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Convolution operators in A~ for convex
domains

Alexander V. Abanin, Ryuichi Ishimura and Le Hai Khoi

Abstract. We consider the convolution operators in spaces of functions which are holo-
morphic in a bounded convex domain in C™ and have a polynomial growth near its boundary.
A characterization of the surjectivity of such operators on the class of all domains is given in
terms of low bounds of the Laplace transformation of analytic functionals defining the operators.

1. Introduction

By O(£2) denote the space of functions holomorphic in a domain QCC"™. If z, (€
C", then |z|=(2121+...+2n2,)"/? and (z,()=21C1+...+2,Ca. By B(z; R) denote
the open ball in C™ centered at z€C" of radius R. The supporting function of a
convex set M in C™ is Has(€):=sup, <, Re(z,£). Also put Ryr:=sup,¢,, /2|

Let © be a convex bounded domain in C" and dq(z):=infccpq [z2—(]|, z€Q.
The space A~°(2) of holomorphic functions in € with polynomial growth near the
boundary 0fQ is defined as

A=®(Q) = {f € O(): [l :=5up (=) lda(2)" < 00 for some p> o}

and equipped with its natural inductive limit topology.

The main goal of this note is to establish surjectivity criteria for convolution
operator px: A7 (Q+K)—A>°(Q), where K is a convex compact set in C". Tt
should be noted that the surjectivity of convolution operators for the spaces O(Q2)
of holomorphic functions in convex domains of C™ have been understood quite well
(see, e.g., [17], [19] and [23] and references therein), whereas it is known less for
the spaces of holomorphic functions with prescribed growth near the boundary of
Q (see [21]). Moreover, for the spaces of type A~>°(Q)), as far as we know, this
problem is not yet treated, although the spaces of such a type have been studied in
various directions by many authors (we refer the reader to [7], [8] and [24], as well
as [4]-[6] and [9]).
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The structure of this paper is as follows. Section 2 is concerned with the acting
of convolution operators in spaces of type A~°°(£2) and their conjugates which are
actually multiplication operators. The main result in Section 2 is a surjectivity
functional criterion for convolution operators (see Theorem 2.9). In Section 3 we
study a surjectivity problem for the class of all convex domains. We introduce a
condition (S%) for the Laplace transformation of analytic functionals in C™ and in
terms of this condition prove a criterion for surjectivity for convolution operators
(see Theorem 3.10). In the last Section 4 we give some examples, discuss the
problem of existence of functions satisfying the condition (S%), and get an explicit
representation of solutions for convolution equations in a form of Dirichlet series.

We note that some of our results were announced in [3].

2. Convolution operators
2.1. Analytic functionals carried by a compact convex set

Let u be an analytic functional on C”, carried by a compact convex set K, and
Q be a bounded convex domain in C". Consider the convolution operator

,LL*f(Z) = <.u“w’ f(Z+’LU)>,

which maps O(Q+K) into O(Q) continuously (see, e.g., [18, Chapter 9] and [23]).
Notice that the Laplace (or Fourier—Borel) transformation

Q) = (pz, e>9), ¢ecCn,

of the functional p is an entire function in C™ of exponential type that belongs to
the space

P = {fGO(C"):Cs;g % < oo for all €>0}.
Conversely, each fe€ Py defines an analytic functional p, carried by K, with g=f.

Our nearest aim is to find out conditions on g (or on fi) under which p acts
from A= (Q+K) into A=°(£2). Recall that A=°°(€) is a dual Fréchet—Schwartz
space for any Q. Furthermore, as was announced in [4, Theorem 2.1], if either n=1,
or n>1 and Q has C? boundary, the strong dual (A7>(2)); of A=>°(2) can be
identified, via the Laplace transformation of functionals, with the Fréchet—Schwartz
space of entire functions

_ [f(OIA+IC)?
oo ny .
Ag —{fEO(C )~|f\p,n—<selfcpn o~ <ooforallpeNy.
Denote by D~°" the family of all bounded convex domains € in C™ for which

the same isomorphism (A~°°(Q));~A5™ is valid. In what follows we will identify
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(A7>°(Q2)), with A;™ for QeD~>>". We strongly believe that D" coincides
with the family of all bounded convex domains in C", n>1, and, if it is so, we can
omit our further condition that Q2 and Q+ K belong to D™°".

Put

7i={peo@): mp 10

et W < oo for some pEN}

Proposition 2.1. Let Q and Q+K be in D" Then ux A~ (Q+K)C
A™°(Q) if and only if fe AR. In addition, for each nontrivial p with j€ A% the
following statements hold:

(i) The convolution operator ux: A= (Q+K)—A~>®(Q) is continuous and
has a dense range;

(ii) The conjugate operator to px is the multiplication operator

Ayt AT — A&fK,

Proof. Let pux A= (Q+K)CA™>°(Q) and suppose that a net (f3, u*f3)sen
converges in A7 (Q+K)x A~>(Q) to (f,g). Obviously, A=>°(Q+K)—=0O(Q+K)
and A=>*(2)—=0(Q). Here — is the symbol of continuous embedding. From this
and continuity of ux: O(Q+K)—0O() it follows that (fg,u*fs)sen converges
in O(Q+K)x0(Q) to (f,uxf). Thus, g=pxf and consequently the operator
px: AT (Q+K)—A7°°(Q) has a closed graph. By the Grothendieck closed graph
theorem [13] this operator is continuous. By virtue of the fact that A=*°(Q+K)
and A~*°(Q) are dual Fréchet—Schwartz spaces, we then get that there exist meN
and C'>0 such that

H/pkf“m,g SCHfHLQJrK for all f EA_OO(Q—‘rK)

In particular, for fe(- ):=el& )| CEC, using the relation pxelS&* ) =/(¢)efS*) for
all zeQ and (€C™ and applying the fact [6, Lemma 2.2] that there exist constants
A;>0 and a,, >0 such that for all (€C",

ey e <A
and ) eHa(¢)
e 2t e
we then have
Q)] < CaAl (1+|C|)m_1eHK(<) for all ¢ €C™.

m
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Hence, 1ec A%.

Conversely, let 1€ A%. It is easy to see that Ay maps A,™ into Ay contin-
uously. Then the conjugate operator A7:A™>°(Q+K)—A~>°(f) is continuous and
Ag(e<<>z+w>):g(<)e<<»2> for all zeQ and ¢eC™.

Since 1€ A% C Pk, the convolution operator px maps O(Q+K) into O(£)
continuously and

(1) pxelSF ) = (0)efS?) for all z€Q and ¢ € C™.
Thus,
(2) pxelS ) :Ag(e<<">) for all ¢ € C".

Take any f€ A~°(Q+K). From [4, Theorem 2.1] it follows that the system of
exponential functions E:={e{):¢€C"} is complete in A~>°(Q+K). Then there
exists a sequence {ep}7°, from Span(FE) which converges to f in A=*(Q+K).
Moreover, {ex}3; converges to f in O(4+K). Using this, (2) and the continu-
ity of the operators px: O(Q+K)—0(Q) and A7:A™>(Q+K)—A7>(€2), we find
that ,u*f:AE(f) for all fe A=>°(Q+K). Consequently, p*x maps A~ (Q+K) into
A~%°(Q) and is continuous.

Since the statement (ii) follows immediately from the equality (1) and the
notion of conjugate operator, it remains to check that if g is nontrivial, then
px A~ (Q+K) is dense in A~>°(Q2). Taking into account (1) again, to do this it is
enough to get that the system {e{&7:1(¢)#0} is complete in A~>(Q).
By [4, Theorem 2.1], the system {ef¢"?:¢€C"} is complete in A=>(Q). Next, by
the uniqueness theorem for holomorphic functions, for each ¢ with /({)=0 there
exists a sequence {¢(®}2° | with 1(¢*))#0 such that ¢(*) ¢ as k—o0. Thus, the
only the thing we have to prove is that e{$:") converges in AT(Q) to <) as
¢(—(°, where (°€C" is arbitrary.

Recall that Ro=sup,cq, |2|. For all ze€Q and |(—¢°|<1/Rq,

|e407) —{C%2) | = |e(C%2)| |el=¢"2)
< el A (¢=¢", ) < eRale! [ [¢—¢").
Consequently, for each neN,
[|e{¢=) —el%) ln.a < eRQHe(CO’Z) [lnl¢—=C°l =0 as ¢—¢Y.

This completes the proof. [

By standard arguments from the theory of duality, Proposition 2.1 implies the
following functional criterion of surjectivity for convolution operators.
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Proposition 2.2. Let Q2 and Q+K be in D~°°" and p be a nontrivial analytic
functional with 1€ A. The convolution operator px: A= (Q+K)—A~>®() is
surjective if and only if Ay(Ag™) is closed in Ag Ty

Proof. Applying [10, Corollary 8.6.4 and Theorem 8.6.8], we have that if the
operator px: A7 (Q+K)—A™>(Q) is surjective, then the set (u*) (A7°°(2)’) is
closed in the strong dual (A= (Q+K)); of A= (Q+K).

Let now (px) (A=°°(2)") be closed in the strong dual (A=>°(Q+K));. Since
A™°(Q) and A~>°(Q+K) are dual Fréchet—Schwartz spaces, their duals are Fréchet
spaces (and moreover, Fréchet—Schwartz spaces). Hence, by [10, Theorem 8.6.13],
the set ()" (A~ (Q+K)") is closed in the strong dual (A~>°(Q2)); of (A~>°(Q))}.
Using that A=>°(Q) and A~*°(Q+K) are reflexive (as dual Fréchet—Schwartz
spaces), we get that p*x(A~°(Q+K)) is closed in A~°(2). Applying the state-
ment (i) of Proposition 2.1, we obtain that ux: A= (Q+K)—A~>°(£2) is surjec-
tive.

Thus, px: A= (Q4+K)— A~ (9) is surjective if and only if ()" (A7°°(Q)) is
closed in (A=*°(Q+K));. It remains to use [4, Theorem 2.1] and Proposition 2.1(ii),
to finish the proof. [

2.2. Multiplicators from Ag™ into Ag T

In view of Proposition 2.2, recall that an entire function ¢ in C" is a multipli-
cator from Ag™ into Ag % if pg€Ag Ty, whenever g€ Aq™. As we will see later,
a description of all multiplicators from A;> into Ag(% plays an important role
in the study of surjectivity of convolution operators. For doing this we recall some
definitions and results from [2] in a particular case sufficient for our purposes.

Denote by V" the family of all functions v:C"—R which are bounded above
on each compact set in C™. We associate with v€V™ the Banach space

E(v):= {fGO((C”) 2| fly = sup |fv(8| < oo}.
¢ecn €

Let ®={pr}?2, be a sequence of functions from V" such that there exists
some constant Ay for which ¢g11(¢)<wr(¢)+ Ay for all (eC™, k=1,2,.... Define
the Fréchet space

P(®):= () E(¢k).
k=1
Let P(¥) be another space of the same type. We then say that an entire function
g is a multiplicator from P(®) into P(¥) if gP(®)CP().
Denote by M(®, ¥) the set of all multiplicators from P(®) into P(¥). Each ge
M(®, ¥) generates a linear operator A,: f€P(®)—gfeP(T). It is easy to see that
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this operator is continuous. Indeed, since the topologies in P(®) and P(¥) are finer
than the topology of pointwise convergence in C”, the graph of A,: P(®)—P(¥)
is closed. Then, by the Banach closed graph theorem, this operator is continuous.
It is clear that the set () ~_; Ur—y E(¢m —¢r) is always contained in M(®, U).
The following result is an immediate consequence of [2, Propositions 1 and 5].

Proposition 2.3. Let ® satisfy the following conditions:

(a) ® consists of plurisubharmonic (psh) functions in C™;

(b) For each k€N there exists meN such that P(®) is dense in E(ppm,) with
respect to the norm |- |y, ;

(c) For each k€N there exist meN and M >0 such that

sup m (¢+w)+log(1+[C]) <@r(Q)+M  for all (e C™.

lw]<1
Then

:ﬂU wm @k

Remark 2.4. In [2, Proposition 1] (-_; Upe; E(¢m—¢k) was misprinted as

ﬂzzl mzozl E(Qbm_wk)

In the sequel we write M5?§+K instead of M(Aq™, AqT%). Applying Propo-
sition 2.3 to the spaces Ag,™ and Ag %, we have the following result.

Proposition 2.5. For any bounded conver domain ) and conver compact
set K,

—00 _ o0
Mok =A4K-

Proof. Without loss of generality we can assume that 0€(). For each k€N
define

Hq 1 (C) :zsug(Re<z, O)+klogda(z)), ¢eCm,
zE

where, as above, dq(z) is the distance between z€Q and 99Q. Clearly, Hq , is psh
in C"™ and

‘HQ’]C(’LU)—HQ’]C(C)‘ < Rq|lw—¢| for all w,{eC".
Thus, Hq j, are psh functions in C" satisfying Lipschitz conditions. Next, by the
proof of [6, Lemma 2.2],

(3) cx <Hqi(¢)—Ha(¢)+klog(1+|¢|) <C) for all (e C" and k€N,
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where ci:=klogmin{rq/e, krq/eRq}, and rq:=inf.coq |z|. From this it follows
that, for every k€N,

k
sup —'f(cigiz)‘CD <oo} =FE(Hqy)

agt={ €0 ko=
¢ecn

and, consequently, A,*°=P(®), where ®={Hgq }7>,. To finish the proof it is
sufficient only to check that ® satisfies conditions (b) and (c) of Proposition 2.3.
(b) Let

. ny. 11 (O]
Pg.{fEH(C ).ng£m<ooforsomee>0 .

Fix any k€N and function feA{zk*l. Evidently, f,(-):=f(v-) belongs to Pq for
every 7€(0,1). By the proof of [5, Lemma 2.11] | f, — f|x.o—0 as y—1-. Therefore,
Pq is dense in Ag""! with respect to the norm |- |m,,. By [5, Lemma 2.10]
PoCAg™. Thus, A;™ is dense in A" ' with respect to the norm |- |p,, ,, and
(b) holds with m=k+1.

(¢) From (3) and the Lipschitz condition for Hq j it follows that

Sup Ho k1 (CHw)+log(1+[¢]) < Ha(¢)+Ro—klog(1+¢|) +klog 24 Ci1
w|<1

< Hq (¢)+Ra+klog2+Cli1—cy.

This means that (¢) holds with m=k+1 and M=Rq+klog2+Ciy1—cp. O

Corollary 2.6. Let 2 be a bounded convex domain in C™. Then the set M§°§
of all multiplicators from Ag™ into Aq™ coincides with the family of all polynomi-
als.

Proof. This is a direct consequence of Proposition 2.5. [

2.3. Functional criterion for surjectivity

Definition 2.7. A nontrivial function p€ A% is a divisor from Ag 7% into Ag™
if the theorem of division is valid for ¢, i.e. the following implication is fulfilled:

f

feAngandéeO((CN) = ;eAS‘f’O.

Denote by Dg, 7%  the set of all divisors from Ay into A5™.



8 Alexander V. Abanin, Ryuichi Ishimura and Le Hai Khoi

Proposition 2.8. Let pc A%. Consider the following assertions:
(i) Ap(AG™) is closed in Ag Sy
(ii) For each peN there exist meN and C>0 such that
If(OIA+[CH” l(OA(OIA+IEH™

—— <
S e <O S T Rt )

for all fe A5,

(iii) p€DG % q-
Then (iii) = (ii) < (i).

Proof. (i)« (ii) As was noted above, the operator A,: Ag™—Ag Y is con-
tinuous. Additionally, by the uniqueness theorem for holomorphic functions it is
injective. Then (ii) means that A, is a topological isomorphism from A, onto
A, (AG™) endowed with the topology induced from A 7% Since Ag™ and Ag Y%
are Fréchet spaces, this is equivalent to (i).

(iii)=-(i) This follows, by standard arguments, from the fact that the original
topology in AgJ% is finer than the topology of uniform convergence on compact
sets in C*. O

We have the following functional criterion for surjectivity.

Theorem 2.9. Let Q and Q+K be in D™°°" and p be an analytic functional
with fe A®. Consider the following assertions:
(i) px: A7°(Q+K)—>A™>(Q) is surjective;
(ii) For each peN there exist meN and C>0 such that

aup O _JOFQIA+C)”

cecn eHa(Q) - cecr eHa(O)+Hk (¢)

for all f e AG™;

(ili) 4E€DLT -
Then (iii) = (ii) & (i).

Proof. This is a direct consequence of Propositions 2.2 and 2.8. [

Remark 2.10. Note that for various function spaces (see, e.g., Ehrenpreis [11],
Epifanov [12], Krivosheev [17], Momm [21], Sigurdsson [23] and Tkachenko [25])
(ii) < (iii), and that the proof of the implication (ii)=-(iii) is based on the descrip-
tion of all divisors. In the next section we give a description of all p€ A% that
belong to Dng’Q for any Q. As a consequence, those ¢ and only they satisfy
the condition (ii) of Proposition 2.8 for any €. Thus the conditions (i)—(iii) of
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Proposition 2.8 are equivalent when applied to all bounded convex domains 2 si-
multaneously. Moreover we prove that if one of the conditions (i)—(iii) is valid for
every open bounded convex polyhedron §2 in C", then all three conditions are valid
for any bounded convex domain € in C". The equivalence of three conditions (i)—
(ili) for an individual domain  is still open. We strongly believe that the answer
depends on the smoothness of the boundary of 2.

3. Surjectivity on the class of all domains

3.1. Condition (S%)

Let ¢(¢) be an entire function of exponential type. Its reqularized radial indi-
cator h,(¢) is defined as follows:

/
h:;(() :=lim sup lim sup M, cecCn.

¢'—=¢ r—00 T

We recall the condition (.5), originally due to T. Kawai [16], that was introduced
in [15].

Definition 3.1. An entire function ¢€O(C") of exponential type is said to
satisfy the condition (S) at direction (o€C™\{0}, if for each £>0 there exists N >0
such that for all >N and (€C" with |(—{y|<er we have

log o (r¢)|

. > hi,(Co)—e.

Remark 3.2. Tt was showed in [15] that condition (S) is nothing but the con-
dition of regular growth, the classical notion in the theory of entire functions.

As above, let p be an analytic functional with e A%. Then hZ(C)SHK(C)
in C". Throughout this section we assume that the assumption hj(()=Hk(¢) is
always satisfied. Note that for spaces of holomorphic functions in convex domains,
this last condition with the condition (5) is, in a sense, necessary and sufficient for
the solvability of the nonhomogeneous convolution equation p* f=g. We refer the
reader to [17] for the more precise statement (see also Theorem 9.35 in [18]).

We now define another condition, similar to the complete regular growth con-
dition (S), but stronger than (S) and more appropriate for spaces with polynomial
growth near the boundary.
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Definition 3.3. An entire function p€O(C") of exponential type is said to
satisfy the condition (S¢), if there exist s, N>0 such that for each (€C™ with
|C|>N there is ¢'€C™ with |¢'—(|<log(1+](|) satisfying

log |(¢")| = hi;(¢) —slog|c].

3.2. Sufficient conditions

The following result shows that the condition (S%) is sufficient for the division
theorem in the classes A5.

Proposition 3.4. Let p€ AR be such that hi,=H. If p satisfies (S?), then
9€DG Tk o

We recall a lemma due to Harnack, Malgrange and Hérmander ([14, Lemma 3.1]).

Lemma 3.5. Let ®, F and G=F/® be three holomorphic functions in the
open ball B(0; R). If the inequalities |®(w)|<A and |F(w)|<B hold on B(0; R),
then we have

|G(w)| < BA2w!/(B=lwh)| g (0) |~ BHwh/(R=lwl) o, e B(0; R).

Proof of Proposition 3.4. Let s, N>0 be as in the condition (5?) for . We
can assume without loss of generality that log(1+t)<g(1+t) for all t>N. In the
sequel, we will write £(w):=log(1+|w|), weC", for simplicity.

Since € A%, there exist A>0 and p€N such that

(4) log |¢o(w)| < A+Hg (w)+pl(w), weC™.

Consider any function f€ A, with f/p€O(C"). Since f€Ag T, for each meN
there is B>0 such that

(5) log|f(w)| < B+Hat i (w)—mb(w), weC".

Given (eC"™ with |[¢|> N, take ¢’ as in the condition (S%). Noting that |¢" —(|<
3¢(¢) for all ("€ B(¢’;2¢(¢)) and using the choice of N, we get

AC") 2 Tou(1+16]-36(6) = log(1+1¢]) +1og (1= 2420 ) > () -1.
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From (5) it then follows that

sup  log[f(¢")| < B+  sup  (Hoyr(¢")—ml(("))
¢”7eB(¢52¢6(C)) [¢r—¢r<20(¢)

< B+m+Hoy 5(C)— (m—3Ra 4 )0(C).

In the same way, using (4) we have that

sup log |(¢")| < A+p+Hi () +(p+3Ri)(C).
¢eB(¢;20(0))

Applying Lemma 3.5 with R:=2¢((), ®(w)=p(¢'+w), F(w)=f(¢'+w) and
w=(—¢’, and using the condition (S%) for ¢, we get that

log %’ < B+m+Hoyk (¢)—(m—3Ra+k)E(C)
+%(AerHK(C)prRK)E(Q)
P () -s1(0)

< B4+m+2(A+p)+Hq(¢)—(m—3Ra+x —6Rx —2p—3s)£(().
Since m is arbitrary, we have that f/@€A;°°. This completes the proof. [

As a consequence of Theorem 2.9 and Proposition 3.4 we have the following
sufficient conditions for the surjectivity of convolution operators.

Proposition 3.6. Let Q and Q+K be in D™°°" and u be an analytic func-
tional with pe A% If hy;=Hg and [i satisfies (58%), then the convolution operator
pr: A (Q+K)—A"°(Q) is surjective.

3.3. Necessary conditions

In this section we prove that the condition (S%) is necessary for the convolution
operator to be surjective from A~*°(Q+K) onto A~>°(Q) for each convex bounded
domain 2. Below K is a fixed convex compact set and S™ is the unit sphere in C”.

Lemma 3.7. A function g€ A% with radial indicator Hy satisfies (S%) if and
only if there are s, j and N such that

(6) sup  |g(tw)|>tHk(a)—slog(1+t), a€S™ andt>N,
lw—a|<jp(t)

where p(t):=log(1+t)/t.
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Proof. Tt is trivial that (S*) implies (6). Assume that g satisfies (6). Consider
any z€C™\{0}, put a:=z/|z| and t:=|z|, and let

My(z;r) :==max{|g(w)|: |lwi—z1|=...= |wp—2z,| =71}, 7>0.

Clearly,
sup  [g(tw)| < My(z; jlog(1+]2)), if 2] > N.
lw—al<jp(t)

Applying (6) we then have

(7) log My(z; jlog(1+42])) > Hx (2) —slog(1+]z|), if |2|>N.
Since g€ A%, there exist ¢, M >0 such that

(8) log [9(¢)| < Hk (¢)+qlog(1+[¢])  for all [¢] > M.

Take L so large that L—2jlog L>M+2j5, and remember that Hg, as a support
function of a compact set, satisfies the Lipschitz condition

|H(CH)—H(C?)| < A| ¢t =¢?|| for some A>0 and all ¢!, ¢2eC,
where ||¢]|:=maxi<k<n |[(x|. It then follows from (8) that
(9)  log My(z;2j5log(1+]2|)) < Hx(z)+2j(A+q)log(1+|z|) for all |z| > L.

As log My(z;r) is convex with respect to logr, we get that

, j log(1+]z[)
log M (z; jlog(1+4]z])) < IYNG log M, (z; —

j=1/vn -9
T log My (z; 2j1og(14|z)).

Hence, using (7) and (9), we find that, for |2|>M+L,

log(1+|z|))
NG

log My(z; jlog(1+]z[))

_|_

sup log |g(w)| > log M, (Z;

|w—z|<log(1+|z])
L 21/
J

1 —1
—]]MlogMg@;zjlogaﬂzD)

2j—1/\/ﬁHK
J

v

(2)—2s log(1+|z|)—#HK(z)

—2j(A+q)log(1+]2])
= Hi(z)—plog(1+]z]),
where p:=2s+2j(A+¢q). Thus, g satisfies (S%). O
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Lemma 3.8. Let g€ AR satisfy condition (ii) of Proposition 2.8 for every open
bounded convex polyhedron QQCC™. Then the radial indicator of g coincides with
Hy and g satisfies (S®).

Proof. The condition (ii) of Proposition 2.8 implies that there exist meN and
M >0 such that
|/ (2)]

g f () +]=)™ —oo
00 sup gy <M s ey orll £ g™

Certainly, m and M depend on € but not on feA5>.

Suppose that the radial indicator hj of g does not coincide with Hg or hy=H
but g does not satisfy (5%). Using Lemma 3.7 we have that in both cases the
condition (6) does not hold. Then there exist a€S™ and t;1To0 such that

sup  |g(tjw)| <t;Hg(a)—j?log(1+t;) for each j€N.
lw—a|<jp(t;)

Without loss of generality we can assume that ¢;>2jlog(1+t;)+2 for all jeN. Put
Ak = max lw|, zj:=tja and R;:=jlog(l+t;)=jlog(1+]|z;|).
Notice that for [w—z;|<R; we have
3 log(1+[w]) <log(1+F|w|) <log(1+t;) <log(1+2[w]) < 2log(1+[wl).
Then, for such w and j>8Ak,
log |g(w)| < H (2) =5 log(1+t;)

< Hp(w)+AgR;—j%log(1+t;)

)
< Hic(w)+2A j log(1+]w])— 2 log (1+w])

2
<HK(w)—]Zlog(1+|w|).
Thus,
j2
(11)  log|g(w)] §HK(w)fZ log(1+|w|) for all |[w—z;| <R; and j >8Ak.

Since g€ A%, there exists p>0 such that

(12) log |g(w)| < Hx (w)+plog(l+|w|)+p for all we C™.
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For any bounded convex polyhedron 2 in C™, any fixed point z€C", and any
number R>0 consider the function hq(z, R)(¢{) which coincides with Hq({) for
|¢—z|>R and equals

sup{u(w) :u is psh in B(z, R), and limsup u(w) < Hq(¢) for ¢ € 9B(z, R)}
w—(¢
for (€ B(z, R):={C€C":|(—z|<R}. By [20, Lemma 2] hq(z, R) is psh and contin-

uous in C™. Next, put

S¢:={2€ 85" :hq(z, R)(z) > Hq(z) for all R>0}

and note that S&##@ for all  (see, for example, [21, the remark after Lemma 3.3]).
Let now €2 be an open bounded convex polyhedron in C" with 0 and a€ 5.
By [21, Lemma 3.1] there exists €9 >0 such that

sup (ha(ta, R)(()—Hq((¢)) >¢eoR for all R>0 and ¢t > 0.
(€B(ta,R)

On the other hand,

ha(z, R)(w)< sup Hq(¢) < Hqo(w)+2AqR for all z,we C" with lw—z| <R,
[¢—z|<R

where Aq:=sup.cq [(|. Taking t=t;, z=z;, and R=R;/2, we find (; with [(; —2;|<
R;/2 so that, for any j€N,

R; €
(13) ha (Zj» #) (G) ZHQ(CJ')JF;ORJ'
and
R;
(14) hal z;, > (w) <Hg(w)+AqR; for all lw—z;| < R;/2.

Fix a sequence {g; }72; with 1<¢;11. By [1, Lemma 4] (see also [2, Lemma 3))
there exist an absolute constant A=A(n) and a family { f;:j €N} of entire functions
in C” so that, for each jEN,

(15) log |f;(¢)| = qiha(zj, Rj/2)(¢),

(16) log|fj(2)| <gq; sup ha(z;, R;/2)(w)+2nlog(l+]|z])+A for all ze€C".
lw—2z|<1
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Notice that from the definition of ho(z;, R;/2) and (14) it follows that for |z—z;| <
%Rj +1,

sup ho(z;, R;/2)(w) < sup Hgo(w)+AqR,
lw—z|<1 lw—=z|<1

while for [z—z;|>3R;+1,

sup ha(zj, R;/2)(w)= sup Hq(w)<Hq(z)+Aq.

lw—2z|<1 Jlw—2z|<1

Therefore, from (13), (15), and (16) it follows that, for each j€N,
€0 . €0 .
(17) log|f;(¢)| = QjHQ(Cj)JrZOJ log(14]z1) Z(JjHQ(Cj)JrgOJ log(1+(¢;1),

R,
(18)  log|f;(2)| < qjHa(2)+2(Aqj+n)log(1+|z])+A+Aq, \Z—Zj|37],

and

R.
(19) log|f;(2)| <qjHa(z)+2nlog(l+|z|) +A+Aq, |z—z;|> 7]

Next, estimate

A, e sup HENLGIALED™

T eHa()+HK (2)

If |[z—z;|<R; /241, then, applying (11) and (18), we have, for j>16(Ax+Aq+n),

o
log |g(2) f;(2)| < HK(z)—jZ log(1+|z|)+¢; Ha(2)+2(Aqj+n)log(1+]z]) + A+ Aq

-2
< HQ(Z)‘FHK(Z)—% log(1+4|z]) +A+Aq.

Hence,

9 EIA+)™ - avaq

-2
eHa(z)+Hk (2) when j° > 8m.

sup
|z2—z;|<R;/2+1

Further, from (12) and (19) it follows that

log |g(2) fj(2)| < Hx (2)+plog(1+|z])+p+q; Ha(z)+2nlog(1+|2]) + A+ Aq
< Hq(2)+Hk (2)+(p+2n)log(1+]2]) = (1 —g;)0al2[+A+Aq,
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where dqo:=inf|;|—; Ho((¢). Then, for all jEN,

< +p+2
PEULEIHED™ _ assgrsn g 7"

sup cHa(z)+Hi (2) o>0 e(1—a)das

lz—z;|>R;/2+1

_ eA+As2+5S2 ( m—|—p—|—2n >m+P+2n
(1—qj)oqe

Without loss of generality we can assume that m+p+2n>dge. Then we finally
have that

m-+p+2n
(20) A, < gAtDa+ia (M) ’
i< .
(1—(]j)596

From (18) and (19) it easily follows that f; €A, for every jeN. At the same
time, (17) implies that

QIS (1+]¢;])209/8

Bji=8uD G0 2 oia(G) = s0-a))0a@i 1G]

zeCn

Taking ¢;=1—¢c0j/8(1+|¢;|)Aq, we find that

. €0j/8
€0J o
21 B> ——F— .
) ]_<8(1—%‘)A96>

From (20) and (21) we have that B;/A;—o0 as j—o0. This contradicts (10)
and completes the proof. [

Remark 3.9. As follows from the proof, in Lemma 3.8 it is enough to require
that g€ A satisfies condition (ii) of Proposition 2.8 for every polyhedron € from
some subclass D having the following property: for each a€S™ there is Q€D such
that a €55,

3.4. Criterion for surjectivity

Now we can state a criterion for the convolution operator to be surjective on
the class of all convex bounded domains in C™.

Theorem 3.10. Let p be an analytic functional on C™, carried by a compact
convex set K, such that ux A= (Q+K)CA~>(Q) for each convex bounded domain
QCC™. Then px: A=®°(Q+K)—A™>(Q) is surjective for every Q if and only if
the radial indicator of fi coincides with Hx and [i satisfies (S%).
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Proof. This result is a direct consequence of Proposition 3.6, Theorem 2.9 and
Lemma 3.8. O

In the next section we give some additional results for surjectivity of convolu-

tion operators. In particular, we prove that each differential operator of finite order
maps A~ () onto A~ (Q).

4. Examples and applications

4.1. Examples

In this section we consider examples of functions satisfying the condition (S%)
and discuss the question about existence of such functions for a given convex com-
pact set K.

FEzxzample 4.1. Let n>1 and ¢

=(C1y -+, Cn). Then any P(¢)eC[C] satisfies (5)
and we also have that h*( )=H(¢)=0.

More generally, we have the following statement.

Proposition 4.2. Let Ay, ..., ANn€C" and P;(¢)€C[¢], 1<j<N. Consider the

exponential-polynomial

corresponding to the differential-difference operator. Set A:={\y,.., Ay} and
K:=conv A, the convex hull of A. Then f(C) satisfies (S*) and h}(¢)=Hk ().

Proof. The case N=1 is trivial. Let N>2. For any (;€C"™, we may suppose
that

Hr (o) =Re(A1, Co) > Re(Ag, o), 2<k<N.
Let m;:=deg P; and m:=max; m;. Set
gn(Q) = Py(Q)eM AN 4 Py ()M 4 Py Q).

‘We then have
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If we take any a(N) with |a(N)|=my+1, we have D?(N)PN(C):O and then with
another polynomial Q¥ (¢) of degree my,, 1<k<N—1, we have

DI gn () =@ QM0+ QN (e,
Next we set
gn-1(0):=QN ()M 104 QN ()P Av1 O L N (0

and then a(N) \ \
DM gn(¢) = e gy 4 (Q).

Taking any a(N —1) with |a(N —1)|=my_1+1, we have D?(Nfl)Q%_l((j):O and
then with another polynomial in_l(g“) of degree my, 1<k<N -2, we have

D?(N_l)gN—l(O: iv—1(<)6<)\17)\N717§>+'”+Q%:§(C)€<AN727)\N717<>'

Repeating these procedure, we finally have «(2) with |a(2)|=ms+1 and a
polynomial Q?(¢) of degree m; such that

D¢ ga(Q) =M 29Q3(Q).

By the preceding example, we have a constant ¢; >0 such that there exists (Ve
B(Co; 1/N€(|Col)) satisfying 2/ 1(1)

|Q1(¢H)| > ca.
Then by the Cauchy estimate, there exists (2 € B(C™);1/N£(|¢o|)) such that

— (1)
lg2(¢12)| 2 chelte =A<

with a constant ¢4 >0.
Note that [¢(D]>[Go|—[¢() —¢(O|> O] —1/NE(|C|). Setting

1
ag .= N‘)q*)\g‘ ZO,
we have with ¢y >0,
192(¢®))| > eaeletimAeco) (14 |G ) TR /N = gpeRe=Azcod (1 4y )72,
In the same way, we find (¥ € B(¢®;1/N¢(|(o|)) and a3>0 such that
e _ (2) e — —a
|95(¢™))] = ejeePe A0 g, ()] > czelte2s o) (14| o) 40

with constants cs, ¢5>0.
Repeating this procedure, we finally have a point (™) € B(C(N=1;1/N£(|¢])) C
B(¢o;£(]¢o])), and constants an,aly >0 and ¢y, ¢y >0 such that

lgn ()] = enelePiAw ol (14| o) ~o



Convolution operators in A~ for convex domains 19

and so

£ = eReONC™) g0 ()| > dyeReP1o) (14 ¢ )~
> el ) (14 |go|) 7o,

We note that all the constants ¢y, ¢}, ax, and a), are independent of ¢y and the first
assertion follows.
The property h}(():HK(C) is proved in [22, Theorem 6.1.1]. O

Proposition 4.3. Let A, K and f be as in Proposition 4.2 and py* be the
differential-difference operator generated by f. Then ppx maps A~ (Q+K) onto
A™°(Q) for any Q,Q+KeD™°". In particular, for each polynomial P in C™ the
differential operator ppx maps A=°(Q) onto A=°(Q) for any QeD",

Proof. This result is an immediate consequence of Theorem 3.10 and
Proposition 4.2. O

Let us discuss the question about existence of functions which belong to A%
and satisfy (S%). For n=1 the answer is always affirmative and can be obtained
rather simply.

Proposition 4.4. For each convex compact set K in C there exists a function
g in A which satisfies (S*).

Proof. If K is a singleton, say {a}, then A$® coincides with the family
{p(z)e**:p is a polynomial}. By Proposition 4.2, each function of the type p(z)e**
with nontrivial polynomial p satisfies (S?).

Now consider K with more than one point. Applying [26, Theorem 5] to a
subharmonic function Hg in C we can find an entire function g such that

(22) log |9(2)|—Hk (2)| < Clog(1+|z]), =z¢ E,

C being a constant and Fj being an exceptional set in C which can be covered by a
sequence of rings {z:|z—z,| <7} with Y7 | rip<oo. Clearly, g belongs to A and
satisfies (5%). O

Corollary 4.5. Let K=K x...x K,, where K; are convex compact sets in C,
1<j<n. Then there exists a function g€ A3 which satisfies (S).

Proof. 1t is sufficient to take a function g(z)::]_[?=1 gj(2;), where g; satis-
fies (22) with K=K;, 1<j<n. O
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Remark 4.6. In [27, Theorem 4] the following analog of (22) for n>1 was
established
|log [g(=)|—Hi (2)| < (1+2)*%, 2 ¢ Eo,
where K is a convex compact set in C™ and Ej is some exceptional set. Evidently,
this inequality cannot guarantee the existence of functions belonging to A% and
satisfying (S%) for arbitrary K and n>1. So we have the following question.

Open problem. Let K be a convex compact set in C™, n>1. Does there
exist a function g in A which satisfies (S%)?

4.2. Explicit form for solutions

In this section we discuss the problem of explicit representation of solutions for
convolution operators in the space A~>°(Q2). Throughout what follows we assume
that either n=1, or n>1 and Q and Q+K have C? boundaries. We have the
following representation result.

Proposition 4.7. Let px: A= (Q+K)—A~>(Q) be a surjective convolution
operator. Then there exists a sequence A={A;}32, in C™ with |A\y| =00 such that
each function g€ A=>°(2) can be represented in the form

(23) 9(2) =Y e, zeq,

and the function

3

(24) e e O+ K,

k=1

belongs to A=*°(Q+K) and is a solution of the equation uxf=g.

Proof. In fact, by [6, Theorem 4.3] there exists a sequence A={A;}72, in C”
with |A\x|— 00 so that the system of exponential functions Fp:={e***) :k €N} is an
absolutely representing system in A~°(Q+K). Then, given g€ A~>°(), we find
feEAT°(Q+K) with ux f=g and expand f into the series

(25) f2)=) ape™  weQ+K,
which converges to f absolutely in A=*°(Q+K). Since ux: A= (Q+K)—A">(Q)

is continuous, the series Yo, arfi(Ax)et**#) converges to g in A=>°(€2). It remains
to put cx:=agi(Ag), keN. O
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