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CONVOLUTION SUMS ARISING FROM DIVISOR
FUNCTIONS

AERAN KiM, DAEYEOUL KiM, AND L1 YAN

ABSTRACT. Let o5(NN) denote the sum of the sth powers of the positive
divisors of a positive integer N and let 55(N) = Zd‘N(—l)d_lds with d,
N, and s positive integers. Hahn [12] proved that
16 > G1(k)F3(N — k) = —&5(N) + 2(N — 1)G3(N) + 51 (N).
k<N

In this paper, we give a generalization of Hahn’s result. Furthermore, we
find the formula Ziv:_ll g1(2""™k)o3(2" N — 2"k) for m (0 < m < n).

1. Introduction

For N,m,d € N with r;s € NU {0}, we define some necessary divisor func-
tions and infinite products for later use, which also appear in many areas of
number theory:

US(N):ZdS7 osr(Nym) = Z d?,

d|N d|N

d=r mod m

G(N) =D (-, Si= ) o1a(NV;2)gY,

d|N N odd
Spi= Y onaN;2)d",  (659)e = (0)eo == [ (1 —ag™).
N > 2 even N2>0

We also make use of the following convention:

o(N)=0if N¢gZor N<0, o(N)=0y(N)=) d.
d|N

The history of the convolution sums involving the divisor functions os(N) goes
back to Glaisher [9, 10, 11]. Many recent works on convolution formulas for
divisor functions can be found in B. C. Berndt [3]; H. Hahn [12]; J. G. Huard,
Z. M. Ou, B. K. Spearman, and K. S. Williams [13]; G. Melfi [18]; B. Cho, D.
Kim, and J.-K. Koo [4, 5]; and A. Alaca, S. Alaca, and K. S. Williams [1, 2].
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In 1997, Melfi [18] considered among others the convolution sums

> oi(k)os(N —2k) and Y os(k)or(N - 2Kk),

k<N/2 k<N/2
for the case when N is odd, and proved that

Z o1(k)os(N — 2k) = %OE(N) + (2_4783]\[)03(N)7 N=1 (mod 2),

E<N/2

> os(k)or (N - 2k)

k<N/2

1 1

:%05(]\7)7%01(]\]), N=1 (mod 2)

In 2002, Huard, Ou, Spearman, and Williams [13] extended Melfi’s result to

1 1 N._ (2-3N)

Z o1(k)os(N — 2k) = Z8US(N) + EUE’(E) TR o3(N)
k<N/2
1 N
(1) - %01(5)7
3 otk -2 = 51503 + o35 + £ o T
— gloa'l(]\[)7

where N is an arbitrary positive integer. In this paper, we give a generalization
of (1).

The paper is organized as follows. In Section 2, we derive some basic com-
ments on S, 01,1 (k;2)01,1 (N — k;2) = 2 [1103(N) — 03(2N) — 2011 (N; 2)]
from Eq(1) = 142403 5, 03(N)g". In Section 3, we derive some identities
involving Zg;ll 01,1(N;2)o1,1(N —k; 2) for certain N. In Section 4, we obtain

N-—-1
> o127 ko3 (2 (N — k)
k=1
1
= 41680 (3 _ 2n—m+4 _ 5 ) 237L+4 + 15 . 24n—m+4)0_ N)

5(
—m-+4 m n 3n+m n N
+2 (9-2" +2"+5-2 —15-16 )05(5)
—10(8"*1 — 1)(~1 +3- 2" " N)a3(N)
N
+80(8" —1)(—=1+3- 2”*mN)ag(5) — 72" —1)oy(N)

P o (5))
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for any positive integer N and m (0 < m < n) with n € NU {0} (Theorem
4.6). This is a generalization of (1). In the last section, we also find

N-1
> 52" k)Fs (2 (N — k)
k=1

1

— 1 n+l 23n+m+4 _ 2n+4 . 2777 N
f N
+16(27 - 2™ 4 2" 4 23 — 16")o5(5)
4 {2m (2313 15) — 2(8-16™ — 15 - 2")N}o3(N) + 16{2™(15 — 2°7)
N

+ (16" =15 2")N}oy ()

+7(3-2™ — 2" g (N) — 14(3 - 2™ — 2”)al(g)]

for any positive integer N and m (0 < m < n) with n € NU {0} (Theorem
5.1). This is a generalization of Hanh’s result [12],

(2) 16 Y 51(k)Fs(N — k) = —55(N) + 2(N — 1)55(N) + 51 (N).
k<N

2. Preliminaries

Let A; = Z + 7Z (7 € H, the complex upper-half plane) be a lattice and
z € C. The Weierstrass g function relative to AT is defined by the series

o(z; +w§{ (52}

The Eisenstein series of weight 2k for A, with k£ > 1 is defined by

ng Z w

weA,
w#0
and the normalized Eisenstein series of weight 2k with k > 1 is given by
(2k)! By, 4k & N
E =Gy (A;)=1— — 1(N)gq™, ,
2%(T) i) 26 (Ar) Bar > o (N)gY, TeH

with By the Nth Bernoulli number and ¢ = €77, We use notations p(z) and
Gy instead of p(z;A;) and Gax(A;), respectively, when lattice A, has been
fixed. Now, the Laurent series for p(z) about z = 0 is given by

p(z) =272+ Z(2k +1)Gapypz?
k=1
As is customary, by setting

92(1) = g2(A;) = 60G4 and g3(7) = g3(A;) = 140G,
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the algebraic relation between p(z) and ¢’(z) becomes

9'(2)* = 4p(2)° — g2(7)p(2) — ga(7).

Let 1
T T+1
e = @(5)7 €2 = @(?» and ez = p( 2 ).
From [17, p. 251], we get
1
2/ 2 2\4
e —e1 =7(¢%4%) 5% ;
( (4;0*)8. (=% ¢*)5
e —es =7(¢% ) ()%
and
(g% q")8
e3 — e = 2'm (0% P ae g gh
( ) (¢%¢»)8,

with ¢ = exp(mit). Next, we state two identities which appear in [8, pp. 78
and 79], [4]:

(3) M:1+8§:¢V(2+(—1)N)Zw
(@5 (a5 ¢V &~ ra
w odd

2. ,2\4
(q’q)oo N odd

Using (3) and (4), we obtain the following identities for p(z) (for details, see
[14]):

(5)
Ty (@)% a(a* "5
0(5) = (g7 as 16-5—7)
2 3 ()5 (g* 945 (4% ¢%)%
2
__ T N N N
_—§(I+8Zq dwt24 > gV D w16 > a(N)gY)
N odd w|N N even w|N N odd
w odd w odd

2 o0
T
= —?(1 +24 § o1.1(N;2)¢™)
N=1

71'2
= (142451 +245p).

Similarly, Egs. (3) and (4) yield the following arithmetic results:

T+, 7, ()R gt
)= S sites 2@

(6) )
= — (1 - 2451 +245),

™
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( (7% ¢*)% _SQ(q‘*;q“)i@)

3 (@)% (g% Y5, (425 ¢%)4,
2

:2%(1”452).

Thus we deduce the following result [19, p. 59]:

2,
Ei(r) = %mm

22.3
= 2t (—4(e1ea + eses + eser))
22.3 4rt

Note that the right-hand side of the above equation is a power series of

¢%. So we change variable ¢? to ¢, that is, from now on, we always assume

q = exp(2miT) unless otherwise specified. Therefore,

1 22
@(5) =5

(7)

N-1

Eu(r) = 1+240¢ + Y [4801,1(2N;2) + 576 Y 01,1(2k;2)011(2];2)
®) NN:2 N
+192 > 011(2k - 1;2)011 (2 — 152)]g".
k+lk—:11:N
From [19, p. 59], we already know that
(9) Ey(r) = 14240 Y a3(N)g".

N>1

3. Some convolution sums of o4 1 (k; 2)

In [7, p. 300], Glaisher proved that
(10) o(1)e(2N—-1)+0(3)0(2N—3)+---+0(2N—1)o(1) = %[03(2N)—03(N)].

Combining (8), (9), and (10), we can obtain
N-1 1
1) > o1k 2)ora(N — k;2) = 53 [1103(N) = 03(2N) — 201,1(N; 2)].
k=1
In this section, we discuss some new convolution sums derived from the existing
ones. By using Eqgs. (10) and (11), we can obtain the following lemma.

Lemma 3.1. (a) If N > 1 is a positive integer, then

N
UN) =Y o112k —1;2)011(2(N —k+1);2) = i[ag(QN%» 1)—01(2N+1)).
k=1
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(b) If N > 1 is a positive integer, then
N
1
V(N):= Z 0112k —1;2)011(2(N — k) + 1;2) = §[03(2N) — o3(N)].
k=1
Proof. (a) Note that

2N N
> o1a(k:2)o11 (2N +1—k;2) = Y 20112k — 1;2)011(2(N — k +1);2).
k=1 k=1

Hence, by (11), we obtain

L [11o3(2N + 1) — 03(2(2N + 1)) — 207 1 (2N + 1;2)]

24
N
=23 0112k = 1;2)011(2(N = k +1);2).
k=1
Since 03(2(2N + 1)) = 903(2N + 1), we get the desired result.
(b) It is deduced directly from (10). O

Example 3.2. The first twelve values of U(N) and V(NN) are given in Table
1.

Table 1. Examples for U(N) and V(N).

N 213141 5 6 7 8 9 10 11 12 13
UN) |5 |14 |31 | 55 | 91 | 146 | 204 | 285 | 400 | 506 | 655 | 850
V(N) | 8|28 |64 |126 | 224 | 344 | 512 | 757 | 1008 | 1332 | 1792 | 2198

Remark 3.3. If N(> 3) is an odd integer, then

No1 &
U(T) = 0'1,1(2]6—1;2)0’171(N—2k‘+1;2)
k=1
N—1
2
= Y 011(2k;2)011(N — 2Kk;2)
k=1

by Lemma 3.1(a) and (b). Let S(NV) := 25:1 k2.
In particular, if p is an odd prime integer, then

p=1
p—1 p—1 ~ o
12 = = k-
(12 Ut =55 =3
Thus we can ask a similar question regarding convolution formulas as follows:
(Question) Can one find 71,19, 81, S2,m, a1, f1, § in Z satisfying

p—1
2

Z UTl,Sl(alk;m)UTQ,SQ(ﬁp_ﬁlk;m) = Zku
k=1

k<Bp/pB1
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x10°

T T
—— U
35—+ s

FiGURE 1. U(X) and S(X).

for a fixed u and a fixed odd prime p?

We feel that this sort of problem is generally not easy to solve. Equation
(12) is a special case for this question with u = 2.

In the following proposition, we state a property of divisor functions, which
will be used frequently in our proofs.

Proposition 3.4 ([20, p. 26]). Let p be a prime. Let k, N € N. Then
N
ok (pN) — (p" + 1)or(N) +pk0k(;) = 0.

Lemma 3.5. If N > 2 is a positive integer, then

N-1

N
> kova(k;2)o1 (N — k;2) = g1os(V) = 03(2N) — 2011 (N; 2)].
k=1
Proof. Tt is obvious from [13, p. §]. O

Theorem 3.6. Let N be an odd integer greater than 3. Then

(13) z_: > 112N — (2L +1);2)01,1 (21 — 1;2)01,1(2(L — 1 + 1);2)
L=1[l=1
= S1ls(N) — o (N),

Proof. The coefficients of ¢>V in
> 0112k = 1;2)01 (20 — 1;2)01,1(2m; 2) >R
k,,m=1
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with k4+1+m — 1= N can be expanded as

A= 201121\[ (2L +1); 201121—1 o1 (2(L —141);2)

,_.

N-1 1
= o1(2N — (2L + ))ﬁ[ag(QL +1) —01(2L + 1))
i
= ﬁ;al (N—L-1)+1)032N —2(N - L—-1)—1)
| N
-5 LZ:l 01(2N — (2L + 1))o1 (2L + 1).
In [13, p. 24], Eq. (15) is described, for an odd N, as
N1
(15) 012k + 1)o3(2N — 2k — 1) = o5(N).
k=0
Substituting (15) and (10) into (14), we get
A= 52l05(N) — 12N — 1)] = 5 {£[05(2N) — 03(N)] ~ 1 (2N ~ 1)}
= 2*14[0’5(]\7) - éU:&(QN) + éas(N)]
= 7los(N) = as(V)] :

Using modular forms, we can give a generalization of Theorem 3.6. Indeed,
from pp. 18-19 of [6], we know

Goo(T) = —— 1+24Z<711 M) € My(To(2)).
Let
(16) GV Z o1,1(N;2)g" € My(Tp(2)).

From p. 107 of [6], we know
d(Fo(Q)) = 37 62(F0(2)) = 1, 63(F0(2)) = 07 and eoo(FO(Q)) = 2.
From Theorem 3.1.1 of [6], the genus of modular curve X (I'¢(2)) is

9= T "1 T3 2 T

From Theorem 3.5.1 of [6], we know, for even k > 4,

(17) dimMx(To(2)) = (k— 1)(g — 1) + m e+ m €5 + gew —1+ m .
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Thus dim Mg(Tg(2)) = 2. Let
Eg(7) = 504 + Z 05(N)¢N € Mg(SLy(Z)) € Mg(To(2))
(see [16, p. 111]). By Proposition 17 of [16]

Eg(27) = 504 Z q € Mg(I'0(2)),

where o5(4) = 0 if N is odd. Obviously, Eg¢(7) and Eg(27) are linearly inde-
pendent. Hence

(18) Ms(T'o(2)) = CEg(7) ® CEg(27).
Computing the first few Fourier coefficients, we get

1 ~ 1 ~
1 3= —Fg(1) — —E6(27).
(19) 9(7) 192 6(7) 7 6(27)

Comparing the coefficients of the Fourier expansion of (19), we get, for N > 3,

Z 0'171(16;2)0’171(1;2)01,1(]1;2)

k+l+h=N
k,l,h>0
1
e 2 2 N:2
+3 ol Z o1,1(k;2)o11(l; )+3(24) 01.1(N;2)
k+=N
k,1>0
1 1 N

= @05(]\7) - ﬂ05(5)'
Combining this with Eq. (11), we get

Z 0'171(]{;2)0'171(1;2)0’171(h; 2)

k}:,llfhh;ON
— %205(1\7) - 217405(%) — % i{llag(N) —03(2N) — 2011(N;2)}
1£192°'1 1(N:2)
= = 2 (N) + s (2N) = (V) + ey 2N) e (Ni2),

The last equality is derived by using Proposition 3.4.
This yields the following theorem.

Theorem 3.7. For N > 3,

E 0171(]6;2)0'171(1;2)0’171(h; 2)
k+Il4+h=N
k,l,h>0
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29 1 11 1 1
=— —05(N)+ =——=05(2N) — —03(N) + —03(2N) + — N;2).
76805( )+76805( ) 19203( )+19203( )+19201,1( 12)
Remark 3.8. By Theorem 3.7, for N > 3,
Z kO’l’l(k;2)0’1,1(1;2)0171(}1;2)
k+l+h=N
E,l,h>0
1
=3 > (k+1+h)ora(k;2)or (L 2)o1(h;2)
k+l+h=N
k,l,h>0
N 29 1 11 1 1
= — |———=05(N)+ =—05(2N) — —03(N)+ —03(2N — N;2)|.
3 | ) 7ggo2N) — g50a N+ Lg5oa(@) + fpma(Ni2)

This reproves the formula in [20, p. 133].

Corollary 3.9. Let p =2q + 1 be an odd prime integer.

(a) ZZ% o1,1(k;2)o11(p—k;2) = Y1, 2k%

(b) Zi:l kULl(k; 2)0-1’1(]) - k7 2) = pzz:l k2' q q 9

(c) Zk+l+h=p Ul,l(k52)‘71,1(l§2)01,1(h;2) = (Zk:1 E)( k=1 k )-

(d) Cpgipnep kori(k; 2)o11(52)01 1 (h;2) = (30—, k)2
Proof. From (11), Lemma 3.5, Theorem 3.7 and Remark 3.8, we can deduce
the proof. O

Example 3.10. The first thirteen values of a(X) := Ziil o1,1(k;2)011(2X +
1—k;2) and 5(X) := Zi(:l 2k? are given in Table 2.
Table 2. Examples for o(X) and 8(X).

X 12134 5 6 7 8 9 10 11 12 13
a(X)|2]10]28|62|110 | 182|292 | 408 | 570 | 800 | 1012 | 1310 | 1700
B(X)[2]10]28 60| 110 | 182|280 | 408 | 570 | 770 | 1012 | 1300 | 1638

We can see when 2X +1 is prime, Zifl 01,1(k;2)011(2X +1—k; 2) coincides
with ka:l 2k? in Figure 2. A similar result for consecutive integers can be
found in [15, (2.10)].

Considering Theorem 3.6 from another point of view, we get the following
formula.

Proposition 3.11. For an odd N > 3, we have

N-1
S los(28) = oW1 (N = ;2) = 3[o5(N) = (V)]
k=1

Proof. Precisely, the coefficients of
Z 0112k — 1;2)011(20 — 1;2)01 1 (2m; 2)g> D
k,,m=1
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x10°
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FIGURE 2. «(X) and B(X).

can be written as

N-1 k

> o112 - 1;2)011(2k — (20— 1);2)01,1 (2N — 2k;2)
1

=

3
I

(20)

=2

$103(2K) — 73(R)]o11 (2N — 2k;2).

b
—

Since Eq. (20) equates with Theorem 13 for an odd N, we have
N-1

3 é[ag(%) — oy(k)|o11 (2N — 2k;2) = i[%(m — oy(N),
k=1

which concludes the proof. ([l

Theorem 3.12. If N(> 3) is an odd integer, then
N-1

Z o3(k)o11(N —k;2) =

k=1

L

240{1105(N) —1003(N) — 1(N)}.

Proof. Now let us look at the formula
9'(2)? = 4p(2)° — g2(7)p(2) — gs(7), T € H,

more closely. Since ©'(%) = 0, we get
T (2m)4 T (2m)8

(21) 19(2) = o Fa(D)p(5) + 55t

——— Fg(7).
Substituting

T

2 oo
. ™ . N
p(5)=—5(1+24 N§:101,1(N, 2)q"),
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Ey(r) =1+240 Y a3(N)g*",
N=1

Eg(r) =1-504 > a5(N)g*V
into Eq. (21), we obtain

Bi=(1+24) 011(N;2)q")?
N_

(22) = 3(1+ 240 Z o3(N/2)¢™)(1 + 24 Z o1 (
N=1

—2(1-504) " 05(N/2)g™).
N=1
After applying the usual computation, we will compare the coefficient of ¢2v
and ¢*V~! on the left-hand side and right-hand side of Eq. (22), separately.
For ¢>N~1, we can deduce that
N
17280 > " o3(k + 1)o1(2(N — k) + 1)
k=1
= —T201(2N + 3) — 1728001 (2N + 1) 4+ 72005(2N + 3).

For ¢*"V, we have

24020‘3 0’11N k2)

(23) = - 01,1(N, 2) — 1003(N) — 2105(N) + 3201 (2N — 1)
+32) 012N — k) — 1)o3(2k + 1),

where N is any positive integer. From (15),

N-1
> 012N — k) — D)os(2k + 1) = o5(N) — 01 (2N — 1).
k=1
Therefore, (23) is further recalculated and the proof is complete. O

Remark 3.13. Theorem 3.12 can be proved directly by modular forms. More-
over, the proof given below also generalizes Theorem 3.12 to the case of NV
being even.

From pp. 18-19 of [6] we know that

(24) 7t Z 011(N;2)g" € My(To(2)).
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Let
(25) 54(7') = Tio + Z O'3(N)qN S M4(SL2(Z)) C M4(F0(2))
N=1

It is easy to see that
9()Ea(r) € Mg(To(2)-

From (18), gE4 is a linear combination of E;(T) and EE(QT). A direct compu-
tation shows that

~ 11 = 2 ~

(26) 9B = %EG(T) - EEﬁ(QT)'
Comparing the coefficients of the Fourier expansion in (26), we get
(27)
N-1

11 2 N 1 1
kzl 011 (k:2)03(N = k) = 5505(N) = 7205(5) = 5708(N) = 55011(N32)
for N > 2.

4. Special convolution sums

Lemma 4.1. Let N be any positive integer. Then we have the following:
(a)
N—-1

> o1a(k;2)o3(N — k)
k=1

2310(1105(N) 3205(];]) — 1003(N) — o1 (N) + 201(%)),

(b)
N-1
20'1’1k20'30N ]ﬂ2)

30 5( )—15 5(5)—3 3(3)—% 1( )+T501(5)
(c)

N—-1

> o1a(k;2)o51 (N — k;2)

k=1

(05 (N) + 2055 ) — 5205(N) + 303(5) + grsor(N)

T o)
1207\ 2"
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Proof. (a) We refer to Eq. (27).

(b) We consider the convolution sum Zg;ll o011(k;2)o30(N — k;2) when
N

is odd or even. Let N be even. Given the fact that 0’3:0(0dd' 2) = 0 and
03,0(2N — 2k;2) = 803(N — k), we can obtain

[

N-1
ZO’lleJg()QN k2)

01,1(2k; 2)o3,0(2N — 2k;2)

N-1
8{2 0'1 0'3 N /C Z 0'170 k’ 2 0'3 N k‘)}
k=1

Then

41
Z 102k203N—2]€)

N
2

ZO’lok‘2U3

1

=2 Ul(k)Ug(N 2]17)

=

by 01,0(2k; 2) = 201 (k), and therefore, we refer to

Z g1 (k‘)O’g(N — 2]{5)

k<%
= 51 505(N) + (10~ 15N)o3(N) + 1605(5) ~ o1(5))

in [13, Theorem 6] Lastly, we use 05(2N) = 3305(N) —3205(4 ) and 01 (2N)
301(N) - 201( ) Then

2N—1
> o11(k;2)030(2N — k;2)
(28) k=1
1 11 1 1 1
= %05(2N) - ﬁUg)(N) - 503(]\/') - %01(2]\7) + ﬁal(N).

To obtain the formula for an odd N, we use Hahn’s proof

(29) 16 Y 51(k)ds(N —

k) = —55(N) —|—2(N — 1)53(N) +31(N)
k<N
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in [12, p. 12]. In (29), let us consider the left-hand side

N—-1
o1(k)os(N — k)
k=1
N-1
= [0’1,1(]6‘; 2) — 0’170(k‘; 2)][0’3,1(]\[ — k‘; 2) — 0’370(N — k;; 2)]
k=1
N-1
(30) =) [o11(k;2) — 01,0(k; 2)][-03(N — k) + 2031 (N — k; 2)]
k=1
N-1 N-1
= — 0‘171(k;2)0'3(N—k’)+220'1)1(16;2)0'3,1(N—k‘;2)
k=1 k=1
N—-1 N—-1
+ Y oro(k;2)os(N —k) =23 o10(k;2)os1 (N — k3 2).
k=1 k=1
Then
N—-1
- 01)1(]?; 2)0’3(N — k)
k=1
N-—1
= — Z [O’l(k‘) — 0’170(]6;2)]0'3(]\7 — k‘)
k=1
N—1 b1
= — Z O‘1(k>0’3<N - k) + Z 0'1}0(21{3;2)0'3(]\/' — 2]€)
k=1 k=1
1
— %[2105(]\[) + (10 - 3ON)O'3(N) - Cfl(N)]
T
+ ) 01.0(2k;2)03(N — 2Kk),
k=1
N-1 =
010 ]i) 2 03 N k Z 0'1’0(2]€;2)0'3(N— 2]€),
k=1 k=1
and
N-1 o=
0'170 k 2 0'31 N k 2 Z 0'170(2143;2)0'3,1(]\7 — 2]'{1,2)
k=1 k=1

Hence we can rewrite (30) as
N-1

> 1(k)as(N — k) =

k=1

~ 515 [2195(N) + (10 — 30M)o5(N) — 0 ()]
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N—-1
+ 2 Z 0'1’1(]€;2)0'3’1(N — k,2)
k=1

From (29), we can get the exact value of (30); therefore,

161705 (N) +2(N = D)os(N) + 01 (V)]

1
= — %[2105( )+ (10 — 30N)o3(N) — 01(N)]
N-1
+2 Z o1,1(k;2)o3,1(N — k; 2).
k=1
Thus
s 1 1 7
(31) 2 0'171 k 20’31 N k; 2) 8005(]\[)7% (N)+%01(N)

Comparing Eq. (27) with Eq. (31), we obtain the formula

N-1
Z o1,1(k;2)030(N — k; 2).
k=1
So the proof is complete.
(c) This follows readily from (a) and (b) that

N-1
Z(Tll k 2)(73 1(N k 2)
k=1

No1 N-1
- o11(k;2)o3(N — k) = > o11(k;2)os0(N —k;2)

)

Corollary 4.2. Let N > 3 be odd. Then
(a) Ek L 01 1(2k;2)03,0(N — k;2) = 55[05(N) — a1(N)].
(b) Zk 3 o1,1(k;2)030(N —2k;2) = 0.
(c) Zk = 03,0(2k;2)011 (N — k;2) = Ho5(N) — 303(N) — 5501(N).
(d) 05 o1a (N = k;2)03(2k) = 2505(N) — S03(N) — F5o1(N).
Proof.
)

0 a) Using o1 1(2k;2) = 01,1(k; 2) in Lemma 4.1(a), (a) is obtained.
(b

(
This follows from o3 ¢(odd;2) = 0.
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(c) By 03,0(2k; 2) = 803(k), we can get
N-1

D o30(2k;2)01 1 (N = k;2) =8 ) os(k)or1 (N — k;2)
k=1

Now, by Lemma 4.1(b), we can obtain
Pl 11 1 1
> 030(2k;2)011(N = k;2) = ——05(N) — 203(N) = —01(N).
— 30 3 30
(d) In Proposition 3.11, for an odd N > 3, we found that

N—1
S~ [o5(28) — o3(B)or,a (N — k;2) = 3 [o5(N) — o5(N)].
k=1
From this equation, we can deduce
N—1 1 N—-1
> o3(2k)or 1 (N — k;2) = 5[05(]\7) —o3(N) + Y o11(k;2)a3(N — k).
k=1

k=1
The last term is obtained by applying Lemma 4.1(b).

Lemma 4.3. Let N be any positive integer. Then we have the following

(a)

N—
> o10(k;2)05(N — k)
k=1

1 N N
120[50’5(N)+(10-15N)O'3(N)+160’5(5) —0'1(5)].
(b)
N-1
0'170]620'30]\[ k2)
k=1
1 N N N
()
N-1
ZglokQUglN If2)
k=1
1 19 N 2—-3N 3N-2 N
= 5175 o5(N) — 1*505(5) T o3(N) + 3 03(5)
7 N

1)

347



348 AERAN KIM, DAEYEOUL KIM, AND LI YAN

Proof. (a) We know that

N—-1
> 10k 2)os(N —k) = Y o1,0(2k; 2)0s(N — 2Kk)
k=1 k<N/2
=2 Z 0'1 2k‘)
k<N/2

From (1), we obtain the desired result.
(b) If N is an odd integer, then

0'1,0(]{1; 2)0’370(N — k‘; 2) = 0'170(2]€; 2)0‘370(N — 2]{,‘; 2)
is zero since 03 9(0dd;2) = 0. And if N = 2L is an even integer, then
201 L—1
> 10k 2)050(2L — k;2) = > 01,0(2k;2)05,0(2L — 2k;2)
k=1 k=1

—1620’1 0'3L ]{I)

since 01,0(2k;2) = 201 (k) and 03 ¢(2k;2) = 803(k). Next we refer to

N-1
1
(32) 0‘1 0'3 N k) 240[210'5(N>+(10—30N)0’3(N)—O'1<N)}
k=1
in [13] and obtain
201 1
> o10(k;2)0s0(2L — k3 2) = B[2105(L) + (10 — 30L)o3(L) — o1(L)].
k=1
(c) This is directly derived from (a) and (b). O

Corollary 4 4. Let N > 3 be odd. Then
(a) k 1 kO’l 0(2]€ 2)0’3(N k) 120 [7N0'5( )—6N20'3(N) NO’l(N)].

(b) SN k20 0(2Kk; 2)o3(N—k) = %N o5(N)— & N3a3(N) — 145 N%01 (N).

Proof. (a) Using o01,0(2k; 2) = 201 (k), we deduce that

N-1
Zko’lo 2/42 2)0’3 —22](10’1 0'3 N k)
k=1
Then we can use
Z koy(k)os(N — k) = 240 — [7TNo5(N) — 6N%05(N) — Noy(N)]

n [13, (3.13)].
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(b) The proof is similar to that of (a), except that we refer to

N-1

1 1 . 1
2 2 3 2
kEZI k*o1(k)os(N — k) = 8ON o5(N) — 120N o3(N) — 240N o1(N),
n [20, p. 156]. O

We give the following proposition in order to grasp Theorem 4.6.

Proposition 4.5. Let N be any positive integer. Then we have the following:

(a)
N-1
N —k
o1(k)os(—5—)
k=1
1 N N
= 240{05( )+ 2005(5) + (10 - 30N)03(5) —o1(N)}
(b)
No1
> 01(5)o3(N — k)
k=1
1 1 N. (2-3N) 1 N
— —o:(N N N) — —
BT o5 w3 oG
(c)
N-1
N —k
o1 (——)
k=1
1 N N N
= 310 —[21o5(— 5 )+ (10 — 15N)03(§) - 01(5)].
Proof. (a) From [13, p. 25], we see that an odd N satisfies
N-1
N k 1 1
— o5(N) — ——a1(N
(33) 2 01(k)os(—5—) = 55505(N) = 5501(N)
and that an even IV, i.e., N = 2L, yields
(34)
2L—1
Zdl(k‘) Zallk203L k+220’1 UgL k)
k=1

240 {200’5( ) + 0'5(2L) + (10 - 60[1)0’3([/) — 0’1(2L)}

by Lemma 4.1(b) and (32). Thus we combine (33) and (34) to complete the
proof.
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(b) This is written as

k
Z 01(5)03(]\7 —k)= Z o1(k)os(N — 2k),
k=1 k<N/2
so refer to (1).
(c) We can obtain the desired result using (32). O

Theorem 4.6. Let N be any positive integer. If m (0 < m < n) is any
nonnegative integer with n € NU {0}, then the following assertions hold:

(a)

=

-1
o1(2"" k)05 (2" (N — k)

= x>
2~
(s}

—{(3—2nmT 5. 23t 5. inmmi 5 ()
N
+ 279 2" 42" 45 2 — 154 16" )o5( )
IO (132N (Y)
N
+80(8" = 1)(=1+3-2""N)os(5)
N

=7 = )or(N) + 142" = Dou(5)}-

o3(2" k)0 (2" (N — k)

_ (15 - 9in=3m+4 _ 5 o3n—3m+4 _ on+d | 3)o5(N)
+16(5-23(m=m) 5. 94n=8m 4 on | 9)05%)
41023+ _1)(1 — 3-2"N)o3(N)
+80(23 ™) _1)(-1+3- 2”N)03(g)

_ 72— 1)y (V) + 14(2" — 1)0—1%)}.

Proof. (a) We use induction on m to obtain the general formula for o1(2"k).
If m =1, then

0'1(2](5) = 30‘1(]6) — 20‘1(%).
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If m = 2, then

01(2%k) = (32 = 2)oy (k) — 3 - zal(g).

Continuing this process, we get

(@7K) = @7 = oy (k) + 2 - 27 ) (D),

Similarly, we obtain

st 8—8"t Nk

03(2n(N - k‘)) = fdg(N - k) +

g3

7
Therefore, we know that

N-1
g1 (2mk)0'3(2n(N — k‘))

v i
= Y@M - D)+ 2 - 2 e (5))
k=1
n+l _ _ gn+l _
L SR )
gnl _q V-l
(35) = (@™ -1). — Z o1(k)os(N — k)
k=1
_gnt+1 N1 _
+(2m+171).78 j Zgl(k)dg(NQ k)
k=1
n+1 N-1
B I SR

7

k=1

gt Nk O N_—k

+(2*2m+1)'f201(§)03( 5 ).

Then we use Proposition 4.5 and change m — n — m.
(b) This is similar to Theorem 4.6(a), but we refer to

N-1 N-1

o3(k)or (N — k) = > o3(N =)o (b),
k=1 t=1
N-1 N-1

Jg(k)al(N; k) =Y o3(N = 2t)o1 (t),
JI\Cfill k N_—l

0’3(5)0'1(]\[ — k‘) = Ug(t)O‘l(N — Qt),

x~
Il
_
-
Il
-

2

).
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N-1 -1

N
Ug(g)al(N; k) => ag(g —t)oi(t).
k=1 t=1 (]

Corollary 4.7. Let N be any positive integer. Then

N
> 01(2k = 1)o3(2N — 2k + 1) = 3%(05(2N) — o5(N)).
k=1

In particular, if N is odd, then

N

> o1(2k — 1)o3(2N — 2k + 1) = o5(N),
k=1

which is also the result of Huard, Ou, Spearman, and Williams [13, Corollary
3.

Proof. Consider

2N-1

> oi(k)os(2N — k)
N -

=Y 01(2k — 1)os(2N =2k + 1) + > 01(2k)os(2N — 2k).
k=1 k=1

Then by replacing N with 2N in [13, (3.12)] and n = 1,m =0 in

N

3 o1 (27 ) (27 (N — ),
k=1

we get

N
> 012k = 1)o3(2N — 2k + 1)

k=1
= ﬁ{MUS(ZN) + (10 — 60N)o3(2N) — 01(2N)}
- {%05(N) B %05(g) + 203(1\[) - %U«%(N) - %Us(g) + 2N03(g)

1 1 N
— o (N) + —— oy ()Y,
507t (V) + ()}

Then we use 05(2N) = 3305(N) — 3205(%), 03(2N) = 903(N) — 803(%), and
0'1(2N):30'1(N)—20'1(%). O

Corollary 4.8. Let N be any positive integer with n € NU{0}. Then we have
the following:



(b)

()
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N-1
01,0(2" "k 2)03(2" (N — k)
k=1
1
= g0 g (827 =27 =5 23 15 21 (N)

N
+8(9-2mFL 4 on 4 5. g3ntmtl 15-24")05(75)
4+ 5{2™(23" T —2) + 3. 2" N (1 — 2°"F3)}o3(N)

N
+40@&1—1)@-2"N2—2m+903(2)

fnwgamwﬂNy+nﬂ—2memgn

N-1
> 0127k 2)03(27 (N — k)
k=1
! @-?“4—3dey—w@-?”+9wgﬁd
1680 2

+10(1 — 23n+3)0'3(N) + 80(23” — 1)03(%) —T7o1(N) + 140’“%)},

N-1
0.3(2n7mk)0,170(2n(N - k), 2)
k=1
1

— [(3 _ 2n+3 _ 5 . 23n—3m+4 + 15 . 24n—3m+3)0,5(N)

840

N
4 8(18 4 on 4 5. 23n73m+1 —15. 2477,73777,)0_5(?)
+ 5{_2 + 23n73m+4 _3. 2nN(23(n7m+1) _ 1)}0_3(]\7)

N
+ 40{2 _ 93n—=3m+1 +3. 2nN(23(n7m) _ 1)}0_3(5)

—7(2" = Doy (N) +7(2" — 2)01(%].

> 032" k)1 (2NN — k); 2)

N
— . 93n—3m+4 . 93(n—m)
71680 (5 2 — 3)(75(1\/) — 16(5 2 + 9)(75(*2 )
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N
—10(23mFD _ 1)gg(N) + 80(23( ™) — Dos(5)
N
- 70’1(N) + 140’1(5)}
()

N-1
011(2" "k 2) 03,0 (27 (N — k); 2)

k=1

1

= —{(5-2°"" —3)o5(N) —2(5-8" + 72)05%) —10(8™ — 1)o3(N)
+10(8" — s)og(g) 7oy (N) + 1401%)}.

Proof. (a) From the fact that

=2

—1

201 (2" "™ k)o3(2" (N — k))

I
g

N—-1
> 010(2" ks 2)05(2" (N — k)
k=1

>
Il

1
-1

012"~V (27(N — k),
1

I
[\}
\T Z

we put m — m + 1 in Theorem 4.6 when m < n. If m = n, then we use
201(§) = 301(k) — 01(2k).
(b)-(e) This is similar to Corollary 4.8(a). O

Remark 4.9. Corollary 4.8(b) can be proved directly via Hecke operators. Let

o) = 57+ D o1a(N:2) € My(To(2),

where ¢ = €2™7 and 7 € H. From (17), we know that, for even k > 4,

dim My, (To(2)) = 1 + m .

In particular,

dim M4(F0(2)) = dim M6(F0(2)) = 2.

Let
By = g5+ 2 7s(N)a" € M(SLa(2)) € My(To(2)
By= -5+ > 0s(N)g" € My(SIa(2)) € My(To(2))
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(see [16, p. 111]). By Proposition 17 of [16],

Bi(er) = 5+ 3 os(5)a" € Ma(To(2),
N=1

Bo(2r) = o+ S op(3a € My(To(2),
N=1

where 03(5) = 05(%) = 0 if 24 N. Therefore,
My(T'o(2)) = CE4(r) & CE4(2r),
My(T(2)) = CEo(7) @ CEg(2r).
The Hecke operator,
Ty : Mi(To(2)) = Mi(T'o(2)),
is a linear map such that, for any >~ ang™ € My (To(2)),

(> ang™) = asng”

(see Proposition 37 of Chapter 3 of [16]). It is easy to see that EZ(T) and
Ty E4(7) are linearly independent in My(T'o(2)). Taking them as a basis, we get

= = (0 -8
T5(Ey, ThE,) = (Ey, ToEy) ( ) .

1 9
Since
0 —8\" _ 1/8-8" g-—gnt!
1 9 T \—148" 1487
we get
(36) T3 By = Z(8 = 8")Es+ (8" = )T2E.

Since gEz,gTQE; € Mg(To(2)), they are linear combinations of E\-(;(T) and

EN@(QT). A direct computation shows that
~ 11 2 ~

(37) gE4(T) = %Eﬁ(ﬂ - T5E6(27)’
(38) T,Ea(r) = o Bo(r) — - Bo(27)
9247—24067 15GT
Combining (36), (37), and (38), we obtain
(39)
913 Ey
1 o1l ~ 2 1. 9=, T
= ;(8 -8 )(QT()E(;(T) - BEG(QT)) + ;(8 - 1)T2(240E6(7') 15E6
1 8"~ 9 8" ~
= (~ g5 + o) Bo(r) + (~ 30z — o) Bo(2r)

560 21 105 21

(27))
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Comparing the coefficients of ¢" (N > 2) on both sides of (39), we get

1 1
> o1a(k;2)03(2M) + —03(2"N) + ——011(N;2)

24 240
k=N
k>0
1 8" 3 8™ N
= (= + 2)o5(N) + (— = — o5 (=).
( 560+21)05( )+ ( 35 21)05(2)

This yields Corollary 4.8(b).
5. Formulation of 224_11 o1(2" " ™k)os(2™(M — k))

In Hahn’s paper, we see that

(40) 16 Y 61(k)Fs(N — k) = —&5(N) + 2(N — 1)55(N) + &1 (N)
k<N
by [12, Theorem 4.3]. Now we generalize (40) so that we can use Theorem 4.6
and find the convolution formula for the summation
N-1
> F(2M k)T (2" (N — k)
k=1
with N being odd.

Theorem 5.1. Let N be any positive integer. If m (0 < m < n) is any positive
integer with n € NU {0}, then
(a)
N-1
F1(27 k) (27 (N — K))

k=1
1
— o o {(16n+1 _ 23n+m+4 _ 2n+4 + 9. 2m)0_5(N)
N
+16(27 - 2™ 4 2™ 237+ 16")o5(5)

N
+2(23( D _15)(2™ — 2" N)o3(N) + 16(2°" — 15)(—2™ + 2"N)os(5)

+ 7(3 .om _ 2n+1)01(N) _ 14(3 .om _ 2n)01(g)}.

2
(b)
N-1
53(27 k)5, (2 (N — k)
k=1
1 n 3n n+3m 3m
— W{(16 +1723 +472 +3 +4+9'23 )(75(N)

N
+16(27 - 23™ 4 237 4 23mAn _ 16”)05(5)

+2(2°(*D —15.23M)(1 — 2" N)o3(N)
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1615257 — 7)1 = 2" Ny (5)
—7-8™(2" —3)oy (N) + 723 (2" — 3)01(g)}.

Proof. (a) If n = 0 in Theorem 5.1(a), then Theorem 5.1(a) is equivalent to
Eq. (40). So we assume n > 1. We can expand the convolution sum as

(41)

N-1
F1(2" k)73 (2"(N — k)
k=1
N—-1
= {o1(2"7™k) — 401 (2" k) Hoz(2"(N — k) — 1603(2" (N — k))}
k=1

by using 75(N) = 05(N) — 25710, (N/2), where N € N (see [12, (1.12)]). Then
the right-hand side of (41) can be written as

(42)
N—-1 N-1
> a2 k)os (2 (N — k) =16 > 01(2" " k)os(2" (N — k)
k=1 N k=1 N
—4) o2 R)os (2" (N — k) 464 Y 01 (2" h)os (2" (N — k)
k=1 k=1
N-1 N-1

= 012" ™k)o3(2"(N — k) —16 Y  01(2" ™k)o3(2" (N — k)

T
Z =
Eol
Il
—

-1
+ Y {20027 k) — 601 (2" k) }oz(2"(N — k)

b
Il

+ ) {3201 (2" E) + 9601 (2" "k) o3 (2" (N — k),

=

el
Il
—

where an elementary formula o1 (2N) = 301 (N)—201(N/2) is used with N € N.
Now, Eq. (42) becomes

(43)
N—-1 N-1
012" k)3 (2M(N — k) —16 Y 012D g (27T Y (N — k)
k=1 k=1
N-1 N—-1
+2) 012" VR)os (2N (N — k) — 6 Y 01(2" " k)os (2" (N — k)
k=1 k=1
N-1

-32Y o 2D e (2" H(N — k)
=1

E
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N-1

+96 Y oy (20T D)y (2" (N — k)

k=1

N-1

= =5Y 01(2" "k)os(2" (N — k)

k=1

N-1
+80Y o (2 V=D g (2n YN — k)

k=1

N—-1

&
(]

o1 (2"~ V)5 (27(N — k)

=
Il
—

=

-32Y o2y gg (2N — k).

™~
Il
-

Finally, we apply Theorem 4.6(a) to get the result.

(b) This is similar to Theorem 5.1(a). O
Remark 5.2. Let o3(N) := > 4n d°. For instance, the function o} (N) has
& odd
the formula [20, p. 27]
N N
(44) Us(N):JS(N)_US(g)‘
Using (44), we can rewrite Theorem 5.1 as
N-1
01(2" k)3 (2" (N — k))
k=1
1 ~ ~ ~ 1 n— n *
= 16 170s(N) +2(N = 1)as(N) + 01(N)} + ("7 — 1){8(8" — 1)o5(N)

+

15No31(N;2) — 8" No}(N) — Tof(N)} — %(8" —1)(N = 1)o3(N),

2
L

F3(27 k)G, (27 (N — k)

7

_ %6{_55(]\7) +2(N —1)os3(N)+o1(N)}
2T - DI - Do3(V) - (2N Do)
+ é@n ~ 1){N&3(N) - o5 (N)}.
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