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Abstract
The aim of this paper is to provide quantitative estimates for the minimizers of
non-quadratic regularization problems in terms of the regularization parameter,
respectively the noise level. As usual for ill-posed inverse problems, these
estimates can be obtained only under additional smoothness assumptions on
the data, the so-called source conditions, which we identify with the existence
of Lagrange multipliers for a limit problem. Under such a source condition,
we shall prove a quantitative estimate for the Bregman distance induced by the
regularization functional, which turns out to be the natural distance measure
to use in this case. We put a special emphasis on the case of total variation
regularization, which is probably the most important and prominent example in
this class. We discuss the source condition for this case in detail and verify that
it still allows discontinuities in the solution, while imposing some regularity on
its level sets.

1. Introduction

General variational regularization methods with convex functionals have become of growing
importance compared to classical Tikhonov regularization in the last decade. The most
prominent example of total variation regularization (sometimes also called the bounded
variation regularization), originally introduced as a technique for image denoising (cf [19])
has been used in several applied inverse problems and analysed by several authors over
the last decade (cf [1, 5, 6, 8, 9, 15, 18]). Besides the specific properties of functions of
bounded variation such as the possibility of discontinuities in the solution, the total variation
regularization is of particular interest in regularization theory since it motivates the study of
regularization methods in a non-reflexive Banach space.

While the theory of regularization methods, in particular for linear inverse problems,
seems to be almost complete in Hilbert spaces (cf [11] for a detailed exposition), fewer results
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are available in Banach spaces, in particular non-reflexive ones. While the fundamental
questions, such as the qualitative stability and convergence analysis, can be carried out in a
similar way as long as weak-star convergence (or compactness in some other topology) is
available (cf [1]), the derivation of quantitative estimates between the exact solution of the
inverse problem and the reconstruction obtained by regularization is still open. Typically,
under additional smoothness assumptions on the solution, the so-called source conditions,
one may expect a quantitative estimate for a distance between the solution of the regularized
problem and the exact solution. These results are well known for quadratic regularizers
(cf [11, 12]), but so far hardly any results have been obtained for non-quadratic regularization
(except for the special case of maximum entropy regularization, where the problem can be
transferred to an equivalent one with quadratic minimization, cf [13]). In this paper we shall
derive such quantitative estimates for a very special difference measure between the exact and
regularized solution, namely the Bregman distance induced by the regularization functional.

The framework we consider will be the following: let K : U → H be a continuous linear
operator between a Banach space U and a Hilbert space H, which is also continuous in the
possibly weaker topology T on U . Moreover, let J : U → R ∪ {∞} be a convex functional
such that

(J1) the functional J is lower semicontinuous in a topology T on U ;
(J2) the sub-level sets Mρ := {J � ρ} are compact in the topology T , and nonempty
for ρ � 0.

We start from the ill-posed operator equation

Ku = f, (1.1)

where f ∈ R(K) ⊂ H represents exact data. Since we are interested in the ill-posed case
where R(K) is not closed, the problem does not necessarily have a solution if f is replaced by
noisy data g ∈ H, even if f and g are arbitrarily close in H. Therefore, the problem has to be
regularized in order to obtain a stable approximation of the solution. We shall mainly consider
a standard variational regularization strategy using penalization with a convex functional J ,
i.e., the regularized problem then consists in minimizing

λ

2
‖Ku − g‖2

H + J (u) → min
u∈U

, (1.2)

where λ ∈ R+ is a (large) Lagrange multiplier. In the classical set-up of regularization theory,
α = 1/λ is called the regularization parameter (cf [11]). A minimizer of (1.2) is called
regularized solution below and will be denoted by uλ. We mention that under the above
assumptions (J1) and (J2) one can easily prove the existence of a regularized solution and the
standard convergence results as λ → ∞ along the lines of [1]. Since the proofs are standard
and our focus in this paper is rather to obtain convergence rates (i.e., quantitative estimates as
the λ tends to infinity), they shall be omitted here.

The remainder of this paper is organized as follows: in section 2 we introduce some
fundamental notions needed in the further analysis, in particular we discuss source conditions
and the concept of Bregman distances. In section 3 we state the main results, namely
quantitative estimates for the minimizers of (1.2) and two related regularization models. In
section 4 we briefly discuss the application of our results to classical regularization approaches
such as Tikhonov regularization in Hilbert spaces or maximum entropy regularization, where
we obtain well-known convergence rate results as special cases of our analysis. In section 5
we return to the motivating example of the total variation regularization, which we apply the
results to and discuss the interesting implications of the source condition for this case.
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2. Basic notions and conditions

In the following we shall introduce some notation and the basic conditions needed for the
results of this paper. We shall always denote the norm in U by ‖.‖ and the Hilbert space norm
in H by ‖.‖H. In the same way we denote the standard duality product between U∗ and U by
〈., .〉 and the scalar product in the Hilbert space H by 〈., .〉H.

2.1. Source conditions

In the following we discuss suitable source conditions for regularization with general convex
functional. Before specifying a source condition, we introduce the notion of a J minimizing
solution:

Definition 1. An element ũ ∈ U is called a J minimizing solution of (1.1) if Kũ = f and

J (ũ) � J (v) ∀ v ∈ U,Kv = f.

Note that a J minimizing solution is always equal to a classical solution if K has no
nullspace.

Since the range of K is not closed in general, the J minimizing solution is not necessarily
a saddle-point of the associated Lagrangian

L(u,w) = J (u) − 〈w,Ku − f 〉H, (2.1)

as it would be in the well-posed case. The existence of a Lagrange multiplier w̃ ∈ H such that

L(ũ, w) � L(ũ, w̃) � L(u, w̃) ∀u ∈ U, w ∈ H
is an additional regularity condition on the J minimizing solution ũ. In the context of ill-posed
problems, this is usually called the source condition.

Using the subgradient, defined for convex functionals by

∂J (u) := {p ∈ U∗ | J (v) � J (u) + 〈p, v − u〉,∀ v ∈ U},
we can give a different characterization of the source condition. The existence of a Lagrange
multiplier w̃ is equivalent to

∃ w̃ ∈ H : K∗w̃ ∈ ∂J (ũ), (2.2)

since from the definition of ∂J (ũ) we have

J (ũ) + 〈K∗w̃, u − ũ〈� J (u), ∀u ∈ U
if and only if (2.2) holds. This inequality can be rewritten as

L(ũ, w̃) � L(u, w̃) ∀u ∈ U
by adding 〈w̃, f 〉H on both sides. We shall below refer to (2.2) as the source condition.

We mention that in the case of classical Tikhonov regularization, i.e., J (u) = ‖u‖2 in a
Hilbert space U , the source condition takes the well-known form (cf [11])

ũ = K∗w̃.

For Tikhonov regularization, a source condition allows one to derive a quantitative estimate
between the J minimizing solution ũ and the regularized solution (cf [12]). In the non-
quadratic case, in particular for the case of bounded variation regularization, the derivation of
quantitative estimates is still open. Below we shall derive quantitative estimates for general
convex regularizers for the so-called Bregman distance between the J minimizing solution
and the regularized solution.
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We finally point out an interesting connection between the elements satisfying a source
condition and the class of possible minimizers of the regularized problem (1.2):

Proposition 1. Let λ > 0 be arbitrary, but fixed. Then the set of ũ ∈ U satisfying the source
condition (2.2) and the set of ũ ∈ U being a minimizer of (1.2) for some g ∈ H are equal.

Proof. First assume that ũ is a minimizer of (1.2) for some g ∈ H, then the necessary and
sufficient first-order optimality condition implies

λK∗(g − Kũ) ∈ ∂J (ũ).

Hence, ũ satisfies (2.2) with w̃ := λ(g − Kũ).
Vice versa, assume that ũ satisfies (2.2), then it satisfies the first-order optimality condition

for (1.2) with g = 1
λ
w̃ + Kũ. Hence, it is a minimizer of (1.2). �

2.2. Generalized Bregman distances

We start with a short review of (generalized) Bregman distances related to a convex functional
J . For the sake of simplicity we shall assume that J (u) < ∞ for all u ∈ U in the following.
First assume that J is Fréchet-differentiable, which means that ∂J (u) is a singleton for each
u ∈ U , i.e., ∂J (u) = {∇J (u)}. Then the Bregman distance (cf [4]) DJ : U × U → R

+ of two
elements u, v ∈ U is defined by

DJ (u, v) := J (u) − J (v) − 〈∇J (v), u − v〉. (2.3)

One obviously obtains DJ (u, u) = 0, and the convexity of J implies that DJ is really a
distance, i.e., DJ (u, v) � 0. If in addition J is strictly convex, which is the standard case of
application of Bregman distances, then we also have that DJ (u, v) = 0 if and only if u = v.

Kiwiel [14] generalizes the concept of Bregman distance to the nonsmoooth functionals,
which are strictly convex. In this case one can still introduce a classical distance DJ which
satisfies DJ (u, v) > 0 if u = v. Since our main motivation is regularization functionals like
the total variation seminorm, which are neither continuously differentiable nor strictly convex,
we introduce a further generalization of Bregman distance based on the subgradient. In this
case, the subgradient is not a singleton, and we obtain a family of distances via

DJ (u, v) := {J (u) − J (v) − 〈p, u − v〉 | p ∈ ∂J (v)}. (2.4)

Consequently each element d ∈ DJ (u, v) represents a distance between the elements u and v.
However, for functionals that are not strictly convex, it is possible that 0 ∈ DJ (u, v) for u = v.
Moreover, it is not guaranteed that DJ (u, v) is nonempty, since ∂J (v) is nonempty. As we
shall see below, this is not an issue in the case of convex variational regularization, since we
will always obtain elements in the subgradient of J at the regularized solution and the source
condition implies the existence of an element in the subgradient of J at the J minimizing
solution.

Obviously, the generalized notion of Bregman distance we use is a very weak measure
for the difference between two elements in a Banach space. On the other hand it seems more
natural to measure differences between regularized solutions and J minimizing solutions
of an ill-posed problem in this distance than in the Banach space norm, since the whole
regularization procedure does not have a connection to the norm or the norm topology (but the
usually weaker topology T under the above assumptions (J1) and (J2)). Suppose, for example,
that the regularization functional is invariant with respect to a subspace V ⊂ U , i.e.

J (u + v) = J (u) ∀u ∈ U, v ∈ V,
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which happens, e.g., for J being the total variation seminorm on the subspace V of constant
functions. Then it is easy to show that

〈p, v〉 = 0 ∀u ∈ U, p ∈ ∂J (u), v ∈ V

and hence DJ (u + v, u) = {0}, i.e., the generalized Bregman distance does not distinguish
the elements u and v, whereas the difference ‖u + v − u‖ = ‖v‖ can be arbitrarily large.
This example supports the viewpoint that the Bregman distance controls only errors that can
be distinguished by the regularization term. In order that the regularization approach makes
sense, the errors that cannot be distinguished by the regularization term must be controlled
by the fitting term anyway, for which one usually can derive a better quantitative estimate
anyway.

3. Convergence rates for convex regularization methods in Banach spaces

Using the Bregman distance defined in the last section we are now able to derive the main
results of this paper, quantitative estimates between a J minimizing solution ũ and a regularized
solution. We start with an estimate in the case of exact data.

Theorem 1 (exact data). Let g = f and let ũ be a J minimizing solution of (1.1). In addition,
assume that the source condition (2.2) is satisfied. Then, for each minimizer uλ of (1.2), there
exists d ∈ DJ (uλ, ũ) such that estimate

d � ‖w̃‖2
H

2λ
= O(λ−1) (3.1)

holds.

Proof. Let

d = J (uλ) − J (ũ) − 〈K∗w̃, uλ − ũ〉 ∈ DJ (uλ, ũ).

Since uλ is a minimizer of the regularized problem and Kũ = f , we have

λ

2
‖Kuλ − f ‖2

H + J (uλ) � J (ũ).

Hence,

λ

2
‖Kuλ − f ‖2

H + d + 〈w̃,Kuλ − f 〉H � 0,

and by adding ‖w̃‖2
H

2λ
we obtain

λ

2

∥∥∥∥Kuλ − f +
1

λ
w̃

∥∥∥∥
2

H
+ d � ‖w̃‖2

H
2λ

,

which yields (3.1). �

Now we turn our attention to the case of noisy data, i.e., we assume that g = f , but that
a noise bound of the form

‖f − g‖H � δ (3.2)

is available. Then we can derive the following result.



1416 M Burger and S Osher

Theorem 2 (noisy data). Let (3.2) hold and let ũ be a J minimizing solution of (1.1). In
addition, assume that the source condition (2.2) is satisfied. Then, for each minimizer uλ of
(1.2), there exists d ∈ DJ (uλ, ũ) such that estimate

d � ‖w̃‖2
H

2λ
+

λδ2

2
(3.3)

holds. In particular, if λ ∼ δ−1, then

d = O(δ). (3.4)

Proof. As in the proof of theorem 1 we define

d = J (uλ) − J (ũ) − 〈K∗w̃, uλ − ũ〉 ∈ DJ (uλ, ũ)

and obtain using the noise bound (3.2)

λ

2
‖Kuλ − g‖2

H + J (uλ) � λδ2

2
+ J (ũ).

Hence, we can derive the estimate

λ

2

∥∥∥∥Kuλ − g +
1

λ
w̃

∥∥∥∥
2

H
+ d � ‖w̃‖2

H
2λ

+
λδ2

2
,

which implies (3.3) and finally (3.4) for the special choice λ ∼ δ−1. �

Below, we shall discuss similar quantitative estimates for different regularization models.

3.1. Constrained model

A related regularization approach to (1.2) in the case of noisy data is the constrained
minimization

J (u) → min
u∈U

subject to ‖Ku − g‖H � δ. (3.5)

One can show that there exists a Lagrange parameter λ ∈ R+ such that the minimizer of (3.5)
and the regularized solution of (1.2) are the same. If one can show that λδ ∼ 1, a quantitative
estimate can be obtained from theorem 2. However, it seems easier to derive the quantitative
estimate directly, which we will do in the following.

Theorem 3. Let (3.2) hold and let ũ be a J minimizing solution of (1.1). In addition, assume
that the source condition (2.2) is satisfied. Then, for each minimizer uδ of the constrained
problem (3.5), there exists d ∈ DJ (uδ, ũ) such that the estimate

d � 2δ‖w̃‖H (3.6)

holds.

Proof. Let

d = J (uδ) − J (ũ) − 〈K∗w̃, uδ − ũ〉 ∈ DJ (uδ, ũ).

Since uδ is a minimizer of (3.5) and ũ is an element of the feasible set we have

d � −〈K∗w̃, uδ − ũ〉 = 〈w̃, g − f + f − Kuδ〉H � ‖w̃‖H(‖Kuδ − g‖H + δ),

which implies (3.6) because of the constraint ‖Kuδ − g‖H � δ. �

3.2. Exact penalization model

An alternative approach to regularization, with a particular emphasis on total variation
denoising has been introduced recently in [7]:

λ‖Ku − g‖H + J (u) → min
u∈U

. (3.7)
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In the nomenclature of nonlinear programming, this model could be called the exact
penalization of the constraint Ku = g. Indeed, the convergence properties for (3.7) are
different from those for the models discussed above since in the case of exact data we obtain
the J minimizing solution for finite λ.

Theorem 4 (exact data). Let g = f and let ũ be a J minimizing solution of (1.1). In addition,
assume that the source condition (2.2) is satisfied and that λ > ‖w̃‖H. Then, each minimizer
uλ of (3.7) is a J minimizing solution of Ku = f and

0 ∈ DJ (uλ, ũ).

If in addition J is strictly convex on the nullspace of K, then uλ = ũ.

Proof. Since uλ is a minimizer of (3.7) and g = f we have

J (uλ) � λ‖Kuλ − f ‖H + J (uλ) � J (ũ)

and, with d as above,

λ‖Kuλ − f ‖H + d � −〈w̃,Kuλ − f 〉H � ‖w̃‖H‖Kuλ − f ‖H.

For λ > ‖w̃‖H we may conclude Kuλ = f and d = 0. Since J (uλ) � J (ũ) we further obtain
that uλ is a J minimizing solution and therefore J (uλ) = J (ũ). From the latter we may also
conclude that uλ = ũ if J is strictly convex on the nullspace of K. �

The behaviour in the noisy case is similar, one does not need to take λ depending on δ in
order to obtain a Bregman distance of order δ.

Theorem 5 (noisy data). Let (3.2) hold and let ũ be a J minimizing solution of (1.1). In
addition, assume that the source condition (2.2) is satisfied and that λ > ‖w̃‖H. Then, for
each minimizer uλ of (3.7), there exists d ∈ DJ (uλ, ũ) such that estimate

d � (λ + ‖w̃‖H)δ = O(δ) (3.8)

holds.

Proof. With d as above we obtain

λ‖Kuλ − f ‖H + d � λδ − 〈w̃,Kuλ − g + g − f 〉H
� λδ + ‖w̃‖H(‖Kuλ − g‖H + δ),

which implies (3.8) if λ > ‖w̃‖H. �

3.3. Possible generalizations

In the following we briefly discuss some obvious generalizations of the above analysis and
state the corresponding results without giving theorems and proofs explicitly.

• Non-attainable data. One can easily derive analogous results for f not being in the
closure of the range of K, i.e., Kũ being equal to the projection of f onto the closure of
the range. All estimates of theorems 1–5 still hold, but with different constants.

• Additional constraints. One can easily verify that all assertions of theorems 1–5 remain
true if we add an additional constraint u ∈ C for some set C being closed in the topology
T , and if ũ ∈ C.
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• Nonlinear problems. The theory can easily be extended to nonlinear problems satisfying
a nonlinearity condition of the form

〈K(u) − K(v) − K ′(v)(u − v), w̃〉H � η‖K(u) − K(v)‖H‖w̃‖H
with the source condition

∃ w̃ ∈ H : K ′(ũ)∗w̃ ∈ ∂J (u).

The proofs of theorems 1–3 can then be carried out in a similar way, it turns out that the
constants on the right-hand side just become multiplied by (1 + η)2. The assertions of
theorems 4 and 5 hold in this case if λ > (1 + η)‖w̃‖H.

4. Application to classical regularization models

In the following we concretize the above theory for some classical regularization models,
where convergence rates have been obtained by different techniques in the past.

4.1. Tikhonov regularization

For Tikhonov regularization U is a Hilbert space itself, T is the weak topology on U , and

J (u) = 1
2‖u‖2, ∂J (u) = {u}.

Hence, the source condition has the well-known form ũ = K∗w̃, and the Bregman distance is
given by

DJ (u, v) = 1
2‖u‖2 − 1

2‖v‖2 − 〈u − v, v〉 = 1
2‖u − v‖2.

Hence, we obtain the well-known convergence rate (cf [12])

‖uλ − ũ‖ = O(
√

δ),

for λδ ∼ 1 or for the constrained model.

4.2. Maximum entropy regularization

Another important example is maximum entropy regularization (cf [2, 10, 13]), where the
regularization functional is the negative Shannon entropy

J (u) =
∫

�

(u ln u − u) dx,

which can be defined on L1
+(�) or in a generalized sense on a space of bounded measures. In

both cases we have to add a non-negativity constraint, which does not change the results as
noted above. For u positive and regular we have

∂J (u) = {ln u},
and hence, the source condition is of the form ũ = eK∗w̃. The Bregman distance induced by
this functional is the so-called Kullback–Leibler divergence given by

DJ (u, v) =
∫

�

u ln
(u

v

)
+ v − u dx.

Hence, the above theory implies a quantitative estimate in the Kullback–Leibler divergence,
which is a natural distance measure in information theory.
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5. Application to total variation denoising

Now consider the case of total variation denoising via the ROF-model (cf [19]), i.e., we have
the space

U = BV (�), H = L2(�),

for some domain � ⊂ R
N,N � 3 and the operator K = I on H. Moreover, the regularization

functional is given by

J (u) = |u|BV = sup
p∈C∞

0 (�)N ,‖p‖∞�1

∫
�

u div p dx.

The above assumptions (J1) and (J2) are then satisfied if T is the weak-* topology on BV (�).
If u is a smooth function with |∇u| > 0, then the subgradient is a singleton given by

∂J (u) = {κ(u)}, κ(u) = div

( ∇u

|∇u|
)

.

The element κ(u) has a geometric meaning, it represents the mean curvature of the level sets
of u. Since K∗ is the identity on L2(�), the source condition in this case becomes

κ(u) ∈ L2(�),

i.e., it is a rather weak regularity condition on the level sets of u.
Motivated by this observation, we may conjecture that the source condition is also satisfied

for discontinuous functions in BV (�) as long as their level sets and their discontinuity set
have bounded curvature. An example of a discontinuous function that satisfies the source
condition is the indicator function of a ball, i.e.,

ũ(x) =
{

1 if |x| < R

0, else.

Meyer [16] showed that in this case ũ is the minimizer of (1.2) for some appropriate f and
due to proposition 1 we may conclude that ũ satisfies the source condition (2.2). The analysis
in [16] and proposition 1 also provide an example of a function which does not satisfy (2.2),
namely the indicator function of a square, which cannot be a minimizer of (1.2) for any λ > 0
and g ∈ H. This confirms again that (2.2) in the case of total variation denoising is not a
condition on the smoothness of ũ (it can be discontinuous), but a condition on the smoothness
of the discontinuity set and the level sets of ũ.

We also mention that along the lines of the proof of theorem 1 we can obtain an estimate
of the form

m(uλ, u∗) = O(δ),

for the metric

m(u, v) =
∫

�

(u − v)2 dx +

∣∣∣∣
∫

�

(|∇u| − |∇v|) dx

∣∣∣∣ ,
which has been used, e.g., for the numerical analysis of problems involving total variation
(cf [3]).

The estimates on the Bregman distance can be used to derive further estimates on the fine
structure of minimizers of the regularized problem in the presence of noise. For example,
consider again f = ũ to be the indicator function of the ball BR(0) and let g be noisy data
satisfying (3.2). Then, with (r, θ) denoting polar coordinates, the element

w̃ = −div p̃, p̃ = q(|r − R|)
(

cos θ

sin θ

)
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is a element of ∂J (ũ) ∩ L2(�) for q given by

q(s) = max
{

1 − s

ε
, 0

}
.

For this particular element w̃ we obtain, due to the local support of w̃, that

d = J (uλ) − J (ũ) − 〈w̃, uλ − ũ〉H
= J (uλ) −

∫
�

w̃uλ dx

� T V (uλ|�ε ),

where the last term denotes the total variation of the function uλ restricted to the set

�ε = {x ∈ � | d(x, ∂BR(0)) � ε} = (�\BR+ε(0)) ∪ BR−ε(0).

Since ‖w̃‖H � C√
ε

for some constant C ∈ R+, we obtain by choosing λ = ‖w̃‖H
δ

in (3.3) the
estimate

T V (uλ|�ε ) � C
δ√
ε
.

Together with the estimate on m we can also derive an estimate of the form

T V (uλ|�\�ε ) � T V (ũ) − C

(
δ +

δ√
ε

)
= 2Rπ − C

(
δ +

δ√
ε

)
.

This shows that most of the variation of uλ is concentrated around the set of discontinuity of
ũ for small noise.

We finally investigate an important case of an additional constraint, namely

C = {u ∈ BV (�) | u(x) ∈ {0, 1} a.e.},
which is of particular importance for the study of binary images. In this case we can identify
each function of C with the Lebesgue-measurable set

�u = {x ∈ � | u(x) = 1},
which has a Hausdorff-measurable boundary (cf [17]), since the Hausdorff measure of ∂�

(the so-called perimeter) is equal to the total variation seminorm of u. If f is also an indicator
function, the minimization of (1.2) with parameter 2λ and of (3.7) with parameter λ are
equivalent, they can be rewritten as the purely geometric variational problem

λLN(�u�f ) + HN−1(∂�u) → min
�u

,

where Ld denotes the Lebesgue measure, and HN−1 the d−1-dimensional Hausdorff measure.
Thus, with the above techniques, we can even obtain quantitative estimates for geometric
variational problems. In particular, due to the equivalence of (1.2) and (3.7) we obtain the J

minimizing solution for exact data if λ is sufficiently large in both cases. A more detailed
study of Bregman distances on classes of indicator functions is certainly an interesting topic
for future research, it might allow us to derive further insight into the convergence of certain
geometric features.
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