CONVERGENCE RATES IN THE LAW OF
LARGE NUMBERS

BY
LEONARD E. BAUM AND MELVIN KATZ (1)

Introduction. Let {X,:k=1} denote a sequence of random variables, {a,:n=1}
a sequence of real numbers, {b,: n = 1} a nondecreasing sequence of positive
real numbers and let S, = X,-, X,. Many of the limit theorems of probability
theory may then be formulated as theorems concerning the convergence of either
the sequence {P(I(S,, —ay)/b,|>¢e):n=1} or {P(sups, | (Se— ak)/b,‘| >e):
n = 1}, fore > 0, to an appropriate limiting value. It is the purpose of this paper to
study the rates of convergence of such sequences. The results of this paper will
include those previously announced in [1].

In the first part of the paper attention is restricted to sequences of independent
and identically distributed random variables. In analogy with the Law of Large
Numbers the normalizing constants b, are chosen to be n®% «>1/2, and the
centering constants a, = ES,, provided the expectation exists and is finite.
Necessary and sufficient conditions are found, in terms of the order of magnitude
of P( I X, I >n), for the sequences {P( I (S, — ES,,)/n“l >¢):n =1} and
{P(sup,@,,l(Sk—— ESk)/k“I >¢):n 21} to converge to zero at specified rates.
These results extead and complete previous work on this problem.

The next resulty, again for independent and identically distributed random
variables, consider te problem of convergence rates when the b,’s are a sequence
in the upper class o the S,’s and again a, = ES,. Next the independence con-
ditions on the sequeace {X,: k > 1} are relaxed and it is assumed only that the
random variables forn a stationary sequence. It is shown here that no conditions
on the size of the viriables, i.e. conditions on the magnitude of P(|X,;|> n),
can insure a prescrited rate of convergence of P(|(S,l - ES,,)/n| >¢) to zero
when the X,;’s form a1 ergodic stationary sequence. However, in the converse
direction, a prescribed rate of convergence to zero of the above probabilities
does imply conditions o1 the magnitude of P( I X k] > n).

Finally in the last setion of the paper some propositions and examples are
presented for the case oiindependent but not necessarily identically distributed
random variables.
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CONVERGENCE RATES IN THE LAW OF LARGE NUMBERS 109

Independent, identically distributed random variables. In this section only
sequences {X,: k = 1} of independent and identically distributed random variables
will be considered. Given a sequence {c,: n=1}of bounded, non-negative numbers
converging to zero, one method of measuring the rate of convergence is to de-
termine which, if any, of the series X, 2, n'c, converge where r = — 1. This is
the idea behind the first three theorems of this section.

THEOREM 1. Let 0 <t < 1. The following two statements are equivalent:
(@) E|X|'<0;

(b) X2 n 'P{|S,|>n""e} < oo for all e > 0.

Let 1 £t < 2. The following two statements are equivalent:

(©) E |X,|' <0 and EX, = p;

(d) X2 n~'P{|S, — nu|>n'"e} < oo for all e > 0.

Proof. First it will be shown that (a) =-(b) and (c)= (d). Assume, with no loss
of generality, that ¢ =1 and, if EX, exists, that E(X;,)=0. For n=1,2,-.- and
k=1,2,.--, n define

X, = ﬁ{ X, if | X, | <n'ls
L0 otherwise
and observe that

o]
S wtp{|S,|> '
n=1
o0
1)) < X n_lP{|X,‘|g_n”’ for some k < n}
n=1

o0
+ X n“P{
n=1

)

Y (Xin— EXy,)| >n'(1 —n' """ |EX,,
k=1

The first series on the right-hand side of (1) converges since

2] o0

x n*lP{|X,‘| > n'" for some k<n } <X P{|Xk| =n'}
= n=1

n=1

and the finiteness of the last series is equivalent to E | X, |' < 0.
For ¢t = 1 it follows from integration by parts and the fact that EX, = O that
n' "V EXy,|>0asn—o0;for0<t <1

nl—l/tIEanl < n1—1/zf lxlz{lxl/nm}l-tdF(x) - 0.

x| <nt/

Thus to show that the second series on the right side of (1) is finite it is enough
to show that X2, n " 'P{| X7 (X4, — EX},)| > en'/'} < oo for some ¢,0<c<1.
This is done as follows:
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110 L. E. BAUM AND MELVIN KATZ [October

el n 0 n 2
n'lP{ X (X.,.—EX.) >cn”’} <cX n'THE { Y (Xu.—EX:) }
n=1 k=1 n=1 k=1
SeXn ™2 Y EXZ=c X n_zltf x?F(dx)
n=1 k=1 n=1 |x|<nt/t
0 n
)] ScX ¥ X KMPk-12|X,| <k}
n=1 k=1
—c Y KPk—1<|X,[ <k} T a2
k=1 n=k
[eo]
SeX kPlk-12|X, | <k}<oo.
1

k

Note that in (2) and throughout this paper ¢ denotes all constants and thus even
in a single inequality ¢ can denote two different values.

To prove the converse assertions we may assume EX, = 0. The proof proceeds by
showing first that S%/n*’* -0 in probability, where X* will always denote the
symmetrized random variable X. Assume that S3/n*/* does not converge in proba-
bility to zero. Then there exists ¢ > O such that either P{S;/n,'/* > &} > ¢ or
P{Si/n!*< —¢} >¢ for infinitely many i. For argument’s sake assume
P{S,‘"/ni’/ *>¢} >¢ for infinitely many i. With no loss of generality choose
n;41 > 2n;. Now for each j such that n; < j < 2n; it follows by symmetry that
P{Y}_ . +1Xi=0}=1/2and thus P{ X]_, X; = j""¢/2"*} 2 ¢/2 for n; £ j<2n;.
Therefore

o0 o] 2m
nTP{Snt'z 21" 2 X X nT'P{S;n'" 2 21}
n=1 i=1 n=n;
(3) € [eo] 2n;
2 Y X n'=ow.
i=1 n=n;

However, (3) implies that £2,n"'P{|S,|/n' 22"} =c0, a contra-
diction. Thus Sn'/"—0 in probability and in addition we also conclude
that nP{| X}| > n'""e} > 0 as n > oo for all &> 0. We may thus proceed exactly
as in [3] to prove that X2, P{|X;| > n'"} < co. Therefore E|X} | <o and
consequently E ] X kl' < co. Finally, if =1, it follows from Marcinkiewicz’s
theorem [8, p. 242] that (S, — ES,)/n'"* - 0 almost surely and therefore EX, = 0.
This completes the proof.

In the case t = 1 the above theorem has been proved in [9] by entirely different
methods. The methods here employed are much more elementary and have the
further advantage that they can be applied to give unified and simplified proofs
of all the results of this type.

THEOREM 2. Let 0 <t < 1. The following three statements are equivalent:
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1965] CONVERGENCE RATES IN THE LAW OF LARGE NUMBERS 111

(a) E| X, |'lg* | Xs| < 05
(b) X2 n"gnP{|8,| > n'""e} < o0 for all £> 0;
(©) X in ' P{supyy,|Si/k'| > e} < o0 for all &> 0.
Let 1 £t < 2. The following three statements are equivalent:
(@) E| X, |'1g* | X,| < o0 and EX, = p;
(e X3,n?! lgnP{]S,l - n_u| >n'"e} < o0 for all ¢>0;
(f) Xy n™ ' P{sup,,|(Sk — kw/k '] > &} < o0 for all &> 0.

Proof. The proof that (a) <> (b) and (d) <« (e) is, except for details, the same
as that given in Theorem 1 and will be omitted.

We proceed by showing that (a) A (b) = (c) and (d) A (e) = (f). Again we
assume that E(X,) = 0 if it exists. Since

P{sup | Sifkt’t| >s} <P { sup |Si/k'"| >‘°’}
kzn Kz 2t

for 2°<n < 2! it is clearly sufficient to show that (b) or (¢) =
E?';lP{supkgziISk/k”'[ > ¢} < oo for all £ > 0. Now observe that

S

@ ©
) Z n ' ignP(|S;]|>n' z ¢ T 1g(2)P(| 85| > 26+ ).
n=1 i=1

This follows since

PS5+ X5+ + X520V gy > P85, > 204 g (X5 4+ - + XD 2 0)
> %P(s;i > 2 UGy

Next note that the finiteness of the-right hand side of (4), for all ¢ > 0, = that
X2 P{sup,, | Si/k"""| > &} < oo for all &> 0. This follows from

[+2] [vo]
X P{ sup |S,f/k”'| > s} <X § P: max |S,s/l”'| >s}
i=1 i=1

k22¢ j=1 2<ig2i+1

1A
S
M8

]
-

&) 35 P{|S5se1] > 2020 (1271}
ji=i

1

P8

2

JP{| 855wt | > 294 DM(g22/)
1

where we have used P. Levy’s inequality [8, p.247] for the second inequality.
From the symmetrization inequalities [8, p. 247] it follows that

o0
z P{ sup lS,f/kl/'| >e} < oo for all >0
i=1 k22

[= o]
> 2 P{ sup | S/k'/* — med (S,/k'")| >e} < o forall ¢>0;

i=1 kz2!
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112 L. E. BAUM AND MELVIN KATZ [October

further, (a) or (d)=that med(S,/k'/*)—0 as k- co by [8, p. 242]. Thus the finiteness
of the right-hand side of (4), for all ¢ > 0, = EﬂlP{supkgzilSk/k ”’] >e} <00
for all ¢ > 0 and again by the symmetrization inequalities it follows that (b) or (e)
guarantees the finiteness of the left side of (4) for all ¢ > 0.

To complete the proof of the theorem, we now show that (c¢) =(a) and (f) = (d).
Again let EX, =0. Definea,,, = P( | X, I’ > (n + k)) and choose & = 1/2. Then

[ee]
o > X nlp : sup ISk/kl/'I >1/2 }
n=1 kzn

®) 2 (U [ X > 04 017 )
= ;21”_1 {121 ntr = kozz:l ne [jgka"“] :

By Theorem 1, E| X, | "< 0 and hence lim, _,, ;2 a,+; = 0. Thus

o0 o0 o0 o0
0 > Zn"l{ZaHk(l—ZanH)}g c X n Y a,
k=1 n=1 k=1

n=1 >k

with ¢ > 0. This, however, implies that 2”2, a,lgn < oo which is equivalent to

E|X1|'lg+|X1| < oo. In case t =1 we have as before that EX, =0 and the
proof is complete.

THEOREM 3. Let t > 1, r> 1 and 1/2 < rjt < 1. The following three statements
are equivalent:

(a) E|X,|' < o and EX, = p;

(b) L2 0" 2P{|S,— nu|>n""e} < o forall &> 0;

(©) X yn"2P{supys,|(Sy — kw/k™*| > e} < o0 for all > 0.
Lett>0,r>1andr/t > 1. The following three statements are equivalent:

() X]X,| < o0;

(& XLin 2P{|S,|>n""} < o forall ¢>0;

(f) X2, n" " 2P{sup;s, Sk | > €} < oo for all €> 0.

Proof. The proof that (b) =(c) and (e) =-(f) is essentially that given in Theorem
2; only the details are different. That (¢) =(b) and (f)=-(e) is trivial. Thus to
prove this theorem we need to show that (a) is equivalent to (b) and (d) to (e).
The proof that (a) =(b) and (d) =-(e) has been given in [6]. This proof is basically
the same as the proof of Theorem 1; namely a systematic use of the truncation
method and Markov inequality.

It remains only to prove that (b) =(a) and (e) =(d). We need consider only
the case 1 <r <2 since for r = 2 this result has been proven in [6] using the
methods of [3]. However, for 1 <r <2, the proof in Theorem 1 that (b)=-(a)
and (d) =(c) applies equally well here to give the desired result. We omit the details.
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Next we state as a lemma a result on infinite series that we need but to which
we could find no reference in the literature.

LemMA. Let {a,} be a nonincreasing sequence of non-negative numbers

converging to zero. Let t =0, then if 22 n'a, < oo it follows that n'*'a,— 0.

In particular if in Theorem 3 we let r =1t > 1 it follows that EX, =0 and
E|X.|' <0 =n""'P{|S,/n| >¢e} >0 for all ¢>0. Next we apply the lemma
to obtain a corollary to Theorem 3.

COROLLARY. Let EX, = p and E I Xy |‘< o for some t = 1. Then the series
T2, (- 1)"n'-lP{supk;£,,|(Sk - ku)/kl > &} is finite for all ¢ > 0.

Proof. We can assume t>1 since for t =1 we have an alternating series of
terms monotonically decreasing to 0. Let a, = P{sup,;,|(S; — ku)/k| > ¢} for
arbitrary ¢ >0, and let T, , = {n""'a, —(n +1)' " la,., + - £ (n + k)’ 'a,44}.
We will show that given J > 0 there exists n(6) such that for n = n(8) and all
k, | T,,,,‘I < 0. Since {a,} is a nonincreasing sequence it is clear that T, , is minimized
if a,=a,41, Aysz = dny3, etc. Thus

(k—1)/2
—(t-1) X (+2+1) 2a,,, ifkodd
=0

] (kf2)—1
L—(t—l) Y (n+2+1Y"2a,,, if keven.

I1=0

On the other hand T, , = {n""la, + [ —(n + 1)' Ya,, + - + (n + k)" " 'a,4i]}
and is clearly maximized if a,,; =a,45, 0,43 = d,44, €tc. Therefore

k)2
{n'“la,, +(@—=1) X m+2D)"%a,,, if k even,
(3 T =1

A

] (k—1)/2
Ln'_la,,+(t—1) Y (n+20)'"%,., if kodd.
=1

By Theorem 3 the series on the right-hand side of (7) and (8) converge to zero as
n— oo and from the lemma it follows that n'~'a, - 0. This completes the proof.

The next theorem determines necessary and sufficient conditions for conver-
gence rates to zero for the sequences

{P(lS,,/n| >¢):n=1} and {P{:gflsk/kl > s}: nz 1}.

THEOREM 4. Let t 2 0. The following two statements are equivalent:
(@) n""'P{| X, | >n} >0 and [, <,xdF(x)~0;
(b) n'P{|S,| > ne} >0 for all £>0.
If t >0, the above two statements are equivalent to:
(¢) n'P{supyz,|Si/k|>e} -0 for all &> 0.
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114 L. E. BAUM AND MELVIN KATZ [October

Proof. Note that the case ¢t =0 is just a restatement of the Weak Law of
Large Numbers for identically distributed random variables. In proving that
(a) =(b) it is convenient to make the proof for symmetrized random variables Xj,
which, by the symmetrization inequalities, also satisfy the hypothesis
of (a). We will prove n'P{ | S,‘,| > ne} » 0 for all ¢>0. This implies
n'P{ | S,/n — med(S,,/n)l > ¢} — 0 for all ¢ > 0. However, the hypotheses of (a)
imply S,/n — 0 in probability and thus med(S,/n) — 0, completing the proof.

Let S5, = Xr_,X: where X, denotes the kth, k < n, symmetrized random
variable truncated at n. Then

' P{|S;| > ne} < n**'P{| X}| > ne} + n'P{|S;, | > ne},

and since n'* 'P{| X{| > ne} - 0 it remains to prove n'P{| S;,| > ne} - 0. Choose
r to be an even integer greater than 2t + 1. From Markov’s inequality we obtain

n'P{|Sin| > ne} Sen' T E(S ) Sen' T (nEQX,Y +n(n— DE(X )" T2E(X3,)% +-+-}.

Let {2i;, 2i,, ---, 2i,,} be a partition of r into positive even integers. A
bound for the corresponding term in the preceding expansion is then given by
en' ™ ME(X )" - E(X3,)*™. By hypothesis n'*'P{|X}|>n}—0 and thus
upon integrating by parts we obtain that all factors E(X},)** for which 2i; <t + 1
are bounded, those with 2i; =t + 1 are o(lgn) and those with 2i;>¢+1 are
o(n*17*"1), Consequently cn' " "™ E(X5,)*" --- E(X},)*™ is bounded by a product
a,b, where a, = 0(n™*) and b, = o(n'~""**V1g’n) with u = X; <4 1y2(2i; — 1),
v =number of i; =(¢t+ 1)/2 and w = number of i; > (¢ + 1)/2. It follows from
this that for r > 2t + 1 all partitions of r into even integers yield o(1) terms.
Thus we have shown that (a) = (b).
Now we prove that (b) =(a).

P{S;>ne} = P l.L:JI{(X§>ne)ﬁ( i ngO)}

j=1ij#i
n

> X {1P(X:>na)—P(X,.‘>ns) ) P(X§->n8)}
=1 12 i=1;j#i
1

En P(X; > ne) {5— (n - DHPX;] > ns)}
i=1

= nP(X;> ng) [12— 5]

It

where § can be chosen arbitrarily close to zero for sufficiently large n.
Hence n'P{|S,|> ne}—»0=>n'P{|S;|>ne} »0=>n""'P{| X;| >ne} » 0 =
n'*'P{X;| > ne} - 0. Finally the hypotheses of (b) imply that S,/n— 0 in proba-
bility and thus by the Weak Law of Large Numbers [8, p. 278] [, <,xdF(x) - 0.

The proof is completed by showing that (b) =(c) since clearly (c)=(b). Let
21 < n £ 2/, then it follows from Lévy’s inequalities that
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P sup §|>a <2¥ p[| S > g2
kzn k = = oy 2j = .
Thus
S fe o] . s . 2t
t Pk < Jt 27 —(=it
P{ sku;: = } <2 j{:i [2 P{ 1_-21 > }]2 < [2_: _1] 20

where i has been chosen so large that n'P{ | S,f/n| >¢/2} <6 for all n 22 Since
(b) =med(S,/k) -0, we conclude that n'P{sup,,|Si/k| = &} 0.

In the preceding theorems we have obtained convergence rates for expressions
of the form P(|S,| > n") and P(sup,,|Sy/k*|>¢) with a>1/2 and &> 0.
Now we consider the problem of convergence rates when ¢ is replaced by a sequence
{e,} decreasing to zero. Thus we are led to consider convergence rates of sequences
{P(S,> b,): n = 1} when {b,} belongs to the upper class of {S,}. In[5] Feller has
given a criterion for a sequence to be in the upper class: Let {X,:k=1} be a
sequence of independent and identically distributed random variables with
EX, =0, EX;{=1 and EX/(Ig*|X,|)'"® <o for some 6>0. Let ¢(t) be a
positive monotonically increasing function. Then P(S, > \/n¢(n) i.0.) =0 if and
only if [° (¢(8)/t)e” MP¥* gt < 0.

For sequences in the upper class we have the following results on convergence
rates.

THEOREM 5. Let {X,:k = 1} and ¢(1) satisfy the hypotheses of Feller’s cri-
terion. Then

2 ¢(")

P(S, > \/n¢(n))
converges if and only if

[eo]
) -
f —qsg ) e (1/2)¢2(t)dt < 00,
1

Proof. Let ®(x) denote the distribution function of a normal random variable
with mean zero and variance 1 and let F,(x) = P(S,//n < x). By hypothesis
EX, =0, EX; =1 and EX?(Ig" | X;|)"** < o0 and hence by [7]

sup | F(x) — @(x)| < C/gn)***.
xeR

Therefore by a result of Esseen [4, p. 70] it follows that

1 2 41glgn +1 1 + Clglgn
+ x2 |Af 7 2(Iglgn)1iz (Ign)? ~ (lgn)1+s

|Fu(x) — @()| =
Now

00 2
£ L 0p(s, > Jndn)

-z L g gy - og0) + £ LD

n=1

(1 — D(p(n)))
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116 L. E. BAUM AND MELVIN KATZ [October

and setting x = ¢(n) in the previous inequality the first term on the right-hand
side of this equation is absolutely convergent. Therefore the left side of the equation
converges and diverges with X2, (¢%(n)/n)(1 — ®(¢(n))). However,

¢2(") 1 —(1/2)$2(n) ‘l-" (")
XX (5w ww) ¢ s @

IA

CE é(n) o~ (1/2)6%()
1 B

and consequently from the integral convergence test it follows that

>°:° ) @ (1 - o) < oo

if and only if [T (¢(t)/t)e ™M 2)"“")dt < o0, completing the proof.
If we let ¢(n) = (1 + &)(21glgn)*/?, for ¢ > 0, we obtain

THEOREM 6. If {X,: k = 1} satisfies the hypotheses of Feller’s criterion then

@0
Y (nlgn)™'P | sup >1+4+e} <o
n=3

k
exn (2klglgk)/z
Sforalle >0,

Proof. 1t is clearly sufficient to prove the result for all ¢ contained in the interval
(0, 1). Choose and fix such an &. Let y denote a number in (1,2) such that
(1 + &/2)/y > 1. Using [«] to denote the largest integer contained in o, let i, denote
the smallest positive integer such that (a) [y'] < [y'*!] for all i 2 i, — 2,
(b) Iglg[y"°~'] > (2y)*/¢%, and (c) y*°~?> 1/(y — 1). Finally let n, be the largest
integer such that ng < [y°] and for n = n, define i, to be the smallest integer
such that n < [y™*]. Now note that

Sy
En., (nlgny™" P { P Rigighyz LT "'}
< ‘E (nlgn)'l{P( max ————S—"—>1+a)
n=no nZk<[yln] (Zklglgk)llz

- S,
+ X P ( max k51 +e) }
i=ip+1 [ri1Zk<[yi+1] (2k1glgk)1/2

Since EX? < o it follows from Lévy’s inequalities that

Sk
P(,m e te)

< P( max S,>(1+¢&(@2n lglgn)”z)
nSk<[yin]

£ 2P(Spyty 2 (1 +e)(2nlglg ) (2[yi"])1/2).
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From (b) and (c) it follows that (1 +¢&)(2nlglgn)'/? — Q[Y"]D* = (1 + ¢/2)
2 1glg [y~ "D*[y"]"* and thus we have that

k
P( ,,;f[);i,.](Zklglgk)l/z
< 2P(Spy, 2 (1 + ¢/ @)y Iglg [y~ D[]
= [r'al = yolglgly Y .

In a similar manner we obtain that P(maxgyf,,]§k<[y.-,,+1]Sk/(2k Iglgk)!?>1+¢)
S 2P(Spye 41y = (1 + &/2) 2 1glg[y" ]2 [y *]"%). Thus

>1+s)

[+ o]
2 (nign)y' P{ sup

) n=no kzn (2klglg k)12 8}

[o0] [oo]
<2 X (nlgn)™ T P(Spya 2 (1+6/2) Q" 1l [Y DV [T,
To prove that the right-hand side of (9) is finite it is sufficient to consider only
the case when the X, are normal random variables with mean zero and variance
one. This follows since

00
sup ‘P( Styn > x ) - f 1/Qr)2e "2 dy 1 <clglyp?
xXeR ['}"]1/2 x

(by [7]) and i, =Ig,n. However, for centered normal random variables with
variance one it follows from well known inequalities that the right side of (9) is
bounded by C X, 2, (nlgny * T2, (Ig[y"™ ]~ “***2/%and since (1 +¢/2)/7)* > 1
and i, = Ig,n the above series is finite. This completes the proof.

Stationary random variables. Let {X,:k =1} be a stationary ergodic
sequence with EX, = 0. From the ergodic theorem it follows that n ~!S, — 0
a.e. and thus by analogy with Theorem 1 of this paper one might hope to show that
22 n P [ S,,| > ne} < oo for all ¢ > 0. However, the following construction
demonstrates that this is not the case and in fact for the general ergodic stationary
case no size restriction on the X, can guarantee X;_,n ' P(|S,| > ne) < oo for
all e >

EXAMPLE. There exists a stationary ergodic sequence such that |Xk| =1,
EX,=0and 2> ,n"*P{ | S,,I = n} = 0. We construct the example by defining
a probability space (Q, <, P) an ergodic measure preserving transformation T on
Q and a function ¢ on Q such that |¢| =1 and | ¢(w)P(dw) =0. The desired
stationary sequence is {X; = ¢(T*"1)}.

Let Q= U;',°=o Q, where Q, = {(x,n):0=x <1} with {I,} a nonincreasing
sequence of non-negative numbers such that X2 1, = 1. The I,’s are defined
implicitly by

gl) 1 '=n+C for n=1,2,,
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[vo]
lh=1-X21,
n=1

with C chosen fixed and so large that X ., 1, < 1/2. This is possible since for
large x one has

x(lgx)?/(1g x + 21glgx)* < x < x(Igx)*1glg x/(lgx + 21glg x + 1giglg x)?
and consequently the solution, y, of [y(Igy)?]~! = x satisfies
[x(1gx)*1glgx] ™" < y < [x(lgx)*]~*.

The class &/ of measurable sets is the class of unions of linear Lebesgue measurable
sets and P is the sum of the linear Lebesgue measures. Let T, be a measure
preserving ergodic transformation on Q, and define T on Q as follows:

x,y+1 if (x,y+ 1DeQ,
T(x,y) {

(Tpx,0) if (x,y+1D¢Q.

T is an ergodic, measure preserving transformation on Q. Let 4, < Q, be a
measurable subset of Q, of measure (1/2 — £.2,1.). Define ¢ on Q as follows

o]
+1, we[UQ,,qu],
n=1

—1, wEQO_Ao.

o) =

Let X, = ¢(T*™ 1), then clearly {X,: k = 1} is a stationary, ergodic sequence such
that | X, | =1 and EX, = 0. For this process

((D: S,,((,O) = n} =2 {(x’y): (x,,V +n-— I)EQ,y > 0}
and hence

8

°§°1n"P(sn=n) T @+o f (X801 — (n + O)}dx

(10) = § (r+CO7 {-gly —(n+ O}

= 0,

In the converse direction let ¢t >1 and suppose {X,:k =1} is a stationary
ergodic sequence, with X, n*"?P(|S,| > ne) < oo for all £ > 0. By the methods
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of [2, Theorem 1] it follows easily that E I X k]"1 < o0. However, if in addition
it is assumed that the random variables are independent then by Theorem 3 of this
paper it follows that E|X k|'< oo. Consequently it is of interest to investigate
whether in the general stationary ergodic case one can prove that moments larger
than the (¢ — 1)stexist. The following example shows this is not the case.

EXAMPLE. Let t > 1. There exists a stationary ergodic sequence {X;:k =1}
such that L2, n'?P(|S,|>ne)<co for all >0, E|X;['™! <0 and
E|X,,| #=1%9= oo for all 5 > 0. We proceed as in the previous example. Define
Q= JroQ, with Q,={(x,n): 0= x <1}, I, nonincreasing and 220, =1.
o is the o-field of Lebesgue measurable sets of Q and P is Lebesgue measure on Q.
Let T, be a measure preserving, ergodic transformation on €, and T the extension
as defined in the preceding example. Thus (Q, &7, P) is a probability space with
T an ergodic, measure preserving transformation on it. Finally we define the
sequence {I,: n = 0} and a function ¢ on Q:

lZn = 12n+1 = 2_"—2 for n = 0’ 1121""

2n 1/(t—1)
n_z. lf O)Egzn, n=1’2"“’
. m1/(t-1)
l.O fweQy U Q.

Let X, = ¢(T* Hfork=1,2,--. Then E| X, """ = (1/2) £, n™? < oo while
for any 6>0 E|X, [~ =(1/2) X,2,2m/¢7"2¥206"D1 — 5, We finish
by showing X2, n'">P(|S,| > ne) < oo for all &> 0. This follows since at all
points of Q the summands X,, k =1, -, n, occur in pairs of equal and opposite
sign except possibly for X, and X,. If both these are unpaired they are of opposite
sign and different absolute value. Thus |S,,] < ne unless max{ — X,, X,) = ne.
Therefore,

P{|S,| = ne} S P{|¢| 2 ne} < Cn'H(igyn)~?
and hence

o0 [oe)
L ' 7P{|S,|>ne} SC X n7'(Igym) 7 < co.
n=1 n=1

Independent, nonidentically distributed variables. In this section we will consider
only sequences {X,: k = 1} of independent, but not necessarily identically distri-
buted, variables.

PROPOSITION 1. (a) X%, n~'P{|S,/n — med(S,/n)| > ¢} <0 for all &>0
= [S,/n — med(S,/n)] = 0 a.s. but not conversely.

(b) If in addition | X;| <i, then X n” ' P{|(S, — ES,)/n| > &} < o for all
§>0=>(S,— ES,)/n—0a.s.
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Proof. By the hypothesis of (a)

w>¥ n~P{|S;/n|>¢} 2 3 P{|85,/27| > 2¢}
n=1 j=0

1
41

Ep (IS Siml, g).

1

23
Therefore, by the a.s. stability criterion [8, p. 252] we have S;/n—0 a.s. and
hence [S,/n —med(S,/n)] >0 a.s. We prove that [S,/n — med(S,/n)]-0 a.s.
does not imply the finiteness of X2, n lP{|S [n — med(S, /n)] > ¢} for all
£ > 0 by exhibiting a sequence of independent random variables for which this
is the case. Let X, be a symmetric random variable such that P{X; > 1}
= P{X,; <—1t}= (log?) ! for large t and define X, = X5 = --- = 0; then clearly
S,/—0as. but X2 n |>1}=o0.

Under the hypothesis of (b) we may conclude, as in (a), that S, /n— 0 in pro-
bability and therefore that the characteristic function of S;/n, say gi(u), con-
verges to 1 uniformly in every finite interval. Further we have that IX i| <iand
thus it follows from the truncation inequality [8, p. 196] that

22 ¥ (X,[n) = Z X (X7In) £ — 12loggi(1/2) - 0.

i= i=1
Therefore |med (S, /n) — E(S,/n) | < {20°(S,/n)}'/*~ 0 and an application of part
(a) concludes the proof.

Now we present an example to show that without the size restrictions on
the X;’s we cannot dispense with the med (S, /n) terms. For i = 10 let u(i) = 2%,
Define a sequence of independent variables as follows. X ; = 0 except if j = u(i)
or j=u(i)+1;

u(i) with probability = 2*®/[u(i) + 2],

Xuwy = {_zuti) with probability = u(i)/[u(i) + 2*¥],
—u(i) with probability = u(i)/[u@) + 2“PV],

Huoer = {zu(i) with probability = 2O [u(i) + 2“P].

For this sequence EX;=0, j=1,2..-. However, med(S,;/u(i))=1, and
med(S;/j) = 0 for j # u(i). Thus S,/n does not converge to 0 a.s. but for each
£¢>0 and each >0

f n'P{|S./n| >} £2 ;: [u(i)/2“(i)]2'2uzlaj_' + E [u()] ' < .
n=1 i=10 J=u(i) i=10

The classical Kolmogorov criterion for the Strong Law (and also Brunk’s
extended criteria) imply also the stronger form of convergence.
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PROPOSITION 2. Let {X,:k = 1} be a sequence of independent random varia-
bles with E(X)=0 and X, E|X,|* [kK"! < co for some r>1. Then for
all >0 X7 n”'P{S,|/n > e} < 0.

Proof.
o o0 n l
X n'P{S,|>ne} £ X n'ICn"l(E EIX,‘IZ’)
n=1 n=1 k=1 nzr
<] 2r
<C X E|X, [ < o,
k=1 kr+1

where we have used [8, p. 263, problems 4, 5] for the first inequality. "
The following example demonstrates that Kolmogoroff’s criterion Yol lk? <o
does not imply the stronger rate of convergence

Zn'lP{sup

kzn

Sk Sk'
X medk >e;<oo

and a fortiori by Proposition 3 below it does not imply

E n'P{|S,/n — med(S,/n)| > &} <
n=1

for any t> —1.
Let X, be symmetric independent variables with

. . 1 1
|X,| = k with probability el
1 =3, 4,
=0 with probability 1— Tigh)?’
Then
E Z|k? f LI
o = —— < ®
k=3 , k=3 k(lgk)?
while
0 ISkl 0
Z_:sn"‘P{'s‘gp 2 1/2 ; > Z_:sn"P{|X,,+kl = n + k for some k =1}
z E l _ 1
= - 1— ———
n=3n { k=ln_!~1 ( k(lgk)z)}
= 2 n~t (1 - E ————)
n=3 k=n+1 k(lgk)z j=n+1 ](lg])z
o 1
>2C Y — =
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PROPOSITION 3. Let {X,} be a sequence of independent variables. If t > — 1
then

(@) X2 nP{|S,/n —med(S,/n) | > &} < o for all £>0 if and only if
22 0 P{sup,,, | Si/k — med(Sy /k)| > e} < oo for all &>0.

If moreover 1= 0 then also

b X2, n'P{IS,,/nl >¢e} <o for all >0 if and only if

o
z n'P{sup | Sk |7k > s} <
n=1 kzn
for all ¢>0.

Proof. (a) follows by the methods of the proof of Theorem 2. If t =Z 0

o0
n'P {li"l > g: < oo for all £ > 0 =med (S, /n)—0
=1

n n

so (b) follows.
In the converse direction the methods of [2, p. 189] suffice to prove.

PROPOSITION 4. For sequences {X,:k =1} of independent variables if
X nT'P{|S,|>ne} <o for all e>0
n=1
then Elg*|X,| < oo for all k. For t>1, if

n'=2P{|S,| > ne} < 0 for all £>0

EMS

then E|Xk|'_1< oo for all k.

That this result cannot be improved follows trivially by considering sequences
for which X; =0, k=2,3,--- and E|X,|'""! < o0 but E|X,|"'** = oo for all
6>0.

In [2, p. 190] we obtained necessary and sufficient size restrictions on the in-
dividual independent variables X, for an ‘‘exponential rate of convergence’’ of
S,/n. We have been unable to obtain such satisfactory necessary and sufficient
conditions for the present rates of convergence: Z,‘,‘°=1n'P{]S,,|/n >} < 0.
Proposition 1 of this section suggests that such a theorem for the case 1= —1
is related to the classical problem of necessary and sufficient conditions for con-
vergence with probability 1 of S,/n.

REFERENCES

1. Leonard E. Baum and Melvin Katz, Convergence rates in the law of large numbers, Bull.
Amer. Math. Soc. 69 (1963), 771-772.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1965] CONVERGENCE RATES IN THE LAW OF LARGE NUMBERS 123

2. Leonard E. Baum, Melvin Katz and Robert R. Read, Exponential convergence rates for
the law of large numbers, Trans. Amer. Math. Soc. 102 (1962), 187-199.

3. Paul Erdés, On a theorem of Hsu and Robbins, Ann. Math. Statist. 20 (1949), 286-291,

4. C. G.Esseen, Fourier analysis of distribution functions. A mathematical study of the Laplace-
Gaussian law, Acta Math. 77 (1945), 1-125.

5. W. Feller, The general form of the so-called law of the iterated logarithm, Trans., Amer.
Math. Soc 54 (1943), 373-402.

6. Melvin Katz, The probability in the tail of a distribution, Ann. Math. Statist. 34 (1963),
312-318.

7. , Note on the Berry-Esseen theorem, Ann. Math. Statist. 34 (1963), 1107-1108.

8. M. Logve, Probability thecry, Van Nostrand, New York, 1960.

9. F. Spitzer, A combinatorial lemma and its application to probability theory, Trans. Amer.
Math. Soc. 82 (1956), 323-339.

INSTITUTE FOR DEFENSE ANALYSES,
PRINCETON, NEW JERSEY

UNIVERSITY OF NEwW MEXICO,
ALBUQUERQUE, NEw MEXICO

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



