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CONVERGENCE RATES OF APPROXIMATE SUMS

OF THE AREAS OF SURFACES OF REVOLUTION

By

Yuriko Gorai, Hiroyuki Tasaki, and Mio Yamakawa

Abstract. We represent the convergence rates of approximate sums

of the areas of surfaces of revolution as limits of their expanded error

terms and estimate them. In the case of convex surfaces of revolution

we represent the convergence rates of them by the integral of certain

functions.

1. Introduction

Let ½a; b� be a bounded closed interval and f be a function of class C1

defined on ½a; b�. We assume f > 0 and consider the surface of revolution defined

by f :

fðx; f ðxÞ cos y; f ðxÞ sin yÞ j aa xa b; 0a ya 2pg:

The area S of this surface of revolution is given by

S ¼ 2p

ð b
a

f ðxÞf f 0ðxÞ2 þ 1g1=2 dx:

We take an n-division Dn of ½a; b� defined by

Dn : a ¼ s0 a s1 a � � �a sn�1 a sn ¼ b:

We join ðsi�1; f ðsi�1ÞÞ and ðsi; f ðsiÞÞ by segment and revolve the obtained

polygon around the x-axis. At this point we obtain a union of frustums, whose
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area SðDnÞ is given by

SðDnÞ ¼ 2p
Xn
i¼1

f ðsi�1Þ þ f ðsiÞ
2

fð f ðsiÞ � f ðsi�1ÞÞ2 þ ðsi � si�1Þ2g1=2:

We regard SðDnÞ as an approximate sum of the area S.

In the present paper we consider the limits of the expanded error terms

ð*Þ n2jS � SðDnÞj and n2ðS � SðDnÞÞ;

which represent the convergence rates of the approximate sums SðDnÞ of S.

Our purpose is to estimate the limits of (*), stated in Theorems 1.2, 1.3, and

1.4.

In the case of the lengths of curves Gleason [2] has treated convergence rates

of some approximate sums of the lengths of curves and obtained the following

theorem.

Theorem 1.1 (Gleason). Let A be a curve in euclidean space of class C2 and

length L. For each positive integer n, let Pn be the longest polygon of n edges

properly inscribed in A. Then

lim
n!y

n2ðL� LðPnÞÞ ¼
1

24

ð
A

k2=3 ds

� �3
;

where k is the curvature of A.

In this case for any polygon P inscribed in A we have LbLðPÞ, however in

our case we do not know which of S and SðDÞ is greater for a division D of ½a; b�.
So we cannot use Theorem 1.1 directly to the case of the areas of surfaces of

revolution, but some of arguments and a lemma in Gleason [2] are still useful in

our case.

Schwarz showed an example of polyhedra inscribed in a cylinder whose areas

did not converge to the area of the cylinder in [3], which is now called the lantern

of Schwarz. So we have to be careful in treating approximate sums of the areas

of surfaces.

Approximate sums of Riemann integrals are the most fundamental ap-

proximate sums. Chui [1] and the second named author [4] obtained some results

on the approximate sums of Riemann integrals. It is possible to apply their results

to the function f ðxÞf f 0ðxÞ2 þ 1g1=2 of our case, however with the approximate

sums consisting the derivatives of f ðxÞ. Since our approximate sums can be ob-

282 Yuriko Gorai, Hiroyuki Tasaki, and Mio Yamakawa



tained directly from the surface of f without the derivatives, our approximation

is useful.

For an n-division Dn of ½a; b�, we define dðDnÞ by

dðDnÞ ¼ maxfsi � si�1 j 1a ia ng:

For a sequence fDngyn¼1 of n-divisions of ½a; b�, we define eðfDngyn¼1Þ by

eðfDngyn¼1Þ ¼ lim sup
n!y

ndðDnÞ:

This is useful for estimate of convergence rate of approximate sums.

From now on we assume that the function f is of class C4, because we use

the fourth derivative of f in the proofs of Theorems 1.2, 1.3, and 1.4. In order to

state the theorems we define a function j by

jðxÞ ¼ � 1

2
f 00ðxÞf f 0ðxÞ2 þ 1g�1=2 þ 1

4
f ðxÞ f 00ðxÞ2f f 0ðxÞ2 þ 1g�3=2:

This function j is the coe‰cient of the third term of the local error term, which

we show in Corollary 2.3.

Theorem 1.2. For a sequence fDngyn¼1 of n-divisions of ½a; b�, we have

lim sup
n!y

n2jS � SðDnÞja
p

3
eðfDngyn¼1Þ

3 max
½a;b�

jjj:

The left hand side of the inequality in the above theorem is a limit of the

expanded error terms mentioned in the abstract. In the case where j is positive

we can get a sharper estimate of expanded error terms for some divisions defined

as follows: The set of all n-divisions of ½a; b� is compact and

D 7! SðDÞ

is continuous, so there exists an n-division Dan at which jS � SðDÞj attains its

minimum. This n-division Dan is optimal for the approximate sum SðDÞ. It may

not be unique, but the error term jS � SðDanÞj is unique. Thus we can consider

jS � SðDanÞj.

Theorem 1.3. If j > 0 holds, then we have

lim sup
n!y

n2jS � SðDanÞja
p

3

ð b
a

jðxÞ1=3 dx
� �3

:
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If the surface of revolution is convex, that is, if f 00 < 0, then j > 0 and

S � SðDÞb 0 for any division D of ½a; b�. In this case we can represent the limit

of expanded error terms by the same integral in the above theorem.

Theorem 1.4. If the surface of revolution is convex, that is, f 00 < 0, then we

have

lim
n!y

n2ðS � SðDanÞÞ ¼
p

3

ð b
a

jðxÞ1=3 dx
� �3

:

The authors are grateful to Kazuyuki Enomoto for directing their attention

to the paper [2] and explaining about it. This was the starting point of this

research. The authors also thank the referee, whose many useful comments

improved the manuscript.

2. Local Error Terms

For a subinterval ½p; q�H ½a; b� we define the local error term Fðp; qÞ by

F ðp; qÞ ¼
ð q
p

f ðxÞf f 0ðxÞ2 þ 1g1=2 dx

� f ðpÞ þ f ðqÞ
2

fð f ðqÞ � f ðpÞÞ2 þ ðq� pÞ2g1=2:

The first term of the right hand side of the definition of F ðp; qÞ multiplied by

2p is equal to the local area of the surface of revolution and the second term

multiplied by 2p is equal to the area of the corresponding frustum. We ex-

press Fðp; qÞ by the linear combination of ðq� pÞ i ð0a ia 4Þ in Corollary

2.4. Using the expression we will prove our main theorems in Sections 3, 4,

and 5.

In order to make the calculation simpler we change variables and functions

by

u ¼ q� p; gðuÞ ¼ f ðqÞ � f ðpÞ:

The new function g satisfies

gð0Þ ¼ 0; gðiÞðuÞ ¼ f ðiÞðqÞ ðib 1Þ:

We set I ¼ ½0; b� a� and

hðuÞ ¼ ðgðuÞ2 þ u2Þ1=2:
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I is the range of the variable u. Using h we can write F ðp; qÞ as follows:

F ðp; qÞ ¼
ð pþu

p

f ðtÞð f 0ðtÞ2 þ 1Þ1=2 dt� 1

2
ð2f ðpÞ þ gðuÞÞhðuÞ:

By the definition of h, we note that if g is of class Cr, then h is also of class Cr.

We need the following lemma to calculate the higher derivatives of F .

Lemma 2.1. If g is of class C4, then we obtain the following equalities.

h 0ðuÞ ¼ hðuÞ�1ðgðuÞg 0ðuÞ þ uÞ ðu > 0Þ;

h 0ð0Þ ¼ ðg 0ð0Þ2 þ 1Þ1=2;

h 00ðuÞ ¼ hðuÞ�1ðg 0ðuÞ2 þ gðuÞg 00ðuÞ þ 1� h 0ðuÞ2Þ ðu > 0Þ;

h 00ð0Þ ¼ h 0ð0Þ�1
g 0ð0Þg 00ð0Þ;

h 000ðuÞ ¼ hðuÞ�1ð3g 0ðuÞg 00ðuÞ þ gðuÞg 000ðuÞ � 3h 0ðuÞh 00ðuÞÞ ðu > 0Þ;

h 000ð0Þ ¼ 3

4
h 0ð0Þ�3

g 00ð0Þ2 þ h 0ð0Þ�1
g 0ð0Þg 000ð0Þ;

hð4ÞðuÞ ¼ hðuÞ�1ð3g 00ðuÞ2 þ 4g 0ðuÞg 000ðuÞ þ gðuÞgð4ÞðuÞ

� 3h 00ðuÞ2 � 4h 0ðuÞh 000ðuÞÞ ðu > 0Þ;

hð4Þð0Þ ¼ � 3

8
h 0ð0Þ�5

g 0ð0Þg 00ð0Þ3 þ 1

2
h 0ð0Þ�3

g 00ð0Þg 000ð0Þ þ h 0ð0Þ�1
g 0ð0Þgð4Þð0Þ:

Proof. By the definition of h we obtain the following equalities.

hðuÞh 0ðuÞ ¼ gðuÞg 0ðuÞ þ u ðu A IÞ;

h 0ðuÞ ¼ hðuÞ�1ðgðuÞg 0ðuÞ þ uÞ ðu > 0Þ;

h 0ð0Þ ¼ lim
u!0

h 0ðuÞ ¼ ðg 0ð0Þ2 þ 1Þ1=2:

Di¤erentiating the first equality of the above we obtain

h 0ðuÞ2 þ hðuÞh 00ðuÞ ¼ g 0ðuÞ2 þ gðuÞg 00ðuÞ þ 1ð2:1Þ

and

h 00ðuÞ ¼ hðuÞ�1ðg 0ðuÞ2 þ gðuÞg 00ðuÞ þ 1� h 0ðuÞ2Þ ðu > 0Þ:
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Using this we consider the limit

h 00ð0Þ ¼ lim
u!0

h 00ðuÞ ¼ 3h 0ð0Þ�1
g 0ð0Þg 00ð0Þ � 2h 00ð0Þ

and get

h 00ð0Þ ¼ h 0ð0Þ�1
g 0ð0Þg 00ð0Þ ¼ ðg 0ð0Þ2 þ 1Þ�1=2

g 0ð0Þg 00ð0Þ:

Di¤erentiating (2.1) we obtain

3h 0ðuÞh 00ðuÞ þ hðuÞh 000ðuÞ ¼ 3g 0ðuÞg 00ðuÞ þ gðuÞg 000ðuÞð2:2Þ

and

h 000ðuÞ ¼ hðuÞ�1ð3g 0ðuÞg 00ðuÞ þ gðuÞg 000ðuÞ � 3h 0ðuÞh 00ðuÞÞ ðu > 0Þ:

Using this we consider the limit

h 000ð0Þ ¼ lim
x!0

h 000ðxÞ

¼ 3h 0ð0Þ�1
g 00ð0Þ2 þ 4h 0ð0Þ�1

g 0ð0Þg 000ð0Þ � 3h 0ð0Þ�1
h 00ð0Þ2 � 3h 000ð0Þ

and get

h 000ð0Þ ¼ 3

4
h 0ð0Þ�3

g 00ð0Þ2 þ h 0ð0Þ�1
g 0ð0Þg 000ð0Þ:

Di¤erentiating (2.2) we obtain

3h 0ðuÞh 00ðuÞ þ hðuÞh 000ðuÞ ¼ 3g 0ðuÞg 00ðuÞ þ gðuÞg 000ðuÞ

and

hð4ÞðuÞ ¼ hðuÞ�1ð3g 00ðuÞ2 þ 4g 0ðuÞg 000ðuÞ þ gðuÞgð4ÞðuÞ � 3h 00ðuÞ2 � 4h 0ðuÞh 000ðuÞÞ:

Using this we consider the limit

hð4Þð0Þ ¼ lim
u!0

hð4ÞðuÞ

¼ 10h 0ð0Þ�1
g 00ð0Þg 000ð0Þ þ 5h 0ð0Þ�1

g 0ð0Þgð4Þð0Þ

� 10h 0ð0Þ�1
h 00ð0Þh 000ð0Þ � 4hð4Þð0Þ:

and get

hð4Þð0Þ ¼ � 3

8
h 0ð0Þ�5

g 0ð0Þg 00ð0Þ3 þ 1

2
h 0ð0Þ�3

g 00ð0Þg 000ð0Þ þ h 0ð0Þ�1
g 0ð0Þgð4Þð0Þ: r
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Lemma 2.2. If f is of class C4, then we obtain the following equalities.

F ðp; pÞ ¼ 0;
qFðp; qÞ

qq

����
q¼p

¼ 0;
q2Fðp; qÞ

qq2

����
q¼p

¼ 0;

q3F ðp; qÞ
qq3

����
q¼p

¼ � 1

2
h 0ð0Þ�1

g 00ð0Þ þ 1

4
f ðpÞh 0ð0Þ�3

g 00ð0Þ2;

q4Fðp; qÞ
qq4

¼ ðg 0ðuÞ2 þ 1Þ1=2g 000ðuÞ þ 3ðg 0ðuÞ2 þ 1Þ�1=2
g 0ðuÞg 00ðuÞ2

þ 3ðg 0ðuÞ2 þ 1Þ�3=2
g 0ðuÞg 00ðuÞ2 þ 3ðg 0ðuÞ2 þ 1Þ�1=2

g 0ðuÞ2g 000ðuÞ

þ ð f ðpÞ þ gðuÞÞf�3ðg 0ðuÞ2 þ 1Þ�5=2
g 0ðuÞg 00ðuÞ3

þ 3ðg 0ðuÞ2 þ 1Þ�3=2
g 00ðuÞg 000ðuÞ þ ðg 0ðuÞ2 þ 1Þ�1=2

g 0ðuÞgð4ÞðuÞg

� 1

2
fgð4ÞðuÞhðuÞ þ 4g 000ðuÞh 0ðuÞ þ 6g 00ðuÞh 00ðuÞ þ 4g 0ðuÞh 000ðuÞ

þ ð2f ðpÞ þ gðuÞÞhð4ÞðuÞg:

Proof. The definition of F implies F ðp; pÞ ¼ 0. We calculate the higher

derivatives of F .

First we get

qFðp; qÞ
qq

¼ ð f ðpÞ þ gðuÞÞðg 0ðuÞ2 þ 1Þ1=2 � 1

2
g 0ðuÞhðuÞ � 1

2
ð2f ðpÞ þ gðuÞÞh 0ðuÞ

and

qF ðp; qÞ
qq

����
q¼p

¼ f ðpÞðg 0ð0Þ2 þ 1Þ1=2 � f ðpÞh 0ð0Þ ¼ 0:

Secondly we get

q2Fðp; qÞ
qq2

¼ g 0ðuÞðg 0ðuÞ2 þ 1Þ1=2 þ ð f ðpÞ þ gðuÞÞðg 0ðuÞ2 þ 1Þ�1=2
g 0ðuÞg 00ðuÞ

� 1

2
fg 00ðuÞhðuÞ þ 2g 0ðuÞh 0ðuÞ þ ð2f ðpÞ þ gðuÞÞh 00ðuÞg

and
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q2F ðp; qÞ
qq2

����
q¼p

¼ g 0ð0Þðg 0ð0Þ2 þ 1Þ1=2 þ f ðpÞðg 0ð0Þ2 þ 1Þ�1=2
g 0ð0Þg 00ð0Þ

� g 0ð0Þh 0ð0Þ � f ðpÞh 00ð0Þ

¼ 0:

Using the equality

fðg 0ðuÞ2 þ 1Þ1=2g00 ¼ ðg 0ðuÞ2 þ 1Þ�3=2
g 00ðuÞ2 þ ðg 0ðuÞ2 þ 1Þ�1=2

g 0ðuÞg 000ðuÞ

and the Leibniz rule we obtain

q3Fðp; qÞ
qq3

¼ ðg 0ðuÞ2 þ 1Þ1=2g 00ðuÞ þ 2ðg 0ðuÞ2 þ 1Þ�1=2
g 0ðuÞ2g 00ðuÞ

þ ð f ðpÞ þ gðuÞÞfðg 0ðuÞ2 þ 1Þ�3=2
g 00ðuÞ2 þ ðg 0ðuÞ2 þ 1Þ�1=2

g 0ðuÞg 000ðuÞg

� 1

2
fg 000ðuÞhðxÞ þ 3g 00ðuÞh 0ðuÞ þ 3g 0ðuÞh 00ðuÞ þ ð2f ðpÞ þ gðuÞÞh 000ðuÞg

and

q3Fðp; qÞ
qq3

����
q¼p

¼ � 1

2
h 0ð0Þ�1

g 00ð0Þ þ 1

4
f ðpÞh 0ð0Þ�3

g 00ð0Þ2:

Using the equality

fðg 0ðuÞ2 þ 1Þ1=2g000 ¼ �3ðg 0ðuÞ2 þ 1Þ�5=2
g 0ðuÞg 00ðuÞ3 þ 3ðg 0ðuÞ2 þ 1Þ�3=2

g 00ðuÞg 000ðuÞ

þ ðg 0ðuÞ2 þ 1Þ�1=2
g 0ðuÞgð4ÞðuÞ

and the Leibniz rule we obtain

q4F ðp; qÞ
qq4

¼ ðg 0ðuÞ2 þ 1Þ1=2g 000ðuÞ þ 3ðg 0ðuÞ2 þ 1Þ�1=2
g 0ðuÞg 00ðuÞ2

þ 3ðg 0ðuÞ2 þ 1Þ�3=2
g 0ðuÞg 00ðuÞ2 þ 3ðg 0ðuÞ2 þ 1Þ�1=2

g 0ðuÞ2g 000ðuÞ

þ ð f ðpÞ þ gðuÞÞf�3ðg 0ðuÞ2 þ 1Þ�5=2
g 0ðuÞg 00ðuÞ3

þ 3ðg 0ðuÞ2 þ 1Þ�3=2
g 00ðuÞg 000ðuÞ þ ðg 0ðuÞ2 þ 1Þ�1=2

g 0ðuÞgð4ÞðuÞg

� 1

2
fgð4ÞðuÞhðuÞ þ 4g 000ðuÞh 0ðuÞ þ 6g 00ðuÞh 00ðuÞ þ 4g 0ðuÞh 000ðuÞ

þ ð2f ðpÞ þ gðuÞÞhð4ÞðuÞg: r

Lemmas 2.1 and 2.2 imply the following corollary.
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Corollary 2.3.

q3Fðp; qÞ
qq3

����
q¼p

¼ � 1

2
ð f 0ðpÞ2 þ 1Þ�1=2

f 00ðpÞ þ 1

4
f ðpÞð f 0ðpÞ2 þ 1Þ�3=2

f 00ðpÞ2:

The right hand side of the above equality is nothing but the definition of j in

Section 1. This is the reason why we consider the function j.

Using Taylor’s theorem, Lemma 2.2, and Corollary 2.3 we obtain an ex-

pression of F as follows:

Corollary 2.4. For a subinterval ½p; q�H ½a; b� there exists p < r < q with

property that

F ðp; qÞ ¼ 1

3!
jðpÞðq� pÞ3 þ 1

4!

q4Fðp; qÞ
qq4

����
q¼r

ðq� pÞ4:

The explicit expression of the fourth derivative of F is given in Lemma 2.2.

3. Proof of Theorem 1.2

Before the proof of Theorem 1.2 we mention several fundamental properties

of eðfDngyn¼1Þ defined in Section 1.

Proposition 3.1. For a sequence fDngyn¼1 of n-divisions of ½a; b�, we have

b� aa eðfDngyn¼1Þay:

Moreover for any a satisfying b� aa aay there exists a sequence fDngyn¼1 of

n-divisions of ½a; b� with property that eðfDngyn¼1Þ ¼ a.

Proof. For any positive integer n we have ðb� aÞ=na dðDnÞ, so we get

b� aa eðfDngyn¼1Þay.

We take a satisfying b� aa aay. If a < y, then we define n-divisions Dn

for n > a=ðb� aÞ by

s1 ¼ aþ a

n
; si ¼ aþ a

n
þ i � 1

n� 1
ðb� s1Þ ð2a ia n� 1Þ:

We can see eðfDngyn¼1Þ ¼ a. If a ¼ y, then we define n-divisions Dn by

s1 ¼
aþ b

2
; si ¼

aþ b

2
þ i � 1

n� 1
ðb� s1Þ ð2a ia n� 1Þ:

We can see eðfDngyn¼1Þ ¼ y. r
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Roughly speaking eðfDngyn¼1Þ measures the di¤erence between fDngyn¼1 and

the sequence of regular n-divisions defined by

si ¼ aþ i

n
ðb� aÞ ð1a ia nÞ:

Remark 3.2. There exists a sequence fDngyn¼1 of n-divisions of ½a; b� which
satisfies eðfDngyn¼1Þ ¼ y and lim

n!y
dðDnÞ ¼ 0. We define n-divisions Dn for nb 2

by

s1 ¼ aþ b� a

log n
; si ¼ aþ b� a

log n
þ i � 1

n� 1
ðb� s1Þ ð2a ia n� 1Þ:

We can see eðfDngyn¼1Þ ¼ y and lim
n!y

dðDnÞ ¼ 0.

Proof of Theorem 1.2. If eðfDngyn¼1Þ ¼ y, then there is nothing to prove.

So we assume that eðfDngyn¼1Þ < y. In this case lim
n!y

dðDnÞ ¼ 0 holds. According

to the expression of the fourth derivative of F described in Lemma 2.2 there

exists a positive constant M with property that

q4F ðp; qÞ
qq4

����
q¼r

�����
�����aMð3:1Þ

for any aa p < r < qa b. This inequality and Corollary 2.4 imply

n2jS � SðDnÞj ¼ 2pn2
Xn
i¼1

Fðsi�1; siÞ
�����

�����
a 2pn2

Xn
i¼1

1

3!
jðsi�1Þðsi � si�1Þ3

����
����þ 1

4!

q4F

qq4
ðsi�1; riÞðsi � si�1Þ4

����
����

 !

a
p

3
max
½a;b�

jjjn2 � ndðDnÞ3 þ
p

12
Mn2 � ndðDnÞ4

¼ p

3
max
½a;b�

jjjfndðDnÞg3 þ
p

12
MfndðDnÞg3 � dðDnÞ;

where si�1 < ri < si. Considering the limits of the above inequality we obtain

lim sup
n!y

n2jS � SðDnÞja
p

3
eðfDngyn¼1Þ

3 max
½a;b�

jjj;

which completes the proof of Theorem 1.2. r
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Corollary 3.3. If fDngyn¼1 is a sequence of n-divisions of ½a; b� with property

that eðfDngyn¼1Þ < y, then we have

lim
n!y

SðDnÞ ¼ S:

4. Proof of Theorem 1.3

Theorem 1.2 holds for any sequence of n-divisions. On the other hand,

Theorem 1.3 holds for a sequence of optimal n-divisions and the estimate in it

is sharper than that in Theorem 1.2. In order to consider approximate sums of

optimal divisions we need the following lemma obtained by Gleason [2].

Lemma 4.1 (Gleason). Let FðtÞ be a nonnegative continuous function defined

on ½a; b�. For any positive integer n there exists a division of ½a; b�:

a ¼ s0 < s1 < � � � < sn�1 < sn ¼ b

such that all of

ðsi � si�1Þ max
½si�1; si �

FðtÞ ð1a ia nÞ

are equal to each other. We denote by Jn the equal value. Then we obtain

lim
n!y

nJn ¼
ð b
a

FðtÞ dt:

Proof of Theorem 1.3. According to the mean value theorem there exists

p < r1 < q which satisfies

hðuÞ ¼ ðq� pÞf f 0ðr1Þ2 þ 1g1=2:
This implies

jhðuÞja ðb� aÞ max
½p;q�

fð f 0Þ2 þ 1g1=2 ð0a ua q� pÞ:

Using Lemma 2.1 we can see that there exist positive constants Mi ð1a ia 4Þ
which satisfy

jhðiÞðuÞjaMi max
½p;q�

fð f 0Þ2 þ 1g1=2 ð0a ua q� pÞ:

From these estimates and the expression of the fourth derivative of F in Lemma

2.2 there exits a positive constant M which satisfies

q4F ðp; qÞ
qq4

����
q¼r

�����
�����aM max

½p;q�
fð f 0Þ2 þ 1g1=2
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for any p < r < q. We define c by

cðxÞ ¼ � 1

2
f 00ðxÞfð f 0ðxÞÞ2 þ 1g�1 þ 1

4
f ðxÞð f 00ðxÞÞ2fð f 0ðxÞÞ2 þ 1g�2:

By the definitions of j and c we have

jðxÞ ¼ fð f 0ðxÞÞ2 þ 1g1=2cðxÞ:

The assumption that j > 0 implies c > 0. We set

m ¼ min
½a;b�

c > 0:

We multiply macðxÞ by fð f 0ðxÞÞ2 þ 1g1=2 and obtain

mfð f 0ðxÞÞ2 þ 1g1=2 a jðxÞ:

We apply Lemma 4.1 to the function j1=3 and get an n-division DG
n of ½a; b� which

satisfies all of

ðsi � si�1Þ max
½si�1; si �

j1=3 ð1a ia nÞ

are equal to each other. We denote by Jn the equal value. Then we have

lim
n!y

nJn ¼
ð b
a

jðtÞ1=3 dt:

Corollary 2.4 implies

n2jS � SðDG
n Þj

a 2pn2
Xn
i¼1

1

3!
jðsi�1Þðsi � si�1Þ3

����
����þ 1

4!

q4F

qq4
ðsi; riÞðsi � si�1Þ4

����
����

 !

a 2pn2
Xn
i¼1

1

3!
max
½si�1; si �

j1=3ðsi � si�1Þ
� �3

þ 1

4!
max
½si�1; si �

fð f 0Þ2 þ 1g1=2Mðsi � si�1Þ4
 !

a 2pn2
Xn
i¼1

1

3!
J 3
n þ M

4!m
max
½si�1; si �

jðsi � si�1Þ4
� �

¼ p

3
ðnJnÞ3 þ

2pM

4!m
� 1
n
ðnJnÞ3ðb� aÞ;
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where si�1 < ri < si. Considering the limits of the above inequality we obtain

lim sup
n!y

n2jS � SðDG
n Þja

p

3

ð b
a

jðtÞ1=3 dt
� �3

:

Since jS � SðDanÞja jS � SðDG
n Þj, we complete the proof of Theorem 1.3. r

5. Proof of Theorem 1.4

The assumption that f 00 < 0 implies that F ðp; qÞ > 0 for any subinterval

½p; q�H ½a; b�, because the orthogonal projection of the surface determined by

½p; q� to the corresponding frustum is area-decreasing. The condition f 00 < 0

implies j > 0, so we have already obtained the estimate of n2ðS � SðDnÞÞ from

above. In this section we estimate n2ðS � SðDnÞÞ from bellow.

In order to prove Theorem 1.4 it is su‰cient to prove the following lemmas.

Lemma 5.1. We assume f 00 < 0. For a sequence Dn of n-divisions of ½a; b�, we
have

lim inf
n!y

n2ðS � SðDnÞÞb
p

3

ð b
a

jðxÞ1=3 dx
� �3

:

Proof. First we prove that there exists a positive constant J independent of

p, q which satisfies

F ðp; qÞ � 1

6
jðxÞðq� pÞ3

����
����a Jðq� pÞ4ð5:1Þ

for any interval ½p; q�H ½a; b� and any x A ½p; q�. Corollary 2.4, (3.1), and the

mean value theorem imply

F ðp; qÞ � 1

6
jðxÞðq� pÞ3

����
���� ¼ 1

6
ðq� pÞ3 ðjðpÞ � jðxÞÞ þ 1

4

q4F ðp; qÞ
qq4

����
q¼c

ðq� pÞ
�����

�����
a Jðq� pÞ4:

Next we prove the following lemma, which implies Lemma 5.1. r

Lemma 5.2. For any e > 0 there exists a positive integer N such that for any

nbN and any n-division D of ½a; b� the following inequality holds.

n2ðS � SðDÞÞb p

3

ð b
a

jðxÞ1=3 dx
� �3

� e:
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Proof. We have

Fðp; qÞ
ðq� pÞ3

� 1

6
jðxÞ

�����
�����a Jðq� pÞ

by (5.1). Since the function x 7! x1=3 is uniformly continuous on ½0;yÞ, for any

d > 0 there exists d1 > 0 such that jx� yja d1 implies jx1=3 � y1=3ja d. We take

h > 0 with property that q� pa h implies Jðq� pÞa d1. If we take p < q which

satisfy q� pa h, then we have

F ðp; qÞ1=3

ðq� pÞ � 1

6
jðxÞ

� �1=3�����
�����a d;

that is,

Fðp; qÞ1=3 � 1

6
jðxÞ

� �1=3
ðq� pÞ

�����
�����a dðq� pÞ:ð5:2Þ

We take a positive integer r with property that ðb� aÞ=ra h. For any n-

division D of ½a; b� we can add at most r points to D such that the width

of each subinterval is less than or equal to h. We denote the new division

by

D0 : s0 ¼ aa s1 a � � �a st ¼ b;

where ta nþ r. According to the first mean value theorem for integration we can

take s 0i in ½si�1; si� satisfying

ð si
si�1

jðxÞ1=3 dx ¼ jðs 0i Þ
1=3ðsi � si�1Þ:

By the estimate (5.2) we get

1

61=3
jðs 0i Þ

1=3ðsi � si�1ÞaF ðsi�1; siÞ1=3 þ dðsi � si�1Þ:

We add the above inequalities for i ¼ 1; . . . ; t and get

1

61=3

ð b
a

jðxÞ1=3 dx ¼
Xt

i¼1

1

61=3
jðs 0i Þ

1=3ðsi � si�1Þ

a
Xt

i¼1

Fðsi�1; siÞ1=3 þ dðb� aÞ: ð*Þ
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We apply the Hölder inequality to the first term of (*) and get

ð2pÞ1=3
Xt

i¼1

F ðsi�1; siÞ1=3 a t2=3
Xt

i¼1

2pF ðsi�1; siÞ
 !1=3

¼ t2=3ðS � SðD0ÞÞ1=3:

From these we have

p

3

� �1=3ð b
a

jðxÞ1=3 dxa t2=3ðS � SðD0ÞÞ1=3 þ dð2pÞ1=3ðb� aÞ:

The inequality S � SðD0ÞaS � SðDÞ, the estimate obtained above and ta nþ r

imply

p

3

� �1=3ð b
a

jðxÞ1=3 dxa ðnþ rÞ2=3ðS � SðDÞÞ1=3 þ dð2pÞ1=3ðb� aÞ:

Using the result obtained above, we prove Lemma 5.1. Since the function

x 7! x3 is continuous, for any e > 0 there exists r > 0 such that if

rb
p

3

� �1=3ð b
a

jðxÞ1=3 dx� x;

then we have

e

2
b

p

3

ð b
a

jðxÞ1=3 dx
� �3

� x3:

So we take d > 0 which satisfies dð2pÞ1=3ðb� aÞa r. We can apply the result

obtained above and get a positive integer r with property that for any n-division

D of ½a; b�

rb dð2pÞ1=3ðb� aÞb p

3

� �1=3ð b
a

jðxÞ1=3 dx� ðnþ rÞ2=3ðS � SðDÞÞ1=3;

which implies

e

2
b

p

3

ð b
a

jðxÞ1=3 dx
� �3

� ðnþ rÞ2ðS � SðDÞÞ:

We can substitute the optimal division Dan for D in the above inequality and get

ðnþ rÞ2ðS � SðDaÞÞb p

3

ð b
a

jðxÞ1=3 dx
� �3

� e

2
:
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Since

lim sup
n!y

ð2nrþ r2ÞðS � SðDaÞÞ ¼ 0;

we can choose a positive integer N with property that for nbN

0a ð2nrþ r2ÞðS � SðDaÞÞa e

2

holds. Thus for nbN we have

n2ðS � SðDaÞÞb ðnþ rÞ2ðS � SðDaÞÞ � e

2

b
p

3

ð b
a

jðxÞ1=3 dx
� �3

� e:

Therefore for any n-division D of ½a; b� we have

n2ðS � SðDÞÞb n2ðS � SðDaÞÞb p

3

ð b
a

jðxÞ1=3 dx
� �3

� e;

which completes the proof of Lemma 5.1. r

Proof of Theorem 1.4. Since the condition f 00 < 0 implies j > 0, by

Theorem 1.3 and Lemma 5.1 we have

p

3

ð b
a

jðxÞ1=3 dx
� �3

a lim inf
n!y

n2ðS � SðDanÞÞa lim sup
n!y

n2ðS � SðDanÞÞ

a
p

3

ð b
a

jðxÞ1=3 dx
� �3

;

which completes the proof of Theorem 1.4. r
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