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In this corrigendum, we acknowledge that, due to unfortunate circumstances,
several passages from Abstract and Introduction of the manuscript “Real hy-
persurfaces in the complex hyperbolic quadric with parallel Ricci tensor” have
been taken from the original paper [8], partly with minor modifications. The
correct abstract and introduction are given below.

Abstract. In this article, the notion of parallel Ricci tensor for real
hypersurfaces in the complex hyperbolic quadric Qm∗ = SOo

m,2/SOmSO2

is introduced. Moreover, real hypersurfaces in Qm∗ = SOo
m,2/SOmSO2

with Ricci parallelism are completely classified.

1. Introduction

As an example of Hermitian symmetric space with rank 2 of non-compact
type, we can give the complex hyperbolic quadric Qm∗ = SOo

m,2/SOmSO2

(see Berndt and Suh [1]), which are known to be a kind of real Grassmann
manifolds of non-compact type with rank 2 (see Besse [2] and Helgason [3]).

The original article can be found online at https://doi.org/10.1007/s00025-019-0961-7.
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Besides of the complex structure J it is known that there is another
distinguished geometric structure on Qm∗ = SOo

m,2/SOmSO2, namely a par-
allel rank two vector bundle A which contains an S1-bundle of real structures,
that is, complex conjugations A on the tangent spaces of Qm∗. This geometric
structure determines a maximal A-invariant subbundle Q of the tangent bun-
dle TM of a real hypersurface M in Qm∗ = SOo

m,2/SOmSO2 (see Klein and
Suh [5], Suh [9]).

Accordingly, the complex hyperbolic quadric Qm∗ admits two important
geometric structures, a complex conjugation structure A and a Kähler struc-
ture J , which anti-commute with each other, that is, AJ = −JA. Then, for
m≥2, the triple (Qm∗, J, g) is a Hermitian symmetric space of non-compact
type with rank 2 and its maximal sectional curvature is equal to − 4 (see Klein
[4], Kobayashi and Nomizu [6], and Reckziegel [7]).

In the paper [9] due to Suh, we investigated this problem for the complex
hyperbolic quadric Qm∗ = SOo

m,2/SOmSO2 and obtained the following result:

Theorem A. Let M be a real hypersurface of the complex hyperbolic quadric
Qm∗ = SOo

m,2/SOmSO2, m ≥ 3. The Reeb flow on M is isometric if and only
if m is even, say m = 2k, and M is locally congruent to an open part of a
tube around a totally geodesic CHk ⊂ Q2k∗ or a horosphere whose center at
infinity is A-isotropic singular.

If we consider a hypersurface M in the complex hyperbolic quadric Qm∗,
naturally two kinds of singular normal vector fields N are appeared. One is
said to be A-isotropic, and the other is A-principal (see [1,9]). In the first case
where N is A-isotropic, it is shown in Theorem A that M is locally congruent
to a tube over a totally geodesic complex hyperbolic space CHk in Q2k∗ or a
horosphere.

When the unit normal N is A-principal, Berndt and Suh [1] gave a com-
plete classification for contact hypersurfaces M in Qm∗ as follows:

Theorem B. Let M be a connected orientable real hypersurface with constant
mean curvature in the complex hyperbolic quadric Qm∗ = SOo

m,2/SOmSO2,
m ≥ 3. Then M is a contact hypersurface if and only if M is congruent to an
open part of one of the following contact hypersurfaces in Qm∗:

(i) a tube of radius r∈R+ around the Hermitian symmetric space Qm−1∗

which is embedded in Qm∗ as a totally geodesic complex hypersurface;
(ii) a horosphere in Qm∗ whose center at infinity is the equivalence class of

an A-principal geodesic in Qm∗;
(iii) a tube of radius r∈R+ around the m-dimensional real hyperbolic space

RHm which is embedded in Qm∗ as a real space form of Qm∗.

Motivated by the above result, in this paper we want to give a classifica-
tion for real hypersurfaces in the complex hyperbolic quadric Qm∗ with Ricci
parallelism ∇Ric = 0, where Ric denotes the Ricci tensor of M in Qm∗, as
follows:
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Main Theorem. Let M be a real Hopf hypersurface in the complex hyperbolic
quadric Qm∗ = SOo

m,2/SOmSO2, m≥4, with parallel Ricci tensor. Then M is
locally congruent to one of the following

(i) a hypersurface with 3 distinct constant principal curvatures, where λ and
μ are solutions of a quadratic equation

(m − 2)x2 + αx − (m − 1)α2 + 2(m − 2) = 0,

with A-principal unit normal and multiplicities m − 1, respectively, and
the principal curvature spaces are given by

Tα = [ξ], φTλ = Tμ, dimTλ = dimTμ = m − 1,

where the Reeb function α is constant and α2 = 6(m−2)
2m−1 ,

(ii) a hypersurface with at most 4 distinct constant principal curvatures, where
λ and μ are solutions of a quadratic equation

(m − 3)x2 + αx − (m − 2)α2 + 3(m − 3) = 0,

with A-isotropic unit normal and multiplicities m − 2, respectively, and
the principal curvature spaces are given by

Tα = [ξ], T0 = [Aξ,AN ], φTλ = Tμ, dimTλ = dimTμ = m − 2,

where the Reeb function α is constant and α2≥ 12(m−3)2

(2m−5)2 .

We want to compose our article as follows. In Sect. 2 we introduce ba-
sic geometric structures for the complex hyperbolic quadric Qm∗, which are
recently developed by Klein and Suh [5]. In Sect. 3, we want to study the ge-
ometry of the maximal subbundle Q of TM in Qm∗ = SOo

m,2/SOmSO2. Also,
some equations including Codazzi and fundamental expressions related to the
vector fields ξ, N , Aξ, and AN for the complex conjugation A of M in Qm∗

are introduced.
In Sect. 4, we obtain the formula of Ricci tensor from the equation of

Gauss for real hypersurfaces M in Qm∗ = SOo
m,2/SOmSO2 and get some

formulas by the assumption of parallel Ricci tensor and A-principal normal
vector field. As a remark we also show that a tube over a totally geodesic
complex hyperbolic hyperquadric Qm−1∗ in Qm∗ = SOo

m,2/SOmSO2 does not
admit a parallel Ricci tensor.

For a real hypersurface M in the complex quadric Qm with parallel Ricci
tensor, in order to get the main results in [8] due to the second author, we
have further assumed that the unit normal N is A-principal or A-isotropic,
respectively. But in this paper, fortunately, in Lemma 5.4 of Sect. 5 we can
derive the result that N is A-principal or A-isotropic from the assumption of
Ricci parallelism ∇Ric = 0. So Lemma 5.4 gives a key role in the proof of our
Main Theorem. Accordingly, by virtue of Lemma 5.4, without the assumption
of singular normal vector field N we can give a complete classification of our
Main Theorem.
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In Sects. 6 and 7, we present the proof of Main Theorem with A-principal
or A-isotropic unit normal, respectively. The first part of these proofs in Sects. 6
and 7 is devoted to give some fundamental formulas from the Ricci parallelism
∇Ric = 0 and A-principal or A-isotropic unit normal vector field. In the latter
part of each proof, related to the parallelism of the Ricci tensor ∇Ric = 0,
we will use the expression of the shape operator for real hypersurfaces in
Qm∗ = SOo

m,2/SOmSO2.
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