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In this paper we shall investigate some convexity theorems for Fourier
series. This paper consists with three parts, each of which contains two main
theorems (Theorems 1-6). These theorems together with Riesz’s theorem
(Lemma 5 in §6) and Dixon-Ferrar’s theorem (Lemma 2 in § 3) will constitute
a complete system of convexity theorems in this direction, while the last two
theorems are independent of Fourier series.

Let ¢(¢) be an even function, integrable in (0,7) in Lebesgue sense, pe-
riodic of period 2z, and let

@(t)m Wéi a0+ i @y COS nt,
n=1

1 t
O 0O=90),  BD= gy | e Teds (@>0),
and more generally, for any integer £ =0 and 0 <=,
0.2) O = t*o(d), D) = Té?) jot(t—u)“‘lu"qo(u)du (a>0).

The Fourier series of ¢(#) at 1=0 is «,/2+a,+ - +a,+ --~. The =n-th (C, #)
sum of this series is

f= A ar S AL =3 A0s,  (~w<p<o),
y=1 py=0
where s,=s%, and A? is defined by the identity
(l—x)b-1= io AByn (x}<1).

In particular, s;'=a,—0 as z—co.

We understand that /—0 means >0 and —0.

These notations will be used throughout this paper, except when it is
stated otherwise.

Part 1.
1. Theorems (1).
THEOREM 1. Let 0=f, —1=¢, 0<f—b=y—c and c—b<l. () If
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(L.1) jg | Oxd) | due=o(F*)  as t— 0,
1.2) s, =0(n") as m—co,
then we have

13) sy=o(nt), q=b+(r—0) f:g ,

as n— oo, for

(1.4 c<r<r, ¢=inf(r, @%ﬁ%:%ﬂ) .

AD Ir (1.1) kolds, and s& = O (%), then holds for v with c+1=Sr <y,
provided that ¢-+1 <7’.

THEOREM 2. Let 0=<p, —1=¢, 0<B—b=<y—candc—b<1. If(ll) holds,
and
{15 Ot = 0(t% as t—0,
then we have (1.3) with (1.4).

(N.B. 1) The range of » in the theorems, i.e. ¢ <7 <7y’ is essentially equi-
valent to the common range of ¢ <7<y and r—¢g <1l. Consequently, ¢ <r <y’
coincides with

c <r<(b+Dr—@+De)/(r—ct+o—8) if r—p>1,
c<r<r if r—p=<1,

(N.B. 2) Since a,=0(1), the condition (1.2) is a fortiori satisfied when
c—bh=x—1=¢. Hence, in we may assume that ¢—b > —1 with no
loss of generality. An analogous notice may be made for [I'heorem 2, since as
a matter of fact the same argument as in the proof of in §2 will
verify that is still true when is replaced by

(1.5y j Otx Oy20) | du = O+ as t—0,

while is actually true when ¢c—b0< —1=¢. cf. in §4.

(N.B. 3) On the contrary, if ¢—b= —1 then, letting ¢=—1 and »=0, we
have the following corollary in place of Theorems 1, 2, the condition (1.1) be-
ing replaced by a slightly less stringent one, as it will be shown later.

CoroLLARY 1.1. If 0< A <y+1, and

(L1y j 0’: Do) | duw = O+ ,

then we have
sh = O(n(r+1)19/(T+1)) ,

Sfor —1=2r<inf(r, G+14+8)/G+1-8)).
Now, letting r=¢g=a in Theorems 1, 2, we have
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(1.6 (r—ct+b—-Pa=>br—pc,

and the condition »—¢g < 1 is then clearly satisfied. Hence, for the Fourier series
of ¢(#) to be summable (C, @) at #=10 for a unique value of «, it is necessary
that y—c+b—£+0, i.e.

1.7) D<p—-b<r—c.

In these circumstances we have
(r—c+b—BFXa—c)=(b—cXr—o),
(r—ct+b—pla—(c+1)I1=0—c—Dr—o)+F—0b),
(r—ct+b—BXy' —a)y=1inf [(r —FXr—c), (r—o)].
Therefore by (1.7) we see that, from the last three relations,
(1.8} if b>c and y>§ then c<<a <y,
(1.9) if —c—-1)(r—c)+(@B—0)=0 and r>pg then c+1=a<y’,

and conversely.

Taking into account these facts, we may deduce the summability theorems
from the above theorems. Letting thus ¢=—1 and » = —(1—¢) in [Theorem 1|,
the condition (1.7) together with those in (1.8) yields 0 =48 <y and 0<o< 1.
And, the first condition in (1.9) then becomes 76 =r—p8. Hence, using the ex-
pression of « in [1.6) we have the following corollary from [Theorem 1l

COROLLARY 1.2. Let 0= <y and 0<d<L. If(L.1) holds, and if either of
the two conditions

@ =0 %),

ay =0 "),  rdzr—~,
is satisfied, then
sn=on"),  a=Fd—(—F/(r—F+0d).
This proves a conjecture of Sunouchi [9]
Similarly, from we get the following
COROLLARY 2.1. Let 0 <8<y and0<d <1 If(1.1) holds, and ¢(t) = O(t™?),
then,
sa=on"), a=p5/(r—F+0).
This is a theorem due to Kanno [10]
By [Corollary 1.1, the last two corollaries can be improved as follows when
0 =1.
CoroLLARY 13. If 0 <8 <y and (1.1) holds, then
sa=0on®), a=pg/(r—f+1D).

This is a theorem of Yano [1I]
COROLLARY 2.2. IFf 00, -1 <y <A+1, and
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(1.10) D)= o(t") as t— 0,
then we have
(11D ST = o(nP+7) as wn—oo,

Jor every n> 0.
This is due to Obrechkoff [3] when 0=<pg=<r<pg+1 is satisfied. This

corollary is immediately deduced by applying to (1.10) and @g ()
=o(#""), k>0, the latter of which follows from the former.

This corollary has a meaning only when § < r+41, in the sense that when
B=7r+1>0 the conclusion (1.11) is a result from «, = o(1).

ReEMARK 1. Hyslop [7] has remarked that the proposition “ > =0 and
(1.10) imply (1.11) for every >0” may be proved by the argument used in

Wang [6] This is true when y—g <1 (see [Corollary 2.2), but generally it is
false when y—8=1. Indeed, if we put

N )
go(t)* 2 log 2x/] £]) (tl=n),
then it follows that

s,iffn ¢ 1—cos(n+1)¢

=), og0n " " @sin /2y Y

I di
= gy @sin Gy TOW
jAtmg@Mﬂ+{m> log log n-+O(1),
from which we have
sit = A? log log n-+0(n"), 7>0.

This gives a negative example for the case y—pf =1, since s*?=on"), 7>0,
does not hold while @) = o(@). '

An example in the case y—# > 1 can be obtained as follows. Let

P =5t ().
Then, we obtain

. . n+3/2 sin (n+-3/2%
f t [(2 SInG/OY ~ (Zsin(Z/2)F - Jat

- ”j @ 513?5/2))2' +0(1)= 2z log 2n+0(1).

This shows that @, (H)=0(?7), 0<n =1, does not imply s2=o(n").

2. Fundamental lemma (1).

LEMMA 1 (Fundamental lemma). Let 05, —1=r, 0<f—qg<Zyr—7v and
r—q<1. If



Convexity theovems for Fourier series 123

@1 j;i Ou) | du=o(fT) a5 t—0,

and if for any assigned positive number ¢ therve exist an ¢ =¢&'(e) >0 tending o
zevo with ¢ and an n. so that

(2.2) ST—SE > —e'nt, v=1L2-,m,
holds for m=[en® /917 gnd n > n., then one obtains
(2.3) st =on?) as mn—oo.

REMARK 2. Arguing similarly as in the proof of Lemma 1 we can easily
prove the following proposition.

If, in Lemma 1, ¢ in (2.1) is replaced by O, and the third assumption by
“if s1.,—st> —An?, A >0 a constant, holds for 0 <y < [#® 9/ and n>1",
then we have s;=0(#% in place of (2.3).

For the proof of this proposition, it is sufficient to take m = [(2k)n@-0/G-n7,

k being an integer greater than y—v.
We need some further lemmas. We write

@24 Dy = B ALDAD,

where D,(#) is the 7-th Dirichlet kernel, and

7+t = Dn v v v t
A () nqmlc ylZJl V22=1 sz~ +Y+Vat e+ Ic()

2.5) X(t)=

XaO= S - E Dy vgm i {8)

“kq a
me oy 1=l yg=1  pg=1

where £ is a fixed positive integer, and s is taken such as m = (2k) 'x.
LEMMA LY. Let m=min, ) =(2k) " n tend to infinity with n in as same order
as or lower ovder than n, and let v = —1, q be arbitrary. In ithese circumstances,
if
j P(DX ()t = o(L) as n—oo,
0

where X,(1) is defined by (2.5), and if (2.2) holds for n> n., then we have (2.3).
This is in the paper slightly modified. Also cf. the proof
of in §7.

LEMMA 1.2, If v= —1, and q is arbitrary, and m has the same meaning as in
Lemma 1.1, then X, () defined by (2.5) has the following properties.

where, for n=10,1, -,

(2.6) @)= (2 ) XO=00rwsn Ot
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O(n/l—q/tr+1) (%l‘ g 1)
@7 A= (5 ) 40~

O(n"~9/mFik+7+1) (mt=1),
(2.8) RO = (%)"Rn(t) — O(pr-a-1 /7Y it =1).

PROOF OF LEMMA 1.2. (24) yields for £#—=10,1, ..,
(‘gf)ﬂpﬁ(f) =01y for 0<¢<m,

which together with (2.5) gives (2.6). Next, Di(#) is written as, as it is well
known,

DXty= A;()+RiD),
where Ri(f) vanishes when =0 or r=—1, and generally

@9  Ait)=(2sin %—t)—ml) sin((n+é~)t+~%r(t—z)),

P L . 1 -G 1 .
Ri(H)y=2 Ard \2 sin ~2—~t) sin 72—(1,‘— J(t—r))
j=1
210 (
—{p+1) ]
+(2sin --%—t) s Apeisin ((V——n—--—é—---)t——%— He—m)),

p=mn+1

p being an arbitrary integer greater than 7. For details, see e.g. Zygmund
[16, p. 2597, and the paper [14]. The relation (2.10) implies

@1h (2 Ry=00r1109,  (uezD),

for £ =0,1,--, u,; 2, being as large as we wish with p.
Now, dividing X*(t) into two parts,

E 2 E An+u1+v2 -wk(ll)

q ok
n m yl-l u2-l vi=1

Xa@)=

m

E E ERn+vl+v2+ +V]g(t)~ n(t)‘}"Rn(t)

qu y1=lyg=1 pp=1
say. Then R, (#) satisfies the condition (2.8) by (2.11). Substituting (2.9), =

being replaced by #n+4v,+v,+ --- +v;, into the expression of A,(¢#) and then
adding them successively with respect to v’s we have

A = SRR ssin((n g Yy KA Do G—))

from which we get (2.7) similarly as in Lemma 2 in loc. cit. [13].
Similar results will be obtained for X;(¢), and we get the lemma.
Proor OF LEMMA 1. It is sufficient to show that, by Lemma 1.1,

(2.12) jo"go(t)Xn(t)dt — o(1) as 71— 00,
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where X,(¢) is defined by Let us take the integer /=[#+1]. Then,

and /=1 since #=0. By|[2.7) r—g <1, and taking %> y—7, we have for
pr=0,1-.,7—1, as n—o0,

X =01) (o<t =t=n)
and then
LDn (DX I = o(1).

Hence, applying integration by parts /-times to the left hand side integral in
(2.12), it is seen that (2.12) is equivalent to

(2.14) Jowxp@it=o1)  as n—oo.
On the other hand, the assumption together with /> 2 implies
[ 10001 du=oferies),
from which and from with ¢ =/ 1.e. X2()=0m ), it follows that
{ On_chL(t)Xn‘“(t)dt =0 (e | 0”_11 o) dt)

— O(anﬂﬂ(n—i)rﬂﬂ—ﬁ)
= o(nm Ty = 0(1),
because y—g < r—f by the assumption. Next, by with #=/, i.e. R2®)
=0(n1/¢2) for nt =1, we have

§ 7 oore®at=0(w [ (0w | reear),

which is, integrating by parts, and taking into account the fact r—g <1,
o[BIy = o4 TPy = o(1) r—B8<1)
O(Mr—q—l [tT*B’ljg_l) — o(ﬁriqil) = 0(1) (T—ﬂ > 1)

ofw-ei[log L | ) =otw-+tlogm=o1) G—p=1).
Hence, observing that X,(¢#) = A,()+R,(¢), to get (2.14) it is sufficient to show

(2.15) I={" onAPBat=01) as n—oo.

Al 3

(2.15) may be proved by the same argument as in the proof of
in loc. cit. [13], but for the sake of completeness we reproduce it. By the
identity

=800 = | t—uy-0guan,
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and neglecting the numerical factor 1/I"({—f), it follows that

— o ¢ B
I={" A9t | (t—up P Duran

[ Lz—n‘l du+ | n:dr { :_n_ldu — [+,

Using the number

(2.16) m= [en(B—q)/(r—n] ,
which is clearly less than #, and exchanging the order of integration, we have
m—1l-n-1 m—1
Il - ‘fo mﬁ(u)du ju+n—1(t_u)z_ﬂ_1Ag)(t)dt

—p-1

+ j’om_l_”—ldu { :_1dt+ { m

_Ln—ldu J.u+n_1di =L+l
Here, for the sake of convienience we write
Ut w) = (t—u) 1AL,

where —1</—fA—1=<0 by [2.13) Then, when n'=s=u<u, <w,=m, by the
second mean value theorem we obtain

[ vt we | Syt sup | A7)
Uy Z

Uy <t<ug

Thus, with #=[—1 gives

o 1-1—q 1 1
@17 | u12 UG, w)dt = (s, — )= - O nu;“ ) (rswm<wms =),
I—1—q 1
(218) = (ul—u)"ﬁ‘l . O(m#ui‘*m) (W Su <u, = 77:) .

m—l
Using [(2.17) with u, =u+n"?, i.e. U2, w)dt = OnP~9u o),
w+n—l

]1:5‘0

= O(nﬁ'q jom_ll D) | u“””du) .

m—Lon-1

De(u)du | 1_1U<z:, wdt

m
U+n

On account of y—r >0, (2.1) and integration by parts shows that the last
expression is

o~ L Ip ) = 0(—25%) = 0(%) .

Next, by [2.17) with u,=m™ Zu+t-n", i.e. f n_l Ut w)dt = O(nP~9mr+Y), we as

above obtain
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L= M oy [T v wa
( B- qmrﬂfo | (D[,(u) | du)
= o o) = o ) = o)

Furthermore, by (ZIB}with u, = u-+n = m™, e {7 U, u)= O3 /mluirr ),
u+n—

and since k&> y—v, one has

1_

jszj';__n—l (Dg(u)duf Ut

:O(%jmn—li Dy(w) | u—(k+r+l)du)

= )=o) =of ).

The above estimation gives [; =o(l) as n— oo.
Concerning I, we write

=" vt (t—uy o

- L"—ldu j:jn*ldf—l— L::ldu j: ldt+f w fuum—ldt

T T
+{7 auf a=EK+EAKAE,

say. Using with x =1 we see that all K’s are o(e™"~") by the same argu-
ment as above. Hence, I, = o(1) which together with I, =o(l) yields and
the lemma is completely established.

3. Proofs of Theorem 1 and Corollary 1.1.

We need a further lemma, which is independent of Fourier series.

LEMMA 2 (Dixson-Ferrar’s theorem). Let {s,} be any sequence of real terms
and s% (—oo < o < 00) be its n-th (C, &) sum, and let —1 <y and 0<y—c= f—b.
D If as n—

3.1 s = o(n")

(3.2) sp=0x",

then we have

(3.3) sT=o(nd), gq= c+(r—b)%E% , (n— o),

for b<r<p.
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an rr holds and s2=0y(n°), then we have [(3.3) for r with b+1=r <,
provided that b--1 < 8.

In the part (I), the case »=0, ¢=0 and 7 =0 is due to Dixson-Ferrar [2],
and the modified case 6=0 and y > —1 is found in Sunouchi [9]. In the part
(II), the case p = —1 is a corollary of Bosanquet [5, Theorem 6]. The above
general form is derived from these results by translation.

PrOOF OF THEOREM 1. We write

(34 p=F—=/(r—c).
We clearly have

B—a/r—m=o,
and the integer m used in is written as

(3.5) m=/[en’].
Also we have, by the assumptions,
(3.6) 0<p=1 and ¢—b<1,
(3.7) sE=0H"), c= -1, b>—-2).
First, we suppose that > —1, and let
3.8) r=c¢-+3J, q=b+0p and 0<d<1.
We write
st = 3 Alihosi— 3 AL, w=[2].

n' n-m
= DA, —ASH B (AN — ARD)sS
n+

y=0

— 3 ANttt S AN Lst= S+ S—S,+S,

n-m+1 n—m+1
say. Then, by and b > —1, one obtains in turn
Sy = i} O(mn®2) - O+ 1) = O(mn®—2"+)

=N en o140 = O(en?),
since (p+0—1+b)—g=—(1—0X1—p) =0,

S:= 2 00mln—vy?) - O02%)

— O(mnbni_}ﬂ:(n—u)a‘z) . 0<s<t,

= O(mn®m®1) = O(mPn®)

= O(?n?n") = O(en?)

and
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Sy= 3 Allss=0@ 3 AT

n-m+l n—m+1
= O(n"m®) = O(Pn?) .
Similarly, S,=0(%72%). Hence, replacing ¢+3d by » we have
Sham— St = O(%nY) .
Clearly, by the same argument as above we obtain, for all # > 1,
(3.9 st —si = 0(e?n9), v=0L2,,m.
Here, it will be easily verified that O depends only on ¢ and O in
On the other hand, we see that by (3.8) and (3.6)
r—g—c—b+o(1—p)<1
for a sufficiently small § >0. From r—g <1, (3.9) and the assumption (1.1), i. e.
Lt' Bla) | due = o(F7Y), it follows, by with ¢ = ¢, that s{=o(n?) holds

for every # such that ¢ <r=c¢+4,, J, being small enough.

Thus, when b > —1, starting from »=c¢-0J, and repeating the above argu-

ment, we have i.e
sp=o0(n?), q=b+{r—c)o,
for all values of v and ¢ as far as ¢c<r<y and r—g < 1.

Further, we suppose that »< —1. The condition (1.1) implies ®@g,,{)
=o(¢"""), and then @y, (£) = o(zf***?) since y = f-+c—b. Observing that c—b < 1,
we have
(3'10) Sg+z+c—b — 0(%‘3*2) ,

by a Obrechkoff’s theorem, i.e. [Corollary 2.2, [3.10) together with sf=O0(#?)
yields s¢*!= o(n**?) by Hence, on account of &> —2 we obtain

n’ =1
_ _ _ _ (]
Si= X (Ao~ AT H A — Al =[5,

— g}OO(mnﬁﬂ) . g((y+1)b+1)+0(mn5»-2) . O(nbﬂ)

= o(mnf 1) = o(en® oY = o(ent) .
The rest of the proof is unchanged, and we get the part (I) of the theorem.
Next, from the one-sided condition sf= 0. (#"), it follows that

m
Sei—Set = 3785, = Or(mn”) = O (en’*?) .
y=1

Besides, we see that (¢+1)—(0o+4b6) <1 by the assumption c+1 < y’. Hence, we
have s¢!'=o(n"*") by Lemma 1. The part (II) of the theorem, thus, follows
from the part ().
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Proor or CoroLLARY 1.1. If we put ¢=—1 and =0, then the conditions
in Theorem 1, i.e.
08, —1=¢, 0<f-0=Zy—c¢ and ¢-b<1

are reduced to a single one 0 <A =741 where the case F=7r-1 is trivial
Hence, disregarding the trivial case we obtain, by the part (I) of Theorem 1
and Remark 2 following Lemma 1, that the two conditions

jo’[ Do) | du =0,  o<B<rtl,
and «,=s5;'=0Q) imply

r— r+DEAT+ - 1 Jili[i
(3.11) sh= 009y, 1=y <inf(r, T5T0).

On the other hand, ¢, is actually o(1) of course. So, Dixson-Ferrar’s theorem,
by the conditions @, =o(1) and (3.11), will give
st = 0(n<r'+1)B/<r+1)) , —lsr<r,

which proves the theorem.

4, Proof of Theorem 2.

The kernel X, (#)= X, () in is implicitely defined by the identity
1 m m m 2 T
P 22 e X 3£+v1+v2+--< +vk:“n_J0 ?(f)X,;r(l‘)dt .

WM™ yi=1yy=1 yp=1

And, a slight modification of the proof shows that holds for r= —2
in place of r=—1. So, the principal part of should be expressed as
follows, if % is allowed to be unity, i.e. if r—r<1.

Let 04, —2=r,0<f—q=7—7, r—r<land r—g<1. Then

1) { | Oa) | due = oY as  {—0
o
implies
4.2) STEL gt == o= TPpgy) as n— oo,

for m =[en®2/@-7] > 0.

Here, examining the proof of we see that o in (4.2) will depend
only on o in (4.1) and on the value of (y—7), » being considered as a variable
parameter.

Now, letting

r=r+1 and ¢ =q+B—@/G—7),
one obtains (¢'—8)/(¥'—7)=(B—q)/(r—7), r—r >0, and (4.2) then becomes

.2y ST em—S5 = 0(e"  Tn?) as n—oo



Convexity theorems for Fourier series 131

Thus, the above proposition is expressed again as follows,
Let 0=4, —1=#, 0<g—f=v—r, ¥—r<1 and
(a8
r—b—(¢—-2=0) <1
Then, (4.1) implies (4.2) for m = [en@-B/e"=D7] ¢ (.
Replacing 8, 7, ¢', ' by b, ¢, ¢, v respectively, and letting

(4.3) wg:—g =p (clearly then 0<p=1),

and r—¢ =20, and taking into account the above remark, we have the following
LEMMA 3. Let 0=b, —1=c¢c and c—b<1. If

(4.4) { 07 D) | due = O as =0,

and if 0<8<1 and 0< p=1, then
(4.5) | s6t3—s570 | = Aefpt+or, v=1,2,,m,

holds for m=1_[en’], ¢ >0, and n>1, A being a constant depending only on & and
0 in (44).

When b=c+1, (4.4) is trivial since ¢(#)= L in (0, z).

We now prove Taking o =(8—50)/(r—c), as we may, the as-
sumptions give for every positive § <1. The condition is with
r=c+0. So, the theorem follows from the part (I) of [Theorem 1.

Part II.
5. Theorems (2).

THEOREM 3. Let —1=<8,0=<c and 0<r+1—c=p4+1—-b. () If

(5.1) §_0| s8] == o(n™*1) as n—oo,
.2) D) = O os =0,
then we have
1_
(5.3) O =0(D),  q=b+r—0) fix:g”' t—0),

Sor c<r<y-4Ll
(D If 5.1) holds, and @) =0 (") as t—0, then we have (5.3) for r with
c+H1=r<r-+1, provided that ¢ <ry.

THEOREM 4. Tet —1=58,0=c¢ and O0<r+1—c=<p+1-—-b6. If (5.1) holds,
and

(54) sSST=0mFY as n— oo.

then we have (5.3) for c <r<7r+1.
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(N.B. 4) In we may suppose that b—¢ > —1 when 5=0, as
was noticed in (N.B. 2) in §1. An analogous notice may be made for
3 when ¢=1.

(N.B. 5) On the contrary, if b—c =< —1, letting ¢=1and 5 =0 in Theorems
3, 4, then we have the following corollary, the condition (5.1) being replaced
by a less stringent one,

COROLLARY 3.1. IF 0<r<A+1, and

.1y s8] = O as n—roo,
then we have
(5.5) O =0t  a=(r— 1>-ﬂ—ji , t—0,

SJor 1=r<r+1.
REMARK 3. In view of Corollary 3.1, we see that if c=1 then Theorems
3, 4 have meanings only when
Bz gy AL
b+(r—rc) ¢ >(r—D e
which is equivalent to
(5.6 (B+1X1—c)+br>0.
And, if ¢ <1 and we take into account @,(¥)=o(l) together with either (5.2)
or (5.4), then the truth of the above conclusion can be readily verified.
Now, letting »—=¢g =« and repeating the same discussion as in §1, we have
the following corollaries from the above theorems.
COROLLARY 3.2. Let —1<y<f and 0<3. If (5.1) holds, and if either of
the two condilions

P8 =O(t™%)

o) = O (t79), B—r=dr,
1s satisfied, then
P D)=0("), a=dr+D/(A—r+d).

As was noticed in Remark 3, this corollary has a meaning only when
0y < f+1 by (B.6) with ¢=0 and b= —4§, which proves a conjecture of Suno-
uchi [97].

When 6y = #+1, we have the following

COROLLARY 33. If 0<y <8, and the condition (5.1) in Corollary 3.1 holds,
then

D=0,  a=@+D/B+1-7).

COROLLARY 4l. Let —1=Zcand b<c<y<B, If(5.1)holds, and st=0(n°),
then we have
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O (D=0, a= HTE% .

COROLLARY 4.1.° Let 0<0<l and —Q—-0<r<B. If BL) holds, and
&y = O ), then
D) =0(t"), a=0dB+1)/(B—r+3).
In the case 6§ =1, we have in place of this corollary.
COROLLARY 4.2. If —1 <y and s2=o(n"), then we have

Dy iyl = O(tﬁﬂw) ,
for every 7> 0.
This is immediately deduced by applying to s2=o(x#") and 5%
=o(n""*) where £ >0 and f+4% = —1, the latter of which follows from the former.
In this corollary, the case y = #--1 is trivial when 8= —1. The restricted
case 0 <y <p <r+1 is due to Hyslop and the general case due to Izumi

[5]

6. Preliminary lemmas.

The following Lemmas 4, 5 are independent of Fourier series.

LEMMA 4. Let o) L in (0,¢,) and OX#) (=0, k=0) be defined as in
{0.2), and let ¥>0 and q be an arbitrary constant. Then, a necessary and suffi-
cient condition for

D) = o) as t—0
is that
D) = o(#*+9) as t—0,

for any positive number k.

This is Theorem 1 in the paper [157.

LEMMA 5 (Riesz's theorem). Let @)= L in (0,4,), and @) (> 0) be de-
fined as in (01), and let 0< < yr—c. (D) If as t—0

{6.1) D8y = o(t")

(6.2) e =03,

then we have

{6.3) @ (1) = o(ze+7T—VB) | (t—0),
For 0 <r <A

(1) If (6.1) Aholds, and @(t) =0 (t%, then we have (6.3) for r with 1=<r <8,
provided that 1 <.

In the part (I), the case ¢=0 is a modified result from Riesz [1, Theorem
II7, and the case 7y > —1 is found in e. g. Bosanquet [5] and Sunouchi [9].

The part (II) is a result from Theorem 7 which will be proved in the last
article.
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(N.B. 6) In the above lemma, concerning the numbers £, y and ¢ one needs
no restriction other than 0 < #=<r-c, as it is easily verified by Lemma 4 If
¢ > —1 then the condition can be derived neither from @, (¢)=0(1) nor from
O,(#)=0(1) and But, if ¢ < —1 then one will have often some better con-
clusion than{(6.3) on account of @,(#)=9(1). Similarly, if ¢= —1 then the single
condition implies @,()=o("), r> 0.

LEMMA 4.° Let —1=p,0=cand 0<y+l1—c=p-+1—b. Then, the two con-
ditions in (11) of Theovrem 3, i.e.

6.4) é | 8| = o(™)
(6.5) D) = O (")
mply

(6.6) DY) = 0,(*™),

where k> 2 is an arbitrary integer.

Proor. The case ¢ =0 is trivial, and so we may suppose that ¢>0. By
a theorem of Izumi, i.e. Corollary 4.2, the condition s8"'=o0(»"*") which is a
result from (6.4) implies

(6.7 Dy () = o(tPH%), k>2.

Observing that y4% > ¢+1 and applying the part (II) of Lemma 5 to (6.5) and
(6.7), we have

(6.8) Dy ()= 0({**7) for j=1,2,---.

Hence, from the identity

= tk@cct>+—r-<c—)ﬁ( YT AN 1),

j=1
we see that (6.3) and (6.8) imply {6.6), which proves the lemma.

LEMMA 6. Let v>0, @, b, A and B be arbitvary constants independent of
n and t, and let a+-b={r—0]. Then

1 i
5 (t—uy tu® (2 sin Tu) cos((n+ADu-+B)du = O( )
holds uniformly in n=1 and 0 <tZn, and this is the same malier as

j (1— )" (2 sm——z‘w) cos ((n-AVtw-+ B)dw = 0( ( t)f).
The case where 0 <r=1 and ¢ =6=0 are both satisfied is well known.
See Hobson [17. pp. 564-5657].

This lemma is easily derived from the following lemma by induction, the
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proof being omitted.
LEMMA 6.1. If0<r<1, and g(w) is a veal function with g(0)=0, of bounded

t
variation in every interval 0 = u<t, and if G)= j . | dg(u) |, then
t r— inu . G(t) . -1
jo (t—uy-gemdu=0(-27"), i=v—T,
holds uniformly in n=1 and t > 0.
LEMMA 7. If u, =0 (v =1), and c>a>b, a>0, then

M=

u, = o(n®) as n—oo
1

14

implies

u, 1

i =ol5w=)

as n— oo, and conversely. All 0's may be veplaced by O’s.
The proof is easy.

n [ -3
X p=0nt") and X
y=1V y=n

7. Fundamental lemma (2).

LEMMA 8 (Fundamental lemma) Let —1=4, 0=y and 0<y+1—r
=p+l—q If

(7.1 }i}()l sB = o(n"*") as n-—sco,

and if for any assigned positive number ¢ there exist an & =&'(e) >0 tending to
zevo with ¢ and a t. such that

(7.2) DUt +-u)—OUL) > —e't*e, O<u=zh,

! being an integer greater than v--1, holds for h=—=eB+1-0/0+1=0 aqud 0Lt <4,
then one obtains

(7.3 O,(8) = oY) as t—0.

REMARK 4. Arguing similarly as in the proof of Lemma 8, we can easily
obtain the following result.

If, in Lemma 8, ¢ in (7.1) is replaced by O, and the third assumption by
“OUtHu)— DU > — AP, I > r+1and A >0, holds for 0 <z < #F+1-@/0+1-0) and
0<t<1”, then we have @,()=0(? in place of (7.3).

To get this result, it is sufficient to take 4= (2k)~1##+1-@/T+1-n Pk bheing an
integer greater than y-+1—r7.

In order to prove Lemma 8, we need some further lemmas.

LEMMA 8.1. Let r=0, and
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h h n
CiO=h" [ du | duy - [ OUut gt o e
74 0= . .
To(H=hrF jlo dulj duy -+ J' QUEt—1,—ty— -+ —up)dtty ,
1] 0

wheve | and B are two fixed positive integers, 0 < h=h{t, ) <(2k)™, and let h
tend to zero with t in as same ovder as or higher order than t. In these circum-
stances, if for a constani q

(7.5) ¥ (DH=o(t"?) as t—0,

and if (1.2) holds for 0 <t <{i,, then we have (7.3).
Proor OF LEMMA 8.1. We first notice that, roughly speaking, (7.2) implies

QUt-+u)—DLE) > —ke't™?, O<u=<kh,
for any fixed integer k. Substituting the relations (7.5) and (7.2) into the

identities

R R h
OO =i O~ [ dn. | duy - [ L0+ At - )~ OUO e,

h h R
GUO=T O+ [ du, | “du, - | TOUO—~ O —tts—va— -+ —w) e,
0 a b
we thus have
: DU e DU
lzggl SUp —3g~ =0, 1515)1 inf A =0

respectively. Hence, we get @OU) = o(t"*?), and then @,()=o(#?) by Lemma 4.
This proves the lemma.

Now, we must investigate the property of ¥f(¥), and it may be restricted
to consider ¥}(#) only, since it is similar to ¥, (¢#). In the case » >0, neglect-
ing the numerical factor 1/T°(»),

Oy = j Ou(%—ﬂ)"lv’go(v)dv. (v =uw),

1
=yt j‘o (1—w) 'w'e(uw)dw ,

and so substituting this expression with «=¢+u,+u,+ --- +#, for that of ¥,(#)
defined by (7.4), we have

I R h
()= h—kj duljl duty - j. o, -+ du,
[ 0 0
7.6) 1
on (1—w)r_]wlgo((t+%1+ +%7¢)W)dw .

And, clearly when r=0,
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h 2 h
U=k dn [ dug e Gt etk .

We may consider the case > 0 only, since the case »r=90 is easier.
Concerning the particular function

o(v) = (2 sin —%—v)acos {(n+byw+c)

we have the following lemma, / being replaced by [#]+k4.

LEMMA 8.2. Let v>0 be arbitrary, k be a positive integer, @ =0, b and ¢ be
three arbitrary constanls, and let

n h v
B,=h* jo du, jo doty -+ 50 W IRy,
(7.7
r =1, (71 +k 1 “
X 5'0 (1—wy'w (2 sin Tuw) cos((n+b)uw—+c)dw ,

wheve w=1{+u,4 - +uy, and h has the same meaning as in Lemma 8.1. Then,
we have
tEr:l+k+a.

@8 Ben=0(T a9 B=o( o)

uniformly in n=1 and 0 <t <=
In order to study the general case where »>0 is arbitrary, we suppose
that

[r1=[r—0],

i.e. that when 7 is integral the notation [»] means r~—1 in place of », so far
as it is concerned with the present article.

PROOF OF LEMMA 82. Applying to the last integral lew in
(7.7), we see that
{7.10) j 1(1—1,0)**]110“3”*"\2 sin gl\uw> cos((n+buw--c)dw = O( u’ = ) ,

0 (nu)

which yields (7.8) immediately by (7.7) and x~ .

Next, applying integration by parts [7]-times to the left hand integral in
{7.10), the integral becomes

cos((n+b)uw+c’)
j‘f( %, W (n_l_b)ET]uEr] - d;

where
Flu, w)= ( 2 )H((l—w)f“lwf'yr ”(2 sin --Luw)a)
ow 2 ?
and ¢’ =¢+[7Ix/2. By an elaboration, we see that f(«, ) may be written as
an algebraic sum of functions of the type
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Loy b ey (2sin o) (2sin )
where 0 <#—[#]<1 and p,, p, P, ps are integers such that
054 =[], 0=p=[r], 0=p<p and p,=0,1.
We may take as f(u,w) a term corresponding to p,=p, =p, =0

Fla, w) = (1 —ew) " we (uw),
where

a-p
2(uw) = (uw)p(Z sin éﬁtbu) ,
since the estimation is similar for the other terms. B, in (7.7) then becomes

a{® k L ! cos((n+byuw—+c’
h k_fo d”ljo d”z jo u kdukj f1(%, Z/U) (Sii?)[z]%ﬁgdw ’

and, exchanging the order of integration we have
———— _l_.___, R ! _ r—{rl—1,, %k " .
B, = WG LBy ‘fo(l w) w dwjo du, fo di,

P johu” ko (uur) cos (n-+b)uw+c )dus ,

where u=4¢+u,+ - +u,. Now, observing that the function #™*g(uw), w >0
being considered to be a parameter, is monotonously increasing with respect

to each small #; >0, and applying the second mean value theorem to the re-
peated integral, we obtain

r+k 1
B,= %,Eg:fg“”f 50 (1—w) =g (44 kiw)

* (Jlf[lz sin —%—(m—b)(h—hj)w) cos [(n—%b)(t%-%(kthhl—i— -l-k,,;))w-kc’]dw ,

where 0 < /%; <A Expanding the product (IT%.)cos into a linear sum of co-
sines, and applying with ¢=p and b=a—p to each of the integrals
we have

1 . l(a—p
J‘o dW%(t_*—kh)p ¢ O(*(WD‘:T) R
and then
e QERRYTE o 8 N ot
Bn‘* hk(n+b)trj+k O( (nlt)rftr] ) - ( PaLd ) ’

which is (7.9), and the lemma is proved.

Proor or LEMMA 8. By [Lemma 8] it is sufficient to show that the con-
dition implies [75), while[[7.5)is, in the case > 0, by (7.6) with /=[r]+k¢,
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h h h
— 5=k r+[r]
VH=h jo duljo du, f{) U gy
(7.11)
1
X j'o (M=) ' 2 o(uw)dw == o(ttr1 e+ a) |

where #=¢+u,+ - +u, Replacing ¢(uw), as we may, by its Fourier series
the last integral in (7.11} is

1 ] 1
[ —wy- et otuoydn = 3 a, [ —wy1ut** cos vuwduw ,
0 p=u 0

where X/ means that ¢, is replaced by «,/2.
Applying Abel’'s transformation [+ 1]-times we have

*1—00+ Ea,, cos vuw = —P,+0,

y=1

(7.12)
-+ (2 sin *%fuw)ﬂ 1%‘88 cos [(V_}__é* (B+1)) uw_f%ﬁ (/3+1)7f] ’
where
P,= (2 sin *%—ug,(;)[ﬁﬂ] iSB f} ALBLB-1

=0 p=n+l

X C0S ((H%{,eﬂj)uwﬂ -[6+11x),

Q,— (2 sin —;—uw) s} cos (<n+1+ ]/uw ]7:)

in particular, P,, vanishes when # is integral, and @, does when —1=73<0.

Cf. the cited paper [12]. Now, in view of u={¢+u,+ - +u, and
with

a=[F+11, b:%‘[ﬁ—i—lj and ¢= —- *[ﬁ+1]7r,
we have
h h h 1
— 4 vee r+lrltk . r—1,,[rltk
(P=h j‘odulf”duz jdu du,cjo(l WY S IE P i

isﬁ = A[ﬁ] B~ IB

y=0 gu=n+l

and by (7.9) B,=0(u"*) holds for fixed />0 and A>0. Thus, taking
k> r+1—r (7.1) yields

(Py=3sf 3 ATt O )

y=v p=n-+l
= O™ 3 | B ) = O(m "+ 1y = o(1) .
y=0

Similarly, when £ =0,
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R 3 h
(Q"):h_kjlu duljo dee, - ‘fu u”m”‘duk‘fo A—w) w2 *Q, dw

(A1 | [B] N
=35 0= S o™ - O~ =o(D),
i= i=0

since s =0( 81 D=0 for 7=0,1,---,[f1.  This is also true when
—1=p5<0, for @, then vanishes.
Hence, following (7.12) we may replace the Fourier series of ¢{uw) by

(2sin —5-w0)” " 558 cos[ (v+5-(B+ D) Juw——5-(8+ s ]

concerning the estimation of ¥(f). Replacing ¢luw) in the integral of (7.11)
by the last series, and using with

a=F+1, b=1(8+D) and c=— 3 B+,

we have
(7.13) V=SB, =3+ 3 =S+R,
y=1{ y=u y=n-+
where, uniformly in v>=1 and 0 <¢ <,
_ fErlTEef+1 PV f[r]+k+ﬁ+1
B”‘l_o(i % )’ B”_O\ yrk gk )

We can easily verify that the succeeding argument remains unchanged also
when [#]=r=0. Noting now that
h=¢t*, p=@+1-/F+1-7),

—1=p4, 027 and O0<y+1l—r=p8+1l—gq,
taking
n:[h—l:], 1e n]ZN]_,

we then have by [(7.1) and k> y+1—7, in turn
Su=3158B, = O ++841 3 [ 68 | v+ 1))
y=9u y=20

t['r]+k+q
i J+E+P+1 7 +1-17Y —
— 0@[7 BT+ )= 0(?1ﬁﬁ) ,

Rn: i SEBu:O<tET]+k+B+IIZ_k§ I 36 | p—r—k)

y=n+l T+l
Crl+k+B+17, =k, T+1—r—k gLtk
J— - +1—r— R .
=o(t% ATty )—0( o )

These relations together with give (7.11), and the lemma is completely
proved.
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8. Proofs of Theorem 3 and Corollary 3.1.

ProOF OF THEOREM 3. Letting

p=(B+1-b)/(r+1—7),
we see that
e=1 and ¢g=b+(r—c)p.
For such 7 and ¢, (B+1—¢)/(y+-1—7r)=p holds, and the number % used in
Lemma 8 is written as

8.1 hA=ct?.
We now put
8.2) r=ct+o<r+1, g=b+dp and 0<d<],

and use the letter £ in place of / in Lemma 8.
Under these circumstances, we first prove that the condition

8.3 DL = 0™, c=0,
which is by Lemma 4 equivalent to (5.2), implies
8.4 D& ot I)— D, 1) = O(e0eF+0+v)

where % is an integer greater than y+1 and —b. Using the identity
4
T ) = | t—up  Oiwdu,
0
and neglecting the numerical factor 1/I'(d), we have

e e M e e O DY

—_ (=P O+ | t;”(tw—uwﬂ@ﬁ(u)du =L, —I+1,,
t~ ¢-
say. Then, by (8.3),

n=0(r O“hl (-+h—sP =1yt | du)

t—-h
=0 —g)i 2 , 0<d<l,
o(t jo h(t—1ydu) <8<
— O(tk+bha) — O(Eatk+b+60) .
Similarly,
t
— k+d DAY, S8 — 3 pk+b+-30
L=0(t [ (e—up-tdu) = O+,

and I, = O(eft%+2+3¢), These prove (8.4).
Clearly, the same argument as above gives for all ¢ 0<t<¢,

(8.5 Ok, f(t-+u)— Ok, () = O(edt*+2*0r) , O<uzsh.
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Here, it will be easily verified that O depends only on § and O in So,
applying with ¢ =¢® to (85)and (5.1), i.e. 32, | s8 |=o(n™"), we get
D..5(8) = o(t**%0),
for ¢+86 <y+1 and 0 <8 <1, and then for every value of § such as ¢ <c¢+d

<r-+1. This proves the part (I) of the theorem.

Next, observing that the one-sided condition @ ¢)=0,(") and imply
DY = 0 (£***) by Lemma 4° in §6, and letting §=1 in (8.2), as we may, we
have

Dot —Den(D) = j :M(D’i(u)du = O (W™ = O (el P),

by (8.1). Hence, Lemma 8 yields @, (&) = o(***), which proves the part (II) of
the theorem by the part ().

ProoF OF COROLLARY 3.1. The proof runs analogously as Corollary 1.1.
Letting ¢=1 and »=0, the conditions —1<4, 0=cand 0<yr+1l—c=fB+1—b
in Theorem 3 are reduced to a single one 0 <7y < #+1, the case y = F+1 being
trivial. And, the conditions

S1s81=00r and 0,)=01)

imply for 1=r<yr+1

(3.6 O,H)=01%, q=@-18+D/r,

by Remark 4 following Lemma 8 and the part (I) of Theorem 3. Applying
Riesz’s theorem in §6 to (8.6) and @,(¢#)=0(1), we get the desired result.

9. Proof of Theorem 4.

We need a lemma.
LEMMA 9. Let ¢=0, b be arbitrary and o =1 (except the case c =p—1=0).

Ir
©.1) SI=00) or 3|t =00n) as n—soo,

and if 0<86 <1 and k=sup(0, c—>b~+1), then
9.2) | OF: (t+-1)+ Dl ot —16) =208, () | = AIfP200 . 0<u=h,
holds for h=c¢t?, ¢ >0, and 0 <t <1, A being a constant depending only on o
and O in (9.1).

In the exceptional case ¢ =p—1=0, this lemma is still true if, in addition,
s = O(n*'*7) holds for some positive 7.

We sketch the proof of this lemma. Write

(9.3) co=| Ot(t-—u)”"‘lu" (2sin %u)bcos(nu—]— B—)/ 2 .
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Then, a similar argument as in the proof of shows that, for
kE=sup(0, c—b-+1),

tk+b
O.4) Ct)=O(zv) (c20),
and
24k+b+e-[el+d-2 E+b
Com it +Comst =) =20 = O( 5 ) L0 () (¢ 2 0)
thk-’-bv‘ﬁ—l htk+b
= O( nc‘i—) +O( peta-1 ) (C = ]-: 2; "')

hold uniformly in =1 and 0=¢=nx. If we replace ¢(#) by its Fourier series
and take into account then we obtain, for £ =sup(0,c—b+1)

e+ 0)0ks0)= [ G—wr ot oluwdu= 357G,

where C,(¢) is defined by
Arguing similarly as in the proof of these relations give for
h=¢t?, >0, and for given 8 (0<d6 < 1)
OF )+ OF, (& — 1) — 2D, 1) = O(1F+2+90)

uniformly in 0 <#<1. From this follows the lemma.

We now prove Putting po=(F+1-0)/(y+1—¢c), as we may,
and the remark after it conclude that the assumptions imply
for every positive § <1. And, is the left side being slightly modified.
So, the theorem follows from the part (I) of

Part III.
10. Theorems (3).
THEOREM 5, Let 0=0 and 0 < f—b<y—¢c. If

(10.1) Dty = o(t") as t—0,
(10.2) &1 =0(n’Y) as n— oo,
then we have

(103) D=0, g=ctor—b) i,

as t—0, for b<r<4A.
THEOREM 6. Let —1=0b, 0=¢, 0<r—c=pF—b and b—c< 1. If

(10.4) 58 = o(n") as n—oo,

(10.5) D) =0 as t—0,
then we have
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(10.6) sp=onY, gq= €+(7’_b)‘E%g g

as n—oo, for b<r<4p.

(N.B. 7) Observing «,=o0(1), one sees that has a meaning in
the sense noticed in Remark 3 in §5, only when ¢(8+1)<(b+1)r is assumed
in addition to the assumptions. does when ¢(f—1)>(@—y.

Discussing as in §1, we have the following summability theorems from
the above ones.

COROLLARY 5. Let 0<0<1 and 6 < B <y. If

Qgt)y=0") and a,=0n ),
then we have
Dy (t) = 0ot a=yd/(r—R+0).
COROLLARY 6. Let 0<y< B and 0<a<1. If
sB=on") and o{)=0(t7?),
then we have
7= 0(n"), a=73/(f—7+0).

11. Proof of Theorem 5.

We need two lemmas.
LEMMA 10. Let o)=L in (0, x) and D), a >0, be defined as in (0.1), and
let O<y<x, 0<6=5]1. Then, we have

Y
TGy J, G0 e(dr | = max | Gyw))

This is due to Riesz [1]
LEMMA 9. Let b=0, ¢ be arbitrary and p =1 (except the case b =p—1=0).
Ir

(11D st =0(#n""Y) as m—oo,
and if 0<3<1 and k=sup(0,b—c+1), then
(11.2) | @%, st +u)+ Ok, st —u)—20%. ) | = Aedgkterdr O<u=h,

holds for h=z¢t*, ¢>0, and 0 <t <1, A being a constant depending only on 6 and
0O in (11.1).

This is an alternative form of in §9.

PrROOF OF THEOREM 5. It is sufficient to show that, for every small & >0

(11.3) Dy 1o(t) = o(t°+%°)

where b+86 < f and po=(y—c)/(f—b)=1, since the assumptions then imply
for b+0 <7< A, by Riesz’s theorem in §6.
We now put
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(11.4) p—(b+d)=p+d4, 0<4=1,
for non-negative integer p, and
(11.5) h=c¢t’, e>0,

and proceed in a similar way as in Bosanquet as follows. We then have
the following identity

A h h
B o) =0~ g | Go—wdduy | oy -
(11.6)
h
X [ LOh skttt unt -+ )0k )]duy

where
A P n h
V)= e jg oy | - Ottt - iy

By Lemma &, taking %=sup(0, b—c-+1) and excepting the case p=p—1=0,
the assumptions imply Hence, (11.6) is written as
(11.7) D, ) =T (D)+O(e 0k e+9)
for every positive § < 1.
On the other hand, calculating the repeated integral we have
4 2 , b _ .
W8 VO=er S D) [ 05t ik
Observing that p-+b6+0=F—4, the last integral with j=0 is, on account of
k+r>0,
h
J )W ety =),

t+h
= | rh—w O fadu

= [ AOKe+i)— | :(t—kh—u)"“ld)’ﬁ_d(u)du

— o(tk+7)+0(tk+7’) — O(tk+r) ,

by and the fact @K =o(z**") which is equivalent to (10.1) owing
to in §6. Same estimation holds for the other integrals in [(I1.8

Hence, from and we have
tk+r 2'tlc+r tk+c+6ﬂ
140 :0( o+ ) :0( /855 > = 0( BB )
Thus, (11.7) vields for every small § >0
’;§+a(t) — O(tk+c+6ﬂ) s

which is equivalent to [(11.3) by Lemma 4
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In the exceptional case b=p—1=0, we see by an elaboration that (10.1)
and (10.2) imply for every >0

ST =0O(n> ") if ¢—b+an odd integer,
and that the single condition (10.2) implies for every >0
Do) = Ot if ¢—b=uan odd integer.

The result thus follows from these relations and (10.1), and the proof is com-
pleted.

12. Proof of Theorem 6.

The proof runs quite analogously as in integration of a func-
tion being replaced by summation of a sequence. But, for the sake of com-
pleteness we reproduce the argument. We need two lemmas, the former of
which is independent of Fourier series.

LEMMA 11. IFf O0<m<m and 0<S=1, then

m
| 3 Adls, | =max|sg],
y=y 0=

Sp=En

where {s,} is an arbitrary sequence, and s% denotes its n-th (C, &) sum.
This is due to Bosanquet [4]
LEMMA 3. Let —1=<b, 0=Zc and b—c<1. I

(12.1) D) =0 as t—0,
and if 0<06<1 and 0<p=1, then
(12.2) | 33 —shr0 | < Aedneroe, v=1,2,m,

holds for m=1[en"], ¢>0, and n>1, A being a constant depending only on & and
O in (12.1).

This is an alternative form of in §4.

ProOF OF THEOREM 6. It is sufficient to show, in view of Dixson-Ferrar’s
theorem in § 3, that for every small & >0,

(12.3) sat? = o(n°+9¢),

where b-+6< F and p=(GF—c)/(F—b)=1. We now define two numbers p, 4 as
in (11.4), and put

(12.9) m = [en’], e>0.
We then have the identity
(12.5) sy =T—U,

where
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1
T=-, mpAm o y? Af- y0y§1 VE 3n+v0+u1+ by
1 ;
U=— s TmPAL VEIAé’z Vo El 2 (SH+V0+V1+ —wp_SbJra .
0= v1=

By (10.4) and [Lemma 11 we have on account of y >0

T'=—51a— 2( N> AR S (b+5+p:ﬁ_ﬂd)

mpAm t j=0 Vo1 n-tvy+jm =y
+(f+m

= mf’A E( 1)P- :" > An+(j+1)m ys4

m=-1 §=1} y=n+jfm+1
N nT ncﬂ?ﬁ
= Ay B - =o(5ir) =o( )
On the other hand, the assumptions imply [12.2) in Lemma 3, and so it holds
U=0(edpsro"),

for 0<d<1.
Hence, from we obtain [(12.3) for every small 6 >0, and the theorem
is proved.

13. Supplementary theorems.

Concerning Riesz’s theorem mentioned in § 6, we shall prove the following
theorems. In these theorems and their proofs, we suppose that @)= L in
(0,7, and @L#) (¢ =0, k=0) is defined as in

THEOREM 7. Let 0< f and f+1Zr—c. If

(13.1) O)=01") as t—0,

and if, for 0 <u <17 gugd 0 <t <1,

(13.2) o(t+u)—et) > — At'u, A>0,
then we have, as t—0,

(13.3) D) = o(gerer da-o/G+y  for 0=Zr< 8.

As in (N.B. 7) in §6, concerning the numbers 4, y and ¢ one needs no
restriction other than 0 <A< y—c—1.

o(¢) being replaced by @,(¢), gives the part (II) of Riesz’s
theorem:.

THEOREM 8. If 0< B = r—c and (13.1) holds, and if for 0 < u<{¥ 9% and
0<i<ty,

e+u)—o) > —At°, A>0,
then we have, as t— 0, o) =00, and
D)= o778y for 0<r<f.
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This is a slight modification of the part (I) of Riesz’s theorem. Concerning
the “ Cesaro sums "-analogue, see the paper [12, Lemma 2.17.

ProoF OF THEOREM 7. We sketch the proof. It is sufficient to show, in
view of Riesz’s theorem, that the assumptions imply

(13.4) By =o(*"y,  o=0G—-)/E+1).

(D) The case y =0. Arguing similarly as in the proof of
follows from the identity (11.6), @%,(¢) being replaced by ¢() and from its
analogue. So, we omit the proof of the present case. Indeed, this case is an
illustration of loc. cit. [5, Theorem 1], in (14) of which it is supposed that #!
should be taken in place of (A—7,)%".

(II) The case y < 0. Clearly, (13.1) implies

(13.5) Dpi(t) = o(t+F)
for every positive integer k. Taking k> —r, and applying the case (I) to (13.5)
and we get o(@)=o(t*"). From this and one sees that
DYt +u)— K@) = [+ w) — T ot -+u) -+ Lol +u)—p(h)]
> L@ Fu)—t*] - o(tH—1* - Atu
> —(A+1Dik+ey

holds for 0 < u < and 0 < ¢ < ¢, Applying again the case (I) to the last in-
equality and @X#) = o(#**") which is equivalent to (13.1) owing to in
§ 6, we have

56 = o(g¥*°**).

And, this is also equivalent to (13.4), which proves the theorem.
The proof of runs quite analogously as above. The assumptions
here imply () =00 in place of @)= o(¢).
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