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ABSTRACT: The entanglement entropy of three-dimensional conformal field theories con-
tains a universal contribution coming from corners in the entangling surface. We study
these contributions in a holographic framework and, in particular, we consider the effects
of higher curvature interactions in the bulk gravity theory. We find that for all of our
holographic models, the corner contribution is only modified by an overall factor but the
functional dependence on the opening angle is not modified by the new gravitational in-
teractions. We also compare the dependence of the corner term on the new gravitational
couplings to that for a number of other physical quantities, and we show that the ratio of
the corner contribution over the central charge appearing in the two-point function of the
stress tensor is a universal function for all of the holographic theories studied here. Com-
paring this holographic result to the analogous functions for free CF'T’s, we find fairly good
agreement across the full range of the opening angle. However, there is a precise match
in the limit where the entangling surface becomes smooth, i.e., the angle approaches T,
and we conjecture the corresponding ratio is a universal constant for all three-dimensional
conformal field theories. In this paper, we expand on the holographic calculations in our
previous letter arXiv:1505.04804, where this conjecture was first introduced.
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1 Introduction

Entanglement entropy (EE) has emerged as a useful tool in a variety of research areas,
including condensed matter physics [1-4], quantum information [5, 6], quantum field theory
(QFT) [7-13] and quantum gravity [14-23]. In the context of quantum field theory, we
define the EE for a spatial region V as: S = — Tr (py log py), where py is the reduced
density matrix computed by integrating out the degrees of freedom in the complementary
region V. The focus of the discussion in this paper comes from considering the EE for a
three-dimensional conformal field theory (CFT), which will have an expansion of the form

SEE:cl?—alog(H/é)—Qﬂco—i—(’)((S/H) , (1.1)

where A, H and § are, respectively, the perimeter of the entangling surface, some macro-
scopic length characteristic of the geometry (e.g., we could choose H = A) and a short-
distance cut-off needed to regulate the calculation. Of course, the first term in this expan-
sion is the celebrated ‘area law’ contribution to the EE [14, 15]. However, the dimensionless
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Figure 1. (Colour online) A corner in the entangling surface with opening angle Q.

coefficient ¢y of this linear divergence depends on the details of the regulator and so cannot
be used to characterize the underlying CFT. In contrast, in the absence of the logarithmic
term (see below), the constant cg is a universal constant intrinsic to the CFT! and also the
geometry of the smooth entangling surface (the boundary of the region V'). For example,
when the latter is a circle, ¢y plays the role of a ‘central charge’ in the F-theorem [26-30].

Another universal contribution in eq. (1.1) is the one proportional to log(H/d), which
arises when the entangling surface contains corners [31-34]%3 — see figure 1. Hence the
dimensionless coefficient a is a function of the opening angle, ie., a = a(Q2). In our
discussion, we focus on the contribution of a single corner in the entangling surface. If
several corners were present, the coefficient of logarithmic contribution to the EE would
simply involve the sum of independent contributions a(£2;) where €; is the opening angle
of the i’th corner. The form of the function a(f2) is constrained by various properties of
entanglement entropy [31-33]: for pure states, the fact that Spp(V) = Sgp(V) requires
that a(2) = a(2m — Q). Further, strong subadditivity and Lorentz invariance impose

Oaa (2
a(2) >0, Jaa(2) <0 and D3a(Q) > W“(Q) for Q<7m, (1.2
sin
i.e., a(Q) is a positive convex function on the range 0 < Q < 7.
In fact, the functional form of a(f2) is precisely constrained in particular limits. For
small opening angles, the function has a pole with

lim a(92) =

1.
Q—0 + ( 3)

D=

As we will review in appendix B, this form for small angles can be fixed by using a conformal
mapping to relate the universal corner contribution to the universal contribution for a
narrow strip. Of course, a({2) vanishes when the entangling surface becomes smooth, i.e.,
a(m) = 0. Further, we can expect that a(£2) is smooth in the vicinity of 2 = 7 and hence
the constraint a(£2) = a(2m — Q) (for pure states) requires that to leading order,

a@Q~m) o (m—Q)>2 4+, (1.4)

LOf course, in gapped systems with topological order, this finite contribution would correspond to the
topological entanglement entropy [10, 24, 25].

20ur discussion focuses on three-dimensional CFT’s, however, similar logarithmic contributions may
appear in theories which break conformal symmetry [35-39].

3The generalization to higher-dimensional singular surfaces was examined in [40].



In fact, this constraint requires that a(€2) can be represented in a Taylor series with only
even powers of (m — ) [31]. Hence we may use a(2) in the limits Q2 — 0 and Q@ — 7 to
define two interesting coefficients, x and o, which characterize the underlying CFT.

The corner contribution to the entanglement entropy has been studied in a variety
of systems: free scalar and fermion field theories [7, 31, 32], calculations at a quantum
critical point [41], numerical simulations in interacting lattice models [42-45], interacting
scalar field theories [46] and also holographic calculations with Einstein gravity in the
bulk [33]. The results obtained in the literature suggest that a({2) contains interesting
and unambiguous information about the underlying quantum field theory. In particular,
it appears to be an interesting measure of the number of degrees of freedom — see, e.g.,
[31, 32, 46]. By the latter proposition, we would expect that the coefficients, x and o,
will themselves characterize the number of degrees of freedom in the underlying CFT.4
Motivated by this idea, we will take the liberty to refer to these coefficients as ‘central
charges,” in a certain abuse of notation.

In this paper, we will study the universal term arising from the presence of corners
in the entangling surface for three-dimensional holographic conformal field theories. One
of our objectives is to study if the corner charges above have any simple relation to any
other known constants, which provide a similar counting of degrees of freedom and might
be accessed with more conventional probes of the theory, or if x and ¢ are really distinct
quantities. As we will discuss below, we can not make a meaningful comparison if the bulk
theory corresponds to Einstein gravity. Hence our approach will be to study the corner
contributions for a family of extended holographic models which include higher curvature
interactions in the bulk gravity theory. Generally, any quantities in the corresponding
dual boundary theories, e.g., the corner term, will now depend on the new (dimensionless)
gravitational couplings for these higher order terms. This additional dependence on the
new couplings allows us to make a nontrivial comparison of x and ¢ with various other
constants in the boundary CFT’s. In particular, we will compare with the coefficients
appearing in the universal terms in the EE of a strip and of a disk, in the thermal entropy
density, and in the two-point function of the holographic stress tensor.

In fact, beyond the corner charges, the entire functional form of a(2) is characteristic
of the underlying CFT. Hence another interesting question to consider is how this function
changes with the inclusion of higher curvature interactions in the bulk. In this case, we find
that for all of the holographic models studied here, a(£2) is only modified by an overall factor
but the functional dependence on 2 is not modified by the new gravitational interactions.
However, as discussed in section 4.1, we do not believe that this behaviour is universal and
that the functional form of a(€2) will be modified with sufficiently general higher curvature
theories in the bulk. One simple consequence of a(£2) not being changed here is that the
two corner charges are simply related in all of our holographic models, i.e., we will see that
k/o = 4T'(3/4)*. Hence we focus most of our discussions on the small angle charge  in
the following.

“Refs. [7, 32] discussed o for this purpose in the context of free field theories.



A final question, which we consider below, is whether our holographic analysis can
reveal any features of the corner contribution which are universal to all three-dimensional
CFT’s. This question, which we examine in section 4.2, was originally addressed in our
previous letter [47]. Here we compare our holographic results with the corner terms in the
free CFT’s consisting of a conformally coupled massless scalar and of a massless fermion,
as were calculated in [7, 31, 32].

Let us now summarize our key results: the results for the ratios of the corner charge s
with other various coefficients in the dual boundary theory are given in table 1. The most
interesting ratio is k/Cr, the corner charge over the central charge appearing in two-point
function of the stress tensor (3.44), which is independent of all of the gravitational cou-
plings. Hence this ratio is universal for the broad class of holographic CFT’s studied here.

In fact, as we noted above, the functional form of a(f2) is not modified by any of
the higher curvature interactions, except for an overall factor. Given the above result,
the entire function a(€2)/Cy is universal for the broad class of holographic CFT’s studied
here. This holographic result suggests that this normalization provides an interesting
way to compare the corner contribution between any general three-dimensional CFT’s.
Comparing our holographic result with the corresponding free field results,” we see that
the free field curves agree with the holographic result remarkably well — see figure 6. The
free fermion and scalar curves deviate from the holographic result by less than 2.5% and
13%, respectively. Hence we suggest that the holographic expression for a(€2)/Cy, which
is easily evaluated across the full range of Q2 = 0 to =, provides a good benchmark with
which to compare the analogous results for general three-dimensional CFT’s.

The maximum discrepancy between the holographic and free field results for a(€2)/Cr
occurs as {2 — 0 but somewhat surprisingly they agree perfectly in the limit Q — 7, as
first stated in [47]. That is, the holographic CFT’s and the two free field theories exhibit

the same ratio

g 7T2

Cr 247
This remarkable result leads us to conjecture that this ratio is in fact a universal constant

(1.5)

for general conformal field theories in three dimensions.

The remainder of the paper is organized as follows: in section 2, we first review the
holographic calculation of the entanglement entropy for a corner in the boundary of AdSy
with Einstein gravity in the bulk. Then in section 2.1, we study the effects of adding various
higher curvature interactions to the bulk gravity theory on the universal corner term. In
doing so, we show that the functional form of a(2) is universal to all of the theories
considered here and evaluate the small angle charge x appearing in each case. In section 3,
we compare this corner charge in the higher curvature theories with similar quantities
appearing in other physical observables, i.e., the coeflicients appearing in the universal
contribution in the entanglement entropy of a strip and of a disk, in the thermal entropy
density and in the two-point correlator of the stress tensor. In section 4, we summarize our
results. We also discuss the possibility of modifying the shape of the extremal surface in
the holographic entanglement entropy in more general higher curvature theories of gravity,

SSimilar comparisons were made in [32], but without normalizing by the central charge Cr.



and hence modifying the functional form of a(€2) in the dual boundary theories. We
also comment on the relation between our holographic results and the analogous results
obtained for free field theories. In appendix A, we explain our conventions and notation
in the calculations in section 2. In appendix B, we explain the conformal mapping which
relates the corner charge k with the coefficient of the universal term in the entanglement
entropy of a strip. In appendix C, we compute the corner contribution for a general f(R)
theory and explain in some detail the linearized equations of motion used to compute the
two-point function of the stress tensor. Finally in appendix D, we present the integrals
used in [7, 31, 32] to evaluate the coefficient o for the free massless scalar and fermion
theories and show that when evaluated with sufficient precision that they yield the simple
rational values predicted by our conjecture (1.5).

2 Corner term in holographic entanglement entropy

In this section we study the corner contribution to the entanglement entropy for holographic
CFT’s dual to higher curvature theories of gravity. In particular, we will consider bulk
actions which contain general curvature-squared interactions and which are functions of
Lovelock densities [48]. However, we begin by reviewing the calculation of the corner
contribution to holographic entanglement entropy with just Einstein gravity in the bulk,
which was originally performed in [33].

The bulk geometry will be four-dimensional Euclidean anti-de Sitter space in Poincaré
coordinates®

L
dS2 = 3 (dZZ + dt% + dp2 + p2d92) ) (21)
z

which is a solution for Einstein gravity coupled to a negative cosmological constant

163767 /d4x\/§ [LGQ + R] (2.2)

as long as we set L = L. The dual boundary theory then lives in the flat three-dimensional

Ip =

geometry with metric d3? = dt2 + dp? + p?dh*. The region for which we calculate the
entanglement entropy will be defined as V' = {ty =0,p > 0,]0| < Q/2}, as illustrated in
figure 1. Hence the entangling surface @V has a corner with opening angle {2 at the origin.
Note that in the following, at as well as the usual short-distance cut-off §, we will also
introduce an infrared regulator scale, i.e., p,.. = H, to ensure that the entanglement
entropy does not diverge.

Now, the corresponding holographic entanglement entropy (HEE) is computed using
the Ryu-Takayanagi prescription for the entanglement entropy of conformal field theories
dual to Einstein gravity [18, 19].7 According to this, the entanglement entropy of a certain
region V' in our four-dimensional boundary theory is given by

SeelV) = ext, | 427 23)

5See appendix A for conventions.
"This prescription has been recently proven under certain conditions in [49].



Figure 2. (Colour online) A kink in a constant Euclidean time slice ¢z = 0 in the boundary of
AdSy.

where m are codimension-2 bulk surfaces which are homologous to V' in the boundary (and
in particular 9m = 9V'), and A(m) denotes the area of m. Figure 2 illustrates the extremal
bulk surface for the region V' defined above.

Now following [33], we parametrize the bulk surfaces m as z = z(p, ) for the present
case of corner region V. Further, the scaling symmetry of AdS, along with the fact that
there is no other scale in the problem, allow us to limit the ansatz for the extremal surface
to z = ph(0), where h(0) is a function satisfying h — 0 as § — £ /2. With this ansatz,
the induced metric on the surface becomes

L2 L? : 2L%h
2 2 2
A =5 ( hQ)dp + 53 (1+h)d9 L (2.4)
where h = dh /df. The entanglement entropy functional becomes then
1 EZ H dp Q/2 € 1+ h2 + h2
SEE—ZLC;/q\ndedp\/»_QG//hO / 2 , (25)

where v denotes the determinant of the induced metric (2.4), we have introduced a UV
cut-off at z = § and hg = h(0), which will be the maximum value of h(#). As we already
mentioned above, the p integral is also cut-off as some large distance H. Finally, the
angular cut-off € is defined in such that at z = d, ph(€2/2 — €) = 0. Extremizing the above
expression yields the equation of motion for A(6), which reads

h(h+h%) +h*+ 302 +2(h2 +1)=0. (2.6)

However, the corresponding ‘Hamiltonian’ is a conserved quantity, since there is no explicit
0 dependence in eq. (2.5). Therefore we find the following first integral

1+ h? 1+ hE 2.7)
W21+ h2 + h? hg o

where we used A(0) = 0. We can use eq. (2.7) to replace h in terms of h and trade the

integral over 6 for one over h. After some algebra, eq. (2.5) becomes

12 H (p/8)? l/h 1 2(1 2
Ly (VO [ o
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Figure 3. (Colour online) (a) /7 as a function of hy and (b) QLG a as a function of /7. In the
second panel, the dashed lines correspond to the approximate expressions derived in egs. (2.15)
and (2.18) for small opening angles (red) and the smooth limit (orange), respectively.

where we have also substituted y = \/1/h? —1/h%. Near the boundary (y — oo), the

integrand behaves as

1+ h2(1 2 1

+g<+?3N1+0<2>. (2.9)
2+ hi(1+y2) y

Therefore, the y integration diverges in the limit that § — 0. However, we can isolate this
divergence by adding and subtracting one to the integrand. Hence we recast eq.

G/ / / 52 h2 . (2.10)
§/hg P 6/ho P

In the limit that § — 0, this expression can be further simplified to produce the final result

1+ Rh3(1+y?)
2+ h2(1+42)

~2 7_{_"’2
sue= i () - (o oo ) 0 (). e

where the function a(€2) is given by

T2 00 2 2
L dy [1 _ m (2.12)

0) = —
ae() =56 2+ h2(1+y2)

The result in eq. (2.11) has precisely the expected form given in eq. (1.1), i.e., the first term
in eq. (2.11) is, of course, the area law contribution, whereas the second is the universal
contribution associated with the corner. The last one is the constant term, which does not
have a universal character in the present situation.

In eq. (2.12), we have added a subscript ‘E’ to denote this function as the corner
contribution with Einstein gravity in the bulk. The dependence of ax(£2) on the opening
angle is implicit on the right-hand side of eq. (2.12) through the dependence of hg on €.
The latter can be determined by evaluating

2h%\/1 + h?
WV F (2.13)

+Q/2 ho
Q :/ do :/ dh
—q2 0 V1+h2\/(hE — k) (k3 + (1 + h2)h?)



and the result is shown in figure 3(a). The coefficient of the corner term is then plotted
in figure 3(b) and we can see that az(€2) does indeed satisfy all the various constraints
explained in the introduction, e.g., see eq. (1.2). For small values of the opening angle, i.e.,
0 — 0, we find

_2Ar(d), Br@)’-rir@)
G 6v2r

2 _/3\*1 I[* =I(3)
aE(Q)Z%GF(4> Q—GWQ+O(Q3), (2.15)

Q

hd 4+ O(hY) , (2.14)

which is shown as the dashed red line in figure 3(b).* Comparing the latter with eq. (1.3),
we see that in this holographic model, the universal ‘central charge’ associated with the
small angle limit of the corner contribution is

L? _/3\*
Einstei ity : =—T(-| . 2.1
instein gravity : Ky = 5= <4> (2.16)
Considering the limit of a smooth entangling surface, i.e., Q2 — 7 — &, we have
e =+ O(hg), (2.17)
ho

L, 4
—€) = — o 2.18
as(n =) = €+ O, (218)

which is shown as the dashed orange line in figure 3(b). Comparing this result with
eq. (1.4), we see that the universal ‘central charge’ associated with the limit of a nearly
smooth entangling surface in this holographic model is

E2
Einstei ity : =—. 2.19
instein gravity : op = o (2.19)
Another interesting case to consider is a right-angled corner, i.e., Q@ = 7/2, for which we find
EQ
ag (m/2) ~0.11823 rel ~ (0.32944 Ky ~ 29714 0% . (2.20)

This case naturally arises in numerical calculations of entanglement entropy, e.g., [46].

2.1 Higher curvature gravity

Having reviewed the calculation for Einstein gravity in the bulk, we now turn to consid-
ering the effect of higher curvature interactions in the bulk theory. For such cases, the
Ryu-Takayanagi prescription must be generalized, as was first considered in [50-52]. In
particular, the Bekenstein-Hawking formula on the right-hand side of eq. (2.3) must be re-
placed by a new entropy functional which accounts for the new gravitational interactions.
Hence eq. (2.3) is replaced by

Spe(V) = ext Sga(m), (2.21)

m~V

®Notice that eq. (2.15) fits the exact ax(Q2) curve remarkably well for not so small angles.



where the entropy functional S,,., depends on the details of the gravitational theory. This is
a familiar idea in the context of black hole entropy where the Wald entropy formula [53-55]
extends A/(4G) with higher curvature corrections. A natural suggestion would be that the
HEE should be calculated by extremizing the Wald entropy evaluated on the bulk surfaces
m, however, it was shown that this approach would be incorrect since it fails to produce the
proper universal contributions to the entanglement entropy [51]. The latter universal terms
are properly reproduced in the special case of Lovelock gravity [51, 52| using an alternative
entropy functional [56] — see below. More generally the appropriate entropy functional is
the Wald entropy plus additional terms involving the extrinsic curvature, which would van-
ish if evaluated on the Killing horizon of a stationary black hole [57-60]. There has been an
effort to extend the derivation [49] of the Ryu-Takayanagi prescription to higher curvature
theories of gravity [59-68] and a general formula was proposed for theories involving in-
teractions with contractions of arbitrary powers of the Riemann tensor (but no derivatives
of the curvature). While this general expression was shown to satisfy several consistency
checks [59], it seems that it must still be further refined for general theories involving cubic
and higher powers of the curvature [63—-68]. In any event, the correct entropy functional is
known for general curvature-squared gravity in the bulk and we will use this to determine
the modifications to the corner contribution in HEE for these theories in section 2.1.1.

To go beyond curvature squared gravity, we turn to the generalized Lovelock theories
considered by [48]. In these theories, the Lagrangian is given by an arbitrary functional of
extended ‘topological’ densities, i.e., scalars constructed from the curvature tensor which if
integrated over a manifold of the appropriate dimension would yield the Euler characteris-
tic. Hence Lovelock gravity [69, 70] would be the simplest example in which the Lagrangian
is a linear functional of these topological densities. Another well-known class of theories
which take this form would be f(R) gravity [71] since the Ricci scalar corresponds to
the Euler density for two-dimensional manifolds. In studying these generalized Lovelock
theories, [48] proposed a formula for the gravitational entropy which satisfied a classical
increase theorem for linearized perturbations of Killing horizons.® We interpret the fact
that their definition applies for at least small deviations away from a Killing horizon, as
evidence that it will yield the correct gravitational entropy in the more general context of
evaluating HEE. Then applying this prescription allows us to evaluate the modifications
to the corner contribution in HEE for a certain class of theories involving cubic and higher
powers of the curvature in section 2.1.2.

Before proceeding with explicit calculations, let us comment that higher curvature
interactions appear generically in string theoretic models, e.g., as o' corrections in the
low-energy effective action [72]. However, rather than constructing explicit top-down holo-
graphic models, our approach here is to examine simple toy holographic models involving
higher curvature interactions in the bulk gravity theory. Our perspective is that if there
are interesting universal properties which hold for all CFTs, then they should also appear
in the holographic CFTs defined by these toy models as well. This approach has been

9This result was recently extended to general higher curvature theories of gravity and a general connec-
tion was found with the entropy functional in HEE [73, 74].



successfully applied before, e.g., in the discovery of the F-theorem [26, 27]. We also stress
that for the most part we will be working perturbatively in the gravitational couplings
for the higher curvature interactions and only carry our calculations to first order in these
couplings. The results for the curvature-squared theories are an exception, as most of these
expressions are valid for generic values of the couplings.

2.1.1 Curvature-squared gravity

The bulk action of the most general curvature-squared gravity can be written as

1 6 ,
b= 17 /d4a:\/§ [LQ + R+ ML*R? + Mo L?R,, R™ + A L* Xy | (2.22)
where
Xy = Ryppo R*P7 — 4R, R" + R? (2.23)

is the Gauss-Bonnet term, i.e., the Euler density for four-dimensional manifolds. Hence the
last interaction does not effect the gravitational equations of motion since we are working
with four bulk dimensions. However, as we will see, this term still contributes a topological
term to the entropy functional. The AdS4 metric in eq. (2.1) is still a solution of the full
equations of motion for any value of A; and Ay provided L = L.10

The expression for the entanglement entropy in this family of theories is given by
eq. (2.21) where S,,., takes the form [51, 57-59]

Sy = Alm) + - /dzy N {2&3 + Ao (R% — 1KdK@) + 2)\GBR} , (2.24)
G 4G ), 2

where ~;;, KZ and R are, respectively, the induced metric, the second fundamental form

and the intrinsic Ricci scalar of the bulk surface m — see appendix A for a complete

description of our conventions.'! Before proceeding with detailed calculations of HEE, let

us make some general observations about the expected results.

First, it is worthwhile to note that the gravitational action (2.22) would also include
various boundary terms, e.g., see [75, 76], and that similar boundary terms should be
expected to appear in the entropy functional (2.24). However, while the addition of such
boundary terms may effect the coefficient in the area law contribution to the entanglement
entropy (1.1) in the boundary theory, one can infer from the local geometric form of these
boundary terms that they will not modify the logarithmic contribution to Sy [51]. Again,
the robustness of the logarithmic term here is a reflection of the fact that it is a universal
contribution whose value is independent of the precise details of the UV regulator. Of
course, since our interest lies in determining the universal corner term a(€2), we will ignore
any boundary terms that might be added to eq. (2.24).

Next, let us examine the form of the entropy functional in eq. (2.24). The A\; and
A2 terms both contain contributions involving the curvature of the background spacetime

10This result is special to four dimensions. With a higher dimensional bulk, one would generally find
L? = L2/foo where fo is a function of all three of the dimensionless couplings, A1, A2 and AgB.

HThe Jast term in eq. (2.24) corresponds to a particular case of the Jacobson-Myers entropy functional
for Lovelock gravities [56].

~10 -



geometry. However, since we are evaluating the HEE in empty AdS4, the latter terms are
just constants, e.g., R = —12/ L?. Hence the entropy functional is not modified by these
terms except for a shift in the overall factor multiplying the area of bulk surface.?

We also note that any surface which extremizes the area, as in eq. (2.3), will satisfy
K% =~ Kf} = 0. Now looking at eq. (2.24), we see that the Ay contribution includes a
term that is quadratic in K“. Hence an extremal area surface will also be a saddle point of
this term. That is, if we deform away from the extremal area surface by some deformation
parameterized by a small parameter ¢, then we will have K% ~ O(¢) and K@K, ~ O(£?).
Therefore extremal area surfaces will also extremize the new contribution (or any other con-
tribution) to the HEE functional that is quadratic in the trace of the extrinsic curvature.!?

Lastly since we are working with a four-dimensional bulk spacetime, m will be a two-
dimensional manifold and hence [ /7R, appearing as Agp contribution in eq. (2.24), will
be proportional to a topological invariant (namely, the Euler characteristic) of m, up to
boundary terms. Therefore just as the corresponding interaction in the bulk action (2.22)
does not modify the gravitational equations of motion, this term in the HEE functional will
not contribute to the equations determining the bulk surface which extremizes eq. (2.24).

Given the above discussion, we conclude that the extremal area surface for any given en-
tangling region in the boundary of pure AdS, will also extremize the HEE functional (2.24)
for the same calculation of entanglement entropy in the boundary theory dual to curvature-
squared gravity. The only effect of the ‘higher curvature’ corrections in eq. (2.24) will be to
change the final entanglement entropy by an overall factor depending on the new couplings,
A1, A2 and Agp. In the problem of interest, this indicates that the corner coefficient a(€2) will
only be changed by this same overall factor. Hence the expressions for the corner charges in
egs. (2.16) and (2.19) are also multiplied by an overall factor but the functional dependence
of a(€2) on the opening angle is precisely the same as compared to Einstein gravity. We note
that the above observations actually have broader applicability and that this result will
apply to a wide class of theories beyond the special case of curvature-squared gravity — we
return to a discussion of this point in section 4. Let us now turn to the detailed calculations
to see how the different contributions in eq. (2.24) affect the universal corner term in HEE.

R? gravity. If we focus on the simplest case of R? gravity, i.e., set A\ = 0 = Agg, the
gravitational entropy functional reduces to

A(m)  L?\ 9 A(m)
_ =19y 2.2
Se==a T 5q d yvrR === A1), (2.25)
where we substituted R = —12/L? to produce the last expression. Therefore, as discussed

above, the corresponding corner coefficient is simply multiplied by an overall factor relative

12This simple shift may not arise when we are evaluating HEE in more general backgrounds, but this is
a general result for backgrounds which are Einstein geometries, i.e., Ry, = —3/ L? Guv-

13The full equations arising from extremizing the new functional will be very non-linear in general and so
there may be other saddle points for which K¢ # 0. However, we will also demand that the bulk surfaces
reduce to the corresponding extremal area surfaces in the limit that A\; — 0. Therefore, these new non-linear
solutions (if they exist at all) would be discarded since they would not satisfy this condition.
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to the Einstein gravity!'?
a() = (1 —24X1) ap(9) (2.26)

and the corresponding small angle charge becomes
k= (1—-24\) kp. (2.27)

R,,, R"" gravity. In the case of R, R' gravity, the HEE functional becomes

SQ = W + PTe. md yﬁ R a iK Ka (228)
. .72
A(m) [2(1 + h%) + 3h? + h* + (h+h3)h}

_ Az [
=5 (1-6%) SG/mdyﬁ

(1 + h2 +iﬂ)3

where the expression in the second line was produced by first substituting R%; = gL’“’RW =
—6/L? and by evaluating K@K, for the bulk surface defined by z = p h(6) — see appendix A
for details. Varying the above expression will produce a nonlinear differential equation for
h(6) which, because of the last term, involves third and fourth order derivatives, as well
as first and second order derivatives. However, as we explained above, the solution should
still be the same extremal area surface which we found with Einstein gravity. The latter
occurs because the geometric form of the equation determining the extremal area surface is
precisely K¢ = 0. Indeed comparing with eq. (2.6), we see that the factor in the numerator
of the last term above is precisely the equation determining the profile h(6) with Einstein
gravity. Because this factor is squared, the profile satisfying eq. (2.6) will also satisfy the
full equation of motion coming from eq. (2.28) and further, in evaluating the HEE, the
last term will not contribute because this factor simply vanishes. Hence the HEE and in
particular, the corner coefficient, is determined by the Bekenstein-Hawking term, as with
Einstein gravity but now multiplied by an additional factor. Therefore the charge defined
by the corner term as in eq. (1.3) becomes simply

k= (1—-6\) kg (2.29)
Gauss-Bonnet gravity. For pure Gauss-Bonnet gravity, eq. (2.24) reduces to

SQ _ A(m) + LZ)\GB

2
e e /md YVIR. (2.30)

Above, we argued that the second term would not affect the profile of the bulk surface
nor contribute to the universal corner contribution. With the bulk profile z = p h(6), it is
not difficult to show that the combination /7R can be written as a total derivative (see
appendix A for details)

. (2.31)

d |2 h
e

P hv/1+ h2 + h?

14 As we describe in appendix C, these results can be straightforwardly extended to the case of a general
f(R) gravity.
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In fact, this is sufficient to conclude that the universal corner contribution will be identical
to that in eq. (2.12), as expected.

However, let us examine the contribution of the Gauss-Bonnet term to the HEE in
more detail. Using eq. (2.31), this contribution can be written now as

L2\ LAy [T d h B
ASgp = G?B Ay AR = — GGB ) P (2.32)
26 Jm 5/ho P | hV/1+h2+h? ],

We can make use of eq. (2.7) to replace h in terms of h. By doing so, and recalling that
h(2/2 —€) = §/p and h(0) = hg, the above expression reduces to

LA H
A — = 2.
Scr o 5 o). (2.33)
Hence, including the Einstein gravity, the final result for the HEE in this case becomes
L* H H

Hence the (nonuniversal) coefficient of the area law term has be modified here but the
corner contribution is precisely the same as with just Einstein gravity in the bulk.

It was commented above that the entropy functional (2.24) might be supplemented by
boundary terms but that the logarithmic term in the HEE, i.e., the corner contribution, is
unaffected by such terms [51]. Gauss-Bonnet gravity provides an illustrative example since
there is a natural boundary term to be added to the gravitational entropy functional [51]

/ dy\/7 K, (2.35)

where 0m is the one-dimensional boundary of m at the cut-off surface z = §. Further 4 and

CAm) | DA [ o L2\
S=a * g ) CYVIRS

KC denote the determinant of the induced metric and the trace of the extrinsic curvature,
respectively, on this boundary. It is straightforward to evaluate these quantities and to
produce the result

H 2
ASip = Lch/ dy\/7K = L AGB % = L?;GB %Hf)u). (2.36)
§/ho

Adding this contribution to eq. (2.34) leaves

L> H

S = ot — 02(9) log(?) +on) (2.37)

and we see that with the additional boundary term in eq. (2.35), there is no Aq¢s dependence
in either the area law term or the logarithmic contribution in the entanglement entropy.
The latter reflects the fact that with the additional boundary term, the Gauss-Bonnet
contribution in eq. (2.35) is a purely topological contribution. In any event, as expected,
the universal corner contribution remains unaffected by the addition of this boundary term,
which implicitly represents a modification of the regulator used to define the entanglement
entropy in the dual QFT.
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To summarize our results for curvature-squared gravity (2.22) in the bulk, we found
that the functional form of a(f2) is not modified. Rather the holographic expression only
differs from that in the Einstein gravity by some overall factor. Hence the charge defined
by the small © limit, as in eq. (1.3), becomes

ko= (1= 24\ — 6X2) Ky, (2.38)
where the Einstein charge s is given eq. (2.16).

2.1.2 Generalized Lovelock gravity

Recall that Lovelock gravities [69, 70] are the most general higher curvature gravity theories
with second-order equations of motion. The corresponding action can be written as

d+1
1 d+1 d(d —1) L& 2p—2
hy=1po [ A0 Vg | =+ Rt > AL Ly(R)| (2.39)

p=2

where ), are dimensionless couplings and L, correspond to the dimensionally extended
2p-dimensional Euler densities

1
= __ S¥iv2--V2p—1V2p  ppuipo ... RM2p—1p2p—2
ﬁZp(R) = 2p5/~L1,U‘2“',u2p71/J2p R viv2 RH2r P Vop—1V2p—2 * (2-40)

Here (5&;22']_','3517—_11”5;’1, denotes a totally antisymmetric product of 2p Kronecker deltas. Hence
when p = (d + 1)/2, Ly, is topological and when p > (d + 1)/2, L, simply vanishes. Of
course, the cosmological constant and Einstein terms in eq. (2.39) could be incorporated
into the sum as Ly and Lo, respectively. Recently, there has been renewed interest in these
theories in the context of the AdS/CFT correspondence where these theories provide toy
models of holographic CFT’s in which the central charges differ from one another, e.g.,
see [77] and the references therein. For this class of theories (2.39), HEE is evaluated with
eq. (2.21) using the following entropy functional [51, 52]

[ ]
A(m) 1 d—1 2p—2
Sm="g g6 [ VA 3 P Ly a(R), (2.41)

where now L3,_2(R) is constructed with the intrinsic curvature tensor of the induced metric
on m.

Recently, Sarkar and Wall proposed a generalization of the Lovelock theories with an
action of the form [48]

1
ISW == ]M;/dd+1x \/§f<£07 £27£47 Tt 7£2k) ? (242)

where f is some general function of the extended Euler densities up to k = [(d+1)/2] — we
will assume that f is a polynomial. Hence these new generalized Lovelock theories might
also be seen as an extension of f(R) gravity [71]. In general, the gravitational equations of
motion will involve fourth order derivatives of the metric in these new theories. However,
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the motivation to considering these theories is to examine the second law of black hole
thermodynamics in higher curvature theories. In fact, [48] found an expression for the
gravitational entropy which satisfies a classical increase theorem for linearized perturbations
of Killing horizons

5]
1 0
Sow =g [ @7V 27 3 ) -2 (249)

Certainly, this expression also reduces to that in eq. (2.41) when f is linear and the ac-
tion (2.42) is simply the Lovelock action (2.39). We take these facts, in particular, that
eq. (2.43) applies for (at least small) deviations away from a Killing horizon, as evidence
that it will yield the correct gravitational entropy in the more general context of using
eq. (2.21) to evaluate HEE. Further work in this direction recently appeared in [73, 74].
Hence we will use the generalized Lovelock theories (2.42) as framework to examine the
corner contribution in HEE. Since we are working in a four-dimensional bulk spacetime,
all of the Lo, with p = 3,4,... will vanish identically. Therefore, we can only construct
the new gravity action with powers of the Ricci scalar R and the four-dimensional FEuler
density Xy, given in eq. (2.23). Hence we consider supplementing the standard cosmological
constant and Einstein terms in eq. (2.2) with higher curvature interactions of the form

A
Ao = 167;:UG

diz /g LT 2 RV X (2.44)
with integers v, w > 1. Then using eq. (2.43), the corresponding entropy functional becomes

)\v,w
4G

NSy = d*y v L2 [w R 4+ 2w R AR (2.45)

m

Now we are evaluating this expression in a pure AdSs background (2.1) and so it may be
simplified by substituting R = —12/L? and Xy = 24/L* to yield

)\v w _
ASv,w — (_1)v—1 22v+3w—4 3v+w—1 7, deﬁ [v o wL2 R] f01é+2w 1 ) (2.46)

Note the power of fo, = L?/ L? appearing in the integrand above. We have kept this factor
here to indicate that in general after solving the gravitational equations, one finds that the
curvature scale L no longer coincides with the scale L set by the cosmological constant. In
particular, we find

1 — foo + (—1)v2203w=230Fw=1 (9 4y 2w) Ay F520 = 0. (2.47)
However, note that if we are working perturbatively in the coupling, we have
L = L foo ~ L [1 4 (—1)"2%0F30 723V F0 =1 (2 — y — 2w) Ay + O(A2,,)] - (2.48)

With the simplifications produced by working in AdSy, the modifications to the entropy
functional have reduced to a term proportional to the area of the bulk surface and another
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involving an integral of the intrinsic Ricci scalar over m. Hence at this point, we can turn to
our results from the previous subsection where both terms were encountered before. In par-
ticular, neither term modifies the profile of the extremal surface in the bulk and further the
area term only changes the corner contribution by an overall factor while the term involving
R does not contribute to this universal term at all. More precisely, given the precise results
in eq. (2.46), we find that the small angle charge associated with the corner term becomes

L* _/3\"
K = [1 — (_1)1} 22U+3w_2 3v+w_1 v )\v,w + O()\%,’w)] KRg, Rp = RF (4) s (249)

where the result is expressed to leading order in the perturbative expansion in the coupling.
Note that we have expressed kp in terms of the AdS scale L2, which differs here from the
scale L? in the action by terms of O(\, ), as shown in eq. (2.48). If we expressed the
above equation in terms of L? instead, the O(\, ) coefficient would change. However,
our convention here and throughout the following will be to write all of our perturbative
expressions in terms of L2. Of course, all length scales will disappear from the ratios of the
different charges and so once our results are expressed in this way, they will not depend on
this convention. Further, having fixed our approach, the comparison with the calculations
for Einstein gravity is unambiguous in all cases.

To make our analysis more concrete, let us extend the general curvature-squared the-
ory (2.22) with the generalized Lovelock interactions which are third- and fourth-order in
the curvature

1 4 6 2 2 v
L= 167TG/d TVg [[/2 + R+ L* (MR + MR R + Aepa) (2.50)

+L* (A3 0R? + M1 RXy) + LS (AoR* + M1 R2Xy + X2 X))

Then the final expression of the corner coefficient and the corresponding charge take the
simple form
a(Q) =aag(Q) and k=akg (2.51)

where to leading order in the dimensionless couplings, the overall coefficient is given by
a=1-—24)\; — 6 +432X30 + 24\1 1 — 6912\4 0 — 576X91 + O(\?). (2.52)

Of course, az(2) and kp are the corresponding quantities evaluated for Einstein gravity,
as given in egs. (2.12) and (2.16), respectively. The fact that the functional form of a(£2)
is unchanged results because the higher curvature contributions to the entropy functional
studied here do not modify the profile of the extremal surface in the bulk. We do not
expect that this behaviour is completely universal and it may be modified in theories with
even more general higher curvature interactions. We will come back to this point in the
discussion section.

3 Comparison with other charges

By considering the limit of a small opening angle in eq. (1.3), we identified two ‘central
charges’ which appear in the entanglement entropy of regions where boundary has corners.

~16 —



When evaluated for holographic CFT’s dual to Einstein gravity, the result (2.16) is pro-
portional to the ratio L2/G ~ L?/¢2,, .. The latter ratio is well known to be indicative of
the number of degrees of freedom in the boundary theory. However, for Einstein gravity,
the same ratio is ubiquitous for physical quantities involving a similar count of degrees of
freedom, e.g., the entropy density of a thermal bath. The pervasiveness of L2 /G arises since
this is the only dimensionless parameter that is intrinsic to the bulk theory with Einstein
gravity. By considering higher curvature theories for the bulk gravity, as in the previous
section, we are introducing more dimensionless couplings and we can begin to distinguish
the various charges in the boundary theory, e.g., see [51, 78, 79]. Our objective here is to use
our holographic results to determine if the corner charge x should be considered a new and
distinct charge or if it is proportional to charges already appearing in other physical quanti-
ties. In particular, in the following, we compare & to the analogous charges appearing in: 1)
the entanglement entropy of an infinite strip; 2) the entanglement entropy of a disk; 3) the
entropy density of a thermal bath and 4) the two-point function of the stress tensor. Again,
with Einstein gravity in the bulk, all of these quantities are proportional to L2 /G. While
the same is true (with our conventions) with the higher curvature theories, the additional
dimensionless couplings also give each a unique signature, as we will see in the following.

3.1 Entanglement entropy for a strip

We begin with the entanglement entropy of an infinite strip. For a general three-
dimensional CFT, the result will take the form [7, 80]

2H H

where ¢ is the width of the strip and H is a long distance scale introduced to regulate the
length of the strip, i.e., the area of the entangling surface is 2H. The universal coefficient

Kk can be isolated with

2 0,
H o0
We will find that & = k in our HEE calculations below. In fact, this result holds for

general three-dimensional CFT’s and has a simple explanation since there is a conformal

(3.2)

k=

transformation that (essentially) relates the corresponding entanglement geometries — see
appendix B.

Holographic calculations of the entanglement entropy of a strip were first carried out
in [18, 19] with Einstein gravity in the bulk. To start, we write AdS4 metric as

L2
ds® = —~ (d2? + dt? + dz] + da3) . (3.3)

Let us parameterize the strip in the boundary as the region B= {t; =0, z; € [-£/2,¢/2]}.
As noted above, we also introduce an IR regulator by, e.g., making the xo direction periodic
with period Azs = H and with H > £. The translational symmetry along zo allows us to
parametrize the entangling surface m as z = h(x1), so the induced metric on the surface
becomes

ast, = L ([1+2) da? 4 aa3) (3.4)
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where h = 8, h. Focusing on Einstein gravity [18, 19, 33], we look for surfaces m extrem-
izing the area functional, which in this case is given by

/2
H dxl 1+ h? (3.5)
—2/2

Since the integrand does not depend on z; explicitly, there is conserved first integral which
. /A pA
h=-Y" (3.6)

h? ’
where z, is the maximal value of z reached by the extremal surface. The latter can be

can be used to write

identified in terms of £ through

£/2 Zx 2 2
5:2/ dry =2 hdhzﬂr<3> 2. (3.7)
0 0o 2i-nt  Jmo\4

The final result for the entanglement entropy with Einstein gravity in the bulk is

2 H [2 3\* o
Sp=——_ = 1r(2) =
2G 521G ¢

Hence the corresponding universal coeflicient is

=y "

Fg = 27LT—GI‘ <2) ) (3.9)
which exhibits the expected factor of L2 /G, and further comparing with eq. (2.16), we see
that Kz = Kg.

This calculation of HEE is easily extended to the higher curvature theories considered
in section 2.1, taking into account the general remarks made there. We use the prescrip-
tion (2.21) with the generalized entropy functionals for those theories given in egs. (2.24)
and (2.45). However, as we found before, the terms involving the trace of the extrinsic
curvature do not contribute, those with the intrinsic Ricci scalar only contribute boundary
terms and those involving bulk curvatures only modify the Einstein result by an overall
factor. It is straightforward to verify these expectations with explicit calculations and the

> H > _(3\'H

where « is precisely the same factor given in eq. (2.52). The coefficient § appearing in the

final result is

area law term is another function of the couplings );, which is not needed here but does
not coincide with « in general.'> Hence the final result for the universal coefficient is

F=afp, (3.11)

and so we find that & =  in all of these examples. As noted above, this is in fact a general
result for three-dimensional CFT’s.

151n fact, the same factor B appears below in the HEE calculation for a disk.
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3.2 Entanglement entropy for a disk

For a general three-dimensional CF'T, the entanglement entropy of a disk will take the

form [81, 82]
2R

Spr =1 —2mco + O(9) (3.12)

where R is the radius of the disk. The universal coefficient ¢y can be isolated here by

co ! (R 0Se _ SEE> . (3.13)

evaluating [83]

27 OR
Of course, in this case, the universal constant ¢y plays the an important role as the
central charge in the F-theorem, i.e., it decreases monotonically in renormalization group
flows [26-30)].

The HEE for a disk was first calculated for Einstein gravity using eq. (2.3) in [18, 19].
However, this calculation was later extended to general higher curvature theories of gravity
in the bulk [27, 82]. Making use of a conformal transformation in the boundary CFT, the
problem of calculating the entanglement entropy for a disk can be mapped to the question
of evaluating the thermal entropy of the CFT in a particular curved background. The
latter can then be evaluated as the Wald entropy of the corresponding horizon in bulk
spacetime with a general gravitational theory in the bulk. The horizon actually appears as
an ‘observer’ horizon upon transforming the bulk AdS geometry to AdS-Rindler coordinates
and the extremal area surface in the standard calculation coincides with the bifurcation
surface of this horizon, e.g., see [84].

Our calculations of HEE for the disk followed the prescription outlined in section 2.1,
using eq. (2.21) with the entropy functionals in egs. (2.24) and (2.45). Using the AdSy
metric in eq. (2.1), let us parameterize the disk in the boundary as the region D =
{te =0, p < R}. We write the profile of the bulk surface m as z = h(p) with no dependence
on 6 because of the rotational symmetry of the disk. The induced metric on m then becomes

ds? L2

2 =5 ([1+02] do* + pPas?) | (3.14)

where i = dph. The extremal area surface becomes the hemisphere [18, 19]
p°+ 22 =R? withz>0. (3.15)

Now in general, the entropy functional for higher curvature theories can be written as the
Wald entropy plus terms which are at least quadratic in the extrinsic curvature [59, 60].
However, one can readily verify that the extrinsic curvature of the above bulk surface (3.15)
vanishes and hence any extrinsic curvature terms will vanish to first order if we make
variations of this surface. Since the Wald entropy only involves bulk curvatures, this
entropy reduces to the area functional multiplied by an extra overall factor, as in the
previous section. Hence eq. (3.15) still remains the extremal surface when calculating the
HEE of a disk for any general higher curvature theory in the bulk. Hence with eqs. (2.24)
and (2.45) for the theories in section 2.1, evaluating the HEE yields
rL? R L2
2
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where!©
B8 =1—24X1 — 6o —2Agp + 432)\3,0 + 48)\1,1 — 6912)\470 — 864)\271 — 96)\0,2 + O()\2) . (3.17)

Hence the universal charge for the corresponding holographic CFT’s becomes

E2

co=PBcor =0 ek (3.18)

where ¢ 5 denotes the result for Einstein gravity, i.e., co» = L?/(4G). Note that with
Einstein gravity, the ratio of the universal charges for the corner and the disk is relatively

Re 24 <3>4 . (3.19)

CO,E 7T 4

simple, i.e.,

However, comparing eqs. (3.11) and (3.18), as well as egs. (2.52) and (3.17), we see that
there is no simple relation between x and ¢y in the general theories. In particular, we have

2 /3\*

r_Z F<4> (1 — 2Xgp — 24A1,1 + 288)X2 1 + 96N 2 + O()\Z)) (3.20)
Co ™

and so this ratio depends on the precise value of the gravitational couplings in the higher

curvature theories.

3.3 Thermal entropy

Another quantity which might be used to characterize the number of degrees of freedom
in a system is the thermal entropy. For a three-dimensional CFT, the thermal entropy
density takes the form

s=rcsT?. (3.21)

The coefficient cg is another interesting ‘central charge’ which is readily calculable in a
holographic setting. Of course, the thermal bath in the boundary theory is dual to a planar
AdS4 black hole and we need only calculate the entropy density of the event horizon. For
Einstein gravity, the black hole solution can be written as

dZ—E d—ZZ—f()dt2~|—d2+d2 withf():1—z—3 (3.22)
S _Z2 f(z) z Tq Lo z) = 2%7 .

where z = zy is the position of the event horizon. The Hawking temperature is given by T' =
3/(4mzy) and the horizon entropy is given by the Bekenstein-Hawking formula, which yields

I:2
> Va, (3.23)

1
Sthermal = ~— hd*s = ——
thermal 4G/z—sz x e

SFor a general theory with action (2.44), the corresponding expression is

ﬂ =1+ (’U + w)(71)v7122v+3w723v+w71Av1w + O(Ag’w) .
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where Vo = [dz1dze. Now dividing by the spatial volume V3 yields the entropy density
and substituting the temperature for zp produces an expression of the expected form
given in eq. (3.21). The corresponding central charge is

47?2 [2

Cs,gp = 7 5 . (324)

Here again, we see the ubiquitous factor of L2 /G and hence the ratio with the corner
charge yields a fixed numerical factor, i.e.,

ke 9 3\

a =53 F<4> . (3.25)
Curvature-squared gravity. Just as with empty AdSy, the black hole metric (3.22) is
also a solution of the general curvature-squared gravity for any value of the parameters Ay,
A9 and Agp provided L? = L2, Hence the only difference from the above calculations is that
the horizon entropy is now given by the Wald entropy formula [53-55]. Alternatively, we
can use the generalized entropy functional in eq. (2.24) since the two expressions only differ
by terms involving the extrinsic curvature and the latter vanishes on the event horizon of
the AdS4 black hole. We find, in agreement with [85]

422
= (1 — 24X\ — 6) T? 3.26
s=( e (3.26)
and therefore the corresponding central charge becomes
Cs ="V2Cs.m with v =1—24\1 —6)s. (3.27)

Comparing to eq. (2.38), we see that for curvature-squared gravity, the thermal entropy
charge is modified by the same overall factor that appears in the corresponding corner
charge. Hence for this family of holographic theories, the ratio of these two charges remains
unchanged from the numerical factor (3.25) that appears with Einstein gravity.

Generalized Lovelock gravity. The black hole metric in eq. (3.22) is no longer a
solution of the equations of motion for general theories of the form (2.44). Hence in order
to explore how the thermal entropy gets modified here, we must first correct the black hole
solution to linear order in the coupling A, ,,. We parametrize the modified solution as

5 fﬂ( dz?
22\ f(2) [+ Mwfa(2)]

where fi(z) and f2(z) are two nonsingular functions to be determined. This ansatz was

ds

— () [+ M fi(2)] dt? 4 dx? + dm§> , (3.28)

chosen so that the position of the horizon remains at z = zg. In order to obtain fi(z)
and fa(z), we substitute the above metric into the Einstein action (2.2) modified by the
addition of a higher curvature interaction as in eq. (2.44) and expand to second order in
the coupling )\v7w.17 From the second order action, we determine the linearized equations

17Since we are working perturbatively in A, ., it is sufficient to consider each higher curvature inter-
action (2.44) separately. Of course, the first order variations by fi(z) and f2(z) vanish identically here
because to leading order, the metric solves the Einstein equations of motion.

— 21 —



of motion for fi(z) and f2(z) and then solve them with the boundary conditions that both
functions decay as z — 0 and remain nonsingular at z = z. Below we describe the solution
and the results for the thermal entropy for each of the generalized Lovelock interactions
up to quartic order in the curvatures, shown in eq. (2.50).

In general, the Hawking temperature of the solution will be given by

3 <1+ f1(zn) + f2(2n)

- 47z 2

T Xosw + 0(%)) : (3.29)

as one can easily check.

a) R® and R* gravity. For these two particular theories, as well as any theory with
only RY interactions (i.e., w = 0), the original AdS4 black hole solution (3.22) does not get
corrected at any order in the couplings A, o, i.e., fi(2) = f2(2) = 0. The uncorrected black
hole solves the equations of motion of these theories provided the curvature scale satisfies
eq. (2.47), which was also required for the pure AdS, metric (2.1) to be a solution in the
new theory. Note that for v = 3 and 4, we find the constraints 1 — foo + 144X30f3 = 0
and 1 — foo — 3456040 f% = 0, respectively.

The horizon entropy is computed using the expression in eq. (2.43). However, since the
Ricci scalar of the Schwarzschild-AdS, background equals that of the pure AdSy solution,
the corrected thermal entropy for these theories differs from the Einstein gravity result by
just a overall constant factor which is precisely the same as the A3 and A4 contributions
to a in eq. (2.52). That is, we find

s="acspT?  with v, =14432)\30 — 691249 + O(N\?). (3.30)

b) R X, gravity. For this theory, the AdS curvature is given by 1 — foo + 24X 1f3 =0
— recall that fo, = L?/L?. The planar black hole (3.22) no longer solves the equations of
motion and so we proceed as described above to find the corrected solution to first order
in the coupling. The two functions fi and fo are

182%(2° + 27)

filz) = — (3.31)
H
3(11-3 _ 2.3
falz) = 62 (11226 3zH).
H

With the new metric, the Hawking temperature becomes

3
T11=4

’ TZH

(1+6A11+0O(AT))) . (3.32)
Using eq. (2.45), the thermal entropy then becomes
s=mwespT?  with 3 =1+24\1 4+ O(A\])). (3.33)

We note that 7, again agrees with the analogous factor appearing in the corner coeffi-
cient (2.49) for v =1 = w.
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We stress that, as opposed to the theories with w = 0, the on-shell Gauss-Bonnet
term Xy is no longer the same in the black hole background as in the pure AdS4 solution
(hence eq. (2.45) no longer reduces down to eq. (2.46)). Computing the horizon entropy as
a function of the horizon position yields

E2

= (1 A A —— .
S ( +36 1,1"_0( 1’1))47'['GZI2_I

(3.34)
It is only when we express the entropy density as a function of the physical tempera-
ture (3.32) that we cover the factor -, in eq. (3.33). Actually, it is possible to show that
different parametrizations of the corrected solution give rise to different expressions for
s(zp) and T'(zg), which nevertheless conspire to produce the same physical result when
the entropy density is written in terms of the temperature.

c) R2X, gravity. In this case, the curvature scale is determined by 1 — foo — 57621 fi =
0, and the functions parameterizing the corrected black hole (3.28) are

_43223(23 + )

fiz) = ——%—, (3.35)
“H
_ 3 3 _ 2.3
folz) = 144z (12162 3zi7) ‘
H

Further, the Hawking temperature becomes

3

T= 1 — 144\ A3 :
prel 21 +0(\31)) , (3.36)
while the entropy density is given by
s=%ecseT?  with 7. =1-576)1 4+ O(\3,). (3.37)

Here again, . agrees with the analogous factor appearing in the corner coefficient (2.49)
forv=2and w=1.

d) X 42 gravity. The last nontrivial interaction at fourth order in curvature corresponds
to the square of the Gauss-Bonnet density, X,2. To begin, let us note that interactions of
the form A, with w > 2 are not topological and do modify the gravitational equations of
motion in four dimensions. It is only the linear term, i.e., w = 1 (and v = 0), which leaves
the equations of motion unchanged.

Now in this case, we have 1 — f,, — 96)\2,1f§0 =0 and

823(1125 + 2323 + 28)

fi(z) = = , (3.38)
H
823(6720 — 832323 + 20
fQ(Z) = ( 29 i H) .
H

The Hawking temperature is given by

3
47 ZH

T:

(1-8X2+0(X52) (3.39)
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and the thermal entropy density becomes
s=74cseT?,  with  y5=1+16X02+ O(A3,)- (3.40)

Here, the factor 74 receives a correction which is first order in Ao 2 while the corresponding
factor in the corner coefficient does not, e.g., see eq. (2.52). Hence, we have found the first
example for which the agreement is broken between the charges defined by the thermal
entropy density and by the corner contribution of the entanglement entropy.

Gathering together all of the first order contributions from the new interactions ap-
pearing in the fourth-order action (2.50), we have that the thermal entropy density in the
dual boundary theory takes the expected form (3.21) where the corresponding charge takes
the form

Cs =" Cs. (3.41)

where the Einstein result cg  is given in eq. (3.24) and
v =1—24\1 — 6X2 + 432030 + 24\1 1 — 6912040 — 5T6)2 1 + 16X02 + O(N\?) . (3.42)

Comparing with egs. (2.51) and (2.52) for the corner contribution of the entanglement
entropy in the same theories, we see

4
K 9 3
—=_——T(>) (1-16X2+0O\?) . 3.43
E—gar(3) (- 10+ 00) (3.43)
That is, the ratio x/cg is independent of most of the additional dimensionless couplings
in eq. (2.50) and it would still be given by the same numerical factor found for Einstein

gravity in eq. (3.25) for the class of theories with Ag2 = 0.

3.4 Stress tensor two-point function

Let us now turn to the two-point function for the stress tensor, which is particularly inter-
esting since it defines a central charge for CFT’s in any spacetime dimension. Evaluated
in the vacuum, the functional form of this two-point correlator is completely fixed by
conformal symmetry and energy conservation, and for a d-dimensional CFT, it takes the

form [86, 87]'%
Cr

(Tap(2) Tea(0)) = 54 Lab,ea(®) (3.44)
where ) .
Taved(w) = 5 (Lac(w) Lap(w) + Laa(x) Lop()) = — dab Gea (3.45)
and
Lop(z) = dap — 296;;3 . (3.46)

Below we will focus on d = 3 but as remarked above, the above expressions provide a
definition of C; for CFT’s in any spacetime dimension. In particular, eq. (3.44) is the

8Note that in this section unhatted indices from the beginning of the Latin alphabet run over the
d-dimensional boundary of AdSg+1.
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standard definition of the central charge ¢ in two-dimensional CFT’s, i.e., C; = ¢, while
for four dimensions, Cr = 40 ¢/7* where c is the coefficient of the Weyl-squared term in
the trace anomaly.

Of course, in a holographic framework, the stress tensor is dual to the normalizable
mode of the metric [88, 89] and so evaluating eq. (3.44) requires determining the two-point
boundary correlator of the gravitons in the AdS vacuum. This is a standard calculation in
the context of Einstein gravity [79, 90] and one finds for three boundary dimensions

3 L2

== 4
CVT.,E' 7T3 G (3 7)

Once again, we see the ubiquitous factor of L2 /G and comparing with the corner coeffi-

2 4
Kg T 3
=TI - . 3.48
Crz 6 <4) ( )

In order to investigate how the two-point function (or equivalently the graviton propa-

cient (2.16), we have

gator) is modified by the introduction of higher curvature terms in the bulk, let us first recall
that generically these new interactions will result in the appearance of higher-order deriva-
tives in the gravitiational equations of motion. Hence the metric will contain additional
propagating degrees of freedom beyond the usual massless spin-two graviton. Therefore
in a holographic context, the metric will also couple both to the stress tensor and some
new tensor operator, which is generically nonunitary.® We can understand the latter, i.e.,
that generically the new operator generates negative norm states in the boundary CFT,
with the following analogy from [27]: consider a massless scalar field in flat space whose
equation of motion has been corrected with a fourth-order term,

(D + % D2> $=0, (3.49)

where M? is some high energy scale and )\, the dimensionless coupling of the higher deriva-
tive interaction in the action. Then, the propagator for this field will read

1 1 1

=N /M2 T @ = M2/ (3:50)

Here the ¢ = 0 pole will correspond to the usual massless mode, whereas that at ¢ = M? /X
is related to a new massive degree of freedom. Regardless of the sign of A, the sign of the
second term in the propagator above will be negative and so the extra mode is a ghost.
Of course, if we are working perturbatively in A, these new degrees of freedom appear at
very high energy scales. Hence if we should restrict our attention to energies much less
than M/ A/2 the new scalar ghost will not go on-shell. In the holographic context, the
additional ghost modes create negative norm states in the bulk theory and so they must

190f course, this is a typical feature of holographic theories with higher curvature interactions in the bulk,
but it can be evaded in special cases. For example, f(R) gravity can be re-expressed as Einstein gravity
coupled to a scalar field [71]. Hence in this case, the additional CFT operator will be a scalar, which can
be unitary in the appropriate circumstances.
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be dual to new nonunitary operators in the boundary theory. Further, let us note that the
curvature scale plays the role of the mass above, i.e., L? ~ 1/M? and so we can expect
that the conformal dimension of these operators to be set by the inverse of the gravitational
couplings, i.e., A% ~ 1/\. Hence if we consider the CFT on the background R x S%!, the
new operator would again be associated with high energy states.

The above example also highlights that in a perturbative framework, the extra degrees
of freedom are highly suppressed in the vicinity of the physical pole. Hence our strategy in
studying the graviton propagator will be to organize the linearized gravitational equations
of motion which make this suppression manifest and allow us to easily identify the proper
kinetic term of the physical modes. In general, writing out the linearized equations of
motion for the graviton would be a very complex task but it can simplified here in two
ways, as discussed in [91]. First, we are interested in the holographic version of eq. (3.44)
which is evaluated in the vacuum and so we need only study the metric fluctuations in
the AdS4 background. That is, we consider a perturbed metric: g,, = guv + hyw, where
Guv is the AdSy metric (and hy, < 1 for all p,v = 0,1,2,3). In particular then, the
background curvature tensor takes the form RM,, = —1/L2 (6%, 8, — 0*,0",), which
greatly simplifies the form of the linearized equations of motion. That is, they can be
expressed entirely in terms of covariant derivatives acting on hy,. In order to further
simplify the resulting expressions, which are still rather involved in general, we can use
diffeomorphism invariance to choose a convenient gauge. In the following, we restrict
ourselves to a transverse traceless gauge,?’ i.e., ?“hwj =0 and g"h,, = 0.

With these choices, the linearized Einstein equations become

L 1= 2
G, = —3 [D + fﬂ] hyw =8nG T, , (3.51)
where wa denotes the linearized Einstein tensor. We have included the stress tensor T,
for some additional matter fields to the right-hand side because in the following, it will
be important to establish the normalization of Newton’s constant, or alternatively of the
graviton kinetic term. The linearized equation which results from our complete fourth-order
gravity (2.50) turns out to read?!

afls 2 N2 27
5 [D + [Nﬂ] hyw — > [D + 2,2] hyy = 87G T, (3.52)
where « is precisely the constant given by eq. (2.52). Interestingly, none of the higher-order
terms considered, except for the R, R*” interaction, produce fourth-order derivatives con-
tributions to the linearized equation for the physical graviton A, in the AdS; background
in this gauge, which is a rather striking phenomenom.?? It would be certainly interesting

20Let us comment that in the perturbative framework discussed here, the physical degrees of freedom
still correspond to a massless spin-two graviton and so this gauge can still be applied here. Note that the
traceless condition eliminates the possibility of identifying new scalar degrees of freedom, e.g., as appear
in f(R) gravity — see footnote 19. However, these modes are regarded as unphysical with our current
perturbative perspective.

21 This result agrees with that found in [85] for four-dimensional curvature-squared gravities.

*2Tn appendix C, we perform the detailed calculation in a general gauge for f(R) gravity, in which the
same structure is found, and show how the fourth-order terms go away in this gauge.
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to classify the families of higher-order gravities for which this behaviour is encountered at
each order in curvature. We will not pursue such a goal here.

The left-hand side of eq. (3.52) is organized in a way which makes obvious the sup-
pression of the second term in the vicinity of the physical pole, i.e., for ((J+2/ I?)hw, ~ (.
However, the higher curvature terms still make their presence felt through the appearance
of a which modifies the coefficient of the leading Einstein-like term. As commented above,
one can interpret this new coeflicient as modifying the normalization of Newton’s constant,
i.e., Gz = G/a or as having modified the normalization of the graviton kinetic term. In
any event, the net effect is to modify the previous holographic calculation of the two-point
correlator for Einstein gravity by an overall factor of . Hence in the higher curvature
theory (2.50), we reproduce the desired expression in eq. (3.44) where the central charge
is now given by 3

3 L?
™ G’

where again, « is precisely the same constant given by eq. (2.52). Of course, we could also

CT = OZCT,E =« (353)

write this expression as Cy = 3L%/(72G.q), i.e., the general result has the same form as
that for the Einstein theory except that G is replaced by G.¢. Therefore, the correction to
the central charge appearing in the two-point correlator of the stress tensor (3.44) matches
that appearing in the universal corner term. Hence all of the higher curvature theories
considered here yield the same ratio as in the Einstein theory

Q Q
@) _ as(@) (3.54)
CT CT,E
and in particular, the ratio of charges (3.48) is unchanged, i.e.,
K 2 3\*
—=—TI-) ~3.7092. 3.55
&=5(3) @59

One might hope that these are universal results extending beyond holography. However,
in the discussion section below, we will test this idea by comparing to free field theories.
Unfortunately, we find that neither of the above ratios is quite universal but the comparison
does show that dividing by C; is an interesting way to normalize the corner contribution
when comparing different three-dimensional CFT’s.

4 Discussion

In this paper, we have studied the universal term arising from the presence of corners in the
entangling surface for three-dimensional holographic conformal field theories. In general,
this coefficient of the logarithmic term in eq. (1.1) is a function of the opening angle at
the corner a(f2). As we will discuss below, the precise form of this function depends
on the details of the underlying CFT, however, as explained in the introduction, this
function is constrained to behave as a(€2) ~ £/ in the limit of small opening angles and
as a(2) ~ o (2 — )% in the limit of a nearly smooth entangling surface. Hence, eqgs. (1.3)
and (1.4) define two coefficients, x and o, which can be used to characterize different
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CFT’s. Motivated by the idea that the corner contribution provides a useful measure of
the number of degrees of freedom in the underlying theory, we referred to these constants
as ‘central charges.” In our holographic calculations, we found that the overall form of a(£2)
did not change and so the two charges were simply related in all of holographic models, i.e.,
x/o = 4T(3/4)%. Hence we focus on the small angle charge k in the following discussion.
In particular, one goal was to see if this corner charge had a simple relation to any other
known ‘charges,” which provide a similar counting of degrees of freedom and might be
accessed with more conventional probes of the theory, or if x is really a distinct quantity.

Our approach was to study & for an extended holographic model involving higher
curvature interactions in the bulk gravity theory, as described in section 2. In particular,
we evaluated the corner term for an entangling surface with a sharp corner on the boundary
of AdSy, using holographic entanglement entropy (2.21). The final result,

K=akKkg, with a=1-—24X1 —6)\s +432/\370 +24)\171 — 6912/\470 — 576)\271 +O()\2) R (4.1)

L2 r3\*

gives k for the broad class of gravitational theories described by the action (2.50). Our

and

general result is proportional to L? /G (i.e., the AdS scale squared over Newton’s constant)
but it is also a function of the eight dimensionless couplings appearing in the action (2.50).
Next, in section 3, we evaluated several charges appearing in different physical quantities
within the same holographic framework. In particular, we studied the analogous charges
appearing in the universal terms in the EE of a strip and of a disk, in the thermal entropy
density, and in the two-point function of the holographic stress tensor. All of these measures
of degrees of freedom, as well as k, are simply proportional to L2 /G with Einstein gravity
in the bulk and so they can not be distinguished from one another in the corresponding
holographic CFT’s. However, each of these charges also acquires a distinct dependence
on the additional gravitational couplings with higher curvature gravity in the bulk. Our
calculations were perturbative in the )A; and hence the results are only linear in these
couplings. However, this still allowed us to distinguish the various different charges in the
boundary CFT. Hence, this extended holographic model provides an interesting framework
to investigate our goal stated above, namely, to determine if the corner charge can be
considered distinct or if it has a simple relation to another known central charge.

Of course, we do not have a top-down construction where the action (2.50) emerges as
the low energy effective action for, e.g., some string theory compactification. Rather our
perspective is that such extended holographic models provide an interesting framework to
test general properties of CFT’s, i.e., if there are certain properties common to all CFT’s
then they should be satisfied by the holographic CFT’s defined by these models. This
approach has found success in a number of interesting contexts, such as the discovery of
the F-theorem [26, 27]. Below, we also look to test a simple conjecture, motivated by our
holographic results, with calculations for free massless quantum field theories.

Another caveat in our analysis is that for the generalized Lovelock theories (2.42),
the appropriate gravitational entropy functional to use in evaluating the HEE (2.21) is
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Constant Ratio

Strip HEE k/R =1

4

Disk HEE kfco=2T(3)" (1 —2Xes — 2411 + 288X + 96A02 + O(N?))

Thermal entropy | k/cs = 2= F( ) (l — 16Xo2 + (9()\2))

9
81
6

314
4
(Tw(2)Tea(0)) | #/Cr = 2T (3)*

Table 1. Ratios comparing the corner charge x with similar physical coefficients.

given by eq. (2.43). Recall that present evidence [63—-68] suggests that the general formula
for the entropy functional proposed in [59] must be further refined for higher curvature
theories involving cubic and higher powers of the curvature. However, we argued that
the use of eq. (2.43) is well motivated by the somewhat complementary analysis of [48]
examining the second law of black hole thermodynamics in these higher curvature theories
— see also [73, 74]. However, it would be useful to verify this more directly when a fuller
understanding of HEE in higher curvature theories emerges.

A summary of the ratios corresponding to the different charges computed in this paper
with respect to k can be found in table 1.

We have seen that our holographic calculations yield k = K, where the latter is the
coefficient of the universal term in the EE of a strip, as defined in eq. (3.2). However,
this is a universal result that is expected to hold for any CF'T on the basis of a conformal
mapping which relates the two entanglement entropy calculations — see appendix B. Hence
this result can be considered a check of our holographic calculations.

On the other hand, the charge ¢y corresponding to the universal constant in the EE
of a disk is a distinct charge. Of course, the latter is the central charge which decreases
monotonically in RG flows, according to the F-theorem [26-30]. The independence of
and ¢y is illustrated by eq. (3.20), which shows that the ratio x/co depends on Agg, A1,1, A21
and Ag2. Hence these two charges depend on the details of the corresponding boundary
theories in different ways. Alternatively, the ratio is independent of the remaining four
gravitational couplings, A1, A2, A3,0 and A4 . Hence there are also broad classes of theories
with the same ratio k/¢p but it is not a universal feature common to all CFT’s.

The thermal entropy density for the holographic theories was calculated as the entropy
density of the corresponding AdS, planar black hole. In this case, eq. (3.43) shows that
k/cs is not universal but only depends on A2, the coupling for the (X4)2 interaction in
eq. (2.50). However, the fact that this particular example produces a mismatch suggests
that this ratio will also depend on other new couplings for more general higher curvature
theories. In fact, our findings seem to suggest that the generalized Lovelock theories with
w = 0 or 1 and arbitrary v will respect the agreement between the charges, whereas those
with w > 2 will not. We have explicitly verified that this is the case for v = 1 and w = 2.2

ZThat is, k/cs depends on A12 but x£/Cr still takes the standard Einstein value (3.48).
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Eq. (3.55) shows that the ratio x/Cy is the same for all of the holographic theories
which we studied, where C is the central charge appearing in the two-point function (3.44)
of the stress tensor. Hence eq. (3.55) matches the result (3.48) for Einstein gravity with
k/Cr = WQF(%)4 /6, at least to first order in the gravitational couplings. It is natural to con-
jecture that this ratio is a universal quantity for all CF'T’s, even beyond holography. Some
further suggestive results can be found in [40], which studied singular entangling surfaces
in holographic models in higher dimensions. In particular, the holographic model examined
there had Gauss-Bonnet gravity in the bulk and it was found that for an entangling surface
with a conical singularity, C controls the coefficient for the universal contribution in the
limit of a small opening angle. We will test this simple conjecture below with massless free
field theories finding that this ratio is not quite the same in those simple field theories. How-
ever, this comparison does support the idea that C; provides an interesting normalization
of the corner contribution when comparing different CF'T’s in three dimensions.

To close let us observe that a consequence of our results is that Cr and c¢g are found
to disagree in general for holographic CFT’s. Supporting evidence of this disagreement
for general holographic theories can be found in [27], where it was shown that these two
charges are not the same for quasi-topological gravity [78, 91].

4.1 Shape of the extremal surface

In our holographic investigation of the corner contribution, we found that none of the higher
curvature interactions which we studied led to any modification in the functional form of
a(€2). Rather it remained exactly the same as in Einstein gravity, i.e., a(Q?) = aap(R)
where the constant « is given in eq. (2.52). This result is related to the fact that all of the
corresponding entropy functionals were extremized by extremal area surfaces in the AdSy
background, just as in Einstein gravity. Further our discussion in section 2.1.1 suggests
that this result is not simply a consequence of working to first order in a perturbative
treatment of the gravitational couplings. Hence one may wonder whether this is a general
feature of HEE in the AdS4 vacuum for any higher curvature theory of gravity in the bulk.
However, we argue that the latter is, in fact, not a universal result.
First we observe that the curvature tensor takes the simple form

1

R;uzpa = _E (gup vo — Guo gup) (43)

in the AdS, background. Hence as in the examples in section 2.1, the terms in the entropy
functional constructed with background curvatures will reduce to an integral of some con-
stant over the bulk surface m, i.e., they multiply the Bekenstein-Hawking contribution by
some constant factor. Similarly, any terms involving a mixture of background curvatures
and extrinsic curvatures will reduce to an integral of some scalar constructed purely from
extrinsic curvatures (and possibly derivatives of the extrinsic curvatures). Therefore, we
should consider whether in general such extrinsic curvature terms can lead to modifications
in the shape of m — and functional corrections to a(f2), as a consequence. Of course, the
intuitive answer, which we confirm below, is that a sufficiently complicated contraction of
extrinsic curvatures will have a nontrivial effect on the shape of m.
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Following the discussion in section 2.1.1, we first observe that any term which contains
two or more factors of the trace of the extrinsic curvature, e.g., K%K 7 Kf’jK 5, will always
leave the extremal area surface unchanged. The reason is simply that K¢ = 0 is the
equation of motion determining the profile on an extremal area surface. Hence, the variation
of a term with two or more factors of K% will produce terms which still contain this factor
and so will vanish on any extremal area surface. On the other hand, one might guess
that if the term KZK @j gppears in the entropy functional that it will modify the shape
of the bulk surface, but we argue that in fact it also leaves the extremal area surface
unchanged. This term is actually produced by a curvature squared interaction of the form
Ryupe RIP7 (57, 58]. However, this term can be easily rewritten as a linear combination of
R?, R, R* and Xj interactions, i.e., see eq. (2.23). For a pure AdS, background, we have
argued in section 2.1.1 that extremal area surfaces always extremize the entropy functionals
corresponding to each of these three interactions, so the same must be true with K%K arj

However, we find that terms of the form (K ZK aij )n with n > 2 are not extremized by the
extremal area surface and so we expect contributions of this kind (if they appear in the
HEE formula) will modify the functional form of az(€2). Similarly, cyclic contractions of
extrinsic curvatures, e.g., Kgl ko I akoky  fCdkn—1kn K,ikl, would also modify the profile of
the bulk surface so they would also change the functional form of the corner function.

Hence it is relatively simple to find terms which, if they appear in the gravitational
entropy functional, would modify the profile of the bulk surface in the calculation of HEE.
Hence the general expression for the universal corner term for arbitrary high curvature
theories might be expected to take the form

Scorner = —a(2) log <I;> , where a(Q) = aag(Q) +r(Q), (4.4)
where 7(€2) would be a new function of the opening angle which would depend on some
gravitational couplings. If we consider the higher curvature terms as small corrections to
Einstein gravity, as for the perturbative calculations in this paper, it should be clear that
r(£2) would be highly suppressed with respect to the az(€2) contribution, since it would
only start appearing with interactions that are cubic or higher-order in the curvature. On
the other hand, as explained in appendix B, even if such functions correct the functional
form of ap(f2) for certain higher-order gravities, the small angle behavior of a() is still
constrained to take the form

gzig%) a(Q) = flziglo (ag(2) +7(2) = a +--e (4.5)

Further, as explained in the introduction, we will have

lim a(Q) = lim (cap(Q) +r(Q) =c(xr— Q> +---, (4.6)

Q—m Q—m

in the limit of a nearly smooth entangling curve. That is, egs. (1.3) and (1.4) will still define
the universal corner charges, x and o, for any holographic theory irrespective of the details
of the entropy functional. However, let us note that for Einstein gravity and for all of the
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holographic theories studied here, these charges are simply related by /oy = 4T(3/4)%.
In general high curvature theories where the corner term is modified as in eq. (4.4), there
will be no reason to expect that this simple relation still holds for these two charges.

Of course, we are not at present able to provide an explicit example of a higher cur-
vature interaction which contributes such an ‘interesting’ extrinsic curvature term to the
graviational entropy functional. However, in this regard, we are simply restricted by the
current limitations in understanding how to construct the entropy functional given a par-
ticular interaction in the bulk action [63-68]. Still we do see no reason why these more
complicated extrinsic curvature terms can not be produced by sufficiently complicated
higher curvature interactions.

4.2 Comparison with QFT calculations

The holographic calculations performed here are expected to produce a(2) for certain
strongly coupled three-dimensional CFT’s dual to our bulk gravity theories. On the other
hand, similar field theory results are also available for a wide range values of €2 in the
case of a free massless scalar and a free massless fermion [7, 31, 32].?* Further, it was
argued [31, 92] that the holographic result for the corner contribution az(§2) with Einstein
gravity qualitatively agrees with these free field results. Given how dissimilar the underlying
field theories are in this comparison, even a qualitative agreement may seem somewhat
surprising. However, recall that the behaviour of a(f2) is fixed on general grounds both for
small angles and for Q ~ , i.e., see egs. (1.3) and (1.4), respectively. Further, given the
universal form of az () at least for the broad range of holographic theories considered in
this paper, we find it interesting here to make a quantitative comparison of a(2) for the
holographic and free field theories. In order to make such a comparison, we must start
by normalizing a(2) for the various theories. A convenient choice is to consider a(f2)/k
which will then approach 1/ for small angles for any field theory. For all of the holographic
theories which we studied, we will have az(2)/kx since the common factor of a in eq. (2.51)
cancels in the ratio. Of course, ax(2) is determined numerically by evaluating the integrals
in egs. (2.12) and (2.13), while Ky is given by eq. (2.16). The corresponding charges for
the free field theories were determined in [7, 31, 32] as

Kscalar = 0.0397 and Ffermion =~ 0.0722. (4.7)

Now the free field results shown in figures 4 and 5 represent Taylor expansions of a(f2)
around Q = 7 to fourteenth order, which were obtained in [7, 32]. These expansions give
a reliable enough approximation for values of the opening angle which are not too small.
In particular, the figures also show the lattice results obtained for a(Q2) at Q = 7/4, 7/2
and 37 /4 in [31] using the numerical method developed in [93].

In figures 4 and 5 we see, first of all, how the Taylor expansions for the free theories
are in good agreement with the corresponding lattice results. Hence the red and blue lines
in these figures can be reasonably trusted at least for angles larger than 7/4. As we see in

24Most other results in the literature, e.g., see [42—46], are given only for a particular value of the opening
angle, i.e., for Q = 7/2 which is easily studied on a square lattice.
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Figure 4. (Colour online) We show a(Q2)/k for AdS/CFT (orange), a free scalar (blue), a free
fermion (red) and the lattice points (squares) obtained numerically for three values of Q [31]. We

also include the black dashed curve giving the 1/ behavior which all of the functions will approach
for small angles.

figure 5, the holographic function az(€2)/kg turns out to agree with the corresponding free
fermion result within a 2% over this whole range where the results are reliable. Similarly,
the function for the free scalar deviates from the holographic result by no more than 11%
in this range. In the small angle region, the three corner contributions normalized by &
in figure 4 will all approach 1/Q (shown as the black dashed line). Of course, we only
see the latter behaviour is realized for the holographic result, for which we have the exact
function over the whole range of 2. The exact curves for the free scalar (fermion) would
lie somewhere in between the black and the blue (red) curves in the intermediate region
and so these curves will tend to lie slightly above those obtained with the Taylor series
expansion around 2 = w. Hence the exact results for the free fields would be in even better
agreement with the holographic curve than we have estimated above. Figure 5 is also useful
to determine a better estimate of where the Taylor expansions stop being reliable. Focusing

on the lattice results in this figure, one might expect that the ratios (a/k)fee/(@/K)holo for

both the scalar and the fermion will decrease monotonically for increasing {2 over the full
range from 2 = 0 to w. This would indicate that the expansions are starting to fail in

the vicinity where their slopes become zero, i.e., around Q/m ~ 0.35 for the fermion and
Q/m ~ 0.27 in the case of the scalar.

As we have seen, the ratio x/Cr equals the Einstein gravity result (3.48) for all the
higher curvature theories considered here — at least, for perturbative calculations to linear
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Figure 5. (Colour online) We show (a(92)/&)free/(a(2)/K)nolo both for the free scalar (blue), the
free fermion (red) and the corresponding lattice results (squares). We also show the interpolated
curves obtained using the 14 coefficients of the Taylor expansions around 2 = 7 as well as the
coefficients k in the small opening angle expansions (dashed blue and red). The black dashed line
would correspond to the value for which the ratios are equal. Both theories will in fact approach the
black square at the end of this line, i.e., at 2 = 0, a behaviour that is captured by the interpolated
functions.

order in the additional gravitational couplings. However, we might ask if this result applies
quite generally for any three-dimensional CFT. Given that for the free field theories, we
have at our disposal the values of x in eq. (4.7), it is interesting to compare these corner
charges to the corresponding values of Cy, which can be found in [87]:

3 3

T,scalar — @ s C’T, fermion — @ . (48)
Hence the ratios become:
KR KR KR
— ~ 3.7092 — ~ 4.17945 — ~ 3.8005. 4.9
CT holo ’ CT scalar ’ CT fermion ( )

All of these ratios are rather close to each other but we do not have precise agreement.
In particular, the fermion result differs from the holographic one by approximately 2.5%
whereas the scalar ratio is off by approximately 13%. Of course, an open question which
remains is whether this ratio is a universal quantity for all holographic theories, however,
we can only begin to address this question when a better understanding is established for
holographic entanglement entropy in general higher curvature theories.

In fact, it was not only the ratio x/Cy but rather the entire function a(€2)/Cr which was
universal for all our higher curvature theories. Hence, even though we found that the univer-
sality of k/Cr did not extend beyond holographic CFT’s, we may ask more broadly if there
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Figure 6. (Colour online) We show (a(€2)/Cr)frec/(a(2)/Cr)nolo both for the free scalar (blue), the
free fermion (red) and the lattice points (squares). We also include the interpolated curves obtained
using the 14 coefficients of the Taylor expansions around €2 = 7 as well as the coefficients x in the
small opening angle expansions (dashed blue and red). The black dashed line would correspond to
the value for which the ratios equal 1. The dots in blue and red at 2 = 0 correspond to the small
angle values of the ratios, namely (k/Cyr)tree/(5/Cr)holo-

are any features of the corner contribution which are universal for general three-dimensional
CFT’s. Hence in figure 6, we plot (a(£2)/Cr)tree/(a(£2)/Cr)nolo for the free scalar (blue) and
the free fermion (red). The figure also includes the corresponding lattice points®® as well as
the points at /7 = 0, which correspond to (k/C7r)tree/ (K/Cr)holo- As can be expected from
figures 4 and 5, we see that in general the corner contribution evolves slightly differently for
the three cases as ) runs from 0 to w. The ratios plotted in figure 6 are essentially the same
in figure 5 except that we have changed the normalization by considering a(Q2)/Cy rather
than a(f2)/k. Hence again, the both ratios in the new figure seem to be monotionically
decreasing starting from (k/Cr)gee/(K/Cr)nolo at € = 0 — see eq. (4.9). The remarkable
feature in figure 6 is that both curves seem to reach precisely 1 at {2 = w. That is, it appears
that the ratio o/Cr is equal for the two field theories and for our holographic theories!

Recall that we argued the behavior of a(f2) was constrained for general CFT’s near
Q=7 and eq. (1.4) defined the charge o with a(Q2) ~ o (1 — Q)2 + ---. In particular, we

25 Although, the Taylor expansions and the lattice points seem to differ here, they are actually in good
agreement and it is just that the vertical scale has been expanded here. In particular, the disagreement is
less than approximately 2.5% in all cases.
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found in eq. (2.18) that for Einstein gravity

E2
S 4.10
75T Sr G ( )
and so given the universal form of a(2) for all our holographic theories in eq. (2.51), we
have

oc=waog, (4.11)
with « given again by eq. (2.52). Further in all of our holographic theories, we also have a

fixed ratio: )
O~ %% T 0411234 . (4.12)

Cr Crp 24
We can easily compare this result with the ratio o/C; for the free conformal scalar and

the massless fermion, since o is simply the first nonvanishing coefficient in the Taylor
expansions presented in [7, 31, 32|, and the corresponding values are

Oscalar = 0.0039063, and Ofermion =~ 0.0078125 . (4.13)

Hence using the values of Cr given in eq. (4.8), the desired ratios become

g g

~0.411235,  and ~0.411234 . (4.14)

CT scalar CT fermion

Hence as expected from figure 6, the free field ratios show a striking agreement with
the holographic result, i.e., they agree with a precision of better than 0.0003%! We
might keep in mind that while the free field values for C; in eq. (4.8) are exact, the
corresponding values of o in eq. (4.13) are only the approximate results of a numerical
computation [7, 31, 32]. Hence the precision of the agreement between eqs. (4.12)
and (4.14) is as good as could be expected.

These observations, originally made in [47], led us to conjecture there that the ratio
0/Cr is in fact a universal constant for all three-dimensional CFT’s; i.e.,

g 7T2

— = 4.15

Cr 24 (4.15)
for general conformal field theories in three dimensions. This conjecture can be used to
predict the exact values of ogcalar and Tfermion,

1 1
Oscalar = ﬁ ) and O fermion = 1728 . (416)

Of course, these values match the results shown in eq. (4.7) within the accuracy limits
set by the calculations in [7, 31, 32]. However, we can improve these results by going
back to the original free field computations and evaluating the required integrals with an
improved accuracy. The required calculations are described in appendix D and we find
that the agreement between our prediction for ogcalar and Ofermion, given by eq. (4.16),
and the previous calculations for the free field results can be extended to an accuracy
of one part in 10'2. We emphasize the required integrals (D.2) and (D.3) are extremely
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complicated and they are not even similar. Yet they seem to conspire to produce the
simple rational numbers (4.16) predicted by holography. As discussed in [47], we feel this
is striking evidence in favour of our new conjecture above!

While we have found that eq. (4.15) applies both for the holographic theories and for
free CFT’s, it would of course be interesting to extend these calculations to other three-
dimensional CFT’s. For example, one might consider the N' = 2 critical Wess-Zumino
model.?® For this theory, C; has been computed exactly using localization in [94], finding

o B /oo dz [(1 B cosh(?m/S)) 3(sinh(2x) — 2z) sinh(22/3) (4.17)
LN=2WZ = o m [ \a? sinh?(z) 2sinh?(z) T
which yields
Cir sz = 0.02761450054158 . (4.18)

This same numerical value was also recently reproduced using the conformal bootstrap [95,
96].2" Our conjecture (4.15) would predict the corresponding value of o as

on—2wz =~ 0.011356008 . (4.19)

Computing this quantity (or the analogous ones in other CFT’s for which C; is known,
such as the O(N) models) would provide a strong test for this conjecture [47].

Let us also observe that the higher order coefficients in the Taylor expansions around
0 = m [7, 31, 32] for the free scalar and the free fermion do not seem to exhibit any similar
universal behaviour. In particular, these coefficients do not seem to be related in any simple
way between the two theories, in contrast to the simple relation ogermion = 2 Oscalar above.
We might mention that it was already observed in [7, 31, 32] that their numerical results
for these coefficients only seemed to differ by a factor of two, but no explanation was given.
According to the conjecture (4.16), the reason comes simply from the well-known result
that CT, fermion = 2 CT, scalar [87]-

More generally, the comparison shown in figure 6 illustrates that C; provides a useful
normalization of the corner contribution when comparing results for different CF'T’s in three
dimensions. In [47], we also considered the Wilson-Fisher fixed points of the O(/N) models
with N = 1,2, 3. In this case, numerical results a({) = 7/2) were available from state of the
art numerical simulations of lattice Hamiltonians with the corresponding quantum critical
points [43, 46, 97], while conformal bootstrap methods were recently used to determine C'.
with great accuracy for these theories [98]. The agreement with the holographic value for
a(Q = 7/2)/Cr was better than 12% in all three cases [47].

Beyond pointing out a useful normalization by which the corner term for different
CFT’s can be compared, the holographic expression for a(€2)/Cr seems to provide a good
benchmark with which to compare the analogous results for general three-dimensional
CFT’s. As discussed above, we found a surprising agreement between the holographic
results and those for both free and strongly interacting CFT’s. Of course, it would be

26We thank Nikolay Bobev for useful comments on this theory.
*"Note that in the conventions of [96], Cr differs from ours by a factor 1672 in d = 3, e.g., Cr scalar = 3/2
in the conventions of [96]. Our conventions are, however, the same as in [94].
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interesting to extend these comparisons to other three-dimensional CFT’s. For example,
one might consider the A/ = 2 critical Wess-Zumino model discussed above.

A further suggestive observation is the holographic result provides the smallest values
of a(Q)/Cy, e.g., in figure 6. Hence it would be natural to investigate if the holographic
result is a universal lower bound for any three-dimensional CFT. This conjecture would be
similar to the celebrated KSS conjecture that n/s = 1/(47) represents an absolute lower
bound for any relativistic quantum field theory [99]. Of course, this bound was found by
investigating holographic CFT’s dual to Einstein gravity, but the appearance of higher
curvature interactions in the bulk could produce violations of the conjectured bound [100—-
102]. In contrast, our holographic analysis here shows that a(€2)/C; remains unaffected by
a broad class of higher curvature terms. This provides a good motivation for further study
of the issues surrounding the shape of the extremal surface appearing in the holographic
calculation of a(2). Certainly, if the corresponding bulk surface is no longer the same as in
Einstein gravity, this would modify the functional form of a(£2) and hence the lower bound
might be violated for some values of the bulk couplings.

We note that the conjectured universality of o/Cy is a rather striking result since o
characterizes the EE, which can generally be regarded as a nonlocal quantity, while C7 is
defined by a local correlation function (3.44). However, we expect [103] that the universal
ratio in eq. (4.15) can be derived using the techniques developed in [104, 105], which
examine changes in the EE induced by small perturbations of the geometry and couplings.
In this situation, it is clear that these small variations of the EE are indeed controlled
by local correlators. To conclude, let us add that holographic calculations suggest that
similar universal behaviour also arises in higher dimensions [106]. In particular, we can
use the holographic results for the quadratic correction to the universal term arising from
deformations of spherical entangling surfaces obtained in [107, 108].
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A Conventions and notation

Here we outline our conventions and notation for the calculations in sections 2 and 3.
Greek indices run over the entire AdS4 background, whereas Latin letters from the second
half of the alphabet ¢, j, ... represent directions along the extremal surface m. Here m is a
(co)dimension-two bulk surface with a pair of independent orthonormal vectors orthogonal
to it n} (a = 1,2), where the hatted indices from the beginning of the Latin alphabet
denote tangent indices in the transverse space, so that ,; = ngnb” guv- Tangent vectors to
m are defined in the usual way as ¢! = dz#/ dy', being x* and y’ coordinates in the full
AdSy background and along the surface, respectively. The corresponding induced metric on

the surface is thus given by v;; = t!' Y G (and its determinant det~;; = ). The extrinsic
o

curvatures associated to the two normal vectors n/; are given by K f; =t ¢y V,mﬁ, where V,
is the covariant derivative compatible with g,,,. Also, we use K“ to denote the trace of each
extrinsic curvature defined through K% = A% Kf; Finally, with (K%)?, we mean the sum
of the squares of the two extrinsic curvatures: (K%)? = KK b 9,5+ The transverse metric
can be defined as glfl, = nZ né’&&i’, and allows us to project bulk tensors in the transverse
directions, e.g., R%; = J-WRW.

In the calculations of the corner contribution in section 2, we write Euclidean AdSy in
Poincaré coordinates as

L2
ds® = —5 (d® + dtf + dp® + p*d6?) . (A.1)

The induced metric on surfaces m parametrized as tgp = 0, z = ph(f), such as those
suitable for the entangling surface with a corner, reads
L2 1 L? : 2L%h
2 _ 2 2\ 192
dsm_/ﬂ(1+]12>dp +ﬁ(1+h)d9 +p7hdpd9, (A.2)

where /(f) = dph. From the above, one finds

L? :

The resulting orthonormal vectors orthogonal to the surface read

ng = %at, (A.4)

ny = ——— (az —ho, - h&)) . (A.5)

LV1+h2 + h? p

For our pure AdSy background, we find the following expression for the projection of the
Ricci tensor appearing in eq. (2.24)

R = g*"™R,, = —6/L*. (A.6)
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The extrinsic curvature associated to n; vanishes, whereas that corresponding to ns turns

out to be
L(n%+1) ii
K2 — p2h2/h2+h2+1 ph\/h2+h2+1 (A7)
W ii L(h>+hh+i?+1) | )

o2 h2 1 h2y/h(0)2HhP 1
From this we can easily obtain the contraction appearing in eq. (2.24)

Lo [zt ok? ¢ n2)i]
<K ) B i? (1 +h2 h2)3 ‘ (A

Finally, the intrinsic Ricci scalar evaluated with the metric 7;; on the bulk surface reads

2(—(1 4 2h%)h% — h* 4 (h + h3)h)

R = . .
L2(1 + h? + h?)?

(A.9)

From the above expression and eq. (A.3), it is straightforward to verify that the product
VYR is a total derivative. Indeed, we find

SR = 2—(1+2n*)h2 —h'+ (h+h)h) d |2 A (A.10)
ph2(1+ h2 + h2)3/2 0 | p /1 +n2+02] ’

B From the corner to the strip

As we used in the main text, the small angle limit of a(2) defines a universal charge x,
which can be used to distinguish different CEFT’s. The form of eq. (1.3) is fixed for general
theories due to the existence of a conformal map relating the corner geometry to a strip.
This mapping is discussed in detail in appendix A of [40] and we only review the salient
points here. As a consequence of this mapping, the expressions for the universal terms in
the entanglement entropy match for both geometries, at least in the limit of small ) or a
narrow strip width. However, as we will see below, this mapping does not fix the form of
a(€2) over the entire range of the opening angle.

Let us now describe the conformal mapping: let the CFT be defined in the background
geometry which is simply R?, with the coordinates used in section 2,

ds* = dt% + dp? + p*d6?*. (B.1)

If we make the coordinate transformation, tg = rcos€ and p = rsiné, the line element
above becomes
ds® = dr® +r* (d€* + sin*¢ do?) . (B.2)

Y/L

Next we make the coordinate change r = Le and remove the overall factor e2¥/~ with

a Weyl transformation, to find the geometry

ds® = dY? + L* (d€? + sin®¢ d6?) | (B.3)
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with Y € (—o0,+00). Of course, this conformal transformation is the usual exponential
map which takes R3 to R x S2.

The corner region for which we calculated the entanglement entropy in section 2 was
defined in the original coordinates (B.1) as V = {ty = 0,p > 0, 0] < ©/2} and so in terms
of the polar coordinates (B.2), this region becomes V = {r > 0, = 7/2,]0| < Q/2}. Fi-
nally in the cylindrical background (B.3), the corner region is mapped to an infinite strip:
V={Y € (-0, +0),& =m/2,|0| < Q/2}. In this geometry, the density matrix would be
represented by a path integral of the CFT over the cylinder with open boundary conditions
imposed along the strip, i.e., on surfaces just above and below £ = /2, along the entire
length of Y and in the range |0 < /2. Hence the entire entanglement entropy (1.1),
including both the universal and nonuniversal contributions, for the corner geometry in
R3 is readily related to that for the strip in the cylinder geometry R x S2?, as discussed
in [40]. However, we would like instead to relate the entanglement entropy of the corner
region to that of a strip in flat space R3, as was discussed in section 3.1. This is where
the limit of small opening angle becomes important. When 2 < 1, the separation between
both sides of the strip is much smaller than the size of the sphere and the local radius of
curvature, i.e., f = L <« L. Hence the latter scale is negligible and to leading order the
entanglement entropy resembles that for a strip in flat space, i.e.,

oYy —Y)  _Yi-
5 ¢

Y- oG/, (B.4)

Sepe =1

where Y, and Y_ are regulator scales introduced to cut-off the length of the strip in
the positive and negative Y directions [40] — compare to eq. (3.1). Given the preceding
transformations, we see that the universal contribution (proportional to %) is mapped to

Sy = —= 1 =——log| = B.5
univ Q Og (pmln ) Q Og ( 5 ) Y ( )

where we have made the natural substitutions: p,... = H and p,,;, = §. We emphasize

that this expression only applies for {2 < 1 and hence we have recovered eq. (1.3) for the
corner contribution with x = &.

Let us add that the coordinate transformation in the bulk geometry implementing
the conformal mapping between the two boundary metrics (B.1) and (B.3) can be found
as follows: the AdS, geometry can be described as a hyperbola embedded in the five-
dimensional Minkowski space

ds* = —dU* + dV? + dR* + R*d03. (B.6)
AdSy is defined now as the subspace
~ U+ VP4 RP= 17, (B.7)

This constraint can be solved writing R = rL/z, U+ V = L?/2, U~V = z+1%/z,
and the induced metric on the hyperbola reduces to the Poincaré coordinates on AdSy,
given in eq. (2.1). On the other hand, the constraint (B.7) is also satisfied by U =
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VR?+ L? cosh(Y/L), V. = VR? + L? sinh(Y/L), in which case the induced metric be-
comes ) )
dR R .
ds* = et (1 + L2> dY? + R? (d¢* + sin*¢ db?) (B.8)
L2

which is the AdS; geometry in global coordinates. Stripping off a scale factor of R?/L?
at large radius, the resulting boundary metric matches that in eq. (B.3). These bulk
coordinates can be used to compute the HEE for the kink in essentially the same way as
the calculation of section 2.

C f(R) gravity

We parmeterize our general f(R) gravity action [71] as

1 6 A
Ty(ry = M/d4$\/§ [Lg +R+Af(R)|, (C.1)

where we have made the cosmological constant and the Einstein term explict. We have
also introduced a dimensionless coupling X as a useful device to indicate the combined
strength of the higher curvature contributions in the following. The function f(R) can be
a general function of the Ricci scalar, which has a Taylor series expansion beginning at
order R? or higher. Our perspective is that f(R) is parameterized by various dimensionless
couplings and the necessary dimensions are provided by the cosmological constant scale L.
For example, we would incorporate the three Ricci scalar terms in the action (2.50) as

Af(R)=L* M\ R*+ L* \30 R® + LS\ 0 R, (C.2)

In this simple class of theories, the gravitational entropy functional is simply given by the
Wald entropy [48, 109], i.e.,

Sir) = 41G/md2yﬁ [1 +5\f'(R)] , (C.3)

where f'(R) = df(R)/OR. For our pure AdS, background, f/'(R) will be just a constant,
with R = —12/L? = R where

1 1 . . A -
— == [1-Ar(12/8%)] - 2 r(-12/1%) . 4
7= (LA (-12/2)] - (- (C.4)
Hence determining the HEE will amount to finding the extremal area surface and evaluating
eq. (2.3) with an additional overall coefficient of

a=1+\f(R). (C.5)

Hence with a corner in the boundary entangling surface, the expression for the HEE will
be a trivial generalization of eq. (2.11) with

72
2%1% —ap(Q)log <I;> + O(1)
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However, we emphasize that the same overall factor (C.5) will appear in front of the
entanglement entropy for any entangling surface and, in particular, for the circle. Further,
it can be shown that the planar black hole solution (3.22) to the (four-dimensional) Einstein
equations will also be a solution of the f(R) Lagrangian. Hence the thermal entropy, which
is computed by evaluating the horizon entropy using the same Wald formula (C.6), will
produce the Einstein gravity result (3.23), again up to an overall factor given precisely by
&. Hence for this class of theories, the ratios k/cyp and k/cg will match those in Einstein
gravity, as given in egs. (3.19) and (3.25), respectively. Note that these results apply even
when the strength of the gravitational couplings is large, i.e., the fact that these ratios do
not change is not restricted to linear order in perturbative calculations.

In order to see what happens with the two-point function (3.44) of the stress tensor,
we can follow the steps of section (3.4) in order to find the linearized equations of motion
for the massless spin-two graviton in the AdSs background. A remarkable fact about our
previous linearized equations (3.52) was that none of the theories considered except that
with an R, R* interaction produced terms involving higher-order derivatives acting on
h,. after we imposed the transverse traceless gauge. That is, in general, these theories do
produce fourth-order derivatives of h,, in the linearized equations, but nevertheless these
contributions all vanish in the AdS, background, with the exception of the Ay term, after
we set ?“hw = 0= h = g"hy. As an illustrative exercise, we explicitly demonstrate
how this works in the case of f(R) gravity, where the same behavior is encountered. The
full linearized equations arising from eq. (C.1) read

1 6 3 "
L _ L
RNV - iguVR + |:p - _L2j| h,uy + )\g/“/ = 07 (C?)
where
el D L 1 P, " D — = vilvw 3 - L 1 ! D\ = L
g,uz/ =f (R)Ruu - §f(R)h,uu+f (R) g;wD - v,uvu - Eguu R™ — if (R)g,usz ) (C'S)
and where the linearized Ricci tensor and Ricci scalar can be written as
4 1 1 - = - _ o
L - o o
Rm,:._Egmw-%igmwh4-§(vuvgm,-%vyvgmj-—Dhmp—vMVJﬂ,
_ - - 3
RL;;yWR@,—hW7@V::VMV”@W-Dh+-z5h. (C.9)

As we can see, these equations involve fourth-order derivatives of the perturbation and
its trace. However, in the transverse traceless gauge, it is straightforward to see that
R vanishes and hence the fourth-order terms, which all appear in Euv, also vanish. The
equations (C.7) are then notably simpler and after some massaging,?® they yield the result:

af- 2 .
—2{D+iJhW:aG@:0, (C.10)

where Gﬁy is again the linearized Einstein tensor in this gauge, as in eq. (3.51), and & is

defined in eq. (C.5). Hence with this exercise, we see all the fourth-order terms explicitly

28Tn particular, one needs to use eq. (C.4) in order to obtain eq. (C.10).
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disappear from the linearized equations. Further, we can see the same overall constant (C.5)
will appear here in Cy, as appeared in the corner contribution above. Therefore the ratio
k/Cyr is again unchanged from the Einstein value (3.48) in the holographic CFT’s dual to
f(R) gravity.

When we impose the transverse traceless gauge, we are implicitly eliminating any
new degrees of freedom and focusing entirely on the physical spin-two graviton. However,
we know that f(R) gravity introduces an additional scalar degree of freedom [71] — in
particular, the trace of the metric perturbation becomes a propagating massive scalar
field. Hence it is interesting exercise to relax the transverse traceless condition to see the
extra scalar emerge. In order to find its equation, we can take the trace of the full linearized
equations (C.7) without any gauge fixing. The result is

120, -
&+ pf(R)

e 3h
[wv By + LQ] (C.11)

- 20\, - e _
+0h |G& + 72 f'(R)| +3)\f"(R) [OVFV hy — O] = 0.

At this point, it is convenient to choose the gauge condition,
VFhy, =V, h, (C.12)

because this choice actually eliminates the fourth-order derivatives in the previous equation.

The remaining second-order equation then simplifies to

12\

3Af"(R)Oh — |é + 72 f"(R)

h=0, (C.13)

which corresponds to the equation of motion for a massive scalar field, as long as f”(R) # 0.
That is, the trace h has become a dynamical degree of freedom in this case. On the other
hand, if f”(R) = 0 (e.g., as in Einstein gravity), the above equation is not dynamical and
would simply impose the tracelessness condition h = 0. Hence the spin-two graviton would
be the only propagating degree of freedome in this case.
We should also consider the traceless part of the metric perturbation, i.e.,

~ 1_

hpw = hyw — 1T h. (C.14)
with the gauge condition (C.12). Combining this choice of gauge with egs. (C.7) and (C.13),
we find

af= 21, 1|, 6X\,,, -

o 1
{vuvyh—ngWDh . (C.15)

which is almost the expected equation for the massless spin-2 field BW, ie., eq. (C.10),
except that it includes a source term that is linear in the trace h. We can nevertheless
define a new traceless tensor satisfying an equation with the same form as eq. (C.10). This
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is given by?”

- 1 _
s - [mﬁmf4%ﬁm. (C.16)

= B,ul/_ !W

Indeed, using (C.14) and (C.15), it can be shown that this tensor satisfies

A~

[0

2

{D+§J@V:U (C.17)
Hence t,, represents the physical massless spin-2 graviton coupling to the holographic
stress tensor. Note that the redefinition in eq. (C.16) is trivial whenever f”(R) = 0 (as
in Einstein gravity), so in that case, the traceless perturbation iLw/ already corresponds to
the massless spin-two mode.

It is interesting to consider the scalar degree of freedom more explicitly. Hence let
us consider the case of R? gravity, for which we write A f(R) = A L?R2. Hence we
have A f/(R) = 2A\L2R = —24\L?/L? and X f"(R) = 2)\ L% Further, as noted in
section 2.1.1, the solution of eq. (C.4) is simply L = L. Combining these expressions in
eq. (C.13) then yields

[Mi—l]h—m (C.18)

and hence h obeys the standard equation of motion for a free scalar with mass:
m? = 1/(6A1L?). Using the standard holographic dictionary [88, 89, 110], k is dual to a
scalar operator in the three-dimensional boundary CFT with

3 /9 1
A=S+y 1 +te0 (C.19)

Hence if A1 is small and positive, h corresponds to a highly irrelevant operator with
A ~ 1/4/6); and with positive norm. If )\; is small and negative, A becomes imaginary
indicating that the standard AdS/CFT dictionary is breaking down. In this limit, h
is a ghost-like scalar with a tachyonic mass which exceeds the Breitenloner-Freedman
bound [111, 112]. Hence the bulk theory would be inherently unstable if we tried to
interpret the corresponding R? gravity as a complete theory rather than as an effective
low energy theory. Further, for R? gravity, eqs. (C.15) and (C.16) reduce to

1o = 1. -] 1—24); | = 2.
5 Vuv,jh - Zg/ujljh- []. - 36A1] - T |:|:’ + p:| h,uy = O, (020)
and i
- 6a 1o o 1.
t,u,l/ = h/“/ — _1_24)\1:| [Vuvyh - 4g/“’|:|h:| y (021)

which is in agreement with the results obtained in [85, 113].

The procedure followed here for identifying the physical spin-two field closely follows [85], where the
analysis was done for curvature-squared gravities.
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D Free field results for o

In [7, 31, 32|, the first fourteen coefficients in Taylor expansion of a(2) around §2 = 7w were
computed for a free scalar and a free Dirac fermion using quantum field theory techniques.
Of course, in eq. (1.4), we identified the first coefficient in this expansion as the charge o,
ie,a(@) =0(Q-m)%+0((2—mn)*). In the discussion section, we saw that the ratio of
o with the central charge Cr in the two-point function of the stress tensor (3.44) appears
to satisfy a universal relation of the form

g 7'1'2

ron =51 (D.1)
This analytic result was obtained using holographic techniques in the previous sections,
and holds for all the higher-order gravity theories which were considered in this paper.
In addition, the same ratio was obtained for the free scalar and the free fermion with an
accuracy better than 0.0003% using the results for ¢ in [7] and for C; in [87]. The values for
Crscalar and Cr fermion are exact — see eq. (4.8). However, the values of ogcalar and Ofermion
can only be computed numerically. In particular, they can be obtained by evaluation of
the following (monstruous) integrals’

+oo +o0
Oscalar = —2T / dm/ db wHa(l—a) msech2(7rb) , (D.2)
/2 0
+oo +oo F
Ofermion = —47T/ dm/ db [uHa(l —a) — — | mcosech?(7b), (D.3)
1/2 0 dm
where
c 1 1
H=-—-XT--—-XT+—F7—7—
o T 2 era(a— 1)
b = 2 (a(a — 1) + m?) sin®(ma)
Com? <cos(27ra) + cos (7‘(’\/1 — 4m2)) ’
22a=17q(1 — a) sec (g (2a +V1-— 4m2>) F(% —a+3V1- 4m2>
c= :
mI(2 — a)QF(a — 2+ 3V1— 4m2)
Y I'(—a) [77 sinh (%) + i cosh (%) (1/1(0) (a + % + %) — (0 (a - % + %))}
1= - ; ] )
220t T(a + 1) F(—a - L+ %) F(—a + %+ %) (cos(2ma) + cosh(mp))
X9 = “X1” with a replaced by (1 —a), (D.4)
T = Vh(a? —a+ (h+1)m2),
Fy
F=—— D.
23 05)

Fy = a® (8nc® (m® + 1) X1T + 8rh (m® + 1) XoT — ch) — 167a’T (* X1 + hX,)
+a (=87*m? X T — 8thm?XsT + ch) + 8ma'T (> X1 + hX2) — ch(h + 1)m?,

30We wish to thank Horacio Casini for providing these integrals, which are the ones originally used in [7].
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8ch (a2 —a+m2)2
2 = )

(2a —1)p
w=\4m?2 -1,
ib—i—% for the scalar,
a =

ib  for the fermion,

and ¥ denotes the usual digamma function i.e., ) (z) = %logf(z). Notice that
egs. (D.2) and (D.3) look very different and without further insight, there is no reason
to believe that these integrals should produce simple fractions or that the results should
agree up to a factor 2.

We can compute these integrals (D.2) and (D.3) numerically with arbitrary precision
(although, of course, the computation time increases considerably as we increase the pre-
cision). Our results indicate that both egs. (D.2) and (D.3) exactly produce the results
predicted assuming that o/C; is given by the universal constant in eq. (D.1), i.e.,

1 1
Oscalar = 55 = 0.00390625 , Tfermion = Tog = 0.0078125. (D.6)

We have verified this result to a precision of approximately one part in 10'2. In particular,

we find
Oscalar = 0.00390625000000(5) , Ofermion = 0.00781250000000(7) , (D.7)
where the numbers in brackets are out of the range of accuracy of our computation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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