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Abstract

In this paper, we explicitly derive the generalized mirror transformation of quantum cohomology of general
type projective hypersurfaces, proposed in our previous article, as an effect of coordinate change of the virtual
Gauss-Manin system.

1 Introduction

This paper is the completion of our previous work [9], [8] on the quantum cohomology of general type hypersur-
faces. To be more precise, we construct an algorithm to compute Kéhler Gromov-Witten invariants (structure
constants of Kihler sub-ring of small quantum cohomology ring) of degree k hypersurface in C PN ~! with k > N
(we denote it by M%) for rational curves of arbitrary degree only by using Givental’s ODE [5]

<(ar)N1 ke (kO k— 1) (kO + k—2) - (kD + 1)>w(x) — 0, (1.1)

as the starting point.! Of course, there are already several literatures [4], [13] and [2] on the quantum cohomology
ring of general type projective hypersurfaces. But in [4] and [13], connection with mirror computation or (1.1)
seems to be implicit. As for [2], direct connection with hypergeometric class or with (1.1) is suggested, but their
construction is a little abstract and not practical for explicit prediction. From this point of view, our construction
presented in this paper is explicit and can be used to compute any genus 0 Gromov-Witten invariants of M J’f,
directly from (1.1).

Our construction is fundamentally based on the line of thoughts exposed in the course of our previous papers
[3], [7],[9],[8] and [10]. Main ingredients of our construction consist of virtual structure constants and generalized
mirror transformation, which were introduced and partially constructed in [9]. The virtual structure constants
have their origin in our work [3] with A.Collino. In [3], A.Collino and myself constructed recursive formulas that
express the structure constants of small quantum cohomology ring of M% (N — k) > 2 in terms of the ones of
MF 41 up to degree 5 rational curves (explicit form of recursive formula for rational curves of arbitrary degree
was conjectured in [7] and was proved in [10]). The virtual structure constants are defined as rational number
obtained from iterative use of these recursive formulas to the region (N — k& < 1). In [9], we conjectured that

1From now on, we omit the word “Kahler” and limit ourselves to consider Gromov-Witten invariants of M ]’i, with insertion of
O.j, where e is the Kéhler class of M]’f,



the virtual structure constants are deeply related to (1.1) and that they correspond to three point functions of
the B-model in the mirror conjecture. These conjecture were proved to be true in [10]. In other words, we have
constructed an algorithm to compute the virtual structure constants for arbitrary N and k only by using (1.1).
These results correspond to the first part of the mirror computation of the small quantum cohomology of general
type projective hypersurface ME (k> N).

The second part of the mirror computation is the generalized mirror transformation, that correspond to the
formula to convert the virtual structure constants into the actual structure constants of the small quantum
cohomology ring of MY in our context. Note that in the Calabi-Yau case, this process of mirror computation
is realized by the coordinate change of the B-model deformation parameter into flat coordinate of the A-model,
or Kihler deformation parameter. The notion of the generalized mirror transformation for M¥ (k > N) was
first introduced in [9] and explicit form of the generalized mirror transformation was determined up to degree 3
rational curves by comparing the value of the virtual structure constants with the numerical results of some three
point Gromov-Witten invariants of M%.. In [8], we determined the form of the generalized mirror transformation
up to degree 5 rational curves by using curious coincidence between the terms appearing in the results of [9]
and many-point Gromov-Witten invariants obtained from application of the associativity equation [12] and the
Kahler equation to some simple combination of the virtual structure constants. This idea turned out to be
very effective, but unfortunately, we found that such coincidence was not complete and that some non-trivial
modification was needed as degree of rational curves grows. Therefore, our search for the generalized mirror
transformation temporarily stopped.

Next break-through comes from application of the Gauss-Manin system to the quantum cohomology ring of
M¥, [10]. In [10], we proposed an idea of the virtual Gauss-Manin system, that has the virtual structure constants
as the matrix elements of the Gauss-Manin connection. The virtual Gauss-Manin system, when applied to the
Calabi-Yau hypersurfaces M}, is effective not only in the B-model computation, but also in finding out the
Jacobian between the B-model deformation parameter and the flat coordinate of the A-model, as was suggested
in the last section of [10]. Therefore, we searched for a way to extend the construction of the mirror transformation
of M,’j via coordinate change of the virtual Gauss-Manin system to the case of M¥ (k > N). In the sequel, a
hint of the answer was given by the theory of Iritani [6], which is a concrete exposition of the idea of Givental
and Coates [2]. According to Iritani, we have to introduce not only the Kihler deformation parameter x!, but
also the parameter 27 (j = 2,---, N —2) that corresponds to €7, i.e., j times wedge product of the Kihler class e.
With this idea, we extend the virtual Gauss-Manin system by constructing the virtual Gauss-Manin connection
corresponding to the deformation by 27, With these preparation, we can read off the matrix elements of the
Jacobian gf between 7 and the A-model deformation parameter ¢/ from the matrix elements of the virtual
Gauss-Manin connection. Moreover, we can integrate out the Jacobian and obtain the rule of coordinate change
' = (¢!, ,tN72). The results so obtained force us to introduce many point Gromov-Witten invariants
obtained from application of the associativity equation and the modified Kéhler equation, that was derived from
Iritani’s framework, to the matrix elements of Gauss-Manin connection associated with deformation of ¢t!. After
some straightforward computations, we can naturally reproduce the results up to degree 5 rational curves given
in [8]. Of course, our construction given in this paper can be applied to predict arbitrary genus 0 Gromov-Witten
invariants of M% (k > N). Indeed, we computed some three point Gromov-Witten invariants of Mi§ for
degree 6 rational curves by using our construction, and checked coincidence with the numerical results obtained
from fixed point computation by Kontsevich [11]. We also expect that our construction will be explained from
compactification of moduli space of rational curves in CPN~1 [9] [1].

This paper is organized as follows. In Section 2, we introduce the notation, the definition and the results
obtained in our previous works. Especially, the definition of the virtual structure constants, the virtual Gauss-
Manin system and the virtual Gromov-Witten invariants are given, and their relation to Givental‘'s ODE (1.1) is
discussed. We also mention some conjectures on the form of the generalized mirror transformation given in [9].
In Section 3, we expose our algorithm to construct the generalized mirror transformation for rational curves of
arbitrary degree from the virtual Gauss-Manin system. Next, we derive our previous results in [8]. Note that our
presentation in this section is slightly different from the outline given here, because we want to respect priority
of the work of Iritani. Of course, the result of computation does not change. In Section 4, we briefly review the
results of Iritani and explain how our algorithm in Section 3 naturally follows from his framework.
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2 Overview of Our Previous Results

2.1 Definitions

In this subsection, we introduce the quantum Ké&hler sub-ring of the quantum cohomology ring of a degree k
hypersurface in CPY~1. Let M be a hypersurface of degree k in CPN~1. We denote by QH} (M%) the subring
of the quantum cohomology ring QH* (M%) generated by O, induced from the Kihler form e (or, equivalently
the intersection HN MY between a hyperplane class H of CPY~1 and M%). Additive basis of QH (M%) is given
by O, (j=0,1,---,N —2), which is induced from e/ € H’J(M},). The multiplication rule of QH*(ME) is
determined by the Gromov-Witten invariant of genus 0 (OcOcn—2-m O pm-1-(—nya) g, m and it is given as follows:

1
L%’k’d E<OeOeN72—mOevnfl—(k—N)d>d7
O.-1 = O,
Oc On—2-m = Ogn-i-m + Z Lrjx’k’dqdoez\/f17m+(;¢71\/)d,
d=1
¢ = explt) (2.2)

where the subscript d counts the degree of the rational curves measured by e. Therefore, ¢ = exp(t) is the degree
counting parameter.

Definition 1 We call LY % the structure constant of weighted degree d.

Since M¥ is a complex (N — 2) dimensional manifold, we see that a structure constant LY:¥¢ is non-zero only
if the following condition is satisfied:

1<SN-2-m<N-21<m-1+(N—-kJd<N-2,

— max{0,2 - (N —k)d} <m <min{N —3,N —1— (N — k)d}. (2.3)
We rewrite (2.3) into
(N-k>2) = 0<m<(N-1)—(N-k)d
(N—k=1,d=1) = 1<m<N-3
(N—k=1,d>2) = 0<m<N-1—(N-k)d
(N-k<0) = 24+ (k—N)d<m<N-3. (2.4)

From (2.4), we easily see that the number of the non-zero structure constants LY:*¢ is finite except for the
case of N = k. Moreover, if N > 2k, the non-zero structure constants come only from the d = 1 part and the
non-vanishing LY-*! is determined by k and independent of N.

2.2 Virtual Structure Constants and Givental’s ODE

In this subsection, we introduce the virtual structure constants ﬂTNn’k’d which is non-zero only if 0 < m <

N — 1+ (k — N)d. The original definition of LY-*¢ in [10] is given by the initial condition:

iiz - ﬁyw+ i) (N—k>2), (25)



and the recursive formulas that describe i%’k’d as a weighted homogeneous polynomial in iﬁy +Lk,d’ (d <d) of
degree d. See [7] for the explicit form of the recursive formulas. In [10], we showed that the virtual structure
constants are directly connected with the Givental’s ODE:

<(8€E)N_1 —k-e" (kO +k—1)(kOp+k—2)--- (kO + 1)>w(x) =0, (2.6)

for arbitrary N and k via the virtual Gauss-Manin system defined as follows:
Definition 2 We call the following rank 1 ODE for vector valued function @m(x)
Opn—2-m(®) = Ono1-m(@)+ Y exp(dr)  LEP -y 1 (v_ya(®)- (2.7)
d=1

the virtual Gauss-Manin system associated with the quantum Kdhler sub-ring of MY, where m runs through

0<mMm<SN-2ifN-k>1,0<m<N-1fN—-k=0,andmeZif N—k<O.
Here, we restate the main result in [10].

Theorem 1 We can derive the following identity from the virtual Gauss-Manin system (2.7).

Dxer(0) = (@Y ke (k0,4 k= 1) (10, +2) - (W0, + 1)) 020afa) (25)

where =0 N—k>1,0=1fN—-k=0,and =00 if N -k <0.

We can also compute LY*¢ only by using the above theorem, and this process is the analogue of the B-model
computation of the Calabi-Yau case.

Corollary 1 The virtual structure constants f/,]y ko are fully reconstructed from the identity (2.8). As a result,
we can compute all the virtual structure constants by using the relation:

k—1 -
Ziﬁk’lw” = H Jjw+ (k= 7)),

n=0
N—-1+(k—N)d

§ Lz,k,dzm _

m=0
d N—-1+(k—N)d Jjs J2 1 1
— i — G 7Nk iy —in—
IS DI DR DD D | [ R i v
=2 O=ip<--<i;=d 71=0 J2=071=0n=1

(2.9)

Note that the condition for non-vanishing i%’k’d: 0<m < N-—1+ (k— N)d, implies that we have infinite
number of iN k:d’s in the k > N case. In [9], we proposed a conjecture of the formula to convert the virtual
structure constants LN*¢ into the real structure constants LY*¢. To restate the conjecture in [9], we introduce
some combinatorial definitions.

Definition 3 Let P, be the set of partitions of positive integer d:

l(oa)
Py={oa=(dy,dp, - dyoy) | 1<di <dy <+ <dyo, , Y dj=d, djeZ}. (2.10)
j=1
From now on, we denote a partition oq by dy +da + -+ -+ dj(o,). In (2.10), we denote the length of the partition
oq by l(oq). If d =0, we define Py as the set that consists of one trivial partition O with length 0.



Definition 4 Let S(o4) be a rational number associated with the partition oq € P;, which is defined by the
following generating function:

loa)

Z Z S(oq) H ad;) —eXp(Zajzj). (2.11)

d=0 o4€P,y

With these preparation, we restate the main conjecture in [9] on the structure of the generalized mirror trans-
formation:

Conjecture 1 The generalized mirror transformation takes the form

Uom) , [N k.d;
[Nk Z S~ i) 5(g,,) H < 1+UZZ¢ N)d; > G (s ),
m=0o,, €Pp, i=1
(2.12)
where GN k, d(n om) 18 a polynomial of LN & with weighted degree d.
Of course, we have to determine the polynomial G (n om) to predict the real structure constants L%, In

8], we have determined G ok d(n om) for arbitrary N and k up to d = 3 case, and Gsfrlnk Unyom) up tod =5

case. In these cases, we only need Lfy k.d>s that satisfy 1+ (kK — N)d < n < N — 2. Therefore, we only have to
use finite number of LYN%’s in the & > N case in spite of the fact that we have infinite number of the virtual
structure constants. This observation plays an important role in our construction given in the next section.
Moreover, the above conjecture naturally follows from the construction. We will show the explicit algorithm to
determine the unknown polynomial G, ’k’d(n om) for arbitrary degree d in the next section.

2.3 Virtual Gromov-Witten Invariants

We introduce here the virtual Gromov-Witten invariants to make correspondence of the results of this article
with the ones in [8]. Precisely speaking, these quantities do not play an essential role in the main result of this
article, but they are convenient for describing our results of computation.

Definition 5 The virtual Gromov-Witten invariant v(H?Zl O,aj)a on MY is the rational number that satisfy
the condition:
(i) initial condition

’U(Oea Oeboec)o = k . §a+b+c,N727

U(H Oe“j )O =0, (n 7é 3)7

1 ~
20(Oen=2-0Opn1-te-3120c)a = LY — LN g (A2 1), (2.13)

(i) flat metric condition

V(000 O ) = k - daqqp,N—2,

n

(Ogo H Opai)a =0, (d>1, or d=0, n+#2), (2.14)
j=1
(i) topological selection rule
V([ Octi)a #0= (N =5)+ (N —k)d=> (a; — 1), (2.15)
j=1 j=1



(iv) Kdhler equation

v(OeHOeGJ)d = dU(H Oeaj)dv (216)
j=1 j=1

(v) associativity equation

d N-2
Z Z ZU(OeaOeb( H Oeaj)oei)dlv(oeN—Q—i( H (’)egj)(’)ec(’)ed)d_dl

41=0 {a.} []{B.}={n.} i=0 aj€fa.} B;€{B.}
d N-2
Z > > 00O ([ Oeri)Oc)a,v(Oen-2-i( [[ ©,5)00ca)a—a,,
1=0 {a. } []{B}={n.} =0 aj€{a.} Bi€{B-}
(a+b+c+d+2(nj—1):N—2+(N—k:)d). (2.17)
j=1

Next, we introduce the notation that was heavily used in [8],

Definition 6
l(o‘m)

1
Vd]ia::;d(n; d1 + d2 4+ dl(gm)) = I (d — m)l(tfm)—l ’U(ON_Q_nOnflf(ka)d H Ol+(k7N)dj )d—m- (2.18)
j=1

In [8], we proposed some conjectures on the relation between VdN Fod (i am) and GN * d(n Om) in (2.12).

Conjecture 2 Ifl(o,,) <1 ord—m=1, Gde(n Om) 18 given by Vd o ;o).

In the same way as Conjecture 1, we can see that this conjecture is natural and consistent with the construction
given in the next section. Asthe last part of this subsection, we write down a recursive formula for Vk Lk, d(n; Om),s
that follows directly from the definition of the virtual structure constants, for later use:

Proposition 1
VIR s dy 4 do + -+ dyo))

=V B midy o+ -+ i1+ (dyo,) — 1))

k—1,k,d—dy (s,
i )(n—dl(gm);dl—|—d2+"'—|—dl(0m)_1)

+V,_
7de 77ll,lc,d*dl(am) (d +1;dy +do+ -+ dl(am)—l)
d—

m—1 .
d m — m—i o=
DRI Lyp( L yom R e i ey, + (A~ D)
=l al]B
><Vk 1k,j+d5(n+j —d4+m—ds— dl(om)§db1 +"'+dbz(gm)717p)

—m—1

d m — j .
Z > J (d_Jm)l("m) PRV B i dy, 4+ day + (M — da)
=t al]B

ijk—l,k.,j—&-ds (m +14j—da; db1 R dbz(om)717p)7 (2.19)

where ) , [ Means the summation on all the way of separating the set {1,2,--- (o) —1} into two disjoint sets
A={ay, - a5} and B={b1, -, by, )—1-p}, and da (resp. dp) is an integer Ej 1 da; (resp. zl(am) =P g b )

Remark 1 In applying (2.19), we don’t need to arrange integers d; in ascending order, because the virtual
Gromov- Witten invariants are invariant under permutation of insertion of operators.



3 Algorithmic Derivation of the Generalized Mirror Transformation

In this section, we write down the algorithm to compute the generalized mirror transformation and reproduce the
results obtained in [8] for MF | up to d = 5 case. We explain theoretical background of our algorithm, following
the result of Iritani [6], in the next section.

As the first step, we truncate the virtual Gauss-Manin system (2.7) into the form:

[m—l
k—N

OpUN—2-m(T) = Yn—1-m(x)+ exp(dz) - LYF iy 1 b— nya(@).

(]

d=1
(0<m<N-2) (3.20)

This truncation means that we throw away all the LN*®s except for the ones that satisfy (1 4+ (k — N)d <
m < N — 2). Moreover, 1/33- () (j € Z) is replaced by ¢;(z) (j =0,--- N —2). In other words, we throw away
ﬁj(:v)’s, that are exotic as the usual Gauss-Manin system associated with the quantum cohomology ring of M%.
For example, we write down the form of truncated virtual Gauss-Manin system of MJ:

Outho(z) = () + ae®o(x) + ne’ hs(x) + pe3ahy(x) + Te3%Ps(x) + ee® g ()

Bphr(x) = a(x) + Be () + £ Pu(w) + re* 5 (x) + me g (x)

o) = t3(x) +ve a(x) + ¥ 5 () + peTihg(x)

0ut3(z) = () + Be"Ys5(x) + ne* s (x)

Ozha(x) = Ps5(x) + ae®Ps()

Ous(z) = e()

Obe(x) = 0 (3.21)

Since the next step is rather complicated, we explain it by using the above example. First, we eliminate ()
from the 5th line of (3.21) by using the 6th line,

Ootha(x) = Vs(z) + ae0uis(2)
(1 + ae®0, )5 (), (3.22)

and obtain,

1/}5((5) = (1+aewaz)_lamw4(x)7
1/16(55) = am(1+a6Iam)ilaxw4(x)' (323)

In this way, we can eliminate ¢5(z) and ¥g(x) in (3.21). We can also eliminate ¥4 (x) by plugging (3.23) into 4th
line of (3.21),

Op3(x) = (1 + e (1 + ae®0,) " 0, 4+ 1ne* 0, (1 + aemﬁw)_18x> (), (3.24)
and obtain,
-1
Yy(x) = (1 + Be*(1 + ae®0,) 10, + e 0, (1 + ae“‘@x)_law) 0 3(x),

-1
¥s(z) = (1 + ae®d,) 10, (1 + e (1 + ae®d,) 10, + ne** 0, (1 + aemai)_lax) 0 3(x),

—1
Ve(z) = 0,(1 + e®d,) 10, (1 + Be*(1 + ae®d,) 10, + ne* 0, (1 + aexar)lam) O ¢3(x). (3.25)



By continuing the elimination process, we can obtain the following relation between g (x) and 1 (z):

P1(x) = F(e,0:)o(x). (3.26)
Then we dictate the following relation that characterize the flat coordinate ¢,
Oy = F(e®,0,), Le., Opo(z) =4¢r(x). (3.27)

Explicitly, 9; in our example is given as follows:

O = 0p—ae®d?+e*((af — )02 + a?(0, + 1)0%) — €32 (0 — nB(0, +1)02 — nyd2 + (afy — )2
+a32(0y +1)02 4+ a(af — 0)((0y + 2)02 + (0 4+ 1)%02) + (0, + 2)(0p + 1)) + - - -. (3.28)

Using (3.28), we can rewrite (3.21) into the form,

Do () Y1(z)

hr(x) = o)+ (B —a)(e” — ae®™ + (aff — 1+ 2a%)e* )3 (x)
+((&—n—a(y —a))(e* —20e*) + ((af —n+ ) (B —a) + (af — n)(y — a))e**)pa(x)
+r—p—alE—n) =B —a)+a’(y — )’ Ys(x)

Opa(x) = 3(x) + (v — @)(e” — ae® + (aff — n + 2a%)e* )i ()
+((€ =0 —aly — ) (€*® —2ae®) + (2(af — 1) + a®)(y — @)™ )5 (z)

Obs(x) = ta(e) + (B — ) (e — ae® + (af — 1+ 2a%)e* )5 (x) + (8 — a)(af — 1+ o®)s()

Oa(z) = s5(x)

Ops(x) = ()

Og(x) = 0 (3.29)

Though these computations are rather hard because of non-commutativity between e* and J,, we can manage
them with the aid of Maple package: Ore-algebra. In general, we obtain the following equations as the result of
this step,

Hpo(z) = Pi(x),

[
WYN-—2-m(T) = YN-1-m(T)+ Z S E") - UN 1 —mtae—ny (@), (1 <m <N =3),
d=1
OYn-2(z) = 0, (3.30)

where fN:Fd(e%) is the power series in e” whose lowest power is more than d.
Definition 7 We denote by +w(Oen—2-mOpm-1--1a0c)q the coefficient of e in fN*d(e®).

In our example, they are given as follows:

L0(0.0.00)1 =~ 0, 10(0.0200)1 =7~ o

k
L0(0.0,00)2 =€~ — a3~ a),
%w(OeOeOe)g =k —p—al§—n) —nB—a)+ao’(y—a) (3.31)

Explicitly, we can write down %w(OCN—2—m, Oom-1--maO¢)q in terms of virtual Gromov-Witten invariants up
to d = 3 cases for arbitrary N and k.

1
E'LU(OeN—2—m Oevn—l—(k—N) 06)1 = VlN’k71 (TL; 0),



1 -

Ew(OeN*Z*m Oem—l—Z(k—N)Oe)Q = V2N7k72(n; 0) - LiVJ’rlz}clfN)le,kyz(n; 1)’

] ~ - )

Ew(OeN—27m Oemflf3(k*N) 06)3 = VSN’k’S(n; 0) - Lf;”’aﬂl*]v) V2N$k’3(n; 1) - Liv“"’];’(zka) VlNJC’S(n; 2)
L )PV (514 1), (3.32)

We also show here the explicit results for d = 4,5 rational curves in the case of N =k — 1:
1 - -
F (002 OensOc)a = Vi~ (n;0) = Ly~ PV (1) — LW 2V (s 2)
_Ekfl,k,?)kal,k,zl(n. 3)
4 1 )
+(.Z/§717k’1)2 <‘/v2k1,k,3(n; 1) + ‘/2k71,k7,3(n _ 1’ 1) _ Vzktfl,k,Q(B; O) + A(TL))

+2E1§71,k,1£1§71,k,2Vlkfl,kA(n; 1+ 2)
—(LEPRIBYET R (1 11 41,

1 _ b _ - _
%U}(Oek—s—moem76oe)5 — ‘/5]6 1,k,5(n;0)_L]26 1,k,1v4k 1,k,5(n;1)_L§ l,k,Q‘/Sk l,k,5(n; 2)

_zlz—l,k,3v4k—1,k,5(n; 3) _ Elg—l,kAVlk—l,k,B(n; 4)

)

+(1~;]2€—1,k,1)2 <‘/Sk—1,k,4(n; 1) + ‘/'?’k—l,k,ﬁl(n _ 17 1) _ ‘/:sk_17k73(6' 0)

+B(n) + C(n) — VI 1%1(3,0) - (2hi1 (n) 4 2his(n) + hig(ﬂ)))

+2I~/]2€71,k,1£§:71,k,2 <V2k17k,4(n; 2) + V2k:71,k,4(n o 1’ 2) _ ‘/Qkfl,kﬁ(G; 0)
. 3. ) 1. .

+2hiq (n) + ihZQ(n) + his(n) — ihu(n)

(B (V) 4 20 = 15 1) 4 VR - 20)

—2VFTER2(5.0) — VFTER3(6: 1) + D(n) + 3hiy(n) + 3hia(n) + hig(n)>

_3@’2“_1”“1)Qf,’;_l’k’ZVlk_l’k’S(n; 1414+ 2)

+(il2c—1,k,1)4vlk—1,k,5(n;1 +1+1+1), (3.33)
where
A(n): = VIR VTR (0= 300) + VT (s 0) - VTR (0 - 211
_VETLRA (g 9y YETLR (3, 0) _ Lk (. 3) kLR 4 )
B(n): = VFUR3(n1). VAN Z450) 4 VIR (0o 0) . VETIRS ( _ 901

—(B T 2) + VT (0 - 12) = VT (6:0)) VTR 3:0)
—VITER (g 4) - VTR (5, 0),

C(?’L) — Vvlk—l,k,Q(n; 1) . ‘/v2k—1,k:,2(n — 3 0) + Vv2k:—l,k,2(n; 0) . ‘/vlk—l,k:,2(n — 3 1)
—VETERO (14 3) - VTR (450) — VTR (g 3) - VTR (450,
D(n) = VIH2(mi1) VTR (0= 350) + VT (s 0) - VTR (n - 2;1)

7V1k‘71’k74(7l; 1 + 2) . Vlkfl,k‘,l(?); O) 7 Vlk‘fl,k‘,4(n; 3) . Vlkfl,k,l(zl; O)
VTR 0 = 151) - VTR (= 450) + VTR (0 - 1;0) - VTR (0 - 351)
—VFTER R — 14 2) VRN B0) — VMR (0 — 153) - VTR (45 0). (3.34)



In (3.33), hi;(n) is a degree 2 homogeneous polynomial of LE~1%:1 satisfying hi;(6) = hi;(7) = 0 and is given by,

hi(n) = LpTtRLLLTYRT — LETURN LTI LT LT D D
LML L L
7@2—1&,11312@—1,16,1 B Elg—l,k,l(zlg—l,k,l +Elg—1,k,1 + z{:—l,k,l +E1§—1,k,1 + Eg—l,k,l)
+i§—1,k,1(ilg—1,k,l +[~/§—1,k,1 +E§_1’k’1)),
his(n) = Li7tMLLTytt 4 LTy LT
_Eifl,k,l(iﬁ—l,k,l +E2:11,k,1 +EZ:§,1€,1 +Eﬁ::13’k’1 +Ef;zl£k’1) _’_Elsfl,k,lifl:lz,k,l
_(ilg—l,k,lilg—l,k,l + ié—l,k,lig—l,k,l
_ilz—l,k,l(ilg—l,k,l +il5c—1,k,1 +Ei—1,k,1 +il3c—1,k,1 +i§—1,k,1) +i§—1,k,1ii—1,k,1),
hig(n) = LML Tyt LTy LT LTyt

7£Igfl,k,1(iﬁ—1,k,l Jriﬁ:ll,m +E5L:§,k,1 +ﬂﬁié’k’1 +Efljl,k,1) _ Eé@fl,k,liﬁilz,k,l
_(ilg—l,k,lii—l,k,l 4 Elg—l,k,lilg—l,k,l +ii—1,k,1il§—1,k,1
_zlg—l,k,l(ilg—l,k,l +El5f—1,k,1 +ii—1,k,1 +E§—1,k,1 +i§—1,k,1) B ilg—l,k,lii—l,k,l)
his(n) = iﬁj’k’liﬁ:é’k’l _iifl,k,l(iiill,k,l +i1:;12,k,1 _i_if;é,m)+£§71,k,1i2:§,k,1

Skl kel Fh—1k1  Fhelk1,5k—1,k1 |, 7h—1k1 |, Fh—Lk1y | Fh—1k17k—1k1
—(Ls Ly — Ly (Ls + Ly + Ly )+ Ly Ly )-

)

(3.35)
For later use, we also write down the explicit formula of some de_;};k’d(n; om)’s %

_ _ _ 1
VQk 1’k’3(n; 1)+ VQk 1’k’?’(n -1;1) — V2k 1,k2 5;0) + §A(n)

‘/Qk,‘—l,k:A(n; 1+ 1)

VRS (1 4 1)

+§B(n) + éC(n) —~ %Vf"_l’k’l(?y; 0) - (2hi1(n) + hiz(n) + his(n) — hig(n)),

‘/Qk—l,k,él(n; 2) + ‘/2k—1,k’,4(n _ 1’ 2) _ V2k—1,k,2 6, )

(

Vi s 1) 4 Ve = 151) — VER(6,0)
)

(6;0

‘/zk‘—l,k,5(n; 1+ 2)

1 1 1
+hii(n) + ihig(n) + 5h13(n) — 5hi4(n),

VQkfl’kﬁ(n; 1+1+1) = V2k71’k’3(n; 1)+ 2V2k71’k’3(n -1 1)+ Vzkfl"k’g(n —-2:1)
=2V, 2 (5,0) = VM6 1)
1 1
—|—§D(n) + Z(4hi1(n) + 4hig(n) + hiz(n) + hig(n)). (3.36)

We can obtain (3.36) by direct application of (2.19). It is quite interesting that the structure of the terms pro-
portional to Hlﬂai”) iﬁ’_ﬁd_n)d' in fw(Oenv-2-2On-1-x-xa0¢)q resembles the one of Vdj\_]’zd(n;am). We would
J

=
like the reader to compare the corresponding GZ:}V’Lk’d

[8]:

(n;0m)’s in the conjecture (2.12), that were determined in

_ _ _ _ 3
Gy MMl 41) = VT ) 1T - 1) - VTHRA(5:0) + A
GEPRP 1 41) = VETURA ) £ VTR (0 = 151) = V365 0),
4 3 |
+B(n) + :Cn) - 3Vf LR1(3.0) - (6hiy (n) 4 Bhiz(n) + 3his(n) — his(n)),

2In [8], we made a combinatorial mistake in evaluating V2k71’k’5(n; 1+ 1+ 1), and the terms including hi;(n) are different from
the fourth equality in (3.36). Therefore, (3.36) is the correct answer.
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Ggfl,kﬁ(n; 1+ 2) _ V2k717k’4(n; 2) + ‘/7216717]@,4(” _ 1’ 2) o ‘/2k71’hz(6; 0)
1

Gg_l’k’5(n; 1+14+1) = Vzk_l’k’g(n; 1)+ 2V2k_1’k’3(n -1;1)+ ng_l’k’?’(n -2;1)
=2V (5,0) = VM (6:1)
4 1
5 D(n) + 5 (46his (n) + 46hiz(n) + 16his (n) — 2hi(n). (3.37)

As was suggested in [8], we can see that the coefficients of A(n),B(n), C(n) and D(n) in (3.36) change followingly
" (337 1 3 2 4 1 3 1 4

571 375 378 3% (3.38)
The terms that consist of hi;(n) change in a more complicated manner. These changes seem to imply that
Gfé::r’bk’d(n; om) does not satisfy the simple Kédhler equation given in (2.16). At this stage, we introduce a key
definition to resolve these puzzles observed in [8].

Definition 8 Let w(Oeni Ognz -+ - Oenim ) be the rational number obtained from applying the associativity equation
and the modified Kdahler equation:

w(OeOe”1 Oenz e Oenm )d

d—1
= d- w(Oen1 Ocnz - Ocnm )a = D LG 1 - (Ot Ons Ognz -+ Onm )a (3.39)
f=1
to the initial condition W(Oen—2-m Ogm—-1--naO¢)qg-
Proposition 2
1 l(o'dfl)
EU)(OSN—Q—nOen—l—(k—N)dOe H Oel+(k—N)di )1 = VlN’k’d(n; di+do+---+ dl(gdfl)). (3.40)

i=1

proof) In d = 1 case, the modified Kéahler equation (3.39) reduces to (2.16). Moreover, the initial condition and
the associativity equation are also the same as the ones for the virtual Gromov-Witten invariants. Therefore, the
assertion of the proposition follows. O

With these set up, our main result of this article is given as follows:

Conjecture 3

<06N—2—mOemfl—(k—N)dOE>d

d—1 l(oyg) Evaadi l(og)
= Z(—l)l(ag) Z S(Ug)(H W)w(OeN2WLOenL1(kN)dOe H O 14(5-N)d; )d—g-
9=0 o4€P, i=1 v i—1

(3.41)

Remark 2 Under the assumption of (3.41), (3.39) leads us to the standard Kdhler equation for real Gromov-
Witten invariants:

<OeOeNf27m Oem—l—(k—N)dOe>d

d—1 I(og) -Z/iv,k}cdiN J l(og)
= Z(—l)l(%) Z S(O'g) ( H +(d)i>w(OeOeN2moem,—1—(k—N)dOe H O 1+ (-Nya; )d—g
g=0 og€EP, i=1 v i—1
=d- (Opn—2-m Oy 1 k2000 )a. (3.42)
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In order to derive (3.42), we introduce another representation of cq_q € Py_g4

oo
O'gZdl—i----—I-dl(gy):ij-j (3.43)
Then the combinatorial factor S(og) Hl(of) 7 1s rewritten as follows:
l(og) 1 00 1
S(og) [l7- H AR (3.44)
i=1 j=1
In these set up, what we have to show is,
(3.45)

ol 2, s = U

i (m;>0)

but this identity directly follows from ), (mi>0) i~ 1 =g
In the remaining part of this section, we explicitly reproduce the results in [8] by using Conjecture 3. First, we

derive the results of arbitrary N and k (N — k < 0) up to d = 3 case. In the d =1 case, (3.41) merely says

~w(Oen-2-nOn-1--m Oc)1 = V{5 (n;0) = LY — LG ). (3.46)

e

1
k

In the d = 2 case, we can derive

<OeN72—nOen—17(k7N) Oe>1

<O€N—2—n Oen—1—2(k—N) Oe>2

| =

1 1
= Ew(OeN—Q—nOen—l—z(k—N)05)2 kLﬁ_]Zkl W W(On-2-2Ogn-1-206-8) O Opr4-n) )1
NE2, . =Nk, 1 N2, . = Nk, 1 N2, .
=V, (n;0) — L1+(k N)Vl (n;1) — L1+(k} N)Vl (n;1)
(3.47)

k, ks
= V3 B2 (n;0) — 2L 7000 o V2 (ns 1),

Then we turn into the d = 3 case. In this case, we have to use the modified Kahler equation (3.39), associativity
equation and (3.32).

1

E<06N72—n Oenfl—S(k—N) Oe>3

1 = Nk, 1

= % <w(OeN2n0€n—1—3(k—N)Oe) L1+(k N) (OeN—z—nOen—l—g(k—N)Oeoeu-(k—zv))2
= Nk,2

L1+2(k Mnw

1 ~
+o (LG ) w (oeMnoenwwmoeoemkmoeu(kN))1>

(OEN7277L Oen—l—B(k—N) Oeoel+2(k—N) )1

(OeN—Q—nOen—l—S(k—N) Oel+(k—N) )2

_ i<w(oeN_2_noen13<M>oe) CaENEL
;Lﬁ’;fk M W(Oer-2-20gn-1-300-3) O rs200-3) )1
(Lier]Zkl N))Qw(OeNQWOe"13(’“N)Oel+(kN)Oel+(kN))1>
= V302 (n;0) = LY Ve PP (1) = LY V2 (032) + (L1 ) )PV 52 (s 14 1)
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- - 1-
N,k,1 N,k3/ . N.k,1 Nk3/ . N.k,2 N.k3/ .
72L1+(k7N) (V2 (n;1) — L1+(k7N)V1 (n; 1+ 1)) o §L1+2(k7N)V1 (n;2)

3 =
+*2 (LierJz}clfN)y VMR (i 14 1)

_ 3. _
= V353 (n30) = LG Vo P (s 1) — §Livig’(2lch)V1N’k’3("§ 2)+ §(LJ1V+JE}:7N))2V1N’]€’3(”? 1+1).
(3.48)

Indeed, these results agree with the results in [8]. Next, we derive the generalized mirror transformation of M}
model for the d = 4,5 cases.

<Oek’737n Oen—5 Oe>4

1
= E <w((96k3n06n506)4

el

S 1.,
— Lk 1’k’1w(oekfgfnoen_soeoeg)g—§L§ Y2 0(Ophmtan Opns5 O, O,s )2

1=
_gij LR (Opreson Opn—50eOpa )1
1, - 1~ -
+§(L’;*17’“’1)2w(06k737n Opn—50.0.20,2)5 + 5L’;*L’“L’gfl’“w(oekfgfn Opn—50.0,20,3),
1

5 (LA 1P 130(O kmin O pn6 O, O, 062062)1>

1

= E <w((’)ek_s_n(95ns(’)e)4

Tk=1k,1 Fk—1,k,2
_?’LIQC - w(oe"‘—3—"oe"*5oe2)3 - ng o ’LU(Oelc—s—nOcnf5063)2

1-p

—gij LE3(Ophmsmn OgnsOpa )y

F2(LE N 20(O k=30 Opn—5Op2 02 )g + 205 LETVR200(O k50 O pn 502 O3,
2

3@’;Lkvl)%(oekMoen_ﬁoeaoezo@)l)

_ V4k—l,k,4(n; 0) . Elzc—l,k,l‘/gk—l,k,ﬁl(n; 1) o E:l;—l,k,Q‘/Qk—l,kA(n; 2) o Ei—l,kﬁvlk—l,k,ﬁl(n; 3)
+(i—;§71,k,1)2 <V2k‘1,k,3(n; 1) + ‘/Qkfl,kﬁ(n o 1’ 1) . V—2k‘71,k,2(5; 0) + A(n)>
+2E§—1,k,1i§—l,k,2Vlk—l,kA(n; 1 + 2) _ (Eé‘—l,k,l)?)vlk—l,k,ll(n; 1 + 1 + 1)

73El2cfl,k,1 <V3k1,k,4(n; 1) . Iil;fl,k,l (V2k71,k,3(n; 1) + ‘/Qkfl,k,:S(n — 1 1) . V2k71,k,2(5; 0) + A(n))

_ilg—l,k,Q‘/lk—l,kA(n; 1 + 2) + ([N/;—l,k,l)Q‘/lk—l,kA(n; 1+ 14 1))

_ilg‘—l,k‘,Q (‘/Qk,‘—l,k‘A(n; 2) _ ig—l,k,l‘/lk‘—l,kA(n; 1 + 2))
1. _
_gLIZ 1,k,3V1k 1,k,4(n; 3)

+2<E§—1,k,1)2 (2‘/'2k—1,k,3(n; 1) + 2Vv2k—1,k,3(n _ 1’ 1) _ 2‘/216—1,]{},2(5; O) + A(n)
e T (P B T D) IR i A A (T )|

2 g _
—§(L’§ LRy k=thdp1 4 141)
_ - _ = e _ 4-p _
:V4k 1,k74(n;0)_4Ll2c 1,k,1V3k l’k’4(n;1)—2L§ 1,k,2v2lc 1,k,4(n;2)_§LZ 1,k,3V1k 1,k,4(n; 3)
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= k— _ _ - 3
e e e e R R S CURS A 10)

g ~g _ 32~ _
+8L§ 1,k,1Ll§ 1,k,2vlk 1,k,4(n;1+2)_?([/§ 1,k,1)3vlk 1,k,4(n;1+1+1) (3.49)

Note that we have used (3.39) to derive the second equality in (3.49). In this derivation, the mysterious change

of coefficients £ of A(n) in (3.36) into 3 in (3.37) naturally arises as the result of the identity:

1 4% 3

Derivation of the d = 5 result can be done in almost the same way as in the d = 4 case. As the first step, we use
(3.39) once again,

L0100,

1
= E <w(oek3noen605)5

- 1~
— LR (Oma-n O 60O ) 4 — 5L’;*L’“»?w(oehh(oen_ts(oe(oeg.)?,

1- ) 1~
—gL{j*l”“‘*w(oeka Opn-6001)g — ZL’g*1*’“’4w(oeHﬁn(96,,_6(96(965)1

1, =g 1 ob s he
+§(L’2“ L 200(Opt—3-n Ogn0e0p20,2 )5 + §L§ LR LR 200 (0 -0 060,020 s )

1- ~ 1 -
+gL’;*l’k’lLf;*l”“?’w(oekfsfnoen_606062064)1 + §(L’gfl’“)Qw(oekfgfn(9€n_6(9ec963053)1

1, - 1, - ~
—6(L’;—l”“l)?’w(oeHﬁ(9,37Hjc96c962062062)2 - Z(L’(;—L’“vl)2L§—1>"“=2w(0€HM(9,37HscoeCOEQC')ez063)1
1 =~
+24(L’51”“’1)411;((9@3,Loen_ﬁoeogoezoezoez)1>
1

= E <w(06k—3—noensoe)5

. 3l
—ALE TR (Opk—3-n Opn—6 O 2 ) 4 — 5L’g LE20(Opk—3-n O pn60,3)3

2z 1o
_fLZ 1,k,3w(oek—3—n06n—60e4)2 — 1L’5C Lk’4w(oek—3—nOen—eoes))l

3
+g(i’;*1”“1)2w(oekfﬂ Oun-60e20,2)3 + gE’;*L’“’lngl’mw(oekfw Oun-60e20,3)5
+gi’yl’k’lifjfl”“?’w(oekﬁf”oen_eoez064)1 + g(i’gfl’“)?w(oekfm Opn-60.3043)3
—g(i’;—l’hl)?’w(oehmOenfaoez(962(962)2 - Z(i’g—L’“)zi’g—l»’“?w(oekf&nOenfgoez 0,20.)1
+%(£’;*1”“»1)4w(06k+n Oen—ﬁoezoezoezoez)l).

(3.51)

Then we decompose each w(Ogni Ogna -+ - Oeny) in terms of de:%’k’d(n; om) by using the associativity equation
and the modified K&hler equation (3.39). We briefly explain the remaining computation. At first, the coeflicients
of the terms in (3.51) add up to the ones in (2.12) as follows,

3 5 2 5 1 5
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5 25 3 5 25 2 5 25 3 5 25
14443 2= 2444+°+2.2=22 944+-42=22 142422
++32 5 ++2+2 5 ++3+3 3 +2+8 3’
5 5 .o 5 125 3 5 5 5 5 5 125
L4443 5 +2 0428 0= =, 342445 +3 542 gk o bot =
5 5 o 5 5 5 5 5 625
1+4+3- 3t +2. 54—2 6+2+2 steTaa= o1 (3.52)
The change of coefficients 2, £, & of B(n), C(n), D(n) in (3.36) into 3,2, % in (3.37) is naturally derived in the

same way as in the d = 4 case:

5 2 25 4 5 1 25 3
1444322222 14443.2.2=22.2
ats 2 3 2 5 ats 23 2 5
5 5) 5, 1 125 4
1+4 2.2492.2). =22 .
HA+3- 5+ 2. 5+275) 5= ¢ (3.53)
Lastly, we verify the non-trivial change of the terms including hi; (n), hiz(n), hiz(n), his(n) in (3.37). We discuss

w

the case of 1+ 1+ 1 sector in detail. In this case, we have four terms in (3.51) that contribute to this sector:

1 -
w(@ekfsfnoen—ﬁoe)& % -4L§_1’k’1w((9 k—B—nOen—6062)4

5 <p_ 1 5
f(LS 1’k’1)2w((’)ek7377},(’)enfe(’)ez(’)ea)3,

2 k6
If we consider the contributions coming from the first two terms, we can see that we don’t have to use the
modified Kéhler equation (3.39). Therefore, we can compute the contributions that includes hi;(n) only by using
associativity equation and (3.33). The contributions from these terms turn out to be the same and given by,

(Lk Lk, 1) W(Ogr-3-nOpn-60e20.20.2)2  (3.54)

T = =

Vlk—l,k,?,(n; 141)- Vlk 1.k, T — 4:0) + Vlk—l,k,2( 1) Vlk 1.k, 2(p _3:1)

JrV1k71,k,1(n_ 0) - Vlk 1, k,B( 2141

—VFTER (1 14 2) VTR 30) — VTR (01 4 3) - VT2 (451)

VRS () VTR (51 1)

= 3hiy(n) + 3hia(n) + hiz(n). (3.55)
Contrary to the above cases, we have to treat carefully the term w(Ozs—3-nOgn-6O20,2)3 because we have to

use (3.39) once in the computation. In this case, we take care of the following terms that appear in decomposing
W(Ogr-3-nOgn-602O,2)3 by using associativity equation:

1
ﬁ <w((’)ek_3_n O,z Oe(’)en%)g . w(@ek,—n+1 Oenfeoe)l + W(Oek—S—nO€2OeOen73)1 . w(Oek_nOenfe(’)e)g
O k—3-nO Oen 3)2 w((’) k— n(’)en 6(/)@20 )1 +w((’)ekfsfn(’)e(96n72)1 'w(Oek77L7106’VL*606206)2

+u(
w(@ k—3— n(’)en 6062063)2 ’LU(O k— 60 @) )1 — (Oekfzfnoen—soezoez;)l 'w(Oek—70eOe)2
w( ek—3—n en_6064)2 . w(06k770620608)1 — ’LU(Oekfzfn Oen—GOGE))l -’w(OeksOezOeOe)l). (3.56)

If we take the leading terms of (3.39) in reducing the degree 2 four point functions in (3.56) into three point
functions and if we pick up the terms proportional to Lk LEL 4 these degree 2 three point function, we obtain

the following contribution:

On the other hand, we also have the terms proportional to Lk Lk.1 by picking up the sub-leading term of (3.39)
that appear in reducing the degree 2 four point function in (3 56). For example, we take

Z’2€717k’1w(06k7177;062 Oc20¢n-4)1 in the r.hu.s. of the equation:

W(Opi1-0O0p20,Opn-4)g = 20(Opi1-0 Op2Opn-a)g — L 0p(Opi1-n 0202 Opri—a ). (3.58)
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After some computation, the following contribution appears,

VETYS 1 1) - VR (0 = 450) + VYR s 0) - VTR (0 - 214 1)

VTS 1+ 14 2) - VETERN30) = VTV () - VTP (551 4 1)

= 2hiy (n) + 2his(n) + his(n) — his(n). (3.59)
The contribution from w(Ogk—3-nOgn-602020,2)s is obtained only by taking leading terms of (3.39) and of

three point functions. Therefore, the computation is the same as the one of virtual Gromov-Witten invariants,
and we have from (3.36),

VETEES (01 1) - VTR (0 — 450) 4+ 202 (1) - VTR (0 - 351)
+V1k71’k’1(n; 0) - Vlkfl’k’?’(n —2;1+41)
_Vvlk—l,k,S(n; 14+142). Vlk—l,k,l(g; 0) — 2V1/~c—1,k,5(n; 143)- Vlk—l,k,2(4; 1)
VT () VTR (51 4 1)
Adding up these five contributions, we can finally reproduce the part of the formula of Ggfl’k"r) (n;1+141)
including hi;(n):
5 5

+2(4hi1(n) + 4hia(n) + hiz(n) + hig(n))
= %(%}hh(n) + ;ighze(n) + %hig(n) - %hz};(n)). (3.61)

Computation of the remaining 1+ 1, 1+ 2 sectors goes in the same way. In these cases, we don’t have to consider
the sub-leading terms of (3.39) because we don’t have to use (3.39) except for w(Ogr-3-nOn—60c20,2)3 and
W(Ogr-3-nOgn-600c2O,3)a. Therefore, we write down the final process of the computation in the following:

142 sector

= 2 (Shir(n) + hin(n) + ghis(n) — Shia(n)),

141 sector

(2hix(n) + 2hiz(n) + hig(n)) + 4(2hiz(n) + 2hiz(n) + hiz(n))
+g - (2hiy(n) + hia(n) + hiz(n) — hig(n))

256

. , 3
5 (ghzl(n) + th(n) + thS(n)

- éhu(n)). (3.62)

In this way, we have reproduced the results in [8]. We also did some numerical test for curves of higher degree.
In the d = 6 case, Conjecture 3 predicts

Lé3’14’6 = 389591981138964503377056394266126437146547452695642109769122604114 \
0067266620858637887736545388962432/9375, (3.63)

which agrees with the numerical computation using the fixed-point theorem [11].
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4 Iritani’s Theory

In this section, we briefly explain how our conjecture (3.41) naturally follows from applying Iritani’s result
[6] to our specific case. Crucial point of his framework is introduction of deformation variable of 2/ (j =

1,---,N —2), (2} = z) that corresponds to the insertion of O,;. First, we prepare a (N — 1) x (N — 1) matrix
Ch (e””l) whose matrix element is given by the virtual structure constants:
ey = { BRI N0 o)
Then we can express the truncated Gauss-Manin system (3.20) into a compact form:
0,1 = Ca(e”)9. (4.65)
Next, we construct matrices C} (ewl) (j=1,---,N —2) that correspond to the deformation of ¢ by z7:
0ur0 = Cj(e” )b, (4.66)
whose mn element vanishes unless n = m+ j + (k — N)d. Non-zero matrix elements of C’j(ea’l) j=1,---,N-2)
are uniquely determined by the conditions:
[Cie™), Ci(e )] =0, Gy Nm™ T = 1. (4.67)

With these set up, we can obtain Jacobi matrix between B-model deformation parameters z/ and flat coordinates
t7 from the flat coordinate condition (88%’ =)

o o’ oY ot ~ o oat j
650? = {)xlaTjo - @wj = (Cile No’¥;

St = (Gie" )’ (4.68)

Using (4.68), we can compute matrix C;(e® ) that corresponds to deformation of ' as follows:

- Oz - 0x) ~ 1. = 1, -
) = —0 ;9 = —C(e® =C.(e” 4.
Ot = 500t = 5Ci(e" )0 = Cile™ )0 (4.69)
Of course, we can construct rank 3 symmetric tensor
— 1 — 1
Cijm(e”) = (Ci(e” )3 mms (Mim =k - S1ym,n—2). (4.70)

Surprisingly, the non-zero elements of C_'ljm(el'l) is given by
— 1
Cl,Nfzfn,nflf(ka)d(ex ) = w(Oen-2-nOgn-1--1a0¢)d, (4.71)
that was obtained by the first step of our construction. On the other hand, we can integrate Jacobi matrix (4.68)
and obtain the mirror map that translates z7 into ¢/ as follows:
7 N,k,j

o , o LNka
2=t (i ¢ {1+ (k—N)j | jeZ Y}), a"TENi = tk=Nj _ wexp(jtl). (4.72)

At this stage, the second step of our construction is nothing but the process of perturbing C_'ijm(eml) by

To,X3, -, TN_2 by using the associativity equation:

_ 1 — 1
l
Cijm(ea: 7x2;x33"'7xN72)77m Clst(ex 71’2,%3,"',.@]\[,2)
~ z! ml A !
= Cism(e” ;22,23, -, on_2)n" Cije(e” , 2,23, , TN _2),
m_ L 4.7
n - E *Ol4+m,N—-2, ( . 3)
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and the Kéhler equation:

N-—-2

0 ~ dzd 0
ﬁcijnL(tlvt{"')tN 2 8%87 (emlax27"'7$N72)
Jj=1
_i@,, (e, 22, - IN*2)_§:LN 4 exp(d )LC (e, 2%, 2N 2. (4.74)
- 61’1 ym 9 9 ’ 1+(k N)d plax 8x1+(k—N)d mm e T, » L . .
d=1

Note that (4.74) is nothing but the modified Kéhler equation (3.39). The result of Iritani asserts that the real

tN—Q)

perturbed three point function Cijm(etl 2 is given by,

1 o _ 1 _
Cijm(et 7t27"'7tN 2) :Cij(em 7132"“"%1\/' 2)5

o , o LNkg
(af=t, (¢ {1+ (k-N)j|jeZ}), att*=Ni k=N _ Wexmm ). (4.75)

If we expand the r.h.s. of (4.75) in terms of 22, V=2 and set t? =3 = ... = "' =2 = 0, we obtain (3.41) as
the special case of i =1, j=N—-2—-n, m=n—1— (k- N)d.
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