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CONVERGENCE THEOREMS FOR TOPOLOGICAL
GROUP VALUED MEASURES ON EFFECT ALGEBRAS

FrANcCISCO GARcia MaAzARiO

In this paper we study the validity of several convergence theorems for measures
defined on an effect algebra and taking values in a Hausdorff commutative topolog-
ical group. We establish the Brooks-Jewett theorem and the Nikodym convergence
theorem, giving as a corollary a result, due to Aarnes, about the convergence of a
sequence of normal linear functionals on a von Neumann algebra. We prove two
new convergence theorems concerning completely additive and 7-smooth measures,
and we obtain also a convergence theorem for regular measures.

1. INTRODUCTION

In classical measure theory the so-called convergence theorems play an important
role. These theorems (such as Brooks-Jewett, Nikodym convergence, Vitali-Hahn-Saks
or Nikodym boundedness theorems) state, roughly speaking, that the setwise limit of a
sequence of measures having a certain property (to be s-bounded, countably additive
or A-continuous, for example) also has the same property.

We can say that the “classical” versions of such theorems consist of considering
scalar measures defined on a o-complete Boolean algebra (see [11, Chapter III]). More
general versions for measures with values in Banach spaces or topological groups were
known twenty years ago (see [10], [32] or [45]). It is well known that convergence
theorems need not hold for non o-complete Boolean algebras, but they are true for
measures defined on certain classes of Boolean algebras that are not o-complete (see [10]
or [42]). In 1984, Freniche [18] gave a condition for a Boolean algebra (the s‘ubsequential
interpolation property) under which they are valid (see also [33]). But the results about
this subject are not completely settled, and it is possible to find very recent papers in
this direction (see [26] or [47]).

On the other hand, motivated by the mathematical foundations of quantum me-
chanics, so-called non-commutative measure theory has seen important developments.
This theory consists in replacing Boolean algebras by other structures (sometimes called
quantum logics) such as orthomodular posets, orthoalgebras or, more recently, D-posets
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(introduced by Képka and Chovanec in 1994 [30]) or effect algebras (Foulis and Ben-
net, 1994 [16]). These structures are more general than Boolean algebras and, at the
same time, extend the properties of the set of all closed subspaces of a Hilbert space
(see Example 2.7 below). We have chosen effect algebras because they are a natural
generalisation of Boolean algebras and orthoalgebras. Historically, it may be consid-
ered that non-commutative measure theory was born in 1957, with the publication of
a theorem of Gleason [19], probably one of most important mathematical theorems
of this century. The first result about convergence theorems in this setting is due to
Aarnes [1] and dates from 1966. But, in the last ten years, the number of mathematical
works related to that theory has greatly expanded. Among such works there are several
extensions of classical convergence theorems (see [24], [37] or [38]), including gener-
alisations for topological group valued measures (see [4] or [37]) and several versions
for non o-complete quantum logics satisfying a condition similar to the subsequential
interpolation property defined by Freniche in Boolean algebras (see [3] or [24]).

In this paper, we extend some of these results in two ways. First, we consider
measures defined on effect algebras, instead of orthomodular posets or orthoalgebras.
Moreover, instead of a “sequence of sequences” method, we apply a previous result
about a “net of sequences”. Later, as a consequence, we obtain, among other things, a
convergence theorem for completely additive measures and another one for r-smooth
measures. These theorems were unknown, even in the classical case. We want to
emphasise that completely additive measures are very important in the setting of non-
commutative theory; in fact, the statement of the Gleason theorem for non separable
Hilbert spaces makes use of such measures (see [6] or [36]). Also T-smooth measures
are important in measure theory. Their relationship with regular measures appears, for
example, in the study of topological measures or in the classical Alexandroff decompo-
sition theorem [2] (see also [40]).

The paper is organised as follows: in Section 2 we give the definition and basic prop-
erties of effect algebras, making a detailed study of orthogonality, and ending with a
collection of interesting examples. Section 3 is devoted to the study of measures defined
on effect algebras with values in a topological group. Mainly, we deal with s-bounded
measures, getting several results, in particular Lemma 3.4, which are very important
in the proof of subsequent theorems. Section 4 contains the main results of this paper,
namely the Brooks-Jewett theorem, the Nikodym convergence theorem (including a ver-
sion for completely additive measures), a convergence theorem for 7-smooth measures
and another one about regular measures. Finally, in Section 5 we include some remarks
about the results obtained in preceding sections and about Nikodym boundedness and
Vitali-Hahn-Saks theorems.
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2. EFFECT ALGEBRAS

Let L be a set with two special elements 0, 1. Let L be a subset of L x L, and
let @ :L— L be a binary operation. We say that the algebraic system (L, L,,0,1)
is an effect algebra if the following axioms hold:

(i) (Commutative Law) f a,be L and a 1 b, then b L a and a®b=bPa.
(ii) (Associative Law) If a,b,c € L, a L b and (a®bd) L ¢, then b L ¢,
al (bdc)and (a®b)®c=ad (bBc).
(iii) (Orthocomplementation Law) For every a € L there exists a unique b € L
such that a L b and a®b=1.
(iv) (Zero-Unit Law) If a€ L and 1 L a, then a =0.

Let L = (L,L1,8,0,1) be an effect algebra. If a,b € L and a L b we say that a
and b are orthogonal If a ® b= 1 we say that b is the orthocomplement of a, and we
write b = a’. Clearly 1’ =0, (a’)' =a, a L 0 and a ®0 = a for all a € L. We say
that @ < b if there exists ¢ € L such that a L ¢ and a®c = b. It is easy to prove that
< is a partial ordering on L (that is, < is reflexive, antisymmetric and transitive) such
that 0<a<1l,a<b <= V¥ <<d andagb < albforabelL.

If a < b, the element ¢ € L such that ¢ L a and a®c = b is unique, and it satisfies
the condition ¢ = (a @ b')’. It will be denoted by c=b8a.

Additional properties of effect algebras can be found in the following lemma. For
the proof, we refer to [16].

LEMMA 2.1. Let L be an effect algebra. Then, for all a,b,c € L, we have

(i) Ifa<b,thenboa<gband bo(boa)=a.

(i) Ifa<b<c,thencob<cOa and (cBa)S(cOb)=b6a.
(iii) Ifa<b,thenbBa=0 < a=band b6a=>b < a=0.
(iv) Ifa<bsgc,thenad®egbde.

(v) albanda®b<c <= bg<canda<cOb.

(vi) IfaLlb,thena®b=(Voa).

Let F = {a; : 1 < i < n} be a finite subset of L. If a; L a3, (a1 ®ay) L a3,
. and (@1 @ - ®an-1) L an, we say that F is orthogonal and we define @ F =
GU® - Ba,=(a1® - ®apn_1) D a, (by the commutative and associative laws, this
sum does not depend of any permutation of elements). Now, if A is an arbitrary subset
of L and F(A) is the family of all finite subsets of A, we say that A is orthogonal if
F is orthogonal for every F € F(A). If A is orthogonal, we define @A =V {@PF:
F € F(A)}, supposed that the supremum exists in (L, <), and it is called the @-sum
of A. If A is an orthogonal subset of L and B C A, obviously B is orthogonal too.
If, moreover, there exist ) A and @@ B, then @B < @ A. The following lemma
contains more properties of orthogonal sets in an effect algebra.
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LEMMA 2.2. Let L be an effect algebra and let (a;);c; be an orthogonal subset

of L.
(i) IfI isfinite and J C I, then (@ a,-) 1 ( <) ai) and
ieJ iel\J
Do (@)a( D )
i€l i€l\J
(iiy If J C I and there exist a = @a;, b= Pa; and c = @D a;, then
i€l i€J i€\J

blcanda=bDc.
(iii) If there exists @ a; for all M C I and {H; : j € J} is a partition of

iEM
I,then A= @ a;:5€J } is an orthogonal subset of L, there exists
i€H;
PAand PA=D a;.
el

(iv) If (Fj);c, is a family of finite and pairwise disjoint subsets of I, then the
set { @D ai:je J} is orthogonal in L.
iEF;
(v) Ifb; € L and b; < a; for all i € I, then (b;);; is an orthogonal subset
of L.
PROOF: (i) See [16, Theorem 4.2].

(i) Let F, € F(J) and F; € F(I\J). Take F = F; UF;. By (i), (ea a,-) L
i€

( a,), an ( a.-) @ (G) ai) = (EB a,-) < a. Lemma 2.1 (v) implies that
i€ Fy i€ 1€ Fy i€eF

( P a; ( ) for all Fy € F(J), so that bsae(e) a.-). By Lemma 2.1,
i€eFy 1EF2 i€y

P ais<aobforall F € F(I\J). Hence c<aSb,s0 bl cand bdc <

i€EFy

Conversely, if F € F(I), take F; = FNJ and F; = F\J. By (i) and Lemma 2.1

(iv) we have
@ai= (@ a;)GB (@ a,-) <bde

‘iEFl iEFg
forall Fe€ F(I). Thena < b®ec.

(iii) Let b; = €D a; for all j € J, and let F € F(J). A slight refinement of the
iGHj
argument used in the proof of statement (ii) shows that {b; : j € F} is an orthogonal
subset of L and € b; < a = @ a; for all F € F(J).

JEF i€l
Now, assume that € b; < ¢ for all F € F(J). Take Fy € F(I). Then there
JEF
exists F € F(J) such that Fy € |J H;. So @ a; < EB{ai :ie U Hj}. But,

JEF ieFy JEF
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by (ii), @{ai i€ U Hj} = P b;. Hence @ a; < ¢ for every F, € F(I). Thus
JEF JEF i€

a= @ a; <c. It follows that a = V{ @Dob:Fe .7-'(J)} and therefore a = @ b;.
i€l JEF j€d
(iv) is an immediate consequence of first statement of (iii).
The proof of statement (v) is straightforward. 0

A complete effect algebra is an effect algebra such that there exists @ A for all
orthogonal subsets A of L. If @ A exists for all countable orthogonal subsets A of
L, we say that the effect algebra L is o -complete. We say that an effect algebra L is
quasi-o -complete if for every infinite countable orthogonal subset A of L there exists an
infinite subset M of A such that there exists @ N for all subsets N of M. Obviously
every complete effect algebra is o-complete, and every o-complete effect algebra is
quasi- o -complete.

It is not difficult to prove that an effect algebra L is o-complete if and only if there

o0
exists the supremum \/ a; in (L, £) for all sequence (a.‘)'-EN in L such that a; < a;41,

=1
1 €N.

EXAMPLE 2.3. A difference poset (or D-poset) (see [30]) is a partially ordered set (L, <)
with a greatest element 1 and a partial binary operation 6, called a difference, such
that b © a is defined if and only if a < b (a,b € L), and satisfying the properties (i)
and (ii) of Lemma 2.1. Hence, if (L, 1,,0,1) is an effect algebra, then (L, <,6,1) is
a D-poset. Conversely, if (L, <,8,1) is a D-poset and we define 0 =161, a’ =104,
alb < agbVand a®b= ('Sa) for a L b, it can be proved (see [16]) that
(L, L,®,0,1) is an effect algebra. Therefore, D-posets and effect algebras are the same
thing.

ExaMPLE 2.4. Orthoalgebras are important examples of effect algebras. The definition
and basic properties of orthoalgebras can be found in [17] or [39]. An effect algebra L
is an orthoalgebra if and only if a € L and a < 1 ©a imply a = 0 (see [13] or [16]).
Clearly, each complete orthoalgebra (see [39]) (that is, orthosummable orthoalgebra by
Habil [23]) is a complete effect algebra, and all o-orthoalgebra (see Feldman and Wilce
[15] or Habil [23]) is a o-complete effect algebra.

ExaMPLE 2.5. Orthomodular posets are also special examples of effect algebras. In
particular orthomodular lattices (and, more particularly, Boolean algebras) can be con-
sidered as effect algebras. If (L, L,®,0,1) is an effect algebra and ‘ is the orthocom-
plementation on L, then (L, L1,’,0,1) is an orthomodular poset if and only if {a,b,c}
is an orthogonal subset of L whenever a,b,c € L aresuchthat a L b, b1 cand a Lc
(see [16]). The (o -)orthocomplete orthomodular posets (in particular the (o -)complete
orthomodular lattices, and so the (¢ -)complete Boolean algebras) are relevant examples

https://doi.org/10.1017/50004972700039885 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700039885

218 F.G. Mazario (6]

of (o-)complete effect algebras too. For more information about orthomodular posets,
orthomodular lattices and Boolean algebras we refer to {29] or [41].

EXAMPLE 2.6. Let H = (H,(-,-)) be a Hilbert space. An operator (that is, continuous
linear operator) z on H is said to be an effect if it is self-adjoint (that is, z*
where z* is the adjoint operator of z, given by the formula (z*p,¥) = (p,z9) for
all p, € H)and 0 € z < 1, where 1 is the identity operator on H. If L = £(H)
is the set of all effects on H, and we define, for z,y € L, z L y << xz+y <1,
and z®y=z+y if z Ly, then (L, 1,8,0,1) is an effect algebra which is not an
orthoalgebra (see [13] or [20]). £(H) can be considered as the standard effect algebra.
It plays an important role for unsharp measurements of quantum mechanics.

:{L‘,

ExaMPLE 2.7. Let H = (H,(-,-)) be a Hilbert space over the field R or C and
let B(H) be the set of all bounded (that is, continuous) linear operators from H. An
element z € B(H) is called a projection if z is self-adjoint and idempotent. If P(B(H))
is the set of all projections of B(H) and we define z; 1 22 <= z122 = 22z; = 0 and
Ty @® T2 =z + 2 for 1 L x4, then (L, 1,8,0,1) is a complete effect algebra, which
is also a complete orthomodular lattice, but not a Boolean algebra if dimension of H
is bigger or equal than 2.

Let L(H) be the set of all closed subspaces of H. Define M, 1 M, if MiNM; =
{0} and My ®@ M =({M € L(H) : M D MU M,}. Then (L(H), L,®,{0},H) is
a complete effect algebra, which is also a complete orthomodular lattice, and the map
z — z(H) from P(B(H)) to L(H) is a bijection that preserves order, orthogonality
and @-sum (see [7]). So P(B(H)) and L(H) are isomorphic quantum logics.

This example consists of the quantum logic par excellence, and it can be considered
a cornerstone in the mathematical foundations of quantum mechanics (see [35]).

EXAMPLE 2.8. Let H = (H, (-,-)) be a Hilbert space over C. A von Neumann algebra
on H is a self-adjoint subalgebra 4 of B(H) such that A = (A')', where M’ = {z €
B(H) : az = zafor alla € M} for a subset M of B(H). If A is a von Neumann
algebra on H and P(A) = AN P(B(H)), then P(A) with the partial relation L and
the binary operation & defined in above example is a complete effect algebra, which is
also a complete orthomodular lattice. See [28] or [44] for more details concerning von
Neumann algebras.

ExAMPLE 2.9. Let (G,+,0,<) be a partially ordered commutative group, and let
u € G be such that 0 € uw and 0 # u. Take L = {zx € G : 0 € z < u}. For
z,y€ L,letusdefine z Ly < z+y€ L,and 2@y =x+y if z L y. Then
(L,L1,9,0,u) is an effect algebra and it is called an interval effect algebra (see [16])
which it is not, in general, an orthoalgebra. For instance, if G = R with the usual
ordering and u = 1, then ([0, 1], L1,8,0, 1) is an effect algebra but not an orthoalgebra
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because 1/2 < 1©1/2 and 1/2 # 0 (see Example 2.4). _

For more details concerning effect algebras we refer to [16]. Other interesting
examples on effect algebras, as well as quantum logics in general, can be found in [14,
20, 22, 25, 30].

3. GROUP-VALUED MEASURES ON EFFECT ALGEBRAS

For the remainder of this paper, L = (L, L,®,0,1) will be an effect algebra and
G = (G, +,0,7) will be a Hausdorff topological commutative group (see Higgins [27]).
Let A(G) denote the set of all neighbourhoods of 0 in G. It is well known that (G, 7) is
a regular topological space and so the closed neighbourhoods of 0 form a base of N (G)
(see [27]). The definitions of convergence and the Cauchy condition of a sequence or
a net in a topological group are standard. By convergence of a series in a topological
group we refer, as usual, to convergence of the sequence of partial sums.

A G -valued measure on L is an element p € GX such that p(a @ b) = p(a) + p(b)
for all pairs of elements a,b € L with a L b. Every G-valued measure on L is finitely
additive, that is, p(a;1 ® - @ a,) = pul(a;) + --- + p(a,) whenever {ay,...,a,} is an
orthogonal finite subset of L. The set of all G-valued measures on L will be denoted
by a(L,G). If p € a(L,G), then p(0) = 0 and p(a’) = p(1) — p(a) for all a € L.
Moreover if u € G, then p € a(L,G) if and only if p(b©a) = u(b) — pu(a) for all
a,be L with a <b.

Let u € a(L,G). We say that p is s-bounded if for every orthogonal sequence
(@n)pen 10 L, (#(an)), oy converges to O in the topology of G. We say that u is
o -additive if for every orthogonal sequence (an),cy in L such that a = EBN a, exists
in L, the series il u(an) converges to u(a). The subsets of a{L,G) containing all G-

n=
valued o-additive or s-bounded measures on L will be denoted by cé(L, G) or sa(L,G)
respectively.

LEMMA 3.1. If L is quasi o-complete and p € ca(L,G), then p € sa(L,G).

PROOF: Suppose the contrary. Then there exist an orthogonal sequence (an),, ¢y
in L, a neighbourhood U € N (G) and an infinite subset M of N such that u(a,) ¢ U
for all n € M. By the quasi o-completeness of L, there exists an infinite subset N of M

for which there exists a = € an. Since u is countably additive, the series 3" u(an)
neN neN

converges to u(a). Then the sequence (u(an)), ., converges to 0, a contradiction. 0

Let us note that the inclusion ca(L,G) C sa(L,G) is not true if L is an arbitrary
effect algebra (see [10] for a counterexample). The converse inclusion is also false, even
if L is a complete effect algebra, as we can see from the following example.

ExamPLE 3.2. Let H be an infinite-dimensional separable Hilbert space and let {¢yy, :
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n € N} be an orthonormal basis of H. Let LIM be a Banach limit on {* (see [43])
and let u : P(B(H)) — R defined by the formula: p(e) = LIM(epp,9,). Clearly,
p is an R-valued measure on the complete effect algebra P(B(H)). Let pn be the
projection onto the subspace spanned by ¢,. Then (pn),cy is an orthogonal sequence
in P(B(H)) such that u(p,) = 0 for all n € N. Moreover, 1 = @p,. But (1) =1 # 0.
Therefore, 4 is not o-additive. On the other hand, if (e,),,cy is an orthogonal sequence

n
in L and e = @ e, then Y p(e;) < ple) for all n. Hence the series of non-negative
neN i=1

o
real numbers Y u(e,) is convergent, and so the sequence (u(en)) converges to 0.
=1

n=
Therefore, p is s-bounded.

neN

It is possible to give different definitions of s-bounded measures. Thanks to the
following lemma, several of these definitions are equivalent:

LEMMA 3.3. A measure p € a(L,G) is s-bounded if and only if for every or-
thogonal family (a;);c; and every V € N(G) there exists a finite subset Fo C I such
that
{Z/I.(e,’) cFeF(I\Fy),es<a; Vi€ F} cV.

i€F

PRrooF: Obviously, the condition implies the s-boundedness of x. Suppose that u
is s-bounded and the condition is false. Then we can find an orthogonal family (a;),¢,
in L (not finite) and V € N(G) such that for all Fy € F(I) there exist F € F(I \ Fp)
and {e;:1€ F}, with ¢; < a; for i€ Fand ) p(e;)¢V.

i€F

Starting with Fy = 0, we take a sequence of disjoint sets Fj, F,..., and elements
e; with e; < a; for i € Fi, and k € N, such that Y p(e;) ¢ V for all £ € N. Since
‘l‘EFk

(ai);e; is orthogonal and e; < a;, by Lemma 2.1 (v), the set {e; : i € U{F) : k € N}}
is orthogonal in L. Let by = @{e; : i € Fi} for k € N. Then, by Lemma 2.1 (iv),
(bk)xen is an orthogonal sequence in L such that

plbe) = u(@ ei) = ue) ¢V

i€Fy, i€F},
for any k € N. This contradicts the s-boundedness of px. 1]

COROLLARY 3.4. For u € a(L,G) the following conditions are equivalent:

(i) up is s-bounded.
(i) u is strongly additive, that is, for every orthogonal sequence (an),¢y in

o0
L, the series 3. plan) satisfies the Cauchy condition.

n=1
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(iii) For every orthogonal sequence (a),cy in L and every V € N(G) there
exists ng € N such that {u(e):e<ai,i2no} CV.

(iv) For every orthogonal family (a;);c; in L and every V € N(G) there
exists Fo € F(I) such that u(a;) €V for all i€ I\ Fp.

(v) For every orthogonal family (a;);c; in L and every V € N(G) there
exists Fo € F(I) such that Z u(a;) eV forall Fe F(I\ F).

(vi) For every orthogonal fam11y (a,)'E ; in L and every V € N(G) there
exists Fo € F(I) such that {p(e) :e<a;,i€e I\Fp}CV.

PRroOF: It is immediate to prove that each of the conditions (ii) to (vi) implies the
s-boundedness of u, and, conversely, they are implied by the condition of the previous
lemma. 0

The following lemma will be used in the proof of the Brooks-Jewett theorem and
other main results included in the next section:

LEMMA 3.5. Let L be a quasi-o-complete effect algebra and let {uy, : n € N} C
sa(L,G). If (un(a)), oy i5 2 Cauchy sequence for all a € L and (as);¢; is an orthogonal

family in L, then the net (Z in(a ,)) is Cauchy uniformly in n € N,
i€EF

PROOF: Suppose the contrary. Then we can take an orthogonal family (a;) icr 0
L and U € N(G) such that for all Fy € F(I) the set

(31) {Cinte:rern\rm)}¢u
i€F
for some n € N.

First, we can see that (3.1) will be valid for an infinite number of n € N. In fact,

{Zun(a,) F e .7-'(I\F0)} C U for n € N\ {ny,...,nx}, since Pnys--osbn, €
iEF

sa(L,G), there exist sets Fi,...,F € F(I) such that {E pn;(ai) 1 F € f(I\Fj)} C
i€F
U for j =1...k. Putting H = FoUF, U---U Fy it follows that {Zp,,(a,-) .Fe

i€F
F(I\ H)} C U for all n € N, which contradicts (3.1).

So, we have proved that for every Fy € F(I) and every ng € N there exist F €
F(I\ Fy) and n > ng such that Y pn(a;) ¢ U. Let us fix a symmetric neighbourhood
ieF

VEN(G) suchthat UDV +V +V +V (=4V).
Take Fy = Fy =0 and ng = 0. There exist ny > 0 and F; € F(I) satisfying that

> pny(a;) ¢ U. Since pyn, is s-bounded, by Corollary 3.4, there exists F] € F(I),

i€F}y

which we can consider F] D Fy(= Fy U Fy), such that Y p,, (a;) € V for each F ¢
i€F
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F(I\ F{). But (un( &b a,-)) . is a Cauchy sequence. Then there exists n} > n,
‘iGFl ne

such that (un(ai) - ,um(a,-)) € V for every n,m 2 n} and every F C F;.
i€F

Now, from n}] and Fj, it is possible to find F; € F(I\ F]) and ny > n} such

that Y pn,(a:) ¢ U. Following the construction, it is easy to prove, by induction, the
1€EFY
existence of a sequence (Fy),y of pairwise disjoint finite subsets of I and an increasing

sequence (n),cy satisfying the properties:

(32) Z Hny, (ai) ¢ Ua Z Hny (ai) ev
i€EFy, 1€Fk
and
(3.3) Z(un(ai) — pm(a;)) €V for all n,m > ng and F C U F;.
i€F i<k

Put Nk = fin, — fn,_, for k > 2. Then 7 € sa(L,G) for all k and the sequence
(nk(a))kEN converges to 0 for each a € L. Moreover, by (3.2),

(3.4) 3 mk(a) = Y (g (81) = by (00)) = D pny (@) = > iy, (a5) & 3V-

i€ Fy i€EF} i€ F}y, i€F),

Let by = € a; for all £ € N. By Lemma 2.2 (iv), (bx)yen is an orthogonal
iEFk
sequence in L. By the quasi-o-completeness of L, we can take a subsequence (b, ),cn
such that there exists €D bg, for every subset M of N. Let us place the sequence
neM
(bk,)nen @s a double sequence, namely (bj1); en-
di = € bj in L and, by Lemma 2.2 (iii), (di),cy is an orthogonal sequence in L.
jEN
Since 7k, is s-bounded, using Corollary 3.4, it is possible to find I; € N such that
Nk, (e) € V whenever e < d; and I > [;. Reordering, if necessary, we can consider

Then for every [ € N there exists

the sequence (bj,);cy as a subsequence (bj)  \ Of (bkn)nen- Let 71 be the least

Jj€
kn € N such that b, € {b} : j € N}, that is, b, = by. If we consider now (b})j>2
as a double sequence, with a reasoning as above, we can find a subsequence (b_?)jeN of
(b})j>2 and 72 > r; such that 7, (e) € V whenever e < EBNb?. Now put b,, = b%.

In this way we get, for every k € N, an orthogonal sequence (b5) . in L and 7, € N

jJEN
iz and 7, (e) € V whenever

e< @b+ But @b, < @ b5 forall k € N. Then 0, (@ by,) € V. We have
JEN >k jEN >k

such that b, = b, (b;‘)jGN is a subsequence of (b¥™7)
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also that 7, (br,) ¢ 3V by (3.4) and 7, (€D b,;) € V by (3.3). On the other hand,
i<k

from Lemma 2.2, it follows that

PBer, =br 0 (Do,)0(Pbr,).

keN i>k i<k

Then 7, (E?N brk) ¢ V for every k € N. A contradiction, because (7, (a)), oy

converges to 0 for every a € L. 1|

4. MAIN REsSULTS

We are in position to obtain the main results of this paper. Let us start with a
non-commutative version of the Brooks-Jewett theorem.

Throughout this section we assume that L is a quasi-o-complete effect algebra.

Let M be a subset of sa(L,G). We say that M is uniformly s -bounded if for every
orthogonal sequence (a,),cy in L and every V € N(G) there exists ng € N such that
{u(an) :n 2 no,p € M} C V. In the same natural way may be defined the uniform
countable additivity.

The following theorem generalises the original result of Brooks and Jewett [5] as
well as [46, Theorem 4.1] and, essentially, a theorem of [38].

THEOREM 4.1. (Brooks-Jewett Theorem.) Let {u, : n € N} C sa(L,G). If,
for every a € L, (;L,,(a))neN is a Cauchy sequence in G, then {u, : n € N} is
uniformly s-bounded. Moreover, if (un(a)) converges to u(a) for all a € L, then

u€sa(L,G).

neN

PROOF: Let (a;);cy be an orthogonal sequence in L. Putting I = N in Lemma 3.5

o0
it follows that the series ) pn(a;) is Cauchy uniformly in n € N. So lim p,(a;) =0

i=1 1—00
uniformly in n € N and {g, : n € N} is uniformly s-bounded. Now, suppose that

lim kn(a) = p(a) for every a € L, and let V be a closed neighbourhood of N(G).
n—=oo

Then there exists 79 € N such that {pn(a;): ¢ > io,n € N} C V. Then {pai) : i 2
io}C V and p is s-bounded. Q

In the setting of non-commutative measures the study of completely additive mea-
sures is very important.
If M C a(L,G), we say that M is uniformly completely additive if for every

orthogonal family (a;);c; in L such that a = € a; exists in L and every V € N(G),
i€l
there exists Fy € F(I) such that p{e) — 3 u(a;) € V for every F € F(I) with
i€F

https://doi.org/10.1017/50004972700039885 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700039885

224 F.G. Mazario (12]

F > Fyandevery pe€ M. If y € a(L,G) and {g} is uniformly completely additive,
we say that u is completely additive and we write p € cca(L,G). It is clear that
cca(L,G) C ca(L,G), and, in general, the inclusion is strict.

For completely additive measures we can give the following resuit:

THEOREM 4.2. Let {s, : n € N} C cca(L,G). If (un(a)), .y is a Cauchy
sequence in G for all a € L, then {p, : n € N} is uniformly completely additive.

Moreover, if (un(a))rl en converges to p(a) for all a € L, then p € cca(L,G).

PROOF: Let (a;);c; be an orthogonal family such that there exists a = @a; in
i€l
L, and let U € N(G). Take V € N(G) such that V +V C U. By Lemma 3.5, there
exists Fy € F(I) such that 3 pn(a;) € V for every F € F(I\ F;) and every n € N.
ieF

Let us fix J € F(I) such that J D Fp and n € N. Since p, is completely additive,
there is F,, € F(I) such that p,{a) — Y pn(a;) € V for all F O F,,. Then
icF

pn(a) - Zﬂﬂ(ai) = pn{a) - Z ll'n(ai) + z pn(a;)) EV+V CU,

ieJ i€JUFy i€Fp\J

which shows that {u, : n € N} is uniformly completely additive.
The second statement of theorem can be proved as in Theorem 4.1. 0

The last result can be considered as a generalisation of classical Nikodym con-
vergence theorem (called also Vitali-Hahn-Saks-Nikodym theorem). Indeed, if we take
I = N in the proof of Theorem 4.2, we get the following corollary, which contains,
among others, [8, Theorem 4], (4, Corollary 3.8], [3, (6.4)] and [24, Theorem 4.10].

COROLLARY 4.3. (Nikodym Convergence Theorem.) Let {u, : n € N} C
ca(L,G). If (un(a))neN is a Cauchy sequence in G for all a € L, then {y, : n € N} is
uniformly countably additive. Moreover, if (un(a)), en converges to u(a) foralla € L,
then p € ca(L,G).

As a consequence of Theorem 4.2, it is possible to generalise the Vitali-Hahn-
Saks theorem for von Neumann algebras due to Aarnes [1]. At the same time, in the
next corollary we shall extend similar results contained in [9] and [31]. Let A be a
von Neumann algebra and let P(.A) be the set of all projections of A (see Example
2.8). Let ¢ be a homomorphism from A into G. We shall say that ¢ is normal if

wlP(A) € cca(P(A),G) (see (28, Theorem 7.1.12]).

COROLLARY 4.4. (Nikodym Convergence Theorem.) Let {¢n : n € N} be
a sequence of normal homomorphisms from a von Neumann algebra A into G, and
assume that the sequence (pn(p)),, .y converges to ¢(p) for every projection p € P(A).
Then ¢ is a normal homomorphism from A into G.
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It is possible to obtain a new convergence theorem for 7-smooth measures. Let
M C a(L,G). We say that M is uniformly 7-smooth if for every filtering downwards
set D C L such that AD = 0 and every V € N(G) there exists ap € D such that
u(a) € V whenever ¢ € D with a € a¢ and g € M. A measure p € a(L,G) is
7-smooth if the set {u} is uniformly 7-smooth.

LEMMA 4.5. If y€ a(L,G) is T-smooth, then p is completely additive.

PROOF: Let (a;);c; be an orthogonal family in L such that a = P a; exists in

iel
L and let V € N(G). For F € F(I) we write dp, = a © (@ a,-). By Lemma 2.1 (ii),
i€F

the family {dp : F € F(I)} is filtering downwards. Let b € L such that b < dr for all

F e F(I). Then b< a and, by Lemma 2.1, a©dpr = @ a; < a6b for all F € F(I).
ieF

So a < a©b and b= 0. Then we have proved that A{dr : F € F(I)} = 0. Since p is

T-smooth, there exists Fo € F(I) such that u(dr) € V for all F D Fy. It follows that

wula) — > pla;) € V for all F D Fy. Therefore p is completely additive. I
i€F

The following convergence theorem for 7-smooth measures was unknown, even in
the setting of classical measures defined on o-complete Boolean algebras.

THEOREM 4.6. Let (pn),cn be a sequence of T-smooth measures from L into
G. If (u,,(a))neN is a Cauchy sequence in G for all a € L, then {u, : n € N} is

uniformly 7-smooth. Moreover, if (un(a)) converges to p(a) for all a € L, then u

neN
is T-smooth.

PRrROOF: Suppose that {g, : n € N} is not uniformly 7-smooth. Then there exists
a filtering downwards subset D of L with A D =0 and U € N(G) such that for each
a € D thereis be D, b < a, with p,(b) ¢ U for some n € N. It is'easy to verify that
the set {n € N: u,(b) ¢ U} is not finite. Then, for every a € D and n € N there are
m>n and be D, b< a, such that p,(b) ¢ U.

Let V € N(G) such that V+V C U. Starting with n, = 0 and e, € D arbitrary,
let a2 € a1 and ng > n, such that p,,(a2) ¢ U. Since p,, is 7-smooth, it is possible
to find b2 € D, by < a2, such that p,,(a) € V for all @ € D with a < by. Take
n3 > ng and ag € D, az < by, such that pn,(as) ¢ U. Following in this way, we
get a sequence (ax)icy Of elements of D and a sequence (ng).cy in N satisfying:
png(ax) € U, pn,(axs1) €V, ary1 < ax and ngyy > ny for all k € N.

Let dp = ax © ag41- By Lemma 2.1 (ii) and (v) it follows that d; L dy and
d1®d; = a16a3. A simple reasoning by induction shows that {d,, ... ,d,} is orthogonal
and d) ® - - ®dn = a1 © @ny1 for all n € N. Then (di),cy is an orthogonal sequence
in L such that p,, (di) ¢ V for all kK € N. But by Lemma 4.5, each measure pu,
is completely additive and, by Lemma 3.1, s-bounded. Applying the Brooks-Jewett
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Theorem 4.1, it follows that {u, : n € N} is uniformly s-bounded. This contradicts
the fact that u,, (dx) ¢ V for all k € N. So, the proof of first part of theorem is
complete.

The proof of second statement is standard. 0

REMARK 4.7. It is usual to say that g € a(L,G) is order continuous if (u(an))nEN
converges to 0 for all decreasing sequence (an),cn in L such that Aa, = 0. With
a proof similar to that of Lemma 4.5 it can be proved that p is order continuous if
and only if p is countably additive (see [8, Proposition 2]). Therefore, the Nikodym
convergence theorem (Corollary 4.3) can be also obtained as a consequence of Theorem
4.6. '

Now, we shall give a convergence theorem for regular measures. But, firstly, we
need some preliminary definitions.

We say that an element a € L is principal if p,g € L, p 1. ¢ and p,q < a imply
p®q < a. We say that a € L is central if @ and a’ are principal and for all p € L
there exist ¢,7 € L such that ¢ < a, r < @’ and ¢® r = p. The set of all central
elements of L is called the centre of L, and it is denoted by C(L). Greechie, Foulis
and Pulmannova [21, Theorem 5.4] have shown that the centre C(L) is a sub-effect
algebra of L and, as an effect algebra in its own right, C(L) forms a Boolean algebra.
Furthermore, if a,b € C(L), there exists the supremum a V b in C(L), which is also
the supremum of a and b as calculated in L. As a consequence, if a,b € C(L) and
a L b, then a Vb is principal. So, a® b € a V b, which implies that avb=a & b.

For more information about principal and central elements in an effect algebra we
refer to [21].

A paving in L is a subset K of L such that 0 € K and the supremum a Vb exists
in L and belongs to K for all a,b€ K.

Let K be a paving in L and let M C a(L,G). We say that M is uniformly
K -regular if for every U € N(G) and every a € L there exists b € K, b < a, such
that pu(c) € U whenever c € L with c<a©b and p€ M. A measure p € a(L,G) is
K -regular if the set {x} is uniformly K -regular.

THEOREM 4.8. Let K be a paving in L such that K C C(L), and let (u,,)
be a sequence of K -regular and s-bounded measures from L into G. If (p,,(a))neN
is a Cauchy sequence in G for all a € L, then {pn, : n € N} is uniformly K -regular.
Moreover, if (pn(a))

neN

neN Converges to u(a) for all a € L, then p is K -regular.

PROOF: Suppose that {u, : n € N} isnot uniformly K -regular. Then there exists
U € N(G) and ag € L such that for all b€ K, b < ag,

(4.1) {pn(c):c<ag0 b} ¢ U
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for some n € N. We shall show that, for each b < ag, (4.1) is satisfied for an infinite
number of n € N. If this is not true, there exist by € K, by < ag, and ng € N such
that {pn(c) : c < ap©b} C U for all n > ng. Since p1,p2,... ,Hn, are K-regular,
there are by, by, ... ,bn, € K such that b; < ap and {u]-(c) e <€ a ebj} c U for
j=1,...,np. Since K C C(L) and K is a paving in L, there exists b = _T\I})Obj in L
and b€ K. Clearly b € ag. Take ¢ € L such that ¢ € ag©b. Then ¢ < aoje b; for all
j€{0,1,...,np}, which implies that p.(c) € U for all n € N, a contradiction.

Therefore, for every b € K, b € ag, and every ng € N, there exist ¢ € L, ¢ < ao6b,
and n > ng such that p,(c) ¢ U.

Now, we consider V € N(G) such that V +V c U. Take b € K, by < ag,
and ng = 0. Then there exist n; > 0 and ¢; < ap © bp such that p,,(c;) ¢ U.
Since py is K -regular, there exists by € K, b, < c1, such that u, (c) € V for all
c < ¢1©by. In particular, pn, (1) — pin, (b1) € V and so, pin, (1) ¢ V. Taking b, € K
and n; € N, there exist na > n; and c2 < ag© by such that iy, (c2) ¢ U. Following in
this way, we can find sequences (bx),cy in K and (nk),ey in N such that ngiy > ng,
brs1 S ag© (b1 Vby V- Vi) and pn, (b)) ¢ V for all k € N.

By the construction of by, and using that K C C(L), we get that by L by,
by Vby = by &by, b3 L (b1®b2),... b1V V- Vb = b1 Db @ @b and
bryr L (b1 @by @ ---®bk). Then, (br)yen is an orthogonal sequence in L such that
pin, (bx) ¢ V for all k € N. Therefore, {u, : n € N} is not uniformly s-bounded, which
contradicts the Brooks-Jewett Theorem 4.1. a

REMARKS 4.9.

(1) An analog of the last theorem can be proved where it is supposed that L
is an orthoalgebra and K is a paving in L, not necessarily contained in
c).

(2) Note that if L is a Boolean algebra, then C(L) = L and the condition
K c C(L) is trivially satisfied.

(3) It is not usual to find, in the literature, a convergence theorem for regular
measures. In [32] there is one, which is generalised by our Theorem 4.8.

5. CONCLUDING REMARKS

In the preceding section we have obtained a number of convergence theorems for
measures defined on effect algebras. If the effect algebra L is an orthoalgebra (see
Example 2.4), then every orthogonal sequence is contained in a Boolean subalgebra of
L (see {23]). As a consequence, in order to proof a convergence theorem for measures
defined on orthoalgebras, or orthomodular posets, or lattices, it is possible to use the
classical results for measures on Boolean algebras (see [3], [4] or [24]). However, this
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method is not valid if L is not an orthoalgebra. For instance, if we consider the effect
algebra L = ([0,1], 1,,0,1) of Example 2.9 and A = {0,1/4,1/2} C [0,1], then A is
an orthogonal subset of [0, 1], but there is no Boolean subalgebra of L containing A
because 1/4 1 1/4 in L and this is not possible in a Boolean algebra. This argument
shows that the effect algebra L does not verify the property WSIP defined by Habil [24].
But L is complete. Hence the property WSIP, as defined in [24], is not weaker than
completeness, o-completeness or quasi-o-completeness in the setting of effect algebras.

Therefore we have proved our convergence theorems by using, not the classical
results, but similar technics, when possible, to those used to prove the classical results.
The proof of Lemma 3.5, which is the key lemma for the main results given in Section
4, follows basically the ideas of Landers and Rogge [32], adapted to our context: an
arbitrary orthogonal set and a sequence of non-commutative measures defined on a
quasi-o -complete effect algebra. Later, from the Brooks-Jewett theorem, we deduced
several results by the following argument: a sequence of measures which are completely
additive (respectively T-smooth, K -regular) and uniformly s-bounded necessarily is
uniformly completely additive (respectively 7-smooth, K -regular).

There are still two classical convergence theorems that do not appear in the above
section: Nikodym boundedness and Vitali-Hahn-Saks theorems. The first one concerns
bounded measures. But, if we bear in mind that there are different ways of defining
boundedness for a topological group (see [37] or [46]) and that we are working with
non-commutative measures, it turns out that this theorem fails in a certain context (see
[4] or [24] for a counterexample), while holding under other conditions, as we can see
in [34] or [37].

Finally, we consider the Vitali-Hahn-Saks theorem, that is, the convergence the-
orem for A-continuous measures. We wish to point out that it is easy to find recent
results about this theorem for classical measures (see {26] or [47]), while there are very
few related works in the setting of non-commutative theory. This happens because the
theorem fails, even in the special case of real measures defined on a complete ortho-
modular lattice, as d’Andrea, de Lucia and Morales have shown in [4] (see also [12]).
They construct measures p,, A € a(L(R?),R) (see Example 2.7) such that every uy,
is A-continuous, "leI;o pn(a) =0 for all a € L(R?) and {gn : n € N} is not uniformly
A-continuous. It is easy to see that these measures are uniformly s-bounded, uniformly
countably (and completely) additive and uniformly 7-smooth. This example also shows
that a set of A-continuous and uniformly s-bounded measures need not to be uniformly
A-continuous. Thus, a result like [33, Lemma 4.3] or [45, Theorem 2.1] is not true for
non-commutative measures.

On the other hand, Dvuretenskij asserts in [12] that if p,, A : L{H) — R are
completely additive measures and H is a Hilbert space with dimension bigger or equal
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than 3, then the Vitali-Hahn-Saks theorem holds, even if we change L(H) by P(A),
being A a von Neumann algebra without direct summand of type I (see [44]).

We can notice that these conditions are exactly those under which the Gleason
theorem is valid (see [6] or [36]). From this connection between both theorems, we can
ask if the Vitali-Hahn-Saks theorem holds for measures defined on P(A) and taking its
values in a Banach space or even in a topological group. But the proof of that result
will be based undoubtedly on the Gleason theorem and this is not the subject of this

paper.
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