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Abstract

In this paper, we consider convergence properties of the Levenberg-Marquardt method for solving
nonlinear equations. It is well-known that the nonsingularity of Jacobian at a solution guarantees
that the Levenberg-Marquardt method has a quadratic rate of convergence. Recently, Yamashita
and Fukushima showed that the Levenberg-Marquardt method has a quadratic rate of convergence
under the assumption of local error bound, which is milder than the nonsingularity of Jacobian.
In this paper, we show that the inexact Levenberg-Marquardt method (ILMM), which does not
require computing exact search directions, has a superlinear rate of convergence under the same
assumption of local error bound. Moreover, we propose the ILMM with Armijo’s stepsize rule that

has global convergence under mild conditions.
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1 Introduction

In this paper, we consider solving the system of nonlinear equations
F(z) =0, (L.1)

where F' : R* — R™ is a continuously differentiable function. To solve (1.1) is one of the most
fundamental themes in engineering, economics and so on.
When m = n, we can use Newton’s method to solve (1.1). As a search direction at a current

point ¥, Newton’s method uses a solution d* of the system of linear equations
F' (a%)d = —F (z%), (1.2)

where F’ (xk) is the Jacobian of F at 2*. Newton’s method has a rapid convergence property, and
hence it is used extensively in many applications. But, to obtain a solution efficiently by Newton’s
method, an initial point has to be sufficiently close to a solution z* and the Jacobian of F' at the
solution z* has to be nonsingular. Besides these drawbacks, (1.2) may have no solution.

On the other hand, even if m # n or there is no solution of (1.2), the system of linear equations
F' (2*)" F' (a¥) d = —F' (z*)" F (2") (1.3)

always has a solution d*. The Gauss-Newton method uses the solution d* as a search direction.
However, like Newton’s method, the Gauss-Newton method requires an initial point to be suf-
ficiently close to a solution in order to ensure convergence to a solution. Note that we can use
Moore-Penrose’s generalized inverse [9] to compute a solution of (1.3) when F’(z*) is singular.
However, Moore-Penrose’s generalized inverse is somewhat intractable theoretically and numeri-
cally.

The Levenberg-Marquardt method (LMM) [1, 5, 8] is a modified Gauss-Newton method that
is designed to overcome the above mentioned drawbacks of the Gauss-Newton method. The LMM

uses a solution of the system of linear equations
(F' (") F' (2" + el ) d = =F ()" F (") (1.4)

as a search direction cik, where pj is a positive parameter and [ is the identity matrix. Since
F’ (:Ek)T F' (xk) + ux! is always positive definite, (1.4) has a unique solution. Moreover, d* is a

descent direction of ¢ at ¥, where ¢ : R” — R is a merit function defined by
1
() = SIIF (). (1.5)

In fact, if Vo (xk) # 0, we obtain
Vo (M) dF = — (F’ ()" F (xk))T (F’ ()" F (%) + Mk[)fl (F' (@) F (xk)) <.

Therefore, the LMM with Armijo’s stepsize rule enjoys global convergence to a stationary point of
¢. Especially, when m = n and F'(z*) is nonsingular at a stationary point x*, x* is a solution of
(1.1) because

0=Vo(z*)=F (%) F(z*).



Recently, Yamashita and Fukushima [20] showed that the LMM has a quadratic rate of con-
vergence under the assumption that ||F(x)|| provides a local error bound for (1.1), instead of the
nonsingularity of F’(z) at a solution. Recall that | F'(x)]| is said to provide a local error bound on

a neighborhood N of a solution of (1.1) if there exist positive constants b such that
b dist(z, X*) < ||F(2)|| Vx € N, (1.6)

where X™* is the solution set of (1.1). Concrete examples of local error bounds can be found in
[13]. When m = n and F’(z*) is nonsingular at a solution z*, z* is a locally unique solution of
(1.1) and ||F(z)|| provides a local error bound for (1.1) in a neighborhood of x* [4]. Moreover,
||F(x)|| may provide a local error bound even if F’(z) is singular at a solution. For example, let

us consider the mapping F : ®2 — R? defined by
F(zy,@2) = (€77 — 1, (21 — 22) (z1 — 22 — 2)) " .

The solution set of (1.1) is given by X* = {# € R? |21 —x2 =0}, and hence dist (z, X*) =

@ |x1 — xo|. Tt is easy to see that

6371—372 _611—12
/
F (IE1,I2) = ’
2(:17171'271) 72(%17{17271)

and hence F'(z1,x2) is singular at any solution. Moreover, we obtain

\/(6”“*:”2 — 1%+ (21— w2)” (21 — w2 — 2)°

|x1 — @o| |1 — 22 — 2|

1 ()]l

Y

Consequently, when N is chosen as N = {x € R? ’ |1 —xo| <2 — g }, the condition (1.6) holds
for any b € (0,1). Therefore, the condition that ||F(z)|| provides a local error bound in a neigh-
borhood of x* is milder than the condition that F’(z*) is nonsingular.

In the LMM considered in [20], it is assumed that (1.4) is solved exactly at every iteration. For
large-scale problems, however, it is expensive to solve (1.4) exactly, and hence it is often effective
to use inexact methods that find an approximate solution satisfying some appropriate conditions.
Therefore, in this paper, we consider the inexact Levenberg-Marquardt method (ILMM) that uses
an approximate solution d* of (1.4). Let the vector r* be defined by

rh = (F’ (a*)" F’ (=) + ukI) d* + F' (J/’k)TF (). (1.7)

The vector 7* is a residual vector associated with an approximate solution d*. Facchinei and
Kanzow [5] showed that the ILMM converges superlinearly under the assumption that HT’CH is
sufficiently small and F’ (xk)T F’ (xk) is uniformly nonsingular.

In this paper, using techniques similar to [20], we show that the distance between the solution
set and a sequence generated by the ILMM converges to 0 superlinearly under the assumption that
||F(x)|| provides a local error bound in a neighborhood of a solution. Moreover, we propose the

ILMM with Armijo’s stepsize rule and show that the proposed algorithm enjoys global convergence.



This paper is organized as follows: In Section 2, we establish local convergence of the ILMM
with unit step size under the local error bound assumption. In Section 3, we propose the ILMM
with Armijo’s stepsize rule and show that the algorithm has global convergence. In Section 4,
we report numerical results. In Section 5, we make some concluding remarks and discuss future

research topics.

2 Local Convergence

In this section, we discuss local convergence properties of the ILMM. Yamashita and Fukushima
[20] consider a minimization problem equivalent to (1.4) and analyze local convergence of the LMM
by using the properties of the minimization problem. In this paper, we use similar techniques to
analyze the rate of convergence of the ILMM.

For each k, we define 6% : R* — R by

0% (d) = |F' (z*) d+ F (=")|]° + el )%, (2.1)
and consider the minimization problem

: k
min 0" (d). (2.2)

Since the first order optimality condition for (2.2) is given by (1.4) and 6* is a strictly convex
quadratic function, (1.4) is in fact equivalent to (2.2).

First, we make the following assumption on F', under which we will show a superlinear rate of
convergence of the ILMM.
Assumption 2.1
(i) There exists a solution x=* of (1.1).

(ii) There exist constants by € (0,1) and ¢; € (0,00) such that
IF' (y)(@ —y) = (F(z) = Fy)| < erllx = yl*  Va,y € B(a",b),

where B (x*,b1) :={z € R | ||l —a*|| < b1}

(#ii) ||F(z)|| provides an error bound for (1.1) on B (z*,b1), i.e., there exists a constant ca > 0 such
that
co dist (z, X™*) < |F(z)]] Yz € B(z*b1),

where X* is the solution set of (1.1).
In this paper, Assumption 2.1 (iii) plays the most important role instead of the nonsingu-
larity of Jacobian. Note that Assumption 2.1 (ii) is satisfied if F’ is Lipschitzian [12, Theorem

3.2.12]. Moreover, since F is continuously differentiable, ||F’(y)| is bounded on B(z*,b;) and F

is Lipschitzian on B(z*,b1), i.e., there exists a constant L > 0 such that

[F(x) = F(y)ll < Lllz =yl Vo,y € B(z",b1). (2.3)



In what follows, Z* denotes an arbitrary vector such that
H:Ek - ka = dist (mk,X*) and z¥ € X*.

Note that such Z* always exists even though the set X* need not be convex.

The following assumption is concerned with the choice of the parameters p used in the ILMM.
Assumption 2.2 For each k, the parameter py is chosen to satisfy
i = [P (24)
where 6 is a constant such that 0 < § < 2.
Throughout this section, we suppose that the ILMM generates a sequence {x*} by
oF = gk 4 gk (2.5)

where d* is an approximate solution of (1.4).

Now we show the next lemma.

Lemma 2.1 Suppose that Assumptions 2.1 and 2.2 hold. If z* € B (m*, %1), then

k
||dk|| < 03dist(1:k,X*)—|—H;—kH, (2.6)
|F (@) d 4 F (@] < e dist (a5, x7) 4 @y 12
< evdist (o5, 00) T ) 1L 2)

1%

(%1)275 +1andcy =1/ 3 (%)276 + LS.

Proof: Let d* be the exact solution of (1.4). Because (1.4) is equivalent to (2.2), we have

where r* is the residual vector given by (1.7), c3 =

[V

C

0% (d*) < 0F (3" — ") (2.8)

Moreover, since z¥ € B (z*, %1), we have

|12 =[] < []2* = 2*[| + [|la™ — &[] < []a* — 2| + [|lo” = 2*[| < b,

and hence 7% € B(x*,b;). It then follows from Assumptions 2.1 and 2.2 together with the condition
(2.3) that

e G T (2.9)

me = |[F @) = |[F@*) - F (@) < L0 ||2* — || (2.10)

By the definition (2.1) of 6%, we have
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where the second inequality follows from (2.8), the third inequality follows from Assumption 2.1

(ii), the fourth inequality follows from (2.9), and the last inequality follows from the fact that

f 2k < 2 2.11
ot —a2F|| < 5 (2.11)
So we obtain

R 02 bl 2—4 B
<D (F) 1 et 2.12)
€2
Moreover, from (1.7), we have
. ~1
d¥ =d* + (F’ (wk)TF’ (z) + ka) k.
It then follows that

4"

IN

I

0+ (7 @ F @) )

k
gk I H. 2.13
I+ = (2.13)

IN

Consequently, we obtain (2.6) with ¢z = (31) ° +1 from (2.12) and (2.13).

mml»—m:

Next we show (2.7). The left-hand side of (2.7) can be estimated as
[F @y P @] = [P ) (o (7 )P ) ) )
< | @i r e Www |ﬂfﬂ YTE ) )| I
< P ety )|+ |F = )”HTkH' (2.14)

It then follows from (2.1), (2.8), Assumption 2.1 (ii), (2.10), and (2.11) that

| F’ (ack) d*+F (xk) II?

IN

9k(a?k) < Hk(fk—xk)

e llz* — " e 2 — ¥
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Therefore, the first term of (2.14) can be estimated as

2-5
‘F’ (:Uk)a?k—FF(xk)H S\/cf (%) + L9 Hi‘k—kaH%,

which yields the desired inequality (2.7). o

Now we give a condition on ||rkH for superlinear convergence of the ILMM.

Assumption 2.3 The residual vector r* given by (1.7) satisfies

[I*1I = o (dist (=¥, X*)) ,
1k

o) = .

where o(-) means lim; .o =~

We have the next lemma from Assumption 2.3 directly.
Lemma 2.2 Suppose that Assumption 2.8 holds. Then there exists a constant by > 0 such that
dist (2F, X*) < by = H;—i” < dist (2%, X*) .
By using Lemma 2.1, we show a key lemma of our analysis.
Lemma 2.3 Suppose that Assumptions 2.1, 2.2 and 2.3 hold. If z* € B (ac*, %1) , then
dist (wk"’l,X*) =0 (dist (mk,X*)) .
In particular, there exists a constant bs > 0 such that

dist (2%, X*) < by = dist (2", X*) < % dist (z*, X*) .

Proof: It follows from Lemma 2.1, Assumption 2.3 and the boundedness of || F’ (z)|| on B (z*, %1)
that

HdkH < C3dist($k,X*)-‘rO(diSt(J?k,X*)), (2.15)
|F/ (%) d* + F (25| < eqdist (2%, X*)2 4 |F ()| o (dist (=, X*)) (216
= o(dist (=¥, X*)).
Then we obtain
dist (mkH,X*) = ||5ck+1—xk+1”

1 ko gk

< | F(z* + a")||
1 c 2

< Ly a s r @)+ e

<

o (dist (2%, X*)) + % {es dist (2%, X*) + o (dist (¥, X*))}*

= o0 (dist (x’ﬂX*)) ,



where the first inequality follows from Assumption 2.1 (iii) and (2.5), the second inequality follows
from Assumption 2.1 (ii), and the last inequality follows from (2.15) and (2.16). This completes
the proof. O

Lemma 2.3 shows that {dist (:rk, X*)} is convergent to 0 superlinearly if z* € B (:U*, %1) for

all k. Now we give a sufficient condition for 2* € B (x*, %1) for all k.

Lemma 2.4 Suppose that Assumptions 2.1, 2.2 and 2.3 hold. Let b := min {%1, ba, bg} and e :=

oo If2° € B(a*,¢), then a* € B (z*,b) C B (¢*, %) for all k.

Proof: We prove the lemma by induction.

First we consider the case k = 0. Since e < b < %1, we have 20 € B (x*, %1) It then follows

from Lemma 2.1 that

Jaf || = [la® +d° =27 < [Ja" — || + |||
0

< |x*—xOH—|—63dist(xo,X*)—&—M.

Ho

Since

dist (xO,X*) < ||JU* — a:0|| <e < by,

we have from Lemma 2.2

Hxl -z | < ||J:* - xOH + c3 dist (J;O,X*) + dist (a:O,X*)
<l =2+ es |2 = 20 + |27 27
< (@te)e< X G <
= =330 =

Next we consider the case k > 1. Suppose that 2! € B (.T*,B) ,1=1,...,k Since e < b, we
have z° € B (x*,E). It follows from dist (xl,X*) < ‘ x* — le < b < by and Lemma 2.3 that

1l
< <§>e 0<VI<k.

! 1
dist (a:l,X*) < % dist (xlil,X*) << <%) dist (xO,X*) < (%) ||J:* — xOH

Since z! € B (z*, %1) NB(z*,b3), 1=0,...,k, Lemmas 2.1 and 2.2 yield

l
o] < ea + Dytist (o', X7 < s+ 1) (5) (2.17)

Consequently, we obtain

k

le" =t < Yl e+ D |
1=0

< {1+2(cs+1}e=b.

This completes the proof. O

From these lemmas, we can show the next theorem, which is the main result in the paper.



Theorem 2.1 Suppose that Assumptions 2.1, 2.2 and 2.3 hold. Let e and b be the constants given
in Lemma 2.4, and {z*} be a sequence generated by the ILMM with 2° € B (x*,e) and (2.5). Then,

{dist (ack, X*)} converges to 0 superlinearly. Moreover, {xk} converges to a solution & € B (x*, 13) .

Proof: We obtain the first half of the theorem from Lemmas 2.3 and 2.4 directly. So, we only
show that {xk} converges to & € B (a:*, B). For this purpose, we only have to show that {xk} is a
convergent sequence because {xk} CB (x*, 1_7) and {dist (xk, X*)} converges to 0.

Note that we have

) < e+ 1) (3

from (2.17) in the proof of Lemma 2.4. Therefore, for all integers p > ¢ > 0, we obtain

!
)e Vi>0

p—1 p—1 l e} l
1 1
P _ 4 I - -
|z — 29| < E ||d”§(03+1)6§ <2) §(63+1)€E (2)
l=q l=q l=q
A
< (es+1)e <> .
2
This means that {xk} is a Cauchy sequence, and hence it converges. O

Note that Theorem 2.1 does not say that a sequence {xk} generated by the ILMM converges
to & superlinearly. Moreover, this theorem does not show the quadratic convergence, though the
exact LMM converges quadratically under the same conditions and 7¥ = 0 for all k [20]. However,
we can show that the ILMM has a quadratic rate of convergence if we assume a more restrictive

condition than Assumption 2.3.

Theorem 2.2 Suppose that Assumptions 2.1 and 2.2 hold. Suppose also that § = 2 and
k

[
Kk

holds, where O(-) means lim;_,o @ < 00. Let e and b be the constants defined in Lemma 2.4 and

{z*} be a sequence generated by the ILMM with 2° € B (z*,€) and (2.5). Then, {dist (z*, X*)}

is convergent to 0 quadratically. Moreover, {xk} converges to a solution & € B (x*, 5).

O (dist (", x*)") (2.18)

Proof: From (2.18), we immediately obtain
dist (xk+1,X*) =0 (dist (xk,X*)Q) ,

using proof techniques similar to Lemma 2.3. Then, in a way similar to Theorem 2.1, we can show
this theorem. a

3 Global Convergence

In the previous section, we considered the rate of convergence of the ILMM with unit stepsize.
In this section, we propose the ILMM with Armijo’s stepsize rule and show that it has global
convergence.

We propose the following algorithm, which uses the merit function ¢ defined by (1.5).



Algorithm 3.1

Step 0: Choose parameters o € (0,1),6 € (0,1),7 € (0,1),p € (0,1),6 € (0,2],p > 0, and an
initial point x° € R™. Set pg = ||F(2°)||° and k := 0.

Step 1: If 2* satisfies a stopping criterion, then stop.
Step 2: Find an approxzimate solution d* of the system of linear equations
(F' ()" F' (a%) + ) d = =F' (a5)" F (a"). (3.1)
If the condition
|7 (2" +d) || < v [|F (=) (3.2)
is satisfied, then set 2"t := z¥ + d* and go to Step 4.
Step 3: If
Ve (%) d < —pld¥||" (3.3)
is not satisfied, set d* = —V¢ (zk) Find the smallest nonnegative integer m such that
6 (z* + Bmd¥) — ¢ (aF) < ap™Ve (z*)" dF,
and set ¢t .=k + pmdF.
Step 4: Set pgy1 = HF(J:’“H)H(S and k =k + 1. Go to Step 1. O

In Step 3 of Algorithm 3.1, we must check whether a search direction d* satisfies (3.3) or not.
This is because d* is not an exact solution of (3.1) in general and hence d* may not be a good
descent direction of the merit function ¢. If d* is not a good search direction, we reset d* to be
the steepest descent direction of ¢. Consequently, d* is always a sufficient descent direction of the
merit function, and hence the line search in Step 3 is well-defined.

Now, we can prove the following global convergence theorem for Algorithm 3.1 by using tech-

niques similar to [5].

Theorem 3.1 Let {z*} be a sequence generated by Algorithm 3.1. If the residual vector r* given
by (1.7) satisfies the condition

[[7*[] < min {n HF’ ()" F (%)

@ F )| (3.4

where n € (0,1) and vy, = o (dist (:ck,X*)), then any accumulation point of {xk} s a stationary
point of ¢. Moreover, if an accumulation point x* of {xk} is a solution of (1.1) that satisfies

Assumption 2.1, then {dist (xk, X*)} converges to 0 superlinearly.



Proof: First we show that any accumulation point of {xk} is a stationary point of ¢. Let
Ky = {k ’ HF (mk +dk)H <~ HF (gck)H } If K7 is an infinite set, then we have HF (mk)H — 0
as k — oo because {HF (a:k)H} is a monotonically decreasing sequence. This shows that any
accumulation point of {2*} is a stationary point of ¢. If K} is finite, then, without loss of generality,
we can assume that ||F (;vk + dk)H >y ||F (xk)H for all k. We will show that {dk} is gradient
related to {xk}, i.e., for any subsequence {:E

{dk}keK satisfies

k}k K which converges to a nonstationary point of ¢,

lim sup HdkH < 00, (3.5)
k—oo, ke K
N T ok
kl}g’lilél(vgf) (%) d* <o. (3.6)

Then we can conclude that any accumulation point of {:1:’“ } is a stationary point of the merit
function ¢ [1, Proposition 1.2.1]. Let {xk}keK
point of ¢, and let Ky := {k eK | d¥ = -Vo (zk) } If K5 is an infinite set, {dk} is obviously

gradient related, and hence {xk} must converge to a stationary point of the merit function ¢. If

be a subsequence which converges to a nonstationary

K is a finite set, then we may assume, without loss of generality, that d* are approximate solutions
of (1.4) with residuals r* satisfying (1.7) for all k.

First we show that (3.5) holds. To this end, we consider two cases for the sequence {ug}: (i)
liminfy oo kex p = 0 and (ii) Uminfy, oo ke px > 0.

Case (i): In this case, without loss of generality, we assume that p, — 0 (k € K). Then, we have
HF(wk)H — 0 (k € K). Since {HF’ (xk)H} is bounded on any convergent subsequence {xk}keK,
we obtain that V¢ (z%) = F’ (xk)TF () — 0 (k € K). This contradicts the assumption that
{xk} wex converges to a nonstationary point. Therefore this case does not occur.

Case (ii): In this case, there exists a constant & such that pr > £ > 0 for all k. Since
{HF’ (mk)T F (a%) H} is bounded on any convergent subsequence {x it follows from (1.7)
and (3.4) that

k}keK’

—1

4"

IN

H (F" (") F' (") + )

HTU HF’ (xk)TF (;Ek)H < 00.

(|7 " F )|+ 1)

IN

Therefore (3.5) holds.
Next, we show that (3.6) holds. Suppose to the contrary that (3.6) does not hold, i.e.,

B kNT gk _
kgg,lngv¢(x) d®”=0.

It then follows from (3.3) that there exists an infinite set K3 C K such that
lim d¥ =o0.
k—oo, keK3

On the other hand, we have from (1.7)

[Vo @)~ || = ||F @) F () o]

10



IN

|(F' ()" P (@) + et ) |

|F7 ()" F (@) + gt |

IN

Since lim supy,_, oo rexc, ||[F (xk)T F' (zF) + ukIH < 00 and limy_eo, ke, d* = 0, we have

pJm |V (a*) —r*|| = 0. (3.7)
Moreover, from (3.4), we have HrkH <9 HF’ (a:k)TF (a:k)H = HV(;S (xk) H Then we can deduce
from (3.7) that

L dm [Ve @)=, il =o.

This contradicts the assumption that the limit point of {x is not a stationary point. There-

“Frex
fore, we have (3.6), and hence {d*} is gradient related to {*}. Consequently we conclude that
any accumulation point of {rk} is a stationary point of the merit function ¢.

Now, we proceed to showing the latter half of the theorem. From Theorem 2.1, it is sufficient
to show that Assumption 2.3 is satisfied and that 2**! = 2% 4 d* with d* being determined from

(3.1) for all k large enough. Since ||rkH satisfies (3.4), we have for any convergent subsequence

{mk}keK

)
R L RG]
pe T IF (*)]|°
v ||F' (2%)]° = o (dist (2", X*)),

IN

where the last equality follows from the boundedness of {HF’ (z*) H} and the definition of {vy}.

This means that Assumption 2.3 holds. Let z* be an accumulation point of {xk}7 and {xk}keK

be a subsequence such that limye g 2% = *. Then there exists k € K such that

2% —a*|| <e, Vk >k k€K,

where e is given in Lemma 2.4. Moreover, by choosing larger k if necessary, we can show from

Lemma 2.3 that a sequence {yl} generated by the ILMM with y° = 2F and unit step size satisfies
_ C27 |y =
Hyl+1 _ yl+1H S T ||yl _ yl” Vl, (38)

where 7' denotes one of the nearest solutions from ¢/, that is, ' € X* and ||5' — ¢'|| = dist (', X*).
(Note that there may be more than one nearest solutions to ¢!, since the solution set X* need not

be convex.) It then follows that

[P D]l 17 (7)) = F ()]
< L ||gl+1 _ yl+1||
< oy -
< y[[F )

11



where the first inequality follows from (2.3), the second inequality follows from (3.8), and the last
inequality follows from Assumption 2.1 (iii). Hence, (3.2) is satisfied for & > k, and we obtain
okt = 2% + d* for k > k, where d* is determined from (3.1). This completes the proof. O

Remark 3.1 As an updating rule of vy which satisfies the assumption in Theorem 3.1, we may
employ the rule
k T
ve=[[F (=)

where T is a constant such that T > 1. In this case, it follows from (2.8) that

Vi

IF GO = 1P () = F (o*)
L7 o —at]|” = o (dist (4, X))

"

IA

when k is sufficiently large.

In Theorem 3.1, we have established the superlinear convergence of Algorithm 3.1 by using
Theorem 2.1. Using Theorem 2.2, we can also give conditions for a quadratic convergence of
Algorithm 3.1.

Theorem 3.2 Let {xk} be a sequence gemerated by Algorithm 3.1 with 6 = 2. If the residual
vector r* given by (1.7) satisfies

[[7*[| < min {n HF’ ()" F (%)

e HF’ (mk)TF(xk)“5}7 (3.9)

wheren € (0,1) and v, = O (dist (;v’“, X*)2) , then any accumulation point of {xk} s a stationary
point of ¢. Moreover, if an accumulation point x* of {a:k} is a solution of (1.1) that satisfies

Assumption 2.1, then {dist (xk, X*)} converges to 0 quadratically.

Proof: It is easy to verify that the assumptions of Theorem 3.1 hold, so any accumulation point

of {.Z'k} is a stationary point of ¢ by Theorem 3.1. Moreover, since HrkH satisfies (3.9), we have

o
e @) )
e I (24)]°

< v ||F (%) H§ =0 (dist (:rk,X*)2> ,

and hence (2.18) is satisfied. Then, in a way similar to Theorem 3.1, we can show the quadratic
convergence of {dist (ajk, X*) } O

4 Numerical Results

In this section, we discuss implementation issues of Algorithm 3.1 proposed in Section 3 and report
some numerical results.

In implementing Algorithm 3.1, the most expensive task is to compute the search direction d*
by solving (3.1). Since the coefficient matrix F” (xk)T F’ (2%) 4 pxl of the linear equation (3.1) is

always positive definite, we could find the exact solution of (3.1) by means of Cholesky factorization.

12



However, our algorithm does not require the exact solution of (3.1), that is, the search direction
d* has only to satisfy the approximate condition (3.4). In our numerical experiments, we employ
the conjugate gradient method (CGM) [1, 11] to find d* satisfying the approximate condition (3.4)
from the following two reasons. First, the CGM can find an approximate solution of (3.1) with
any accuracy. So, when the approximate condition (3.4) is mild, the CGM may find d* in a small
number of iterations. Second, the CGM is suitable for large-scale problems. At each iteration of
the CGM for (3.1), we need to calculate

— (P (@) P (@¥) ) = F (%) F (%), (4.1)

where d7~! is the search direction used in the previous iteration. This is done by calculating
o) = F' (2%) &~ first, and then F’ (mk)T 0/ 4 ppd’~1. Thus, the calculation of (4.1) is inexpensive
if F’ (ack) is sparse.

Now, we state some practical modifications of Algorithm 3.1. If an iterative point 2* is far from
the solution set, the value of parameter y determined by the rule (2.4) may become exceedingly
large. In this case, a search direction d* obtained from (3.1) is close to the steepest descent
direction for the function ¢, and hence it is likely that the algorithm converges slowly. To prevent

this difficulty, we modify the updating rule for u; as
Ik :min{HF (xk)Hé,C}, (4.2)

where ¢ > 0 is an appropriate constant. We can expect that, even if HF(&U’C)H is large, the rule
(4.2) enables us to find a good approximation to the Gauss-Newton direction. Next we consider the
criterion for approximate solution of the linear equation (3.1). If an iterative point is far from the
solution set, then the approximate condition (3.4) for r* need not be tight, and hence a computed
search direction may also approximate the steepest descent direction, because we use the CGM to

solve (3.1). In view of this fact, we modify the approximate condition (3.4) as

[|7*|| < min {77 HF’ ()" F (%)

|| () F (;&)H‘s 7m/ﬁ}, (4.3)

where k > 0 is an appropriate constant. This condition ensures that, even if an iterative point

x¥ is far from the solution set, | rkH is smaller than x+/n, and hence, especially in the early stage
of the iterations, we can expect that a search direction becomes a good approximation to the
Gauss-Newton direction.

We have experimented on the following problems with n = 100, 1000 and 10000.

Problem1: F:R" —»R", Fi(z)=+i(x;—14), i=1,...,n

Problem 2: F:R" — RZ, Fi(x):\/;<xi+$%+i_i)7 i=1,...,%
Problem3: F:R" —R" F(z)=2?—-i, i=1,...,n
Problem4: F:R" — R3, Fi(z)= (m¢+:17g+¢)2 —i, i=1,...,%

Clearly these problems have a solution. Moreover, ||F(z)|| provides a local error bound in a
neighborhood of the solution set. Note that F’ (xk)T F’ (wk) is singular for Problems 2 and 4.

13



Table 1: Results for Problems 1, 2, 3 and 4

Problem n ip. #iter. # iter. (CGM) time(sec.) |7 (=*)]|
Problem 1 100 291! 3 154 3e-02 9.0e-02, 4.1e-04, 3.3¢-08
202 4 238 4e-02 2.0e-03, 4.1e-07, 7.6e-14
203 4 238 4e-02 2.0e-03, 3.8e-07, 4.3e-14
x04 4 239 5e-02 1.9e-03, 3.9¢-07, 4.7e-14
1000 291 4 780 1.8e+00 4.3e-03, 1.1e-06, 7.8e-13
202 4 784 1.8e+00 4.3e-03, 1.4e-06, 1.6e-12
203 4 780 1.7e+00 4.4e-03, 1.1e-06, 4.4e-13
x04 4 763 1.7e400 4.1e-03, 1.3e-06, 1.2¢-12
10000 91! 4 2389 8.1e+01 9.2e-03, 5.4e-06, 2.7e-11
202 4 2376 8.1e+01 1.3e-02, 1.0e-05, 1.0e-10
z03 4 2346 8.0e+01 9.5e-03, 5.5e-06, 2.8e-11
204 4 2350 8.0e+01 1.3e-02, 1.0e-05, 1.0e-10
Problem 2 100 29! 3 107 1e-02 9.5e-02, 4.8e-04, 1.8e-08
202 4 160 2e-02 1.7e-03, 1.5e-07, 4.0e-15
203 4 159 3e-02 1.7e-03, 1.4e-07, 3.2e-15
z04 4 160 3e-02 1.7e-03, 1.4e-07, 3.4e-15
1000 291 3 345 7.2e-01 1.2e+00, 3.1e-03, 3.2e-07
202 4 584 1.1e4+00 3.2e-03, 3.9¢-07, 5.6e-14
203 4 580 1.1e4+00 3.3e-03, 3.3e-07, 2.1e-14
04 4 584 1.2e+00 3.2e-03, 3.7e-07, 3.8e-14
10000 201 4 1798 5.1e+01 6.6e-03, 1.4e-06, 9.2e-13
202 4 1794 5.0e+01 8.1e-03, 2.6e-06, 3.3e-12
20:3 4 1770 5.0e4-01 6.7e-03, 1.5e-06, 1.0e-12
04 4 1735 5.0e+01 8.1e-03, 2.6e-06, 3.3e-12
Problem 3 100 201 9 239 5e-02 2.5e-02, 1.5e-04, 1.1e-08
202 10 243 5e-02 2.5e-02, 1.5e-04, 1.1e-08
203 9 235 5e-02 2.5e-02, 1.5e-04, 1.1e-08
204 10 239 6e-02 2.5e-02, 1.5e-04, 1.1e-08
1000  z01 13 1033 3.2e+00 1.1e-03, 6.0e-07, 1.8e-12
202 14 1038 3.3e+00 1.1e-03, 6.0e-07, 1.8e-12
203 13 1017 3.1e+00 1.1e-03, 5.9¢-07, 1.8e-12
204 14 1010 3.3e+00 1.1e-03, 5.9¢-07, 1.8e-12
10000 201 16 2822 2.2e+02 5.9e-03, 9.8e-06, 8.3e-11
202 17 2827 2.3e+02 5.9e-03, 9.8e-06, 8.3e-11
203 16 2771 2.2e+02 5.8e-03, 9.6e-06, 8.2e-11
x04 17 2775 2.3e+02 5.8e-03, 9.6e-06, 8.2¢-11
Problem 4 100 201 10 173 3e-02 2.5e-02, 1.5e-04, 8.0e-09
z0:2 11 176 4e-02 2.5e-02, 1.5e-04, 8.0e-09
203 10 169 3e-02 2.5e-02, 1.5e-04, 8.0e-09
204 11 172 4e-02 2.5e-02, 1.5e-04, 8.0e-09
1000 201 14 753 2.1e4-00 1.1e-03, 4.5e-07, 7.4e-13
202 15 757 2.1e+00 1.1e-03, 4.5e-07, 7.4e-13
203 14 744 2.0e+00 1.1e-03, 4.5e-07, 7.3e-13
204 15 747 2.1e+00 1.1e-03, 4.5e-07, 7.3e-13
10000 201 17 2058 1.3e+02 5.8e-03, 8.9¢-06, 3.9e-11
20,2 18 2062 1.4e+02 5.8e-03, 8.9e-06, 3.9e-11
203 17 2032 1.3e+02 5.8e-03, 8.8¢-06, 3.8e-11
204 18 2036 1.4e+02 5.8¢-03, 8.8¢-06, 3.8¢-11
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Table 2: Results for various values of ¢ and k

Problem 1 2 3 4 Problem 1 2 3 4

¢=10""9 2 2 12 13 k=10"°2 3 3 13 14
¢=10"8 2 2 12 13 k=10"% 3 3 13 14
¢=10"7 2 2 12 13 k=10"7 3 3 13 14
¢=10"°6 2 2 12 13 k=10"6 3 3 13 14
¢=10"° 3 3 12 13 k=107 3 3 13 14
¢=10""* 3 3 13 14 k=10"% 4 3 13 14
¢=10"3 4 3 13 14 k=107 4 3 13 14
¢=10"2 4 4 13 14 k=10"2 4 4 13 14
(=101 7 6 13 14 k=10"" 6 5 13 14
¢=10° 14 11 13 14 k= 10° 12 11 18 18
¢ =10t 58 36 14 14 k=101 17 19 23 23
¢ =102 272 175 16 15 k=102 23 24 27 28
¢=103 780 612 20 18 k=102 29 30 31 31
¢=o00 1769 1809 71 41 K =00 37 39 32 32

Table 3: Results for Problems 1 and 2 with n = 100000
# iter.  # iter. (CGM) time(sec.) HF (:):k) H
Problem 1 4 7125 5.8¢+03  5.6e-02, 6.3e-05, 3.2e-09
Problem 2 4 5334 3.5e+03 2.9e-02, 1.5e-05, 9.5e-11
For each problem, we set an initial point as 2%! = {%, ..., %}T,mo’g ={n,...,n}" 203 =
{—%, ceey —%}T 204 = {—n,..., —n}T. Moreover, we update v, in the approximate condition

(3.4) as described in Remark 3.1. We set the default values of parameters as o = 0.6, 5 = 0.7,y =
0.8,6 =1.0,n =0.8,p =0.5,7 = 2.0,p = 2.0, = 0.001 and £ = 0.001, which may be altered if
necessary. We use the stopping criterion HF (ack) H < 1078/n for each experiment. The algorithm
was coded in C and run on a Sun Ultra 60 workstation.

Table 1 shows the computational results for each problem, with the following items: The
dimension of the problem (n), the initial point (i.p.), the number of iterations of Algorithm 3.1 (#
iter.), the cumulative number of iterations of the CGM (# iter. (CGM)), the CPU time in second
(time(sec.)), and the values of HF (z¥) H at last three iterations of Algorithm 3.1 (HF (z) H) Note
that, from Assumption 2.1 (iii), we have HF (xk)H =0 (dist (xk,X*)). For each problem, the
algorithm always stopped successfully, and the generated sequence converged to the solution set
superlinearly.

Table 2 consists of two tables; one shows the number of iterations for various values of ¢ in the
new updating rule (4.2) for uy, while the other shows the number of iterations for various values
of x in the new approximate condition (4.3). In these experiments, we set n = 1000 and 2° = 201,
In Table 2, { = co and kK = oo mean that we use the updating rule (2.4) and the approximate
condition (3.4), respectively. From Table 2, we see that when ¢ and k are small, the algorithm
solved all problems successfully and the number of iterations is small. On the other hand, when
¢ and k are large or these parameters are not used (¢ = co/k = 00), the number of iterations

becomes large. This observation indicates that the performance of the algorithm can be improved
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by choosing appropriate values for ¢ and x in (4.2) and (4.3), respectively.
Finally, we show Table 3, which contains results for Problems 1 and 2 with n = 100000 and

2% = 29!, Thus we may conclude that the algorithm can deal with large-scale problems efficiently.

5 Concluding Remarks

In this paper, we have discussed the convergence properties of the ILMM under a local error bound
condition on F. Using an approach similar to [20], we have showed that the ILMM converges to the
solution set superlinearly under appropriate conditions on the approximate solution of the system of
linear equations solved at each iteration. For large scale problems, this property is very useful. On
the other hand, it was shown in [20] that the LMM converges quadratically under the assumption
that . = |7 ()

of linear equations tends to be unstable numerically. Since the ILMM converges superlinearly even

. In that case, if y is very small and F' (z*)" F (2*) is singular, the system

if up = ||F (zk)H5,0 < § < 2, we can expect the numerical robustness of the ILMM when it is
implemented with 0 < § < 2.
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A Appendix: Quadratic or superlinear algorithm for mono-
tone nonlinear complementarity problem without degen-

eracy conditions

In this appendix, we introduce one of the application using the method which we propose in this

paper.



A superlinearly convergent algorithm for the monotone
nonlinear complementarity problem without nondegeneracy

conditions

Abstract

In this paper, we consider an algorithm for solving the monotone nonlinear complementarity prob-
lem (NCP). Recently, Yamashita and Fukushima proposed a method based on the proximal point
algorithm (PPA) for monotone NCP. The method enjoys the favorable property that a generated
sequence converges to the solution set of NCP superlinearly. However, when a generated sequence
converges to a degenerate solution, the method may need much computational time to solve sub-
problems, and hence the method does not have genuine superlinear convergence. More recently,
Yamashita, Dan and Fukushima presented a technique to identify whether a solution is degen-
erate or not. Using this technique, we construct a differentiable system of nonlinear equations
whose solution is a solution of the original NCP. Moreover, we propose a hybrid algorithm which
is based on the PPA and uses this system. We show that the proposed algorithm has a quadratic

or superlinear rate of convergence even if it converges to a degenerate solution.



A.1 Introduction
The nonlinear complementarity problem (NCP) is to find a vector & € R such that
NCP(F): #; >0, Fy(7) >0, 5:F(z) =0, i=1,....n,

where F' is a mapping from R” to R”. When F is affine, NCP(F) is called the linear complemen-
tarity problem (LCP). NCP can be found in various fields, e.g., operations research, engineering,
finance and so on [7]. Throughout this paper, F' is assumed to be continuously differentiable and
monotone.

For a solution Z of NCP(F), let P (Z), N (Z) and C (Z) be defined by

),

P(z):={i|z;>0,F;(z) =0},
N(.@)Z:{Z’|i‘i:0,Fi<)>0},
C(z)={i|2 =0,F(z) =0},

respectively. Note that each index of a solution T of NCP(F') belongs to one of these sets. If

8l
I

Kl

C (z) # 0, we call T a degenerate solution, otherwise we call Z a nondegenerate solution. In this
paper, we will focus on these index sets for a particular solution, and develop an algorithm for
solving NCP(F) by estimating the correct index sets.

Various methods for solving NCP, such as the generalized Newton method (GNM) [4], the
smoothing method [2] and the regularization method [6], have been proposed and shown to have
nice convergence properties. However, those methods generally require the local uniqueness of a
solution for a superlinear rate of convergence. Recently, Yamashita and Fukushima [11] proposed
a method, henceforth called the PPA, based on the proximal point algorithm, and showed that
it has a superlinear rate of convergence without the local uniqueness of a solution. However,
when a sequence {z*} generated by the PPA converges to a degenerate solution, subproblems may
become computationally expensive. This difficulty comes from the fact that we do not know in
advance whether or not {z*} converges to a degenerate solution. More recently, Yamashita, Dan
and Fukushima [12] presented a technique that enables us to identify P* = P (z*),N* = N (z*)
and C* = C (x*) when z* enters a certain vicinity of 2*. Once we identify P*, N* and C*, we can

find a solution of NCP(F) by solving the system of nonlinear equations

Fp«(x)
Go-(r)=| ™ | =0 (A.1.1)

Fe-(z)

Tox
In fact, if a solution & of (A.1.1) is sufficiently near to z*, then we have Zp > 0 and Fy (&) > 0,
and hence Z is also a solution of NCP(F). Moreover, since the mapping G- : R* — R* 17| is
differentiable, we can use any Newton like method which requires differentiability of the mapping,
and we can expect that such a method has a quadratic or superlinear rate of convergence no matter
whether * is degenerate or nondegenerate.

In this paper, we construct a differentiable system of nonlinear equations (A.1.1) by using the

technique proposed in [12]. Moreover, we propose a hybrid algorithm which generates a sequence



{z*} by the PPA primarily and also tries to find a solution of the system of nonlinear equations
(A.1.1) by using the inexact Levenberg-Marquardt method (ILMM) proposed in [3], when an
iterative point z* is judged to lie sufficiently close to a solution. We show that the proposed
method has a quadratic or superlinear convergence property if |G, (x)|| provides a local error

bound for (A.1.1), i.e., there exists constants bg > 0 and ¢g > 0 such that
cadist (z, X&) < |G+ (z)|]  Vz € B(z*,bg), (A.1.2)

where X is the solution set of (A.1.1) and B (z*,bg) := {z | ||z — 2*|| < bg }. More specifically,
we show that either a sequence {z*} generated by the proposed algorithm converges to the so-
lution set of NCP quadratically or |G« (z*)|| converges to 0 superlinearly, without assuming the
nondegeneracy of a solution.

This paper is organized as follows: In Section A.2, we review some mathematical concepts and
results such as error bounds for NCP, the PPA [11] and the ILMM [3]. In Section A.3, we construct
a differentiable system of nonlinear equations whose solution is a solution of NCP(F'). Moreover,
we propose the hybrid algorithm based on (A.1.1) and show its global convergence. In Section A.4,

we make some concluding remarks and discuss future research topics.

A.2 Preliminaries

In this section, we review some concepts and results which are used in the subsequent discussion.

A.2.1 Error bound for NCP
First, we recall some mathematical concepts related to a mapping F'.

Definition A.1 The mapping F : R" — R" is called

(i) monotone if
(x—y)" (F(z) -~ F(y) 20  Vr,yeR",

(i) strongly monotone with modulus p > 0 if
(z —y)" (F(z) = F(y)) > plle —yl>  Va,y e R

Next, we consider a system of nonlinear equations which is equivalent to NCP(F'). In order to

reformulate NCP, we may use a function ¢ : 2 — R that has the following property:
¢(a,b) =0 < a>0,b>0,ab=0. (A.2.3)

Such a function ¢ is called an NCP-function. Using an NCP-function ¢, let Hg : " — R" be
defined by

¢ (w1, Fi(x))
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From (A.2.3), it is easily seen that NCP(F') is equivalent to the system of nonlinear equations

The following two NCP-functions are well-known:

¢nr(a,b) = min{a,b},

érpa,b) = Va2+b>—a—b.

The functions ¢nr and ¢rp are called the natural residual function and the Fischer-Burmeister
function [8], respectively. The function ¢rp is equivalent to ¢ g in the sense that they satisfy the

following inequalities [8]:
(2= V2)[onr(a,b)| < |¢rp(a.b)] < (2+V2)|onr(a,0)| ¥(a,b)" € R
Throughout this paper, we assume that the mapping Hp is given by any NCP-function ¢ satisfying
vi |pnr(a,b)| < |¢(a,b)] < vol|pnr(a,b)| V(a,b)' € R, (A.2.4)

where v and v are positive constants.

The next theorem states some error bound properties of || Hg(z)|| for NCP.

Theorem A.1 /8]

(i) Suppose that F' is strongly monotone with modulus p > 0 and Lipschitz continuous with constant
L > 0. Then |Hp(x)| provides a global error bound for NCP(F'), that is,

Ki(L+1)

o — 2| < |Hp(z)]  VoeR",

where I is the unique solution of NCP(F) and K1 > 0 is a constant independent of F.

(i) Suppose that F' is affine and there exists a solution of NCP(F'). Then ||Hp(z)|| provides a local
error bound for NCP(F), that is, there exist positive constants Ko and K3 such that

[Hp(z)]| < Ko = dist(z, X*) < Kz [|Hp ()],
where X* denotes the solution set of NCP(F).
A.2.2 The PPA and identification of the index sets

The PPA presented in [11] is stated as follows:

Algorithm PPA
Step 0: Choose parameters 3 € (0,1),¢co € (0,1) and an initial point 2° € R". Set k := 0.

Step 1: If z* satisfies a stopping criterion, then stop.
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Step 2: Let F* : R — R be given by
F¥(z) = F(z) + cx (z — ).
Find an approximate solution z%*1 of NCP(FF¥) such that
HHF;C(:L”“H)H Sﬁkmin{l,kaH f:ckH}. (A.2.5)
Step 3: Choose cx4+1 > 0 and set k:=k + 1. Go to Step 2. o

This algorithm enjoys nice convergence properties. Specifically, the sequence generated by the
PPA converges to a solution of NCP(F') globally, and the distance between the generated sequence
and the solution set of NCP(F') converges to 0 superlinearly under mild assumptions. In what
follows, {z*} denotes a sequence generated by Algorithm PPA, and z* denotes the limit point of

{x*}. The following convergence theorem has been established in [11].

Theorem A.2 Suppose that F is monotone and Lipschitzian. Suppose also that NCP(F') has a
solution. Then, {z*} converges to a solution x* of NCP(F ) whenever {c;} is bounded. Moreover,
if ||[Hp(z)|| provides a local error bound in a neighborhood of x* and cx — 0, then {dist(z*, X*)}
converges to 0 superlinearly, where X* is the solution set of NCP(F).

The most expensive task in Algorithm PPA is to solve NCP(F¥) in Step 2. In [11], it is proposed
that NCP(F*) be solved using Generalized Newton Method (GNM) [4]. Note that F* is strongly
monotone when F' is monotone. Then, the GNM can find an approximate solution of subproblem

NCP(F*) rapidly when z* is nondegenerate, as stated in the following theorem [11].

Theorem A.3 Suppose that x* is a nondegenerate solution of NCP(F') and ||Hp(x)|| provides a
local error bound in a neighborhood of x*. Then, a single iteration of the GNM for NCP(F* ) yields
a point 21 that satisfies (A.2.5), provided k is sufficiently large.

When z* is a degenerate solution, Theorem A.3 no longer guarantees that the GNM can find
a solution of subproblem NCP(F*) in a few iterations, and hence it may take much time to solve
subproblems. To overcome this difficulty, we will use the technique proposed in [12] to identify the
index sets P (z*), N (z*) and C (z*), which is based on the following idea: Suppose that ||Hp(z)]]
provides a local error bound for NCP(F) and we let ¢, = o for all k in Algorithm PPA, where o
is a constant such that 8 < a < 1. Let a function sequence {p*} be defined by

#a) = /T

where the index sets P*, N¥ and C* are defined by
Pri= (i 6 > 0, Rie) < p
NF = {i | af < pF (), Fila®) > pH(ah)} (4.2.6)
CF = {i | ak < pH(a*), Fi(a") < o (")}

respectively. Then, we have
P*=P(z*), N*=N(@*), CF=C(z").

for sufficiently large k [12, Theorem 3.4].
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A.2.3 Inexact Levenberg-Marquardt method

The Levenberg-Marquardt method (LMM) [1, 9] is a method for solving the system of nonlinear

equations
G(y) =0, (A.2.7)

where G : ®" — R™ is a continuously differentiable mapping. The LMM generates a sequence

{yl} by y't! =yl + ch, where d' is a solution of the system of linear equations
(VGHVGWHT + wl)d = -VGIHG(Y). (A.2.8)

Here VG(y) € R™*™ is the transposed Jacobian of G, p; is a positive parameter and I is the
identity matrix. Since VG(y')VG(y)T + I is positive definite, (A.2.8) has a unique solution.
However, it is expensive to find an exact solution of (A.2.8) when n is large. In that case, the
inexact Levenberg-Marquardt method (ILMM) [3, 5] is useful. The ILMM uses an approximate
solution d' of (A.2.8) as a search direction, and generates a sequence {y'} by y'*! := ¢! + d'.
Recently, Dan, Yamashita and Fukushima [3] showed the following theorem which says that
the ILMM has a quadratic rate of convergence under a local error bound condition, which is milder

than the nonsingularity condition at a solution.
Theorem A.4 Let {y'} be a sequence generated by the ILMM and y* be a solution of (A.2.7).
Suppose that the following two conditions hold.

(i) There exist constants by € (0,1) and k1 € (0,00) such that
IG(y) = G(x) = VG(2)(y — )| <k lly — @[|* Va,y € Bly",b),

where B (y*,b1) :={y | lly —y"[ < b1}
(i) |G(y)|| provides an error bound for (A.2.7) on B (y*,b1), i.e., there exists a constant kg > 0
such that

Ry dist (y,Y") < |G(y) Yy e B(y" b1),

where Y* is the solution set of (A.2.7).
Suppose that the parameters py satisfy
= |GEH||°
and
l
I (aist (4, 77)),
M

U are residual vectors defined by

where r

= (VGWHVGWHT + ) d' + VG)GW). (A.2.9)

Then there exists a positive constant ¢ such that y' € B (y*,cHyO — y*H) for all 1, provided an
initial point y° is sufficiently close to y*. Moreover, {dist(y!,Y*)} converges to 0 quadratically.

The assumption (i) of Theorem A.4 holds when VG is locally Lipschitzian [10, Theorem 3.2.12).



A.3 Proposed algorithm and its convergence properties

In this section, we describe the proposed algorithm and show that it has at least a superlinear rate

of convergence for NCP, without assuming the local uniqueness of a solution.

A.3.1 Differentiable system of nonlinear equations

First, we make the following assumption to guarantee that the PPA has a superlinear convergence

and the technique to identify the index sets works well.

Assumption A.1
(i) VF is locally Lipschitzian.

(i) ||Hp(x)|| provides a local error bound for NCP(F), i.e., there exist constants by > 0 and cgg > 0
such that
bpdist (2, X*) < [|[Hp(z)| Vo e{z [|Hr(@)| <cm},

where X* is the solution set of NCP(F).

Sufficient conditions under which ||Hg(z)|| provides a local error bound for NCP(F') are given
in Theorem A.1.

We consider the mapping G- : R" — R* T¢I defined by (A.1.1). Since zp+ > 0 and Fy-(z) >
0 in a sufficiently small neighborhood of z*, a solution & of (A.1.1) also solves NCP(F') if % is
sufficiently close to z*. We note that G« (z) is differentiable and the Jacobian VG« (x) is locally
Lipschitzian, and hence the assumption (i) of Theorem A.4 holds for G,«. So, the ILMM applied to
the equation (A.1.1) has a quadratic rate of convergence if |G~ (x)|| provides a local error bound.

Accordingly, we make the following assumption.

Assumption A.2 ||G.-(x)| provides a local error bound for (A.1.1) in a neighborhood of x*, i.e.,
there exist positive constants bg and cg which satisfy (A.1.2).

Assumption A.2 holds when Fp« and Fe+ are affine. Though this assumption does not neces-
sarily hold when F' is nonlinear, it does not seem very restrictive.
Assumptions A.1 and A.2 are closely related. In fact, as shown in the next lemma, Assumption

A.2 is implied by Assumption A.1 under some normal circumstances.

Lemma A.1 Suppose that Assumption A.1 holds. If there exists a constant r1 > 0 such that
X*NB(z*,r1) = XENB (2*,71), where X is the solution set of (A.1.1), then |Gy (x)|| provides
a local error bound for (A.1.1) in a neighborhood of *, i.e., there exist constants bg and cg which
satisfy (A.1.2). In particular, if x* is a locally unique solution of NCP(F ), then |Gy« (x)|| provides

a local error bound for (A.1.1) in a neighborhood of x*.
Proof: Choosing r5 > 0 sufficiently small yields that, for any x € B (z*, rs2),
T; > Fl(x) Vi € P*7

x; < Fi(x) Vie N*.
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It then follows that, for any « € B (z*,rs),

|Hr(z)]| = S (3 Fi(x)
1€ P*UN*UC*
< » Y. |min{a, Fi(2)}?
1€ P*UN*UC*
< w [ Y FX@) 4+ Y a2+ Y (a2 4 FA(x)
i€ P* IEN* ieC*
= 1[G (@), (A.3.10)

where 15 is the positive constant given in (A.2.4). Moreover, by choosing r3 > 0 sufficiently small,

we have
|Gox (2)|| < ey /va Yz € B(z*,rs). (A.3.11)
Let r := min{ry,rs,r3}. It then follows from (A.3.10) and (A.3.11) that
|Hp(z)|| < cy VYa € B(z",r).
Therefore, from Assumption A.1 (ii) and (A.3.10), we get
bpdist (z, X*) < |Hp(2)|| < v2||Ge=(z)|| Vz € B(z*,r). (A.3.12)

Letx € B (x*, g), and let Zg and Z be one of the nearest points from x in X7 and X™, respectively.

Since z* € X and z* € X*, we have, for any v € B (:U*, %),

IN
IN

126 — =] [l — |

N 3IN] 3

IN
IN

1z — || Ja" — |

and hence

1Ze =™ < |ze -2l + 2" —af <,

[z =" < [z -z +[" -zl < r

Therefore we have Zg € X NB (z*,r) and £ € X*NB (z*,r). It then follows from the assumption
X*NB (z*,r) = XZNB (z*,r) that dist (z, X*) = dist (z, X,) for any z € B (2*, %). Consequently,
by (A.3.12), we have

vy Lby dist (z, X25) < ||Go- ()| Vo € B (m g) ,

i.e., |Gy~ ()| provides a local error bound for (A.1.1) in a neighborhood of z*. O

vii



A.3.2 The algorithm

As stated in Section A.2.2, P¥ = P (z*), N*¥ = N (2*) and C* = C (2*) hold when £ is sufficiently

large, and hence, the system of nonlinear equations

Fpk(x)
GH(z) = FZLV(’;) =0 (A.3.13)

Lok

coincides with the system of nonlinear equations (A.1.1). In this case, a solution & of (A.3.13) is a
solution of NCP(F) if & is sufficiently close to #*. Then we naturally come up with the following
method: We generate a sequence {x*} by the PPA primarily, and if an iterative point is judged to
be close to the solution z*, then we solve (A.3.13) by the ILMM. Based on this idea, we propose
the following hybrid algorithm.

Algorithm Hybrid

Step 0: Choose parameters M; > 0, M > 0,0 < 3 < a < 1,0 < v < 1, and an initial point 2°.
Let the initial index sets be P® = N° = C9 = (). Set k := 1.

Step 1: Let ¢, = o* and obtain z* by applying a single iteration of Algorithm PPA. Determine
the index sets P*, N* C* by (A.2.6).

Step 2: If ||Hp (z%)| < M, P* = P*1 N¥ = N*=1 Ck = C*' and PFUNFUCF =
{1,2,...,n}, then go to Step 3. Otherwise, set k := k + 1 and go to Step 1.

Step 3: (ILMM for (A.3.13))

Step 3.0: Set y*0 := 2", o = ||G*(y*0)

,and [ := 0.

Step 3.1: Find an approximate solution d*! of the system of linear equations
(VGF(PHVGEF (") + ) d = =V G (yFHTGF (yMH). (A.3.14)

Step 3.2: If y*! satisfies a stopping criterion, then exit. Otherwise, if 4% does not satisfy

' +d") e > 0, (A.3.15)
Fye(y™ +d™) > 0, (A.3.16)
|GE@F +a™h|| < A GREMY|| (A.3.17)
[a* = (™ +d™)[| < Mo, (A.3.18)

then set k := k + 1 and go to Step 1.

Step 3.3: Set yk1l+1 = ykvl + dk’l,uk7l+1 = HGk(yk’lJ’_l)H and [ :=[1+1. Go to Step 3.1. O

In Algorithm Hybrid, we try to identify the three index sets P (z*), N (z*) and C (z*) in Step
2. The conditions in Step 2 will be satisfied when k is sufficiently large. Note, however, that those
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conditions do not guarantee that the index sets P*, N* and C* are identified correctly. Therefore,
we check conditions (A.3.15) — (A.3.18) in Step 3.2 to ensure that the sequence {y*'} is converging
to a solution of NCP(F). The conditions (A.3.15) and (A.3.16) check whether or not P¥ N* and
C* are identified correctly. The condition (A.3.17) guarantees that ||G*(y*!)|| is converging to 0

superlinearly, and the condition (A.3.18) guarantees that {y*'};—g 12, is not diverging.

A.3.3 Convergence theorem

! associated with an approximate solution d*' of the system of linear

equations (A.3.14) be defined by

Let the residual vector r*:

,rk,l — (VGk<yk,l)VGk(yk,l>T +/J]c,l1) dk,l 4 VGk<yk’l)Gk(yk’l).
Now we show the following convergence theorem for Algorithm Hybrid.

Theorem A.5 Suppose that Assumptions A.1 and A.2 hold. Suppose also that {i‘/k’l}l:o 1o
satisfies

)

™ :O<dist (™, gk)Q), (A.3.19)

where X}, is the solution set of (A.3.18). Then, there exists a positive integer k for which either

of the following statements is true:

(a): Any accumulation point of {y*'}1—01.2.... is a solution of NCP(F), and {||G*(y*")||}1=0.1.2

1,2,

converges to 0 superlinearly.

(b): {y*'} =012, converges to a solution of NCP(F ), and {dist(yk’l7Xé)}lzoﬁl’gw converges to
0 quadratically.

Proof: First, we consider the case where the inner loop in Step 3 cycles infinitely for some k,
that is, an infinite sequence {y*'};—o12 . satisfies (A.3.15) — (A.3.18), even if the index sets
P(z*), N(z*) and C(z*) have yet to be identified correctly. In this case, it follows from (A.3.18)
that {y*'},—0.1,2,.. has accumulation points, and from (A.3.17), {||G*(y*!)||} converges to 0 su-
perlinearly. Moreover, from (A.3.15) and (A.3.16), any accumulation point of {y*'},_g 12, . is a
solution of NCP(F'). Therefore the statement (a) holds.

Next, we show that, even if (a) does not hold, the statement (b) holds eventually. In fact, for
sufficiently large k, || Hp(z*)| becomes sufficiently small by Theorem A.2, and P¥ = P (z*), N* =
N (z*),C* = C (2*) hold as shown in [12]. Hence, the system (A.3.13) coincides with the system
(A.1.1) for sufficiently large k. Note that, by Assumptions A.1 and A.2, G,+(z) and z* satisfy the
assumptions (i) and (ii) in Theorem A.4, where G and y* are regarded as G~ and x*, respectively.
In what follows, we consider a sequence {zk’l}l:0,1,27,,, generated by the ILMM for the equation
G (z) = 0 with an initial point z%° := 2* for sufficiently large k, and show that z*! satisfies
the conditions (A.3.15)—(A.3.18) for all . It follows from Lemma 2.3 of [3] and (A.3.19) that, if

k

k is sufficiently large and 2¥° = z* is sufficiently close to z*, then we have |zF!T! — ki1 <
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c ||z7t — 4|2 for all I, where c is a positive constant and 2! is one of the nearest points of X},

from z*!. Then, from Assumption A.2, we have
[Gar (M| [Gar (G51HY) = G (MED)|_ Lg, [|2MH = 28] ey

= < < 1=0,1,2,...
Gz (25:0)]|? G (25:0)]|? cg |2kt — zhd||? ca Y

where L~ is a Lipschitz constant of G,«(x). When k is sufficiently large, we have |G- (z50)|| <
16 and it follows that for each [ =0,1,2,...

cL*
HGJC*(Zk,H—l)H < CLgx Gx*(zk’l)Hz
ca
Ly k-1 ’ k.l
< (T 0] lew )
L 2
Clg~ k,0 kL
o e el W E
< 7 |Ga ()]

< GG

Therefore, (A.3.17) holds when k is sufficiently large. Let # be the distance between y*° and

T*.

When # is sufficiently small, Theorem A.4 says that a generated sequence {z*!} satisfies
2Pl € B(x*, csf) for all I, where c3 > 0 is a constant. Moreover, choosing sufficiently large k if
necessary, © can be made arbitrarily small. Then, it follows from z} > 0 and Fy (z*) > 0 that
(A.3.15), (A.3.16) and (A.3.18) hold for sufficiently large k. Consequently, (A.3.15) — (A.3.18) are
satisfied for sufficiently large k. Then, from Theorem A.4, {dist(z*", X&) hi=0,1,2,... converges to 0

quadratically, i.e., the case (b) holds. This completes the proof. O

Some remarks about Algorithm Hybrid are in order.

e The system of nonlinear equations (A.3.13) has only |P¥| variables actually, since 2yt = 0

and zox = 0. Hence, (A.3.13) becomes smaller than the original problem.

e The condition |[Hp(z*)|| < M; in Step 2 is not needed to establish Theorem A.5. However,

using this condition, we can skip useless calculation which may occur when

P(2*) # P* = P*"1 N (2*) # N¥ = N¥=1 C (2%) #£ C* = C*~1, PPUN*UCY = {1,2,... ,n}.

e We may replace the condition in Step 2 by
Pt=...=pti Nk =...=NFI Ck=...=CF I PrUNFUCK ={1,2,...,n},

where j is any positive integer. This modification may also enable us to omit unnecessary

calculation when the index sets are not identified correctly.

e From Theorem A.3, the PPA has a genuine superlinear rate of convergence if z* is nondegen-
erate. Consequently, when we judge z* to be nondegenerate in Step 2, we may immediately

return to Step 1 instead of proceeding to Step 3.



A.4 Concluding Remarks

In this paper, we have constructed the system of nonlinear equations which is useful in dealing

with degenerate NCP, and proposed an algorithm based on it. We have shown that the proposed

algorithm has a quadratic or superlinear rate of convergence even if NCP has a degenerate solution.

Finally, we mention some future research topics.

(i) In order to guarantee that Algorithm Hybrid has a quadratic or superlinear rate of conver-

gence, we need Assumption A.2. In Lemma A.1, we give a sufficient condition for Assumption
A2 to hold, but this condition is imposed on the solution set itself. It is an interesting and

important subject to find a milder and/or simpler sufficient condition for Assumption A.2.

(ii) We have used the technique proposed in [12] to identify P*, N* and C*. However, it is

difficult to confirm that P* = P* N*¥ = N* and C* = C* are attained. If we have a criterion
to make sure that the correct identification of the index sets has been accomplished, we may

design an algorithm that avoids the useless calculation in Step 3 of Algorithm Hybrid.
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