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Correlated driving–and–dissipation equation (CODDE) is an optimized complete second–order
quantum dissipation approach, which is originally concerned with the reduced system dynamics
only. However, one can actually extract the hybridized bath dynamics from CODDE with the aid of
dissipaton–equation–of–motion theory, a statistical quasi-particle quantum dissipation formalism.
Treated as an one–dissipaton theory, CODDE is successfully extended to deal with the Herzberg–
Teller vibronic couplings in dipole–field interactions. Demonstrations will be carried out on the
non-Condon spectroscopies of a model dimer system.

I. INTRODUCTION

Open quantum systems are ubiquitous in most fields of
modern science.1–3 Quantum dissipation theory (QDT)
dealing with the dynamics of open systems, such as quan-
tum master equations,4–10 is concerned with the reduced
system dynamics. Its focus is the reduced density oper-
ator, ρS(t) ≡ trBρT(t), the bath subspace partial trace
of the total composite density operator. As a complete
second–order quantum dissipation theory (CS-QDT), the
correlated driving–and–dissipation equation (CODDE)
method is of high efficiency.11–14 It is also found to be of
high accuracy in its applicability range.15,16 On the other
hand, quasi-particle descriptions for baths can provide a
unified treatment on hybridized bath dynamics and en-
tangled system–bath properties. This is right the point
of the construction of the exact dissipaton–equation–of–
motion (DEOM) formalism for Gaussian baths.17,18 The
DEOM adopts “dissipatons” as quasi-particles associated
with the bath coupling statistical dynamics. For just
the reduced system dynamics it recovers the hierarchical
equations of motion (HEOM).19–27 Beside, the underly-
ing dissipaton algebra enables DEOM an explicit theory
for the hybridized bath dynamics.17,28–30

The CODDE considers explicitly the driving–
dissipation correlation, which makes it convenient to
plug–in the quasi-particle picture for treating the hy-
bridized bath dynamics. To observe that second–order
QDTs are actually one-dissipaton theories, we have ex-
tended the CODDE to handle the Fano interference spec-
troscopies in previous work.31 However, the Herzberg–
Teller vibronic couplings in dipole-field interactions are
still out of reach. Theoretical study on the non-Condon
vibronic coupling effect needs to deal with the hy-
bridization between the system and the vibrational bath.
By the Herzberg–Teller approximation, the bath de-
grees of freedom would be included in the transition
dipole moments.32,33 In this work, we successfully ex-
tend CODDE to deal with the Herzberg–Teller vibronic
couplings and simulate the corresponding non-Condon
spectroscopies.

The rest of paper is organized as follows. The DEOM
theory is briefly introduced in Sec. II. In Sec. III we ex-
tend CODDE to deal with the Herzberg–Teller vibronic
couplings with the aid of DEOM theory. Simulations

will be carried out on the non-Condon spectroscopies of
a model dimer system in Sec. IV. We summarize this
paper in Sec. V.

II. THE DEOM FORMALISM

A. Prelude

Let us start from the total composition Hamiltonian
which assumes a form

HT(t) = HM−µ̂Tǫ(t) ≡ HS+hB+
∑

a

Q̂S

aF̂
B

a −µ̂Tǫ(t), (1)

where the external classical field ǫ(t) polarizes both the
system and bath environment. For the Herzberg–Teller
coupling, we consider the total dipole moment to be

µ̂T = µ̂S ⊗
(
1 +

∑

a

µ̂B

a

)
= µ̂S ⊗

(
1 +

∑

a

νB

a F̂
B

a

)
. (2)

Here, HS and hB =
∑

j ωj(p
2
j + x2

j ) are the Hamil-
tonians of an arbitrary quantum system and a har-
monic bath, respectively. The system dissipative op-
erators, {Q̂S

a}, and dipole operators, µ̂S, are arbitrary
and set to be dimensionless. The bath hybridization
operators, {F̂B

a }, are linear, i.e. F̂B

a =
∑

j c
a
jxj , and

the bath dipole components, {µ̂B

a}, are assumed to be

µ̂B

a ≡ νB

a F̂
B

a = µB

aF̂
B

a /(2λa) where λa is the reorganiza-
tion energy given later. Throughout this paper we set
~ = 1 and β = 1/(kBT ) with kB being the Boltzmann
constant and T the temperature.
The effects of such a Gaussian bath are characterized

by the bath coupling correlation functions,

Cab(t) ≡ 〈F̂B

a (t)F̂
B

b (0)〉B

≡ trB
(
eihBtF̂B

a e
−ihBtF̂B

b e
−βhB

)
/trBe

−βhB . (3)

They are related with the bath coupling spectral densi-
ties,

Jab(ω) ≡
1

2

∫ ∞

−∞

dt eiωt〈[F̂B

a (t), F̂
B

b (0)]〉B = J∗
ba(ω) , (4)

via the fluctuation–dissipation theorem as:1,13

Cab(t) =
1

π

∫ ∞

−∞

dω
e−iωtJab(ω)

1− e−βω
. (5)
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The associated bath reorganization energy is1

λa =
1

2π

∫ ∞

−∞

dω
Ja(ω)

ω
. (6)

To impose the quasi-particles on bath influences, ex-
ponential expansions of bath correlations are needed, i.e.

Cab(t) =

K∑

k=1

ηabke
−γkt. (7)

The coefficients in the exponents, {γk}, required by
Eq. (5), should be either real or complex conjugate
paired. Defining γk̄ ≡ γ∗

k, there would be

Cab(−t) = C∗
ba(t) =

K∑

k=1

η∗abke
−γ∗

kt =

K∑

k=1

η∗
abk̄

e−γkt. (8)

The following quasi-particle descriptions on baths are
just introduced on basis of Eq. (7) with the property of
Eq. (8). Here, we assume {γk} independent of a, b. Ex-
tension to general cases is straightforward.25,30

B. The dissipaton algebra

The DEOM construction starts from the dissipaton de-
composition on the hybridization bath operator,17,28

F̂B

a =

K∑

k=1

f̂ak, (9)

where the involving statistically independent dissipatons
satisfy

〈f̂ak(t)f̂bj(0)〉B = δkjηabke
−γkt,

〈f̂bj(0)f̂ak(t)〉B = δkjη
∗
abk̄

e−γkt,
(10)

to reproduce Eqs. (7) and (8). It thus leads to the gener-
alized diffusion equation of dissipatons,17,28

trB

[( ∂

∂t
f̂ak

)

B

ρT(t)
]
= −γk trB

[
f̂akρT(t)

]
, (11)

where

( ∂

∂t
f̂ak

)

B

= −i[f̂ak, hB], (12)

obeys the Heisenberg equation of motion in bare bath.
The dissipaton density operators (DDOs) that consti-

tute the DEOM are defined as:17,28

ρ(n)
n

(t) ≡ trB

[(∏

ak

f̂nak

ak

)◦

ρT(t)
]
. (13)

Here, n = {nak}, n =
∑

ak nak, and (· · · )◦ denotes the

irreducible product. For bosonic dissipatons, (f̂akf̂bj)
◦ =

(f̂bj f̂ak)
◦, and nak = 0, 1, · · · can be viewed as the occu-

pation numbers of individual dissipatons. For the later

construction of DEOM, denote also ρ
(n±1)

n
±

ak

as the associ-

ated (n±1)-DDOs, with n
±
ak differing from n only at the

specified f̂ak-disspaton occupation number, nak, by ±1.
The involving generalized Wick’s theorem on dissipatons
thus reads,17,28 cf. Eq. (10),

trB

[(∏

ak

f̂nak

ak

)◦

f̂bjρT(t)
]

= ρ
(n+1)

n
+

bj

(t) +
∑

ak

nak〈f̂ak(0
+)f̂bj(0)〉Bρ

(n−1)

n
−

ak

(t), (14)

and

trB

[(∏

ak

f̂nak

ak

)◦

ρT(t)f̂bj

]

= ρ
(n+1)

n
+

bj

(t) +
∑

ak

nak〈f̂bj(0)f̂ak(0
+)〉Bρ

(n−1)

n
−

ak

(t). (15)

These dissipaton algebra will be used in the later DEOM
construction in the presence of non-Condon external field
excitation.

C. The DEOM construciton

The DEOM can now be readily constructed by ap-
plying ρ̇T(t) = −i[HT(t), ρT(t)], to the total composite
density operator in Eq. (13); i.e.,

ρ̇(n)
n

(t) = −i trB

{(∏

ak

f̂nak

ak

)◦

[HT(t), ρT(t)]
}
. (16)

By Eq. (11) with Eq. (12) and Eqs. (14)–(15), the final
DEOM formalism, with the total Hamiltonian given in
Eq. (1), is resulted as

ρ̇(n)
n

=−
[
iL(t) +

∑

ak

nakγk

]
ρ(n)
n

− i
∑

ak

[
Aa −Daǫ(t)

]
ρ
(n+1)

n
+

ak

− i
∑

ak

nak

[
Cak −D′

akǫ(t)
]
ρ
(n−1)

n
−

ak

. (17)

Here,

L(t)Ô ≡ [HS − µ̂Sǫ(t), Ô], (18a)

AaÔ ≡ [Q̂S

a, Ô], DaÔ ≡ νB

a [µ̂S, Ô], (18b)

CakÔ ≡
∑

b

(
ηabkQ̂

S

aÔ − η∗
abk̄

ÔQ̂S

a

)
, (18c)

D′
akÔ ≡

∑

b

νB

b

(
ηabkµ̂SÔ − η∗

abk̄
Ôµ̂S

)
. (18d)

Therefore, the DEOM provides a unified approach to
study the system–bath entangled polarizations.
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D. Spectroscopies

Let us first consider the non-Condon polarization,

PT(t) = Tr[µ̂TρT(t)] = trStrB

[
µ̂S

(
1 +

∑

a

µ̂B

a

)
ρT(t)

]
.

(19)
Applying Eqs. (13) and (14), the DEOM–evaluation on
it reads30,33

PT(t) = trS

[
µ̂Sρ

(0)(t) +
∑

ak

νB

a µ̂Sρ
(1)
ak (t)

]
. (20)

The dipole–dipole correlation function is34

〈µ̂T(t)µ̂T(0)〉 ≡ Tr(µ̂Te
−iLMtµ̂Tρ

eq
T
). (21)

Here, LM · ≡ [HM, · ] and ρeqT = e−βHM/Tre−βHM are the
total matter Liouvillian and the thermal equilibrium den-
sity operator in the absence of external field, respectively
[cf. Eq. (1)]. The DEOM correspondence to ρeqT is just

ρeq ≡
{
ρ
(n)
n;eq

}
, the steady–state solutions to the field–

free DEOM (17). The DEOM evaluation on the dipole
correlation function, Eq. (21), is as follows.29,30

(i) Start with the aforementioned correspondence of

ρeqT ⇒
{
ρ
(n)
n;eq

}
, by evaluating the steady–state solutions

to the field–free Eq. (17);

(ii) Identify µ̂Tρ
eq
T ⇒ {ρ

(n)
n (t = 0; µ̂T)} by using Eq. (13),

and obtain18

ρ(n)
n

(t = 0; µ̂T) ≡ trB

[(∏

ak

f̂nak

ak

)◦(
µ̂Tρ

eq
T

)]

= µ̂S

[
ρ(n)
n;eq+

∑

ak

νB

a ρ
(n+1)

n
+

ak
;eq

+
∑

ak,b

νB

b nakηabkρ
(n−1)

n
−

ak
;eq

]
. (22)

The second identity is obtained by using Eq. (2) for µ̂T,
followed by the generalized Wick’s theorem, Eq. (14);
(iii) The field–free DEOM propagation is then carried

out to obtain
{
ρ
(n)
n (t; µ̂T)

}
, the DEOM–space correspon-

dence to e−iLMt(µ̂Tρ
eq
T );

(iv) Calculate Eq. (21) in terms of the expectation value
like Eq. (20); i.e.,

〈µ̂T(t)µ̂T(0)〉 = trS

[
µ̂Sρ

(0)(t; µ̂T) +
∑

ak

νB

a µ̂Sρ
(1)
ak (t; µ̂T)

]
.

(23)
Note that these formulas are similar but different from
that in Ref. 31 due to the different forms of total dipole.

III. THE CODDE FORMALISM

A. Prelude

The second–order perturbative approach can be
viewed as one–dissipaton theories, but differ at their re-

summation treatments on {ρ
(n>1)
n (t)}, the higher–order

influence. To be concrete, the DEOM (17) with n = 0
can be recast as

ρ̇S(t) = −iL(t)ρS(t)− i
∑

ak

[
Q̂S

a− νaµ̂Sǫ(t), ρ
(1)
ak (t)

]
. (24)

The time–nonlocal formalism, also called the chronologi-
cal ordering prescription (COP) of CS-QDT,10–13 adopts
the simplest one–dissipaton level truncation by setting all

ρ
(n>1)
n (t) = 0. The resultant DEOM (17), with setting

{ρ
(n>L)
n = 0} at the L = 1 level, is terminated by

ρ̇
(1)
ak (t) ≈ −

[
iL(t) + γk

]
ρ
(1)
ak (t)− i[Cak −D′

akǫ(t)]ρS(t).
(25)

Its formal solution is

ρ
(1)
ak (t) = ρCOP

ak (t) + δρCOP

ak (t), (26)

with

ρCOP

ak (t) = −i

∫ t

−∞

dτe−γk(t−τ)G(t, τ)CakρS(τ), (27)

δρCOP

ak (t) = i

∫ t

−∞

dτe−γk(t−τ)G(t, τ)D′
akρS(τ)ǫ(τ). (28)

Here, G(t, τ) is the bath–free propagator, satisfying

∂

∂t
G(t, τ) = −iL(t)G(t, τ), with G(t, t) = 1. (29)

The time–local CS-QDT is also called the partial order-
ing prescription (POP) formalism.10–13 Within the com-
plete second–order theory, the POP adopts the bath–free
approximant of ρS(τ) ≈ G(τ, t)ρS(t) to Eq. (27). It is no-

ticed that G(t, τ)Ô = G(t, τ)ÔG†(t, τ), where G(t, τ) is
the Hilbert–space counterpart to G(t, τ). Consequently,

G(t, τ)
{
Ô[G(τ, t)ρS(t)]

}
= [G(t, τ)Ô]ρS(t). The POP or

time–local counterparts to Eq. (27) is then

ρPOP

ak (t) = −i
[
X̂ak(t)ρS(t)− ρS(t)X̂

†

ak̄
(t)

]
, (30)

where

X̂ak(t) =
∑

b

ηabk

∫ t

−∞

dτe−γk(t−τ)G(t, τ)Q̂S

b. (31)

The associated index k̄, the same as that in Eq. (8), is
defined via γk̄ ≡ γ∗

k . By applying the Dyson equation for
the bath–free propagator, with L(t) ≡ LS + Lsf(t),

G(t, τ) = GS(t−τ)−i

∫ t

τ

dτ ′G(t, τ ′)Lsf(τ
′)GS(τ

′−τ). (32)

This leads to Eq. (31) the expression,

X̂ak(t) = X̃ak + δX̂ak(t), (33)

with

X̃ak =
∑

b

ηabk
iLS + γk

Q̂S

b. (34)

The field–driven term, δX̂ak(t), satisfies

δ
˙̂
Xak(t) = −[iL(t) + γk]δX̂ak(t)− iLsf(t)X̃ak. (35)

Note that Lsf(t)Ô ≡ −ǫ(t)[µ̂S, Ô].
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B. CODDE formalism

The CODDE are based on the following two ansatz.

Firstly, we set ρ
(1)
ak (t) = ρPOP

ak (t) + δρCOP

ak (t) [cf. Eqs. (30)
and (28)]. The CODDE correspondence to Eq. (26), as
inferred from Eqs. (30) and (33), would read

ρ
(1)
ak (t) = −i

[
X̃akρS(t)− ρS(t)X̃

†

ak̄

]
+ ̺ak(t) (36)

where ̺ak(t) is defined later; see Eq. (38).

Secondly, we treats δX̂ak(t)ρS(t) with the second–order
level linearization ansatz,

d

dt
[δX̂ak(t)ρS(t)] ≈ δ

˙̂
Xak(t)ρS(t)− iδX̂ak(t)[L(t)ρS(t)].

Together with Eq. (35), followed by using the commuta-
tor identity, A(LB) = L(AB)− (LA)B, we obtain

d

dt

[
δX̂ak(t)ρS(t)

]
≈ −

[
iL(t) + γk

][
δX̂ak(t)ρS(t)

]

− i
[
Lsf(t)X̃ak

]
ρS(t), (37a)

d

dt

[
ρS(t)δX̂

†

ak̄
(t)

]
≈ −

[
iL(t) + γk

][
ρS(t)δX̂

†

ak̄
(t)

]

− iρS(t)
[
Lsf(t)X̃

†

ak̄

]
. (37b)

Define now

̺ak(t) ≡ −i
[
δX̂ak(t)ρS(t)− ρS(t)δX̂

†

ak̄
(t)

]
+ δρCOP

ak (t),

(38)
where δρCOP

ak (t) of Eq. (28) satisfies

δρ̇COP

ak (t) = −[iL(t) + γk]δρ
COP

ak (t) + iǫ(t)D′
akρS(t). (39)

The equation of motion for ̺ak(t), Eq. (38), can be com-
pleted, with its first term to be evaluated via the CODDE
ansatz, Eqs. (37a) and (37b).
Finally, the CODDE formalism reads

ρ̇S =−
[
iL(t)+RS(t)

]
ρS− i

∑

ak

[
Aa−Daǫ(t)

]
̺ak, (40a)

˙̺ak = −
[
iL(t) + γk

]
̺ak − iǫ(t)(C̃ak −D′

ak)ρS, (40b)

with

RS(t)Ô ≡
∑

ak

[
Q̂S

a − ǫ(t)νB

a µ̂S, X̃akÔ − ÔX̃†

ak̄

]
, (41)

and

C̃akÔ ≡ i
[
µ̂S, X̃ak

]
Ô − iÔ

[
µ̂S, X̃

†

ak̄

]
. (42)

The above formalism depends locally on the external field
ǫ(t). In the absence of external field, ̺eqak = ̺ak(t →
±∞) = 0 and CODDE is identical to POP formalism,
Eqs. (30)–(35). However, CODDE fixes the drawback of
nonlinearity, Eq. (30) with Eq. (35), for the field–dressed
dissipation. On the other hand, it is well known that
COP induces spurious resonances.10,14,35 Overall speak-
ing, CODDE is best among aforementioned three CS-
QDTs, with similar computational cost as COP.

C. Spectroscopies

Consider the polarization, PT(t) ≡ Tr[µ̂TρT(t)], on the
basis of the dissipaton result, Eq. (20). Together with
the CODDE’s one–dissipaton quantities of Eq. (36), we
obtain

PT(t) = trS

[
µ̂eff

S
ρS(t) +

∑

ak

νB

a µ̂S̺ak(t)
]
, (43)

where

µ̂eff
S

≡ µ̂S

[
1− i

∑

ak

νB

a

(
X̃ak − X̃†

ak̄

)]
. (44)

Turn now to the CODDE evaluation on 〈µ̂T(t)µ̂T(0)〉 of
Eq. (21). According to Eq. (43), we have that

〈µ̂T(t)µ̂T(0)〉 = trS

[
µ̂eff

S
ρS(t; µ̂T) +

∑

ak

νB

a ̺ak(t; µ̂T)
]
.

(45)
Here, ρS(t; µ̂T) and {̺ak(t; µ̂T)} arise from the field–free
CODDE propagation. The initial conditions are

[
ρS(0; µ̂T)
̺ak(0; µ̂T)

]
=

[
µ̂S + XS νB

a µ̂S

−Ŵak µ̂S

] [
ρeqS
̺eqak

]
. (46)

where the superoperator XS denotes the forward (left)
action component of iRS(t) in Eq. (40),

XSÔ = −iνB

a µ̂S(X̃akÔ − ÔX̃†

ak̄
). (47)

This is in line with the left and right action of Hamilto-
nian. Similarly, the operator Ŵak arises from the forward

(left) action component of (C̃ak−D′
ak) in Eq. (40). As in-

ferred from Eqs. (42) and (18d), we obtain

Ŵak = i
[
µ̂S, X̃ak

]
−
∑

b

νB

b ηakµ̂S. (48)

This thus completes the CODDE for the non-Condon
spectroscopy with the Herzberg–Teller vibronic coupling.

IV. NUMERICAL DEMONSTRATION

Consider an excitonic dimer system,

HS =

2∑

a=1

εaB̂
†
aB̂a + V (B̂†

1B̂2 + B̂†
2B̂1) + UB̂†

1B̂1B̂
†
2B̂2,

(49)

where B̂a ≡ |0〉〈a| (B̂†
a ≡ |a〉〈0|) are the excitonic an-

nihilation (creation) operators. {εa}, V , and U are the
on-site energies, the interstate coupling, and the exciton
Coulomb interaction. The excitonic system is coupled to
the harmonic bath via

HSB =

2∑

a=1

B̂†
aB̂aF̂

B

a . (50)
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−2
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S
(ω
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0.5

µB/µS = 2

Underdamped vibronic motion

λ = 0.1 λ = 0.5

Exact

CODDE

COP

FIG. 1: Linear absorption spectra S(ω) calculated by Eq. (53)
in the underdamped BO case (ζ = V ) for various values of
µB/µS. Left panel: λ = 0.1V ; Right panel: λ = 0.5V .

The bath spectral density assumes the Brownian oscilla-
tor (BO) form

J11(ω) = J22(ω) =
2λζΩ2ω

(ω2 − Ω2)2 − ζ2ω2
, (51)

and the off-diagonal fluctuations are neglected, i.e., J12 =
J21 = 0. The total system and bath dipole operator takes
the form of Eq. (2), where the system dipole operator µ̂S

reads

µ̂S = µS

∑

a

(B̂†
a + B̂a), (52)

and the bath part is µ̂B

a = µBF̂
B

a /(2λ). Here, µS and µB

are the system and bath dipole strengths, respectively.
We take V as the reference unit of energy, and set kBT =
ε1 = ε2 = U = V . The BO parameters are given as
Ω = V , λ = 0.1V and 0.5V , ζ = V (underdamped) and
4V (overdamped) for comparison.
The linear absorption spectra of the total matter are

obtained via

S(ω) = Re

∫ ∞

0

dt eiωt〈µ̂T(t)µ̂T(0)〉. (53)

In Fig. 1, we present the linear absorption spectra in the
underdamped BO case (ζ = V ). As the bath optical ac-
tivity is switched on and tuned up, µB/µS varies from −2
to 2. The results of the weak coupling case (λ = 0.1V )
are exhibited in the left panel, where both COP and
CODDE results are close to exact ones. The exact results
are obtained from the converged DEOM calculations. In
the right panel, we adopt λ = 0.5V for the strong vi-
bronic coupling. COP qualitatively deviates from the

-2 0 2 4 6

ω (unit of V )

−2

-2 0 2 4 6

ω (unit of V )

−0.5

S
(ω

) 0

0.5

µB/µS = 2

Overdamped vibronic motion

λ = 0.1 λ = 0.5

Exact

CODDE

COP

FIG. 2: Linear absorption spectra S(ω) calculated by Eq. (53)
in the overdamped BO case (ζ = 4V ) for various values of
µB/µS. Left panel: λ = 0.1V ; Right panel: λ = 0.5V .

exact ones, exhibiting spurious peaks. It is found that
CODDE always behaves much better than COP.
Moreover, Fig. 2 exhibits the linear absorption spec-

tra in the overdamped BO case (ζ = 4V ). We observe
that even in the weak coupling case (left panel), COP is
ill–behaved. CODDE would be the choice of CS-QDT,
although it quantitatively deviate from the exact ones
obtained via DEOM when the coupling is strong.

V. SUMMARY

In summary, we extend the CODDE, an optimized
CS-QDT, to deal with the Herzberg–Teller vibronic cou-
plings in dipole–field interactions, with the aid of DEOM
formalism. As CODDE is formally an one–dissipaton
theory, we can extract not only the reduced system dy-
namics but also the hybridized bath informations. The
present theory can be readily extended to the nonequi-
librium setups with multiple coupling environment baths.
The heat transport current and noise spectra can also be
evaluated.
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