
Convex Functions: Constructions, Characterizations
and Counterexamples

Like differentiability, convexity is a natural and powerful property of functions that
plays a significant role in many areas of mathematics, both pure and applied. It ties
together notions from topology, algebra, geometry and analysis, and is an important
tool in optimization, mathematical programming and game theory. This book,
which is the product of a collaboration of over 15 years, is unique in that it focuses
on convex functions themselves, rather than on convex analysis. The authors
explore the various classes and their characteristics, treating convex functions in
both Euclidean and Banach spaces.

They begin by demonstrating, largely by way of examples, the ubiquity of
convexity. Chapter 2 then provides an extensive foundation for the study of convex
functions in Euclidean (finite-dimensional) space, and Chapter 3 reprises important
special structures such as polyhedrality, selection theorems, eigenvalue optimization
and semidefinite programming. Chapters 4 and 5 play the same role in
(infinite-dimensional) Banach space. Chapter 6 discusses a number of other basic
topics, such as selection theorems, set convergence, integral and trace class
functionals, and convex functions on Banach lattices.

Chapters 7 and 8 examine Legendre functions and their relation to the geometry
of Banach spaces. The final chapter investigates the application of convex functions
to (maximal) monotone operators through the use of a recently discovered class of
convex representative functions of which the Fitzpatrick function is the progenitor.

The book can either be read sequentially as a graduate text, or dipped into by
researchers and practitioners. Each chapter contains a variety of concrete examples
and over 600 exercises are included, ranging in difficulty from early graduate to
research level.

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-0-521-85005-6 - Convex Functions: Constructions, Characterizations and Counterexamples
Jonathan M. Borwein and Jon D. Vanderwerff
Frontmatter
More information

http://www.cambridge.org/9780521850056
http://www.cambridge.org
http://www.cambridge.org


Encyclopedia of Mathematics and Its Applications

All the titles listed below can be obtained from good booksellers or from
Cambridge University Press. For a complete series listing visit
http://www.cambridge.org/uk/series/sSeries.asp?code=EOM

73 M. Stern Semimodular Lattices
74 I. Lasiecka and R. Triggiani Control Theory for Partial Differential Equations I
75 I. Lasiecka and R. Triggiani Control Theory for Partial Differential Equations II
76 A. A. Ivanov Geometry of Sporadic Groups I
77 A. Schinzel Polynomials with Special Regard to Reducibility
78 T. Beth, D. Jungnickel and H. Lenz Design Theory II, 2nd edn
79 T. W. Palmer Banach Algebras and the General Theory of *-Algebras II
80 O. Stormark Lie’s Structural Approach to PDE Systems
81 C. F. Dunkl and Y. Xu Orthogonal Polynomials of Several Variables
82 J. P. Mayberry The Foundations of Mathematics in the Theory of Sets
83 C. Foias, O. Manley, R. Rosa and R. Temam Navier–Stokes Equations and Turbulence
84 B. Polster and G. Steinke Geometries on Surfaces
85 R. B. Paris and D. Kaminski Asymptotics and Mellin–Barnes Integrals
86 R. McEliece The Theory of Information and Coding, 2nd edn
87 B. A. Magurn An Algebraic Introduction to K-Theory
88 T. Mora Solving Polynomial Equation Systems I
89 K. Bichteler Stochastic Integration with Jumps
90 M. Lothaire Algebraic Combinatorics on Words
91 A. A. Ivanov and S. V. Shpectorov Geometry of Sporadic Groups II
92 P. McMullen and E. Schulte Abstract Regular Polytopes
93 G. Gierz et al. Continuous Lattices and Domains
94 S. R. Finch Mathematical Constants
95 Y. Jabri The Mountain Pass Theorem
96 G. Gasper and M. Rahman Basic Hypergeometric Series, 2nd edn
97 M. C. Pedicchio and W. Tholen (eds.) Categorical Foundations
98 M. E. H. Ismail Classical and Quantum Orthogonal Polynomials in One Variable
99 T. Mora Solving Polynomial Equation Systems II

100 E. Olivieri and M. Eulália Vares Large Deviations and Metastability
101 A. Kushner, V. Lychagin and V. Rubtsov Contact Geometry and Nonlinear Differential Equations
102 L. W. Beineke and R. J. Wilson (eds.) with P. J. Cameron Topics in Algebraic Graph Theory
103 O. Staffans Well-Posed Linear Systems
104 J. M. Lewis, S. Lakshmivarahan and S. K. Dhall Dynamic Data Assimilation
105 M. Lothaire Applied Combinatorics on Words
106 A. Markoe Analytic Tomography
107 P. A. Martin Multiple Scattering
108 R. A. Brualdi Combinatorial Matrix Classes
109 J. M. Borwein and J. D. Vanderwerff Convex Functions
110 M.-J. Lai and L. L. Schumaker Spline Functions on Triangulations
111 R. T. Curtis Symmetric Generation of Groups
112 H. Salzmann, T. Grundhöfer, H. Hähl and R. Löwen The Classical Fields
113 S. Peszat and J. Zabczyk Stochastic Partial Differential Equations with Lévy Noise
114 J. Beck Combinatorial Games
115 L. Barreira and Y. Pesin Nonuniform Hyperbolicity
116 D. Z. Arov and H. Dym J-Contractive Matrix Valued Functions and Related Topics
117 R. Glowinski, J.-L. Lions and J. He Exact and Approximate Controllability for Distributed Parameter Systems
118 A. A. Borovkov and K. A. Borovkov Asymptotic Analysis of Random Walks
119 M. Deza and M. Dutour Sikirić Geometry of Chemical Graphs
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4.5 Čebyšev sets and proximality 186
4.6 Small sets and differentiability 194

5 Duality between smoothness and strict convexity 209
5.1 Renorming: an overview 209
5.2 Exposed points of convex functions 232
5.3 Strictly convex functions 238
5.4 Moduli of smoothness and rotundity 252
5.5 Lipschitz smoothness 267

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-0-521-85005-6 - Convex Functions: Constructions, Characterizations and Counterexamples
Jonathan M. Borwein and Jon D. Vanderwerff
Frontmatter
More information

http://www.cambridge.org/9780521850056
http://www.cambridge.org
http://www.cambridge.org


viii Contents

6 Further analytic topics 276
6.1 Multifunctions and monotone operators 276
6.2 Epigraphical convergence: an introduction 285
6.3 Convex integral functionals 301
6.4 Strongly rotund functions 306
6.5 Trace class convex spectral functions 312
6.6 Deeper support structure 317
6.7 Convex functions on normed lattices 329

7 Barriers and Legendre functions 338
7.1 Essential smoothness and essential strict convexity 338
7.2 Preliminary local boundedness results 339
7.3 Legendre functions 343
7.4 Constructions of Legendre functions in Euclidean space 348
7.5 Further examples of Legendre functions 353
7.6 Zone consistency of Legendre functions 358
7.7 Banach space constructions 368

8 Convex functions and classifications of Banach spaces 377
8.1 Canonical examples of convex functions 377
8.2 Characterizations of various classes of spaces 382
8.3 Extensions of convex functions 392
8.4 Some other generalizations and equivalences 400

9 Monotone operators and the Fitzpatrick function 403
9.1 Monotone operators and convex functions 403
9.2 Cyclic and acyclic monotone operators 413
9.3 Maximality in reflexive Banach space 433
9.4 Further applications 439
9.5 Limiting examples and constructions 445
9.6 The sum theorem in general Banach space 449
9.7 More about operators of type (NI) 450

10 Further remarks and notes 460
10.1 Back to the finite 460
10.2 Notes on earlier chapters 470

List of symbols 483
References 485
Index 508

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-0-521-85005-6 - Convex Functions: Constructions, Characterizations and Counterexamples
Jonathan M. Borwein and Jon D. Vanderwerff
Frontmatter
More information

http://www.cambridge.org/9780521850056
http://www.cambridge.org
http://www.cambridge.org


Preface

This book on convex functions emerges out of 15 years of collaboration between the
authors. It is far from being the first on the subject nor will it be the last. It is neither
a book on convex analysis such as Rockafellar’s foundational 1970 book [369] nor
a book on convex programming such as Boyd and Vandenberghe’s excellent recent
text [128]. There are a number of fine books – both recent and less so – on both
those subjects or on convexity and relatedly on variational analysis. Books such as
[371, 255, 378, 256, 121, 96, 323, 332] complement or overlap in various ways with
our own focus which is to explore the interplay between the structure of a normed
space and the properties of convex functions which can exist thereon. In some ways,
among the most similar books to ours are those of Phelps [349] and of Giles [229] in
that both also straddle the fields of geometric functional analysis and convex analysis
– but without the convex function itself being the central character.

We have structured this book so as to accommodate a variety of readers. This leads
to some intentional repetition. Chapter 1 makes the case for the ubiquity of convexity,
largely by way of examples, many but not all of which are followed up in later chapters.
Chapter 2 then provides a foundation for the study of convex functions in Euclidean
(finite-dimensional) space, and Chapter 3 reprises important special structures such
as polyhedrality, eigenvalue optimization and semidefinite programming.

Chapters 4 and 5 play the same role in (infinite-dimensional) Banach space.
Chapter 6 comprises a number of other basic topics such as Banach space selec-
tion theorems, set convergence, integral functionals, trace-class spectral functions
and functions on normed lattices.

The remaining three chapters can be read independently of each other. Chapter 7
examines the structure of Legendre functions which comprises those barrier functions
which are essentially smooth and essentially strictly convex and considers how the
existence of such barrier functions is related to the geometry of the underlying Banach
space; as always the nicer the space (e.g. is it reflexive, Hilbert or Euclidean?) the
more that can be achieved. This coupling between the space and the convex functions
which may survive on it is attacked more methodically in Chapter 8.

Chapter 9 investigates (maximal) monotone operators through the use of a special-
ized class of convex representative functions of which the Fitzpatrick function is the
progenitor. We have written this chapter so as to make it more usable as a stand-alone
source on convexity and its applications to monotone operators.
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x Preface

In each chapter we have included a variety of concrete examples and exercises –
often guided, some with further notes given in Chapter 10. We both believe strongly
that general understanding and intuition rely on having fully digested a good cross-
section of particular cases. Exercises that build required theory are often marked
with �, those that include broader applications are marked with † and those that take
excursions into topics related – but not central to – this book are marked with ��.

We think this book can be used as a text, either primary or secondary, for a variety of
introductory graduate courses. One possible half-course would comprise Chapters 1,
2, 3 and the finite-dimensional parts of Chapters 4 through 10. These parts are listed
at the end of Chapter 3. Another course could encompass Chapters 1 through 6 along
with Chapter 8, and so on. We hope also that this book will prove valuable to a larger
group of practitioners in mathematical science; and in that spirit we have tried to keep
notation so that the infinite-dimensional and finite-dimensional discussion are well
comported and so that the book can be dipped into as well as read sequentially. This
also requires occasional intentional redundancy. In addition, we finish with a ‘bonus
chapter’ revisiting the boundary between Euclidean and Banach space and making
comments on the earlier chapters.

We should like to thank various of our colleagues and students who have provided
valuable input and advice and particularly Miroslav Bacak who has assisted us greatly.
We should also like to thank Cambridge University Press and especially David Tranah
who has played an active and much appreciated role in helping shape this work.
Finally, we have a companion web-site at http://projects.cs.dal.ca/
ddrive/ConvexFunctions/ on which various related links and addenda
(including any subsequent errata) may be found.
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