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Convexity and Characterization of Optimal Policies in
a Dynamic Routing Problem'

J. N. TSITSIKLIS®

Communicated by P. Varaiya

Abstract. An infinite horizon, expected average cost, dynamic routing
problem is formulated for a simple failure-prone queueing system,
modelled as a continuous time, continuous state controiled stochastic
process. We prove that the optimal average cost is independent of the
initial state and that the cost-to-go functions of dynamic programming
are convex. These resuits, together with a set of optimality conditions,
lead to the conclusion that optimal ‘policies are switching policies,
characterized by a set of switching ‘curves (or regions), each curve
corresponding to a particular state of the nodes (servers).

Key Words. Stochastic control, unreliable queueing systems, average
cost, jump disturbances.

1. Iatroduction

Overview. The main body of queueing theory has been concerned
with the properties of queueing systems that are operated in a certain, fixed
fashion (Ref.1). Considerable attention has also been given to optimal
static (stationary) routing strategies in queueing networks (Refs. 2-4), which
are often found from the solution of a nonlinear programming problem
(flow assignment problem).

Concerning dynamic control strategies, most of the literature (Refs. §
and 6 are good surveys) deals with the control of the queueing discipline
{priority setting) or with the control of the arrival and/or service rate in an
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Fig. 1. Sxmple queueing system.

M/M/! queue (Ref. 7) or M/ G/1 queue (Ref. 8). Reference 9 considers
the problem of controlling the service rate in a two-stage tandem queue.

Resuits for queueing systems where customers have the choice of
selecting a server are fewer. Reference 10 considers multiserver queueing
models with lane selection and derives mean waiting times but does not
consider the optimization problem. Some problems with a high degree of
symmetry have been solved (Refs. 11-13), leading to intuitively appealing
strategies like, for example, ““join the shortest queue.” Results for systems
without any particular symmetry are rare. Reference 14 contains a qualitative
analysis of a dual-purpose system. In Ref. 15, a routing problem (very
similar to ours), where the servers are allowed to be failure prone, is solved
numerically. A simpler failure-prone system is studied in Ref. 16, and some
analytical results are derived. Finally, the dynamic control problem for a
class of flexible manufacturing systems, as defined in Ref. 17, has significant
qualitative similarities with our problem.

In this paper, we consider an unreliable, failure-prone system (Fig. 1)
with arrivals modelled as a continuous flow. Consequently, our model
concentrates on the effects of failures, rather than the effects of random
arrivals and service times. We prove convexity of the cost-to-go functions
of dynamic programming (and hence, optimality of switching policies). Our
method extends to more complex configurations.

Problem Description. We study a queueing control problem corres-
ponding to the unreliable queueing system depicted in Fig. . We let M,,
M,, M, be failure-prone nodes (servers, machines, processors) and B, B,
be buffers (queues) with finite storage capacity. Machine M, receives exter-
nal input (assumed to be always available), which it processes and sends
to either of the buffers B, B.. Machines M,, M, then process the material
in the buffers that precede them. We assume that each of the machines may
fail and get repaired in a random manner. The failure and repair processes
are modelled as memoryless stochastic processes {continuous-time Markov
chains). We also assume that the maximum processing rate of a machine
which is in working condition is finite.

With this system, there are two kinds of decisions to be made: (a) decide
on the actual processing rate of each machine, at any time when it is in
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working condition and input to it is available; (b) decide, at any time, on
how to route the output of machine M,.

We consider a performance criterion which is linear in throughput and
convex in storage.

The above configuration arises in certain manufacturing systems
(Refs. 15, 18), from which our terminology is borrowed, and also in com-
munication networks where the nodes may be thought of as being computers
and the material being processed as messages (packets, Ref. 11). Note that
the Markovian assumption on the failure and repair process of the nodes
implies that a node may fail even at a time when it is not operating. This
is a realistic assumption, in unreliable communication networks and in
those manufacturing systems where failures may be ascribed to external
causes (Refs. 18, 19). On the other hand, in some manufacturing systems,
failure probabilities increase with the degree of utilization of the machines
(Ref. 20). Such systems are not captured by our model and require a
substantially different mathematical approach.

2. Dynamic Routing Problem

In this section, we formulate mathematically the dynamic routing
problem and define the set of admissible control laws and the performance
criterion to be minimized.

Consider the queueing system of Fig. 1, as described in Section 1. Let
x; be a continuous variable indicating the amount of material in buffer B;,
i=1,2, and let N; be the maximum allowed level in that buffer. We denote
(x(, x2) by x. Let

ai(t)e{01 1}1 i=0a 1125

be independent, right-continuous Markov chains with transition rates r;
from 0 to 1 and p; from | to 0. We have

a;(ty=0o0r |,

according to whether machine M, is down or up. Let 0 denote the set of
sample paths @ of

o =(ay, &), @3)
and , &, the o-field generated by
{a(n)|r=1}, {a(7)[r=0},

respectively. Let P(a(0)) be the measure on (), &) when the initial state
of the Markov chain is «{0).
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We define the state space S of the system by

S=[0, N,]1x[0, N.]x{0, L} (1)
The state s(t) € S of the system at time ¢ is defined as
S(t)=((xth), (aO-; &y, aZ))(:)=(x’a)(t)' (2)

Let A*, u¥, u¥ be the maximum allowed flow rates through machines
M,, M,, M,, respectively; let A(¢), u,(1), u.(t) be the actual flow rates, at
time ¢, through machines My, M,, M., respectively; finally, let A (), A,{¢)
be the flow rates, at time ¢, from machine M, to the buffers B,, B,, respec-
tively. No flow may go through a machine which is down:

_ A()=A () =2()=0, =0,
“‘(‘)*°=’{ui(t>=o, i=1,2. )
Conservation of flow implies
A() = A (1) +Ay5(0), (4)
X.-(t)=xs(0)+f (A7) = p.(7)) dr. (5)
(1]

An admissible control law u is a mapping which to any initial state
5(0) = (x(0), «(0))

assigns a right-continuous stochastic process
u(w, ) =(A{(w, 1), Az (w, 1), pi(o, t), pi{w, 1)),

defined on the previously introduced probability space (Q, &, #(«(0))),
with the following properties.

Property (S1). Each of the random variables A{(¢), ui(2) is -
measurable.

Property (S2). The following relations hold:

0=Af{w, ), i=1,2, . (6)
Af(w, 1) +A5(w, 1) < ap(w, t)A*, (7)
0=suio )< alw, )k, i=1,2. (8)

Property (S3). The state

xi(t) = x;(0) +f (AH(7) - pi(r)) dr
4]
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satisfies
0=x/(1}= N, i=12,

and x{(w, t) is a measurable function of the initial state s(0), Vo € Q, Vr = 0.
We let U be the set of all admissible control laws, and let Uy C U be
the set of those control laws such that u(¢) depends only on s(¢).
.For ue U and f a bounded function of s, define

ELf(s"()Is™(0) = s1-f(s) (9
t

(L Ys)=1lim
t}0
whenever the limit exists. It can be verified that, for continuous functions

f in the domain of £%,

(£)(x, a)= AN CHORIEYIEXY)

110 t
+Z;paa'[f(xv a*) —f(x, a)]’ (10)

where p,,- is the transition rate from « to a® and where xi(¢) is the
value of x at time ¢ if control law u is used and no jump of a occurs until
time ¢

Performance Criterion. We are interested in minimizing the long-run
{(infinite horizon) average cost resulting from the operation of the system.
Let k(s, A\, Ay, g1, u2) be a function of the state and control variables
representing the instantaneous cost. For notational convenience, we define

k*(s"(w, 1)) =k(s"(w, 1), A{(w, 1), A3(w, 1), (o, 1), p3(w, 0).  (11)
We introduce the following assumptions:
k“(s*(w, 1)) =f(x"(w, 1), a(w, 1)) - c;u i (@, 1) — cou3(w, 1), (12)

where ¢, ¢,>0 and, for any a@€{0, 1}’, f(x, @) is (i) nondecreasing in x,
and x,, (ii) convex, and (iii) Lipschitz continuous. Let f,{x) be an alternative
notation for f(x, a).

The function to be minimized is

.
g"(s)=limsup E [-_};I k*(s*(w, 1)) dt]s“(0) = s]. (13)

T 0

We define the optimal average cost by
g*(s)= inf g"(s). (14)

In Section 3, we show that g* is independent of s.
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3. Reduction of the Set of Admissible Control Laws

Suppose that, at some time, the lead machine is down and both
downstream machines are up. If this configuration does not change for a
large enough time interval, we expect that any reasonable control law would
eventually empty both buffers. Indeed, Theorem 3.1 shows that we may so
restrict the set of admissible control laws without worsening the optimal
performance of the system (i.e., without increasing the optimal value of the
cost functional).

We then show that there exists a particular state which is recurrent
under any control law that satisfies the above introduced constraint
{Theorem 3.2). The existence of such a recurrent state permits a significant
simplification of the mathematical issues typically associated with average
cost problems.

We end this section by introducing the class of regenerative control
laws. This is the class of control-laws for which the stochastic process
regenerates (i.e., forgets the past history and starts afresh) each time the
particular recurrent state is reached. In that case, g* admits a simple and
useful representation and is independent of s (Theorem 3.3). We show that
we may restrict ourselves to regenerative control laws without any loss of
performance (Theorem 3.4).

Definition 3.1. Let U, be the set of control la\-avs in U with the following
property. If, at some time ¢,
a(to)=(0519‘)1

and a(?) does not change for a further time interval of max{ N,/ u¥, No/u¥
time units, then

sU(t =t +max{ N,/ u¥, N/ u3}H =((0,0), (0, 1, 1)).
Remark 3.1. A sufficient (but not necessary) condition for a control

law u to belong in U, is that downstream machines operate at full capacity
whenever

a=(0,1,1).

However, we do not want to impose the latter condition, because in the
course of the proofs in Section 5 we will use control laws that violate it.

Theorem 3.1. For any ue U, s(0)e S, there exists some we U, such
that

J k" (s"(w, 7)) deJ k*(s"(w, 7)) dr, Vi=0,Vwell. (15)
0 0
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Proof. Fix some initial state s(0) and a control law ue U, Let we U
be a control law such that, with the same initial state, we have

Ao t)=ANw, 1), i=1,2,Ve,y, (16)
[T if x"(w, 1) #0, a=(0,1,1),
0, ifx(w, t)=0, a=(0,1,1),
wiw,t)= . (17)
uilw,t), ifx(w t)=xi(w,1), a#(0,1,1),
0, if x{' (o, ) # xi(w, 1), a#®(0,1,1),
where x(w, t) is determined by
x(w, t)=X.(0)+J. (A (w0, )~ p(w, 7)) dr. (18)
0

It is easy to see that we U, and
0=x"(w, t)=x{(w, t), Vo,t, i=1,2. (19)

From (19) and the monotonicity of f,, we have

Jatwn(x"(w, 7)) d"‘SJ- Jatwn(x*(w, 7)) d7, Vo, t (20)
0 0

o

Using (16}, (18), (19), we have

(! t

wilw, 1Y dr=x{0)-x{(w, t) +j A (w, 7) dT

0

J0

2 x(0) — x{(w, 1) +J Ailw, 1) dr
0o

= J.‘ wi(w, ) dr, Vo, t. (21)

(4]
Adding Ineqgs. (20) and (21), for i=1, 2, we obtain the desired result.
O

Corollary 3.1. We may restrict to control laws in U, without loss of
optimality. Namely,

ieng g (s)= ii‘ff, g (s)=g*(s), VseS. 22)

We now proceed with the recurrence properties of control laws in U,.
For the rest of this paper, we let s, denote the special state

(x, &) =((0,0), (0, 1, 1)). ,
Let uc U, We define the stopping time T, n=1, as the nth time, after
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time 0, that the state s, is reached, given that control law u is used. We
also let

Ty =0.
Let
s(0)=(x“(0), ), s¥(0) = (x"(0), @)

be elements of § with the same value of a; let 4, we U,. We define the
stopping time T*” by

T =inf{t>0: s*(t) =5"(t) = 5o},

T =00, if the above set is empty. . (23)
If we are given a third element of S,

$7(0) = (x*(0), &),

with the same value of a, and a third control law ve U, we may define T“™
in a similar way, as the first time that

s“()=s"() =s"(t) = so.
Theorem 3.2. Let u, v, we U,, and let s*(0), s°(0), s¥(0) be three
initial states with the same value of a. Assume that

Po# 0, r,#0, i=0,1,2.

Then,
(a) E[TR.—T,]1=B, (24)
(b) E[T*“]=B E[T"™]= B, (25)

where B is a constant independent of u, v, w and the initial states s*(0),
5°(0), s™(0).

Proof. Let Q, be the nth time that the continuous-time Markov chain
a(t) reaches the state

a=(0,1,1).

Since p,, r; are nonzero, there exists a constant A such that
E[Q.]=nA,

for all initial states «(0), and

E[Q.-Qn]=(n—m)A.
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If
a()=(0,L, 1)

and if no jumps of @ occur for a further time interval of
T=max{N,/uf, No/ u3}

time units, which is the case with probability equal to or larger than
g=exp(~(ro+p,+p,)T),

the state becomes
s“(t+T)=s,,

for any ue U, and regardless of the initial state. It follows that
E[Ti . —-Til=Y (kA+T)q(1-g)*'=8B.
k=1
Similar inequalities hold for E[T**], E[T**"]. O

It will be assumed throughout this paper that
Po#0, r #0, i=0,1,2.

If we allowed
po=0,

all subsequent results would be still valid, but the recurrent state s, should
be differently chosen.

Theorem 3.2 allows us to break down the infinite horizon into a sequence
of almost surely finite and disjoint time intervals [T}, T, .,). If, in addition,
the stochastic process s“(f) regenerates at the times T, the infinite horizon
average cost admits a simple and useful representation.

We define the set Ui of regenerative control laws to consist of those
elements of U, which forget the past each time that the state is equal to s,
and start afresh. To make these requirements formal, we first define a
regeneration time to mean an almost surely finite stopping time 7T, such that

s“(T) = s,
with probability 1. Our first condition on regenerative control laws is that
the past is forgotten at regeneration times. See the property below.
Property (S4). The stochastic process
{(s“(T+0), u(T+1¢)), t =0}

is independent of A, for any regeneration time T.
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The second requirement is that the stochastic process in (S4) be the
same for all regeneration times 7. See the property below.

Property (S5). For any two regeneration times S, T, the stochastic
processes

{(s“{(T+1), u(T+1¢)), t=0} and {(s*“(S+¢), u(S+1)),t=0}

are identically distributed.

Markovian control laws in U, certainly belong to U;. However, the
proofs of the results of Section 5 require us to consider non-Markovian
control laws as well. It turns out that Uy is a suitable framework.

Theorem 3.3. Let ue Uy, Then,

gh= !Ln; E{% I k*(s*(1)) dT]

0

Tha
EU- k"(s"(r))dr]
T

= = 2
E(Tr. - T4 , n=1,2, (26)

Note that the first equality implies that the limit exists and is independent
of the initial state.

Proof. Define

Wo=Thna—Th, m=12,..., 27
Ton

ufj k“(s“(r)) dr, m=12,.... (28)
]

The random vectors (W, U,), m=1,2,..., are independent (by S4),
identically distributed (by S5). Then, an ergodic theorem {Ref. 22, Vol. 2)
implies that

T U
lim ket k=£—[—%l a.s (29)
m-0 T Er.Wn]’ o
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Now,
m T,
r U J‘ k“(s*(7)) dr
lim k=t = {lim Ii
m-oc M m-»20 Tum—T'l‘

) 1 {7~
=’L1_:}:D[T; L k“(s*(7)) d‘r]
Jm T 1) ), s (7)) dr

. 1 T
- lim [T",,.—- T}‘J, k*(s“(7)) dr]. (30)

m—s0 0

We claim that the second and third terms are almost surely equal to
zero. Let M be a bound on |k“|. Then,,

1 1 Tm T
- k*(s" dr|=MTh) ————. 1
'(T;—Tr T:,) J (N dr| <MUn e~y B
Now,
T <00, a.s.,
lim T}, =00, as.
Also,
L JTT k*(s“(7)) dr| = MTi 0 a.s (32)
= -> .S,
Ta-Ti o ! Ton-Ti 7
for the same reasons. We now take expectations in (30) and invoke (29) to
obtain
N O U L E[U,]
E’}'lelc |:T:‘,. J’o k*(s“(1)) dr] = E(W.] (33)
Let

T“(t)=inf{r = ¢: An such that 7= T4},

and observe that the sequence

T
(1/T%) j- k*(s“(7)) dr
0
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and the function

THgt)

(/T(e)) j k*(s*(7)) dr

0

take the same values in the same order; therefore, they have the same limit
and may be interchanged in (33). We then use the dominated convergence
theorem to interchange the limit and the expectation on the left-hand side
to obtain

. 1 e _E[U,]
im |7 ], oo e -2 G4

Finally,
.‘l‘uu L™ .
kﬂ E[-;J-o k*(s“(1)) dT]PE[T“(t) J‘o k*(s*(1)) df]
LT

E[T“(t) J" k“(s (7))a’-r}

b l l ! w u
tim ig[(?_r"(z)) L ki (s")) d’]

The two summands on the right-hand side of (35) converge to zero, because
they are bounded above by E[T"(¢) — t]M/¢, which is bounded by BM/t
(Theorem 3.2). Equations (34), (35) complete the proof of (26). O

=lim

-0

=0. (35)

Remark 3.2. If s(0) = s,, then (26) is obviously true for n =0 as well.

The last result of this section shows that we may restrict ourselves to
control laws in Uy without increasing the optimal value of the cost func-
tional.

Theorem 3.4. The following result holds:
inf g*= 'm(; g (s)y=g*(s), Vses§. (36)

ue Ug

Proof. OQutline. View our control problem as follows. Each time T,
the state s, is reached, a policy u, € U, to be followed in [T, T, ) is chosen.
We then have a single-state semi-Markov renewal programming problem
with an infinite action space and bounded costs per stage; regenerative
control laws correspond to stationary policies of the semi-Markov problem.
Moreover, T, — T,_, is uniformly bounded, in expected value, for all policies
of the semi-Markov problem. It follows that stationary policies exist that
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come arbitrarily close to being optimal. By translating this statement to the
original problem, we obtain (36). O

4. Value Function of Dynamic Programming

Using the recurrence properties of control laws in Ug, we may now
define value (cost-to-go) functions of dynamic programming. This is done
by using the recurrent state s, as a reference state. Moreover, we exploit
Theorem 3.3 to convert the average cost problem to a total cost problem.

Following Ref. 21, we define the value function V*: § -+ R, correspond-
ing to u € Ug, by

L

VY(s)=E U. (k“(s"“(7))—g*) dfls“(0)=s]. 37)
Q0

In view of Theorem 3.3, we have

V¥(50) =0, for all ue Usg.

We also define an aucxiliary value function V“(s) by

4]

Ty
Vis)=E [J (k*(s*(7))—g™) d‘rlS"(O)=SJ (38)

and the optimal value function V*(s) by
* = 3 Cru
V*(s) ulenjk V*(s). (39)

The above defined functions are all bounded by 2BM, where M is a constant
bounding |[k“(s)| and B is the constant of Theorem 3.2

Lemma 4.1. The above value functions satisfy the relations:

(@ 0= V*(s)-V“(s)=<(g“-g*)B, Vse§;
(b)  V¥(s0) = (g" - g™)E[TV|s"(0) = so]:

(c) g“=g*iff V*(sy)=0:

(d) V*(s0)=0, V*(s0)=0.

Proof. It follows directly from the definitions and the inequality
E[T{]=B. O

We will say that a control law u € Uy is everywhere optimal if
Vi(s)=V*(s), VseS;:
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it is optimal if
g =g"
Lemma 4.1 implies that an everywhere optimal control law is optimal.

We conclude this section with a few properties of V* V* that will be
needed in the next section.

Lemma 4.2. (a) For any positive integers m and n such that n=m
and any ue Uy,

T
E [J (k*(s*(7))—g“) dr] =0. (40)
T
(b) For any positive integer n and any u e Uj,
T
Vi (s)=E [J, (k“(s"(r))—-g“)d-r|s"(0)=s]. 41)
0
Proof. Both parts follow immediately from Theorem 3.3 ]

The following result is essentially a version of Eq. (41).

Lemma 4.3. Let u, v, we Ug. Let 5s“(0), s°(0), s”(0) be three states
with the same value of a. Let T**" be as defined in Section 3. Then,

Fuen
Vi(s)=E [J (k"(s“(r))—g")dr|s“(0)=s:). (42)

0

Proof. Let
T=min{T;: Ta=T""},

and let y, be the characteristic (indicator) function of the set of those w € ()
such that

T>Tx

We then have
T
EU (k”(S"(T))~g“)df]
0

T
=E U (k*(s"(r)) - g") dr]

0

+3 E{xnj (k"(s"(.—»—g")dr]. (43)

Ts
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The random variable y, is &y«-measurable. Therefore,
T,
E {X,. ‘[ (k“(s*(r))—g") dr]
Th

=E [xns U " k(54 (7)) - ) drmr:ﬂ =0. (44)

T

The second equality in (44) follows from Lemma 4.2(a) and the assumption
that u regenerates at time T',. For the same reasons, we obtain

T TS .
E U (k*(s*(m))—g") df] =E U (k*(s*(7))—g") d‘r] =0.
T T
(45)
Combining (43), (44), (45), and using the definition of V*, we obtain

Tuow TY
E [J- (k*(s“(7))—g") dr} =E [J-o (k*(s“())—g") d‘r]
0

= V“(s"(0)). (46)
g

The last lemma is an elementary consequence of our definitions.

Lemma 4.4. Given some s€ S and € >0, 3u € Upg, such that

V"(s)s V*(s)+e and g'=g*+e

Proof. Outline. Assume s # s,. Then, v depends on the choice of
the control variables up to time T\ and g“ depends on the choice after that

time. The control variables before and after T} may be independently chosen
so-as to satisfy both inequalities. If 5 =54, choose u such that

g“=g* +min{e, ¢/ B}.
Then,
V4(s0) = V*(so) + €. O

S. Convexity and Other Properties of V*

In this section, we exploit the structure of our system to obtain certain
basic properties of V*. These properties, together with the optimality
conditions, to be derived in Section 6, lead directly to the characterization
of optimal control laws. For the rest ofthe paper, let V¥(x) denote V*(x, ).
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Theorem Sl V*(x, @) is convex, Ya.
Proof. Let
s*(0)y=(x", @) and s°(0)=(x" a)

be two states in § with the same value of «. Let
ce(0,1) and s*(0)=(ex*+(1—-c)x® a).

Then, s*(0)€ S, because [0, N,]x[0, N,] is a convex set, and we need to
show that

V*(s¥(0)) = cV*(s*(0)) + (1 — ¢} V*(s°(0)). (47)
Fix some €>0, and let u, v be control laws in Uyg such that

gi=g"+e  g'=gt+e (48)

Vi(s“(0)) = V*(s*(0)) +e,  V°(s°(0)) = V*(s°(0)) +e. (49)

Let s“(w, t) and s°(w, t) be the corresponding sample paths. We now define
a control law w to be used starting from the initial state s™(0). Let, fori =1, 2,

Ao, ) =cAi{w, 1) +(1—)A Y w, t), (50)
wi(w, t)y=cui(w, t)+(1—-c)u(w, ). (s1)

With w defined by (50}, (51), Assumptions (S1)}-~(S3) are satisfied, because
these assumptions are satisfied by u and v. Moreover, by linearity of the
dynamics,

x(w, t)=cxP(w, ) +{1—c)x(w, t). (52)

Since x = (0, 0) is an extreme point of [0, N,] x[0, N,], Eq. (52) implies
that, whenever

s*(t) = s,
we also have
sU(1)=5"(t) = sg.
Therefore,
TV =T
and, consequently, we U,. Moreover, u and v regenerate whenever
s¥(t) =75,

and, therefore, we Ug. Using (52) and the convexity of the cost function,
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we obtain
v

Ty .
‘( (k”(sw(w,f))—g*)deCJ (k*(s*(w, 7)) —g*) dr

0 0

Ty

+(l*C)J (k*(s*(w, 7)) —g*) dr. (53)
e

We take expectations of both sides of Ineq. (53) and rearrange it to obtain

Ty
V*(s*(0))=< V*(s*(0)) < cE U (k*(s*(w, 7))~ g*) df|s“(0)}

]

Ty
+(1-c)E [J (k°(s(w, 7)) —g") df|s”(0)]

0o
+(cg" +(1-c)g” - gME[T7] (54)
Since
T =Ty,
Lemma 4.3 applies. Using also Inegs. (48), (49) and Lemma 4.1(a), we obtain
VEGEO) = cVH{(s“ (0N +(1—c) V°(s°(0)) +€B
= cV(s“(0)) +(1 =) V*(s°(0)) + €B
= cVE(s*(0)) +(1 =) V*(s°(0)) + (L + B). (55)

Since € was arbitrary, we may let €/0 in (55) to obtain Ineq. (47). 0

It is not hard to show that, if the storage cost f, {defined by Eq. (12)]
is strictly convex, then Ineq. (47) is strict. In fact, it is also true that (47)
is a strict inequality even if f, is linear. A detailed proof would be fairly
involved, and we only give here an outline.

Assume, without loss of generality, that

x1(0) # x7(0).
With control law w, defined by (50}, (51), there is positive probability that
a(t)=(0,1, 1), x{()#0, wui()<uf,

for all ¢ belonging to a time interval of positive length. We can then show
(in a way similar to the proof of Theorem 3.1) that any control law with
the above property does not minimize V"(s*(0)) and that

V*(s*(0)) < V"(s*(0)) - 5,

for some & independent of e Using this inequality in (54) and (55), (47)
becomes a strict inequality.
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Let M be such that
[ fu(xy, X2) = foa (i +A¢, X, +A5)| = M([A| +|A,]). (56)

Such an M exists, since f, is Lipschitz continuous. We then have the
following result.

Theorem 5.2. Let

O=sx;=x,+A; =N, i=_-l,2,

A +4,>0.
Then,

—CA =A< VE(x, +A, X3 +A5) = VE(x, x5)

< MB(A, +4,). (57)

In particular, V¥ is Lipschitz continuous and, if f, =0, then M =0 and V¥

is strictly decreasing in each variable.

Proof. The two inequalities in (57) will be proved separately. Without
loss of generality, we assume that A, =0 and we start by proving the second
inequality.

(a) Fix two initial states
s*(0) =(x(, x5, @) and s"(0)=(x, +A, x,, @), A>0,
with the same vatue of a. Let ue Uy be such that {Lemma 4.4)
V4(s4(0)) s V*(s“(0)) +e,  g“=g*+e (58)

We now define a new control law we Uy to be used starting from s”(0) as
follows:

. _fo, if x¥(w, 1) # x*(w, 1),
G {A'{(w, 0, ifx’(w, 1) =x%w,t), (39
w _fado,)ut, i x{(w, t)#x{(w, 1),
uile, 1) = {yr(w, D, ifxN(e, 0 =xte, D), (60)
A w, )=A3(w, 1), pi(et)=pie, ). (61)
Then, we Ui and
xiw, 1)< x{(w, t)<x}(w, t) +A, (62)

wi(w, t)=p(w,t). (63)
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Moreover,

TY T
J- k*(s"(w, 7)) dr= J- (fa(x*(w, 7)) = i@, 7) — a7 (w, 7)) dr

]

Ly
SJ (fa(x*(w, 7)) + MA - (0, T) — C2p 3 (@, 7)) dT
Q

TY
= J k*(s"(w, 7)) dr + MATY. (64)

0

We claim that there exists a set AC{} of positive probability measure such
that Ineq. (64) is strict for all w € A. Namely, consider all those w for which
a(w, t) becomes (0,1, 1) before time A/2(A*+u¥) and stays equal to
(0, 1, 1) until time T7. Let 8 >0 be such that

Pr(w e A)> 4.
For all @ € A, we have
Ty T
J it (@, 1) dT>J ciur(w, 1) dr+c A/2 (65)
Q 0
and, consequently,

TY Ty
j- k" (s"(w, 7)) d'r<J’ k“(s“(w, 7)) dr + MAT? —cA/2, weA.

0 ]
(66)
Taking expectations in (64) and using (66) for w € A, we obtain

Ty Ly
E [J (k" (s"(w, 7)) —g%) d-r] <E [I (k“(s"(w, 7)) —g™) d-r]

+MAE[T{]-c,86A/2. 67

Using Lemma 4.3 and following the same steps as in the proof of Theorem
5.1, we obtain

V*(s*(0)) =< V*(s*(0))
= V*(5"(0)) +€(1 + B) + MAB — 6c,A/ 2. (68)

Since ¢ was arbitrary, we may let € decrease to zero to obtain the second
inequality in (57).
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(b) For the proof of the left-hand-side of (57), let s*(0) and s*{0)
be as before; let we Uy be such that

Ve(s*(0)) = V*(s*(0)) +e, g =g*+e: (69)

and define u € Ug [to be used starting from s*(0)] as follows:

A, t) = {ao(w, tHA* =AY (o, 1)), if x¥(w, £) # x(w, t),

AT, 1), ifxi(o, 0 =x(w,0, O

O R an

A, )=A3(w, 1), pi(o)=pi(at). (72)
We now assume that

xy(0)>0.
Then, it is easy to check that (62) holds, that

T™=TV=T7,
and that

_— _—
L K“(s"(w, 7)) dr= J-o k" (s"(w, 7)) dr +¢,A. (73)

Consider the set ACQ of those w such that a becomes (1, 0,0) within
A/2(A* + ) time units and stays equal to (1, 0, 0) for at least (N, + N,)/A*
additional time units. For any w € A, we will have

Tuw Tuw
J K“(s(w, 7)) dr = J k¥ (s"(w, 1)) dr +c,A/2. (74)
0 0

Taking expectations and following the same procedure as in Part (a), we
establish the desired result for

x7(0)>0.
Now, if
xi(0)=0,
the statements
Ti=TY¢

and u € Ug are not necessarily true, and the above argument fails. However,
a sample path argument of the same flavor easily shows that V* is continuous
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at
x; =0.
Since (57) has been proved for
x, #0,
it follows, by continuity, that (57) is also true at

X, =0. O

Corollary 5.1, Let 0<x; < N,. Then,

VE(x, + ) — V* .
—¢, <lim alxy +Aq, X;) a(xnx_)<
Alo A

M (75)

The right-hand-side inequality also holds if x, =0. Inequalities (75)
also hold with A10, 0<x; < N,. In that case, the left-hand-side inequality
also holds for x; = N;. Finally, the same results are obtained if we consider
the slopes with respect to x,. .

We have shown (Theorem 3.3) that the optimal cost g* is independent
of the initial state. We now view g* as a function of the parameters of the
system and examine the form of the functional dependence. In particular,
we consider the dependence of g* on the buffer sizes N;, N, as well as the
machine capacities A¥, uf, u¥. To illustrate this dependence, we write
g¥(Ny, No, A%, u¥, u¥). Our result states that g* is a convex function of its
parameters. The proof is similar to the proof of Theorem 3.1, and hence it
is omitted.

Theorem 5.3. g*(N,, N5, A*, u¥, u¥) is a convex function of its argu-
ments.

6. Necessary Conditions for Optimality

In this section, we prove the necessary conditions for optimality that
will be used in the next section. We start by demonstrating that V* is in
the domain of £* (defined in Section 2), for any admissible control law wu.
Using the convexity and Lipschitz continuity of V¥, we get the following
lemma.

Lemma 6.1. Let x(¢) be a trajectory in [0, N;] %[0, N,], and suppose
that

d =lim (x(t) - x(0))/t
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exists. Then,

. VEx(8) = VEx(0)) . VE(x(0)+td)~ VE(x(0))
lim =lim .
i) t 110 t

(76)

The existence of the limits is part of the result.

Let ue Ugp. As in Section 2, for any fixed a, let x“(t) be the value of
x at time ¢ if no jump occurs until time . By right-continuity and bounded-
ness of the control variables, the trajectory x%(t) possesses right-hand-side
derivatives. Then, Lemma 6.1 and (10) imply the following theorem.

Theorem 6.1. V* belongs to the domain of £*, for any u e Us.

Lemma 6.2. For any ¢ >0, there exists some we Uy such that

V'(s)= V¥(s)+e, VseS§. (77)

Proof. Outline. Partition the state space S into a finite collection of
disjoint and small enough rectangles R,, ..., R.. Choose a state s; € R; and
a control law w; € Uy such that

v “1(s;) = V¥(s;) + ey,

where ¢, is small enough. Define w; for all initial states in the rest of the
rectangle R;, so that all sample paths s (w, t), wy(w, t) starting from R, stay
close enough. In particular, choose w; in such a way that s"{w, ¢t) and
ri{w, t) are continuous functions of the initial state, for any w, t. In that
case,

WW’(S,-)" V"'(s)[ <e,, VseR,,

for some small enough ¢,. Then, define a control law w by lumping together
control laws wj, j=1,..., k Given that V* is Lipschitz continuous and
since €, €; may be chosen as small as desired, w satisfies (77). [

Lemma 6.3. The following resuit holds:
l,if(r)l (I/E[V*(s“(t)x]=0,

where y is the indicator function of the event T{ =+t

Proof. Observe that

R U ©w
lim E{V*(s (t))X]=1im Pr(TY=1)
40 t 140 t

lim E[V*(s“())| T} = 1]. (78)
10
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The first limit in the r.h.s. of (78) is bounded by the transition rates p;, r,;
the second limit is equal to

V*(SO) = 0’
unless a jump occurs in [TY, t], which is an event whose probability goes
to zero, as ¢t goes to zero. [

Lemma 6.4. The following result holds:
LUVE Lk = g*, VseS§, Yue Ug.

Proof. Let ue Uy, t>0, s€ S be fixed and let w be the control law
of Lemma 6.2. Consider a new control law v with the following properties:
v coincides with u up to time ¢; at that time the past is forgotten, and the
process is restarted using control law w. Then,

R min{s, T} -
V¥(s)=V°(s)=E U. (k*(s"(e))—g™) dr]
0
+E[V*(s*(e))(1 - x)]

min{e, T¥} .
<E [j- (k*(s“(7))—g%) d'r] +E[V*(s“ ({1 —x)] +e
(79)

Since e was arbitrary, we may let €l0, then divide by ¢, take the limit, as
t}0, and invoke Lemma 6.3 to obtain

E[V*(s“(1))]- V*(s)
t

F“V*(s)=lim
40

1 mun{, T}
= -lim-E U (k*(s“(7))—g*) dT]

40 ¢t 0
=—k"(s) +g* (80)
The last equality follows from the right-continuity of k* and the dominated
convergence theorem. O

Theorem 6.2. If ue Uy is everywhere optimal, then
PV +E = UV, Vwe Ug, Vse§. (81)

Proof. We note that
V=V
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and we start with the equation
LUV k" =g*,

which is derived in the same way as Lemma 6.4, except that inequalities
become equalities. We then use Lemma 6.4 to get

LVE k=gt = PVF kY, for all we Ug. O

7. Characterization of Optimal Control Laws

In this section, we use the optimality conditions (Theorem 6.2) together
with the properties of V* (Theorems 5.1 and 5.2) to characterize everywhere
optimal control laws. We mainly consider Markovian control laws for which
the control variables A;, u; (and hence the cost function k} can be viewed
as functions of the state. The first two theorems (Theorems 7.1 and 7.2)
state that the machines should be always operated at the maximum rate
allowed, as it should be expected. Theorem 7.4 is much more substantial,
as it characterizes the way that the flow through machine M, should be spiit.

Theorem 7.1. If ue Uy n Uy is everywhere optimal, then

(a) uilx, a)=auk, ifx,#0,i=1,2, (82)

(b) wulx, a)=a min{u¥ Ai(x, a)}, ifx,=0,i=1,2. (83)

Proof. Let ue Uy Uz be everywhere optimal. Then, # must
minimize

(L*V* +k")(s), VseS.

Using (10), Lemma 6.1, and dropping those terms that do not depend on
u, we conclude that w Y, w5 must be chosen so as to minimize

Valx +(AT =114, X, + (A3 —u3)A) - Vilx, x3) “ u
m A —Ci My T Cophs.

(84)

li

alo

Let
x;#0 and «;#0.

By Corollary 5.1, the slopes of V¥ are strictly larger than —¢,, —c, and, as
a result, w) must be set to its highest admissible value, which is au¥, thus
proving (82).
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Now, let
x; =0,

and suppose that (83) is violated. In that case,
wi(x, a)<p*;

also, the trajectory s“(t) enters immediately the region in which

x>0,
and therefore .
wi(t) = u*,
- for all small enough positive times. Hence, the sample path ui(¢) is not
right-continuous and u is not an admissible control law. O

Theorem 7.2. If V¥ is strictly decreasing in each variable (or in
particular, by Theorem 5.2, if k“=—¢;»{~c,u3) and if ue Uy, Uy is
everywhere optimal, then

(a) /\u(xs a)=a0A*9 ifX#(Nl’ NZ)’ (85)

(b) A*(x, a)=a, min{A*, a,uf +aul}, fx=(N,Ny). (86)

Proof. Let ue Uy Uz be everywhere optimal. Then, u must
minimize

(FHV* + k")), VseS.

Theorem 7.1 determines u; uniquely and k" is no more dependent on w.
By dropping those terms that do not depend on u, we conclude that A}, AS
must be chosen so as to minimize

lim Valx AT =), x; +(A3 —u3)A) ~ VE(x,, X))
alo A )

Let
(x1, x3) # (N, N,).

(87)

Since V7% is strictly decreasing,
,\u = /\'l +A2
must be set equal to its highest admissible value, which is agA®. If

(x1, x2) = (N, N3),
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Eq. (86) follows by the right-continuity requirement on admissible control
laws, in the same way as in the proof of Theorem 7.1. il

If f.(x) is nonzero and large enough, compared to c,, c;, then V* need
not be decreasing. Equivalently, the penalty for having large buffer levels
will be larger than the future payoff in terms of increased production. In
that case, for any optimal control law, A" should be set to zero whenever
the buffer levels exceed some threshold.

From now on, we assume that V% is strictly decreasing, for all a.
Theorems 7.1 and 7.2 define uY, 3, A¥ uniquely. It only remains to decide
on how A* is going to be split. It is here that convexity of V% plays a major
role. Note that there is no such decision to be made whenever a,=0. We
will therefore assume that ag # 0.

Let

ho(p) =inf{Vi(x,, x3): x, +x; = p}, p€[0, N +N,]. (88)

Because of the continuity of V7%, the infimum is attained, for each p, and
the set

H,(p) ={(x, x2): x  +x3=p, VEi(x\, x2) = ho(p)} (89)
is nonempty. Finally, let (see Fig. 2)
H,= U Hp). (90)
pe[0.N;+N1)

We should point out that the points on the x;-axis to the left of point B
(point C in particular) belong to H,.

From the convexity and continuity of V*, we can easily obtain the
following theorem.

Theorem 7.3. (a) H,(p) is connected for any p, a.

(b) If V* is strictly convex, then H,(p) is a singleton.
{(¢) H, is closed and connected.

X2

Ua

+Halp)

s X eua=p
[ ] A N, x,

Fig. 2. Regions related to the optimality conditions.
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Now, let
U (p) ={(x1, X0): Xy + X2 =p, X = X2 < y1 — 3, Y(y., y2) € Ha(p)},
(91)
L (p)={(x, x): x; +X3=p, X, = X3> y; — 3, Y{(y, y2) € Ho(p)},
(92)
and (see Fig.2)
U= U Ulp), L,= U Lup). 93)
pel0,N, +N,] pe[0. N +MN;]
Since H,(p) is connected, it follows that
Ua(p)uLa(p)UHa(p)={(xhx2): xl +x2=p}; (94)
consequently,
U,ulL,uH,=[0, N]x[0, N>} (95)

Finally, note that, keeping (x,, x.) € U, fixed, the function V¥(x, +A, x;—4)
is a strictly decreasing function of A {for small enough A), because of the
convexity of V¥ and the definition of U,. With this remark, we have the
following characterization of the optimal values of A{, A3 in the interior of
the state space.

Theorem 7.4. If V¥ satisfies (57) with M =0, ueUyn Uz is
everywhere optimal, and x is in the interior of [0, N;]x{0, N.], the following
results hold:

(a) ifxe U, then A{(x, a)=A*ay;
(b) ifxelL,, then A5(x, a)=A%a,.

Proof. Let x belong to the interior of U,. We must again minimize
the expression (87). Because of the monotonicity property mentioned in
the last remark, it follows that A} has to be set equal to its maximum value
aoA*. Part (b) follows from a symmetrical argument. O

We now discuss the optimality conditions on the separating set H,,.
We assume that V¥ is strictly convex and (by Theorem 7.3) H,(p) is a
singleton, for any fixed p. Equivalently, H,, is a continuous curve. According
to the remarks following Theorem 5.1, V¥ is always strictly convex; but,
since we have not given a proof of this fact, we introduce it as an assumption.
Fix (x,, x,) € H,, and suppose that

0<x <N, i=1,2,



132 JOTA: VOL. 44, NO. 1, SEPTEMBER 1984

(interior point). Given a control law u, let
A()={r>0: xi(r)e U,},
B(uy={r>0:xa(7)e L.},

where x,(r) is the path followed starting from ({x,, x,), @) if no jump of
a occurs. We distinguish four cases.

{a) Suppose that, for all ue Uy n Up, time t=0 is a limit point of
A(u). For all r& A(u), we have

Af(T) =A%,
by Theorem 7.4. Then, by right continuity of A{(z), we must have
AT(0) =A%

{b) Similarly, if for all ue Uy~ Ug, t=0 is a limit point of B(u),
we must have

A(0)=A%

(¢) [Ift=0isalimitpoint of both A(u)and B(u), forall ue Uy n Uy,
then no everywhere optimal control {aw exists. Fortunately, this will never
be the case, if H, is a sufficiently smooth curve.

(d)} Finally, suppose that there exists some u such that ¢t =0 is not a
limit point of either A{u) or B(u). In that case,

xi(t)e H,, Vie(0, A]

for some small enough A>0. An argument similar to that in Theorem 7.4
will show that this control law satisfies the optimality conditions at (x,, x;).
Such a control law travels on H,, i.e., stays on the deepest part of the
valley-like convex function V%,

The optimality conditions on the boundaries are slightly more compli-
cated, because the constraints on A;, w; are interrelated through the require-
ment that x; stays in [0, N;]. The exact form of these conditions depends,
in general, on the relative magnitudes of the parameters A*, uf, uf.
However, for any particular problem, Theorem 6.2 leads to an unambiguous
selection of the values of the control variables.

8. Conclusions and Generalizations

Let us start by pointing out the main properties of our queueing system
on which our development has been based:
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{i)  We first have the existence of a special state, which is recurrent
when we restrict ourselves to a class of control laws that have equally good
performance as the original set of admissible control laws.

(il) We have the convexity of the optimal cost-to-go function, which
only depends on the following facts: (a) the state space is convex; (b) the
set of admissible values of the control variabies is convex; and (c) the cost
function is convex.

Our methodology is therefore applicable, with minor adjustments, to
the large class of linear dynamical systems in which the above-enumerated
properties are present.

We now indicate a few alternative configurations for which all steps
of our development would remain valid. We may let the buffer capacities
be infinite. Then, provided that storage costs increase fast enough with x;,
it is still possible to obtain a recurrence result. The convexity theorem would
be still valid. A few derivations would need some more care, because V*
and f will no more be bounded functions.of the state space, but the main
results of Section 7 would remain unchanged.

We may also have three (instead of two) downstream buffers and
machines, in which case the state space is three-dimensional. Convexity of
V* and the optimality conditions then imply that, for any fixed a, the
three-dimensional state space is divided into three regions, separated by
three two-dimensional surfaces that intersect on a one-dimensional curve.
In each of the three regions, all material is to be routed to a unique buffer.
The switching surfaces have interpretations similar to the switching curves
H, of Section 7.

As pointed out earlier, our recurrence results (Theorem 3.2) have been
based on the assumption that the lead machine is unreliable, p, # 0. While
this is a convenient assumption, it is not a necessary one, except that, if
Do =0, the reference state s, should be differently chosen. This choice should
be problem specific and would not present any difficulties for most interest-
ing cases. The only difference that arises when py=0 is that V* need not
be strictly convex and the separating set H, could even be the entire state
space (Ref. 23, Chapter 6).

As another variation of our problem, we could include a nonlinear,
convex, and increasing cost on the utilization rates of the machines, to
penalize utilization at or near capacity limits. The rationale behind this cost
criterion is that high utilization rates are generally undesirable (in the long
run). [n that case, V* would still be convex, but Theorem 7.1 would no
longer hold. Rather, the optimal utilization rates u; of the downstream
machines would be an increasing function of the buffer levels.

The next issue of concern is the computation of V* and the generation
of an optimal control law. One conceivable procedure (resembling the



134 JOTA: VOL. 44, NO. |, SEPTEMBER 1984

Howard algorithm) is to evaluate V*, for a fixed Markovian y, by solving
the equation

$I‘VH +ku =gu

for V* and g“ This equation has a unique solution within an additive
constant for V* it really consists of eight coupled first-order, linear, partial
differential equations with nonconstant coefficients and can only be solved
numerically. Based on V* we may generate a control law w which improves
performance by minimizing £”V* +k", and so on. In practice, any such
algorithm would involve a discretization procedure, so it might be preferable
to formulate the problem on a discrete state space. In that case, the successive
approximation algorithm (or accelerated versions of it) could yield a sol-
ution relatively efficiently.

An alternative iterative optimizing algorithm, based on an equivalent
deterministic optimal control problem, has been also suggested in Ref. 24
(see also Refs. |7 and 23 for related ideas).

The drawback of any numerical procedure is that the computatfonal
requirements become immense, even for moderate sizes of the state space
(e.g., Ny = N, =20, see Ref. 15). Fortunately, the existing numerical evidence
shows that the performance functional is not very sensitive to variations of
the dividing curve, so that rough approximations may be particularly useful.
Estimates of the asymptotic slope of H,, as N;, N, increase, as well as of
the intercepts of H, with the axes x; =0 would be very helpful for obtaining
an acceptable suboptimal coatrol law.
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