius p(Ay) satisfies

(2.4) p(AL) S b2

The computation of MGy (k, g, z0, m1, m2) is defined recursively as follows.
Algorithm 2.1. For k = 1, we define
(2.5) MGy (1,9, 20, m1,mg) = AT 'g.

For k > 2, we obtain MGy (k, g, z9, m1,ms2) in three steps.
1. (Pre-Smoothing) For j =1,2,...,m1, compute z; by

1
(2.6) 7 = zj-1+ (9 — Akzj-1).
k
2. (Coarse Grid Correction) Compute zpm,,+1 by
(2.7) Zmn41 = Zmy + MGy(k— 1,17 (g — Agzm, ), 0,m1, ma) .
3. (Post-Smoothing) For j = my +2,...,m1 + mg + 1, compute z; by
1
(28) Zj = Zj—1+ A—(g - Aijfl) .
k

Finally we set MGy (k, g, 20, m1, m2) t0 be Zm,+myt1-
In ([2.6) and (2.8), the number Ay satisfies

(2.9) p(Ak) < Ay,
and the intergrid transfer operator I,f*l : Vi — Vi1 in ([270) is defined by
(2.10) (IF o, w)p—1 = (v, w)y, Voe Vi, weVi_q.

In view of [2.4)), we can always take Ay = Ch;z, where the positive constant C' is
mesh-independent.

Next we recall briefly some well-known formulas that describe the errors of V-
cycle algorithms. More details can be found in |26}, 23] [5] [10].

Let Ex m,.ms : Vi — Vi be the operator connecting the initial error and the
final error of the multigrid V-cycle algorithm applied to (LI2), i.e.,
(2.11) Ekmyms (2 — 20) = 2 — MGy(k, g, 20, m1, m2) .

The operator Ej ;m, m, can be described in terms of the Ritz projection operators
Py : H () — Vi defined by
(2.12) a(Pi¢,v) = a(¢,v) V¢ e HYQ),veE W,
and the operators Ry : Vi, — V}, defined by

1

2.1 = Id. —
(2.13) Ry, = Id, A

Ak7

where Idy is the identity operator on V.

Remark 2.2. Tt follows immediately from (LT4) and 2I2) that
(2.14) 1PkClla < [I€lla V(€ Hy(Q),
(2.15) I€ = Piclla = inf € =vlla V(€ Hy(9).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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Note that (), [ZI0) and ([ZT2) imply
(2.16) ' A=A 1Prov Yo eV,
Using (Z11)), (ZI3) and ([ZI6]), we can express the effects of (Z6)-(Z8) as
z—2zm, = R" (2 — 20) ,
(2.17) 2zl = (Idk — P+ Ek_l,ml,mPk_l) (2 = 2m,)
2= Zmy4mat1 = Ry 2 (2 — Zmy+1) -

Comparing (ZII) and (ZI7), we obtain the recursive relation

(2.18) Ek’mhmz’v = RZM (Idk — P 1+ Ekfl,ml,mzpk—l)RZ“’U
Voe Vi, k>2,

and of course we also have (cf. (1)
(2.19) Ermym,v =0 Yoel.

In particular the operators Ej ,, = Ej.0,m and E,’;m = E} m 0 satisfy

(2.20) Eymv = Ry (Idk — P 1+ EkamPk,l)’U Vve Vi, k>2,
(2.21) E1mv =0 Yoev,
(2.22) Eimv=(Idy — Peoy + E;_y . Peo1)R'v Vo e Vi, k>2,
(2.23) E;,v=0 VoeV.

The following well-known relations (cf. [26, 23]) can be derived by mathematical
induction using ([2.I8)-(2:23):

(2.24) a(Ek7mv1, ’Ug) = a(vl, E;,mvg) Vv, v9 € Vi,

(225) Ek,ml,mz = Ek,sz;,ml fOI‘ ]f = ]., 2, e

The estimate (I.16) can be rewritten as

(2.26) |Ermolla Sm~ Do),  YveW.

~

We will establish (2.26) in Section [6 using the following additive expression for
E).m, which follows immediately from (2.20) and 2:21).

k
(2.27) Eemv =Y RPRP" - RMPj—Pi)v  VveV.

j=2
Remark 2.3. The operators Ej ,, (k> 2) can also be written as (cf. [5] [10])
(2.28) Exmv =R}'(Idy — Pr—1 + R} | Py—1) - (Id, — Py + Ry'P2)(Idp — Pr)v

for v € Vj,. This multiplicative representation of Ej, ,,, plays a key role in the proofs
of many of the known V-cycle convergence results. Using (Z271) instead of (2:23) is
the point of departure for the new approach to V-cycle convergence developed in
this paper.
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512 SUSANNE C. BRENNER

3. CONSEQUENCES OF THE ELLIPTIC REGULARITY

First we note that (IH) and (I6]) imply a scale of elliptic regularity estimates.
Following the notation in [30 21], we define, for s > 0, the space H*(Q2) =
{v € H*(Q) : © € H*(R*)}, where ¥ is the trivial extension of v to R?, and
[vll ) = 0]l r=(r2). The spaces H*(2) for s > 0 form a scale of interpolation

spaces. Moreover, for s — % & 7, the space I:IS(Q) coincides with H?(2), and the
norms | - || ooy and || - | g () are equivalent on H*(Q) = H5(Q). Consequently,
for s > 0 and s — 3 ¢ Z, we have H~*(Q) = [H:(Q)]" = [H*(Q)]' with equivalent
norms.

Let 0 < s < aand u € H}(Q) satisfy (I]) for F € [H'~5(€)]". The interpolation
theory of Sobolev spaces (cf. [30, B]) and the estimates (I.5) and ([6) imply that
u € H'$(Q) and

(31) N T -
It follows from (BI)) that T : H'+5(Q) N HA(Q) — [H'~*(Q)] defined by
T¢ ==V -(p(x)Ve)+r(x)p

is an isomorphism for 0 < s < «; i.e., T is one-to-one, onto and the following
estimate holds:

(32) 1Tl 1y = N0llarvey Vo€ HF(Q)NH(Q).

Moreover, by a density argument, the variational for~m a(-,-) has a unique ex-
tension from H}(Q) x H{(Q) to [H5(Q) N Hg ()] x H'7*(2) such that

(33)  a(g, )= (To)(yp)) Ve HTHQNHH(Q),¥eH Q).

The Sobolev spaces H'5(Q) N H}(Q) and H'~*(Q) satisfy a duality relation
with respect to the extended variational form a(-,-), as stated in the next lemma.

Lemma 3.1. The following estimates hold for 0 < s < o :

a )
B olme@~ swp o) Vo e H'H Q) N (),
veHAI—5(0) ||1/)||H1—S(Q)
Y#0
a(éf’ﬂ/’) r7l—s
3.5) Ml gr-s) = sup T Vg e HI7*(Q).
peHIFs(Q)NH] () ||¢||H1+S(Q)

»#0

Proof. The estimates ([B4) and (31) follow immediately from ([B2), (B3) and the
standard duality formulas

F(’lp rrl—s
Fleqy = s — yRe @),
peHL—5(Q) ||1/)||H1—s(9)
PF#0
F(¢ L
T PR ®) Vo e B1-(9).

Fe[ﬁFl;;(sz)]’ ”F” [H1=s(Q))
O

Lemma Bl can be used to measure the approximation properties of the finite
element spaces Vi in lower order Sobolev norms.
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CONVERGENCE OF THE MULTIGRID V-CYCLE ALGORITHM 513

Lemma 3.2. The following estimate holds:

(3.6) 1€ = Picllgioqy ShillCla  VO<s<a, (e Hy(Q).
Proof. There exists an operator (cf. 29]) Iy : H} () — Vi such that
(3.7) 6 = Zidllr) S hilldllmee) Vo€ HT(Q)NHy(Q).
By ([&3), @I5) and (1) we have
(3.8) ¢ = Prolla < hilldlmey Vo€ HT(Q)NHy(Q).
Using (L14)), @12), B4, and (3), we can establish [B:6) as follows:
a(¢,¢ — B¢
1€ = PrCll g1-20) = sup alén6 = Pic)
peHIts(@)nHL(Q) ||¢||H1+S(Q)
670
_ a‘(¢ - Pk¢7 C)
= sup _

peHIts(@)nHL(Q) ||¢||H1+S(Q)
P#0

— P
s s A0 Blaldle ey
peHITs(Q)NHE (Q) ||¢||H1+S(Q)
P#0

4. MESH DEPENDENT NORMS

Following [2] we define the mesh dependent norms | - ||s,x (s € R) by

(4.1) lolls,e = 1/ (Ajv,0)  YveV.
It is clear from ([3), (C4), (C3), (CI4), Z3), (Z4), and (@I) that
(12) Pl = oo ~ ol Yo e Vi,
(4.3) Iollo.x = 1]l Lo Voe Vi,
(4.4) Iolls e < By Holle VoeVp, 0<t<s<2.

It also follows immediately from (&J]) that

a(v, w)

(4.5) lvlli4¢k = sup Yve Vi, teR.

wevy Jwlhi-c
In particular, we have the following generalized Cauchy-Schwarz inequality :
(4.6) la(v,v2)| < florllitellozlli-ex  Vor,v2 € Vi, t €R.

These mesh dependent norms are related to the Sobolev norms, in fact (cf.

2, 12)),

(4.7 Iollose = ol ooy Vo€ Vi, 0S5 <1,

The following smoothing properties of Ry are well known (cf. [2,[23]):
(48)  IRPUlox S (/) lolx Vo€ Vi, 0<t<s<2,
(4.9) IBkvllse < lvlls, Vve Vi, s eR.

The combined effect of the smoothing and approximation properties is given in
the next lemma.
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Lemma 4.1. The following estimates hold for 0 < s < «:
(4.10) IR (Idk — Pr—1)vlli—s e SmE~2h5 vlla Vv e Vi.
Proof. Combining (2.2), (3:6), (£.2), (1) and (48)), we have

17 (Idk — Pe-1)vlli-se S (hev/m)* ™ v — Pe—1vfl1-a.k
(hev/m)* = |lv = P19 g1-a (q)
(hie/m)* = hii_s [[v]la S m©™2hi oo

~

Q

N

O

Let 8 be a fixed number satisfying 0 < 8 < % Note that (cf. [30]) Vi, C
HéJrﬁ(Q) = H'FA(Q)NH} (). Later on we will need the relation between || - |14 5.%

and [| - || 1+s(q) stated in the next lemma, whose proof uses the error estimate (cf.
16, 19, [14])
(4.11) 1€ = Tclla < I ireney  VC € Hy™(9)
for the nodal interpolation operator IIj, and also (cf. [13]) the estimate
(4.12) TGl @) S I meny V¢ € Hy ().
Lemma 4.2. The following estimate holds:
(4.13) lollisr = 0l s YveVi.
Proof. 1t follows from (84), (£3) and (&) that
a(v,w a(v,w
ol = sup o sup )
sy L=pk H1=0(9)
a(v,
< sup (v, %) S vl a+s ) Vove V.

veAl—B(Q) ”1/)“1'511—5(9)
$#0
To prove the converse, we first observe that, since V}, C HéJrﬁ (), the Ritz
projection operator P, can be extended to H'~#(2), by (3.3), so that
(4.14) a(v, Pyp) = a(v, ) VueVi,ye HA(Q).
Let ¢ € Hy"$(Q2) be arbitrary. We find, by B4), B), @2), @10, @12,

(#I9) and standard inverse estimates,
a(¢, Pu) = a(Prg — kg, ¥) + a(llk o, v)
Sl g1-s) (1Ped — kol s @) + 1Tkl s ()
SN0l sy (B2 1Ped — ||y + 161l ar+s )
S la-s@lldllare ),
which, in view of (BH), implies
(4.15) ||Pk1/)||ﬁ[1—ﬁ(n) S ||1/)||F117ﬁ(9) :
Let v € V}, be arbitrary. We have, by (@4)), (1), (I4) and {I3),
a(v,¥) = a(v, Pyp) < ol kll Petli-s.5
S ol sk Petdll 16 ()
ol il dllg-og Vo€ H Q)
and therefore, in view of (34), ||v|| g1+s(0) S [[vlli4sr Vv € Vi O
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5. RELATIONS BETWEEN MESH DEPENDENT NORMS ON CONSECUTIVE LEVELS

Our goal in this section is to show that, given any 6 € (0, 1], we have

(62) vl ppy < A+ Ool3 g s+ CO R ]2 Vo e Vi,

(5.1) IolF g k41 < (L+ 6ol g i +CO B IIOIE Vv € Vi,

where [ is the number chosen in Section @, and C' (and any other constant in this
section and the next) is a generic positive constant independent of the meshes and
0, which can take different values at different places. The estimates (5.1) and (B.2)
play a key role in the convergence analysis in Section[@ Their proofs involve several

lemmas.
Let us first introduce another mesh dependent inner product ((-,-))r on Vi:
(5.3) (v1,v2)k = hi > n(pvilp)va(p)  Yui,v2 € Vi,

PEVE

where the function n(-) is defined by
1
(5.4) n(p) = g = (the number of triangles in 7 that have p as a vertex).

It is easy to see from (5.4]) and the construction of 7j, that n(-) is independent of
mesh levels, and

(5.5) n(p) =1 for peVi\ V.
The operator Aj, : Vi, — Vj, is defined by
(5.6) (Agvr,v1)k = a(v1,v2) Yoi,ve € V.

We can then define the corresponding mesh dependent norms by

(5.7) llvlls.x = 1/ (Agors v2))i -

Remark 5.1. It is clear that all the properties of || - || stated in Section[d also hold
for || - J|. A V-cycle algorithm can also be defined by replacing the inner product
(-, )k with ((-,-))x throughout Section Bl The two algorithms are different only by a
diagonal preconditioner in the smoothing steps. For the algorithm based on ((-, ),
the analysis in Section [] can be carried out using the simpler estimates (5.8)) and
below.

Our plan is to first prove the (simpler) analogs of (5.1) and (&.2) for the new mesh
dependent norms, and then obtain (5.1I) and (5.2)) through the relation between the
norms | - li—px and || - fli—g.x-

Lemma 5.2. The following estimate holds:

(5.8) lolli—grra < llollipr  VoeVi.
Proof. Tt is clear from (5.6) and (1) that

(5.9) ol ke = lolla = llvllie Vo€ Vi.

Let the parents of ¢ € Vi1 \ Vi be denoted by ¢’ and ¢”, i.e., ¢',¢” € Vi and
q is the midpoint between them. Note that each p € Vj is the parent of exactly
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6n(p) many vertices in Viy1 \ V. Let v € Vj, be arbitrary. Using (22)), (&3) and
(E5) we can estimate ||||v||||(2),k+1 by

lollE 41 = hi+1< PRIOICIDIEY) [v(Q)]2>

PEVy q€Vk+1\Vk
/ vl 2
- h§+1< o+ > [W} )
PEV €V +1\Vk
S O SR S
PEV €V +1\Vk
i (Xm0 + Y onin L)
PEVk PEVE
=3 > n@)@) = vl -
PEVL
Hence we have
(5.10) lollok+1 < Nlvllox Vo e Vi.

The estimate (5.8) follows from (5.9), (5.10) and interpolation between the (real)
Hilbert scales (Vi, || - [Is,x) and (Vis1, [ - ls.e41) (cf. Theorem B.4 in [5]). O

Lemma 5.3. There exists a positive constant C' such that

—272
(5.11) W1l _p 11 < (L4 0D)olE_p s + CO 2R 0l

Vo e (0,1], v e V.
Proof. We have, by (CL14), (22), (E11), (539) and the analog of ({I3)) for || - || 1+8,k.
2
L1011 < (Ivlla + v = M-1]la)
(5.12) < (1460 |ll2 + (L+672)||v — Me_qv]l}
<+ PIE L+ a0 RNl Yo e Vi

Let the parents of p € Vi, \ Vi—1 be denoted by p’ and p”. Given any v € Vj, we
have the following elementary estimate:

@) | @)

2 + 2
iy = RO o)), (vlp) + ") o))’
<0t + 00 (L) v+ 07) - v<p>]2> |
Summing up (5.13) over all p € Vi, \ Vi_1, we find
(5.14) 3 Y n@@P < (0+6%) Y ) + et folin o).

q€EVr_1 pEVk\kal
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CONVERGENCE OF THE MULTIGRID V-CYCLE ALGORITHM 517

It follows from (Z2)), (53)), (535)), (5.14)) and the analogs of (A2)) and (Z4) for || - ||,k

that
I 1ollg 51 = 31 D n(@)v(g)]?
q€VE -1
(5.15) <hp | Y n@P@P+1+6%) Y D) +eb[olFn (g
| 9€Vk-1 PEVE\Vi -1

<hE [(1+6%) Y n@)®)? + s ol

PEVy

< U+ ollg i+ catd B WolIG, Vo€V,
Let C = max(c1,cq). Observe that
(L+ )0l s + COPRS ol p s = (Afvv)on Vv € Vi,
where the inner product (-, ) 5 is defined by
(v1,v2)0.5 = (14 6%)(v1,v2)k + CO 2R (Advy,v0)k  Yoi, v € Vi

Therefore, for each k, the spaces (V, \/(1 + 02, + CG_thﬁ Il - ||||§+ﬁk) form
a Hilbert scale.
By interpolating (5.12) and (5.I5) between the Hilbert scales (Vi—1, || - ls,k—1)

and (Vi, \/(1 + O W12 + CO21 N - 12 5,1, ), we have

(516)  Wesvllf sy < (14+0lE s+ CO KPPl Vo e Vi
The estimate (BIT) follows from (59) and (5I6]). O

Remark 5.4. Tt is important that the interpolation between (real) Hilbert scales is

exact (cf. Theorem B.4 in [5]) so that no additional constant appears in front of
the term (1 + 62)[|v[|_5 ), on the right-hand side of (E.I1).

The following lemmas relate the two mesh dependent norms.
Lemma 5.5. There exists a positive constant C' such that
(5.17) o3, < (L +)vllE . +CO iz Vo€ (0,1], ve Vi,
(5.18) loll.x < (1 + 6wl . +CO*hillolls VYO € (0,1], ve V.

Proof. We will only establish (5.I8) since the proof of (5.I7) is completely analo-
gous. Also it suffices to show that

(5.19) [lvllgx < (L+C2)oll5 . + C" R0l Fn )  YveEVi,£=1,2,....
Let D = diam 2 and
d= min |p— ¢

p,qi\ﬁ

PFq

be the minimum of the distances among the distinct vertices of 7;.
It is clear from the analog of 23) for || - |o,x that, for ¢hy > £,

(5.20) loll3 . < erlhillollipn g Yve Vi,

and (&19) follows.
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FIGURE 1.

In the case where (hy < %, we define for each ¢ € V; the (open) polygon €,
whose vertices are those points in Vj, that belong to the edges in 7; and which are
¢ steps away from g. The Q,’s for an L-shaped domain are depicted in Figure 1,
where £k =4 and £ = 3.

It is easy to see that the ,’s are pairwise disjoint and
(5.21) diam Q ~ (hy, .
Let v € Vi and K = ¢y, Q,. By (B5) we have
(5.22) he Y @)’ =hi Y @)
pevk\’C pevk\’C

Let g € V;. We can estimate the contribution of the vertices of 7 in Qq to the
left-hand side of (&I9) by

hi > n(p)o(p))?

PEVE ﬂﬁq

(5.23) =03 > np)(vg + o) — v])”

PEVE ﬂQq

<1+ Z n(p) | va + (1+)hi Z n(p)[v(p) = vg)*,
PEVLNSY, PEVENQ,

where the number v, is defined by

1
(5.24 v :—/ vdz.
) "l o,

A direct calculation using (B:2l), (B-Z4) and the Bramble-Hilbert lemma (cf.
[6, 19]) shows that

(5.25) i Y n)[pp) = vgl® < e2llo = vgll7,q,) < shilvling,)
pevkﬁﬁq
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Using (B.5) we have

(5.26) donp) =g -+ > 1<(l4al? N 1.

PEVLNQq PEVLNQ, pevkmﬂ

We find from (5.23), (5.25) and (5.26) that
(5.27)  hi Z n(p)[v(p)]® < (1 +C5€_2)hi< Z vé) + 66€4h%|v|%11(9q).

PEVLNQ, PEVLNQ,

On the other hand we also have, by (5.2,
(5.28) W Y vg SAHE)REDY S P + A+ )0 Y vy — o))

PEVENQ, PEVLNQ, PEVLNQ,
SA+EE D @) + el hilolin g, -
pevkﬁﬁq

Combining (5.27) and (5.28) we obtain
(5.29)  hi Y @@ <A+t hE Y e+ eol*hifulhq,) -

PEVENQ, PEVLNQ,

The estimate (5.19) is established by summing up (£.22)) and (E29) (over all
q e Vl) O

Lemma 5.6. There exists a positive constant C' such that
(5:30) ol pn < A+ P)IE s + CO*B0IZ VO €(0,1], v e Vi,
(5:31)  olli_pn < A+ )olli_pu +CO*RC 0|2 VO €(0,1], veVi.

Proof. The estimates ({2), (£4) and (EI8) imply that there exists a positive con-
stant C' such that

(5.32) ol & < (14 6%)lvl . +CO W JollG e Vv € Vi,
On the other hand it follows from (£2) and (59) that
(5:33)  MollEx = olF s < (L4 60l i + CO* RNl 50 Vo € Vi,

The estimate (G31) follows from interpolating (E32) and (33) between the

Hilbert scales (Vi, || - lls,x) and (Vi, \/(1 +62)| - || +Co- 4h25||| ”|9+6 k)
The proof of (5.30) is similar. O

The estimates (BE.I]) and (5:2)) follow from Lemmal5.2 Lemma[5.3]and Lemma5.6]

6. CONVERGENCE ANALYSIS OF THE V-CYCLE ALGORITHM

Let us first introduce some operators that will simplify many expressions in the
convergence analysis. For 2 < j < k, the operator T}, j, : V; — V is defined by

(6-1) T jm = R? Zil o 'Rﬁl )
and the operator T} i, : Vi — V; defined by
(6.2) Tjkom = PRy - Poa By

is the transpose of T} ; » with respect to the variational form a(-,-). The operator
Tk k,m is defined to be the identity operator Id; on Vj.
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Remark 6.1. It is more precise to write

_ pmrgk m k-1 m j+1
le’,m = Rk kaleflIk—Q ’ j+1‘[
where If“ : Vo — Vi1 is the natural injection. Such natural injections have been

suppressed in Section 2 and (BI).
Let K > 2 be an arbitrary but fixed integer and
(6.3) v = (Py — Px—1)v VveVg,2<k< K.
Note that the vy’s are pairwise orthogonal with respect to a(:,-), and
K
(6.4) Do llvelli = llv = Proll3 < lollz -

k=2
Moreover, we have

(65) VE = (Idk — Pkfl)’l)k
We can write, by (227) and (GE1)—(63),
a(EKv Exv)
66) =3 alp - R EPP, — Py, R B B (P — P 1))
7,k=2
K
= a(Ry vk, T, k- mTre e, m RY V)
k=2

+2 Z R U], jkakaTKkak Uk)
2<j<k<K

The properties of the operators T} i ., are therefore crucial for the convergence
analysis. From ([ZI4) and (@3) we have, for j, k > 2, the trivial estimate

(6.7) 175 k.m0l < llolhe — VoeVi.
It follows from (E2), (@EIQ), (6H) and (G.7) that
(6.8) a(R 0, T, re,n Toc e B 0k) < WRE ORI 0 S w7 -

In order to estimate the remaining terms on the right-hand side of (£.G]) we need
some less trivial properties of the operators Tj j .. We begin the study of these
properties with a lemma on the Ritz projection operators.

Lemma 6.2. There exists a positive constant C' such that
(6.9) IPi—1vl gy < (140Dl + CO B0
Vo e (0,1, ve V.
Proof. Tt follows from (ZI4) and (&2) that
IPi-10lf g 1—1 < (L4 OPi10llf_p 1 + 160~ 17| Py
(6.10) < (1420l g
+ (a0 2Puorv = vl + 107 0 2.
The estimate (3) follows from ([22), (3.6), (ET) and (GITI). O

The properties of the operators T} i ,, are given in the next three lemmas.
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Lemma 6.3. The following estimate holds:
(611)  ITosmvliope S lolhopx +Al0la  ¥oeVi,2<k< K.
Proof. The case where k = K is trivial. For 2 < k < K, it follows from (Z2), (£3),

62), 61 and (€9) that, for any v € Vi,
1%, 2cmoll T g 1
(6.12) = 1 Pe R T, im0l 1
< (1 + O IRP ATk ket n + o8 R N RE Thn o2
< (14 O T semtllE s + sl 12702,

where 0, € (0,1] is arbitrary, and ¢, is independent of the meshes and 6y,.
Iterating (6I2) we find

K—1
(6.13) |||Tk,K,mU”|%—B,k < lH (1+67) |||U|"%—B,K
=k
K—1 -1
e | Do h0r [T +60) | Hellz,
l=k r=k
where the 0¢’s (k < ¢ < K — 1) are arbitrary numbers in (0, 1].

By taking 0, = 37#(=*)/4 we deduce from ([ZZ) and (EI3) that
(6.14) I mvli—p i < WlVIi_p i + compi”Iolls Vo€ Vi,
where

00 o] 3 Bn
6.15 =TI (1432 ana n=3"(5) -
@9 w-TI (1 wa =3 (3

n=0 n=0
The estimate (6.11) follows from (6.14) and (6.15). O
Lemma 6.4. The following estimate holds:
(6.16) 1Tk kmvlli-p.x S lolli-pe  VoeVi, 2<k<K.

Proof. The case where k = K is trivial. For 2 < k < K, using (£9), 1)), &)
and (6.7) we obtain

I Tk v 3 p.ic = IBR TR -1 P s 1
(6.17) <N Tx 1m0l p.5
- 2
< U+ O DTk 1m0l g 1 + e R |0l

Vv € Vi, where 0x_; € (0,1] is arbitrary and the positive constant ¢, is indepen-
dent of the meshes and 0.
By iterating (6I7) we find

K—1
28 A
(618)  NTkpmolli—px <co | D 07 T A+ ol
o=k +1<r<K -1
K—1
+ | [T+ |l sr  YveVi,
=k
where O, ... ,0k_1 € (0, 1] are arbitrary.
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As in the proof of Lemmal6.3, by taking 6, = 3= PU=F/4 for k <V < K — 1, we
obtain from (GI8) the estimate

2
I mli g S Woli_pi + B3 0I2 Vo e Vi,

which together with and (44) imply (6.14]). O
Lemma 6.5. The following estimate holds:
(6.19) 1T, e Tr kmvlli-—pr S Molli-pr VoeVip,2<k<K.

Proof. From [@2), (£4), ([61), (EI1) and ([G.I6) we have, for any v € Vi,
1T m Tic kvl -6 S W Tk kv lli— 5. + R Ta k0l
< lolh—sx + B 0]l
S lvlli-sk -
O

Lemma 6.6. Let 2 < j < k and 0 € (0,1]. There exists a mesh-independent
positive integer my such that

(6.20) 1T molh-p,5 < (142052 ollipr Vv e Vi,m>my.

Proof. From ({2), (£]), (£9), (62) and [@3), we have
1T 0mvlT 5 = 1P R} Tigr v li 5
< L+ R Tisrkmvli_p g1 + OO LR Ty vl
< U+ N1 kmvll 501 + O 0 Ty imolll g 511 s

where C' is independent of the meshes and 6.
Therefore, by choosing my large enough, we have

(621)  NTjemvlli—p; < A+ 20 Tira0mvlf g0 Vv EVi,m=my.
B3 B3
The estimate (E20) follows by iterating (G.21]). O

Given any 0 € (0, 1], we can now estimate the terms in the second sum on the
right-hand side of (G.6) by using (22), (£6), (£8), Lemma 6.5 and Lemma as
follows.

For 2 < j <k < K, we have
a(R}”vj, T kom Tk, i, m T ke, m RE Vk)
SHRF villt 8,507 km T 5 m T e BE 0k 15,5
<O+ 201 D2 R0 145, IR vkl -,

_ — h\’ gy pom
(6.22) <Om™P(1 + 262) =972 (h—) (h; IR ;0.5
J

x (b, "I BE ol -p.1)

(k—34)

p —By plm
<Cm™7 (142601027 | PR 0y )

x (h "I RT okl -1
where m > my for a sufficiently large mg.
The following strengthened Cauchy-Schwarz inequality provides the last key es-
timate for the convergence analysis.
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Lemma 6.7. Let v € Vi be arbitrary and vy, (2 < k < K) be defined by (6.3).
There exists a positive integer M independent of the meshes and v such that

B(k—3)
a2
623 al® Tk TiknTraniio) Sm (3) loslalocl,

for2<j<k<K andm> M.
Proof. Combining (Z10), ([G35) and ([E.22), we find
a(R}"vj, Ty kom The 56, m Trc k. R )
< Om~ (14261921 " (O 2y om - 2 o)

}5(k—j)

< Om=® [(1+26%)1/ 20271 lojllalloella  ¥m > me.

The estimate (6:23) follows by choosing a small § so that (1+262)1/292-1 < 2 O
We are now ready to prove the main results of this paper.

Lemma 6.8. There exists a positive integer M such that

(6.24) |Exmvlla Sm™ |0l Vv EVi,m>M,K=1,2,3,....

Proof. The case K = 1 is trivial since F;,,, = 0. For K > 2, we have, by (6.4)),
(69), ©.8), (6:23) and the discrete Young’s inequality (cf. [24]),

K Blk—il
_ 2
IBmol = B Ecnt) S 3 (5) 0 gl

k=2
oo 9 pn] K
<m-o [Z (5) ]vakni
n=0 k=2

K
Sm=Y oz S m oz
k=2

O

As a corollary to Lemma [6.8] and the result (T.15)), we have an error estimate for
the V-cycle algorithm with any number of smoothing steps.

Theorem 6.9. Given any g € Vi, and any initial guess zg € Vi, the approximate
solution MGy (k,g, z0, m1,ma) of (LI obtained by Algorithm [21 satisfies the
error estimate
(6.25) |z = MGv(k, g, 20, m1,m2)|a

< C

~ | C + [max(m, 1) max(mq, 1)]*/2

Iz = 2ol

for my +mgo > 1, where the positive constant C is mesh independent.
Proof. Tt follows from (LI8) that
(6.26) | Ekmvlla < d|jv]a Voe Vi, k=1,2,...,

where § € (0,1) is independent of the meshes and the number of smoothing steps.
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From Lemma we have

(6.27) |Ermvlla <Cm~ o), VYveVe,m>M,k=1,2,....
Let M, > M be chosen large enough so that
N 20
(6.28) Cm=/% < ¢y > M, +1,
2C + mo/?
and then let C' be chosen large enough so that
(6.29) C>2C and §< %
C+ M
It follows from (626)—([E29) that
C
| Brmvlla < [m] [v]la VoeVi,k=1,2,...,

i.e., the estimate (6.25]) holds for m; = 0 and mg = m.
The general case of (625) follows easily from this special case and the relations

(E23) and (Z25). O

Remark 6.10. The results of this paper can be easily generalized to two- and three-
dimensional elliptic boundary value problems discretized by the Q; element.

Remark 6.11. In the case where € also has cracks, the elliptic regularity estimate is
valid for 0 < a < & (a can be taken to be arbitrarily close to 3, cf. 21,18, 27]). All
the statements in this paper remain valid provided the concept of Sobolev spaces
on cracked domains are defined appropriately (cf. [T5]). In particular, Theorem
also holds for domains with cracks.

Remark 6.12. The new approach to V-cycle convergence analysis developed in this
paper can also be applied to nonconforming finite elements. This will be addressed
in a forthcoming paper.

Acknowledgments. The author would like to thank Dietrich Braess and an
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