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Abstract

We consider a system of harmonic oscillators with short range interactions and we study their
correlation functions when the initial data is sampled with respect to the Gibbs measure. Such
correlation functions display rapid oscillations that travel through the chain. We show that the
correlation functions always have two fastest peaks which move in opposite directions and

1 . . _2 .
decay atrate ¢~ 3 for position and momentum correlations and as ¢~ 3 for energy correlations.
The shape of these peaks is asymptotically described by the Airy function. Furthermore, the
correlation functions have some non generic peaks with lower decay rates. In particular, there

are peaks which decay at rate 1 for position and momentum correlators and with rate 2
for energy correlators. The shape of these peaks is described by the Pearcey integral. Crucial
for our analysis is an appropriate generalisation of spacings, i.e. differences of the positions
of neighbouring particles, that are used as spatial variables in the case of nearest neighbour
interactions. Using the theory of circulant matrices we are able to introduce a quantity that
retains both localisation and analytic viability. This also allows us to define and analyse
some additional quantities used for nearest neighbour chains. Finally, we study numerically
the evolution of the correlation functions after adding nonlinear perturbations to our model.
Within the time range of our numerical simulations the asymptotic description of the linear
case seems to persist for small nonlinear perturbations while stronger nonlinearities change
shape and decay rates of the peaks significantly.
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1 Introduction

In this manuscript we consider a system of N = 2M + 1 particles interacting with a short
range harmonic potential with Hamiltonian of the form

N—-1 2 m P N-1
J s 2
H= 2;)7 Zj z(:)(‘ﬁ_‘[/—&-s) : (1.1)
j= s=1 7 j=

where 1 <m < N,k; > 0,k, > 0,and k; > 0 for 1 < s < m. In order to make sense of

(1.1) we need to introduce boundary conditions. Throughout this paper we consider periodic

boundary conditions. By that we mean that the indices j are taken from Z/NZ and therefore
4N+j =4j, PN+j = DPj

holds for all j. The Hamiltonian (1.1) can be rewritten in the form

1 1
H(p.q) := (p.p) + 5 {q. Aq), (1.2)
where p = (po, ---, pN—1)-q4 = (40, - - - » gN—1), (., .) denotes the standard scalar product
in RN and where A € Mat(N, R) is a positive semidefinite symmetric circulant matrix
generated by the vector a = (ao, ..., ay—1) namely Axj = a(;_gymody OF
ap ar ...aN-2 an-i
an-1 ap ai aN-2
A=| : ay.ja - i |, (1.3)
ay a
a  axy ...ay—1 ap
where
ap = 22/(5, ag =ay—s = —kg, fors=1,...,mandas; =0 otherwise. (1.4)

s=1

Due to the condition x; > 0 we have (q, Aq) = Oiff all spacings g1 | —¢; vanish. Therefore
the kernel of A is one-dimensional with the constant vector (1, ..., 1)T providing a basis.
This also implies that the lattice at rest has zero spacings everywhere. Observe, however, that
one may introduce an arbitrary spacing A for the lattice at rest by the canonical transformation
Qj =gq;+ jA, Pj = p; which does not change the dynamics. The periodicity condition
for the positions Q; thenreads Oy = Q; + L with L = NA (see e.g.[17, Sect. 2]).

The harmonic oscillator with only nearest neighbour interactions is recovered by choosing

ap =2k, ay=an-1 = —ki,

and the remaining coefficients are set to zero.
The equations of motion for the Hamiltonian H take the form

d? “ ‘
2395 =D @jss —24j +4j-), J EZ/NL.
s=1
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The integration is obtained by studying the dynamics in Fourier space (see e.g. [9]). In
this paper we study correlations between momentum, position and local versions of energy.
Following the standard procedure in the case of nearest neighbour interactions we replace
the vector of position q by a new variable r so that the Hamiltonian takes the form

| 1

H = §<p7p> + E(r’ r)'

Such a change of variables may be achieved by any linear transformation
r="Tq, (1.5)
with an N x N matrix 7T that satisfies
A=TTT, (1.6)

where T'T denotes the transpose of 7. In the case of nearest neighbour interactions one may
choose r; = ,/k1(qj+1 — q;) corresponding to a circulant matrix 7' generated by the vector
T =, /k1(—=1,1,0,...,0). We show in Proposition 2.2 below that short range interactions
given by matrices A of the form (1.3), (1.4) also admit such a localized square root. More
precisely, there exists a circulant N x N matrix T of the form

Fto 71 ... Ty O ... 07
0t ...7; O

T = 0 et . (1.7)

Tm

n...T, 0 ... 79 71
lT1 T2 ... T, O O 719

that satisfies (1.6). The crucial point here is that 7 is not the standard (symmetric) square
root of the positive semidefinite matrix A but a localized version generated by some vector
T with zero entries everywhere, except possibly in the first m + 1 components. Hence the
Jj-th component of the generalized elongation r defined through (1.5) depends only on the
components g; withs = j, j+1,..., j+m.Itis worthnoting that 1 = (1, ..., 1)T satisfies
T1 = 0O ssince (1, A1) = 0. This implies

m N—1
Y or=0. rj=> t(gjrs—q) and Y rj=(l.....HTq=0.
s=1 Jj=0

The local energy e; takes the form

The goal of this manuscript is to study the behaviour of the correlation functions for the
momentum p;, the generalized elongation r; and the local energy e; when N — oo and
t — 00. Due to the spatial translation invariance of the Hamiltonian H (p, q) = H (p, q+A1),
A € R, that corresponds to the conservation of total momentum, we reduce the Hamiltonian
system by one degree of freedom to obtain a normalizable Gibbs measure. This leads to the
reduced phase space
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N-1 N—1
M;:[(p,q)eRNxRN:Zpkzo;quzo}. (1.8)
k=0 k=0

We endow M with the Gibbs measure at temperature S~ !, namely:

N—-1 N—-1
du=2Zy(B)~'s (Z pk> 5 (Z qk> e PP Ddpdq (1.9)

k=0 k=0

where Zy (B) is the norming constant and §(x) is the delta function.
For convenience we introduce the vector

u(j, 1) =), pj),e;).

We consider the correlation functions

Svt (o 1) = (e (j, D1t (0,0)) = {ug (j, 1)) (uer(0,0)), @0’ =1,2,3,  (1.10)

where the symbol (. ) refers to averages with respect to du . We calculate the limits
. N . .
Jim S0 = Saw ().

For the harmonic oscillator with nearest-neighbour interactions such limits have been calcu-
lated in [10].

In an interesting series of papers, (see e.g. [18], and also the collection [7]) several
researchers have considered the evolution of space-time correlation functions, for “anhar-
monic chains”, which are nonlinear nearest-neighbour Hamiltonian systems of oscillators.
The authors consider the deterministic evolution from random initial data sampled from a
Gibbs ensemble, with a large number of particles and study the correlation functions S lex .

In addition to intensive computational simulations [6,13], Spohn and collaborators also
propose and study a nonlinear stochastic conservation law model [17,18]. Using deep phys-
ical intuition, it has been proposed that the long-time behaviour of space-time correlation
functions of the deterministic Hamiltonian evolution from random initial data is equivalent to
the behaviour of correlation functions of an analogous nonlinear stochastic system of PDEs.
Studying this stochastic model, Spohn eventually arrives at an asymptotic description of the
“sound peaks” of the correlation functions in normal modes coordinates which are related to
Sae by orthogonal transformation:

Sea = )™ fpz ()72 (x — aen)) (1.11)

using the notation of [17, Formula (3.1)]. Here fgpy is a universal function that first emerges
in the Kardar-Parisi-Zhang equation and it is related to the Tracy-Widom distribution, [20],
(for a review see [1] and also [4]). A common element to the above cited papers is the
observation that such formulae should hold for non-integrable dynamics, while the correlation
functions of integrable lattices of oscillators will exhibit ballistic scaling, which means the
correlation functions decay as % for ¢ large. For example, in [6] the authors present the
results of simulations of the Toda lattice in 3 different asymptotic regimes (the harmonic
oscillator limit, the hard-particle limit, and the full nonlinear system). They present plots of
the quantity 7S(x, ¢) as a function of the scaled spatial variable x /¢ (here S(x, ¢) represents
any of the correlation functions). The numerical results support the ballistic scaling conjecture
in some of the asymptotic scaling regimes. Further analysis in [19] gives a derivation of the
ballistic scaling for the Toda lattice. The decay of equilibrium correlation functions show
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Correlation Functions for a Chain... Page50f31 1

similar features as anomalous heat transport in one-dimensional systems [2,3,7] which leads
to conjecture that the two phenomena are related [8].

There is one aspect regarding all the correlations we consider that we wish to point out. For
linear force laws they are oscillating rapidly in the region between the sound peaks, except
for those regions that display slower decay rates (see Figs. 1 and 3). In agreement with [6]
we observe numerically that these oscillations persist in the weakly nonlinear regime but
disappear for fully nonlinear systems (see Figs. 4, 5).

In [12] the authors also pursue a different connection to random matrices, and in particular
to the Tracy-Widom distribution. Over the last 15 years, there has emerged a story originating
in the proof that for the totally asymmetric exclusion process on a 1-D lattice (TASEP), the
fluctuations of the height function are governed (in a suitable limit) by the Tracy-Widom
distribution. Separately, a partial differential equations model for these fluctuations emerged,
which takes the form of a stochastic Burgers equation:

du 92u du A
— A — + =

du _ 07u , 112
or = Vo T Max Tox (1.12)

where ¢ is a stationary spatio-temporal white noise process. (The mean behaviour of TASEP

a a
is actually described by the simpler Euler equation o —Au a—u .). From these origins there

have now emerged proofs, for a small collection of initial congitions, that the fluctuations
of the solution to (1.12) are indeed connected to the Tracy-Widom distribution (see [1]
and the references contained therein). In [12], the authors considered continuum limits of
anharmonic lattices with random initial data, in which there are underlying conservation laws
describing the mean behaviour that are the analogue of the Euler equation associated to (1.12).
By analogy with the connection between TASEP and (1.12), they proposed that the time-
integrated currents are the analogue of the height function, and should exhibit fluctuations
about their mean described by the Tracy-Widom distribution, again based on the use of the
nonlinear stochastic pde system as a model for the deterministic evolution from random
initial data. As one example, they consider the quantity

t x
S(x,t) = / j(x, thdt' — / u(x’, 0)dx’, (1.13)
0 0

where u(x, t) arises as a sort of continuum limit of a particle system obeying a discrete
analogue of a system of conservation laws taking the form d,u(x, t) + 9,j(x,¢) = 0, in
which j(x, 7) is a local current density for u(x, ¢). The authors suggest a dual interpretation
of ®(x, t) as the height function from a KPZ equation, and thus arrive at the proposal that

@ (x, 1) ~apt + TP &ry | (1.14)

where ag and I' are model-dependent parameters, and &7w is a random amplitude with
Tracy-Widom distribution.

Our main result is the analogue of the relations (1.11) for the harmonic oscillator with
short range interactions and (1.14) for the harmonic oscillator.

For stating our result, we first calculate the dispersion relation |w (k)| for the harmonic
oscillator with short range interaction in the limit N — oo obtaining

fk) =|wk)| = ZZKS (1 — cos(2mks)), (1.15)

s=1
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Fig. 1 Correlation functions S, for the harmonic oscillator with nearest-neighbour interaction with k1 = 1
(top left) and the harmonic potential with «; = % for s = 1,2 in Example 2.8 (center left) and the potential

of Example 2.9 in the bottom left. In the second column the Airy scaling (2.36) of the corresponding fastest
moving peaks. The Airy asymptotic is perfectly matching the fastest peak and capturing several oscillations

see (2.21). The points k = 0, 1 contribute to the fastest moving peaks of the correlation
functions that have a velocity £vg where vg = /Y o s2ks = f/(0)/2n). If f"(k) <0

forall0 < k& < 1/2 then as t — oo the following holds uniformly in j € Z (cf. Theorem 2.6
and Figs. 1 and 3):
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Correlation Ss3
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Fig.2 Correlation function S33(j, t) for the potential ky = 1/, s2 form = 2in Example 2.8 for several values
of time on the left. On the right one sees that the Pearcey scaling provided in (2.45) matches perfectly for the

central peak of S33(j, 1)
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Fig.3 Potential of Example 2.9. The top left figure displays S33(j, ¢) for several values of 7. The scaling of S33
according to the Airy function in Theorem 2.6 for the fastest moving peak and the scaling of the slower moving
peak according to the Pearcey integral are shown top right and bottom left, respectively. The corresponding
critical points of the derivative of the dispersion function can be seen in the bottom right figure
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511, x=0.01, y=0.001 Scaling extreme peak 511, ¥ =0.01, y=0.001
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Fig. 4 Correlation function S](I]V) (j, t) for several values of times and for the perturbed Hamiltonian (3.18)
with k¢ as in Example 2.8, x = 0.01 and y = 0.001 in the top figure and x = 0.1 and y = 0.01 in the lower
figure. On the right top figure, the scaling of the fastest peak according to Airy parametrix (see Theorem 2.6 and
Fig. 1) and according to 1=2/3 in the lower figure. The speed &y of the fastest peak is determined numerically.
One can see that the central peak has a low decay in the top left figure, while in the left bottom figure it is
destroyed by the relatively stronger nonlinearity

. 1
Sear (J, 1) = 203

_yata a4 vot A J Fvot ~12 ;

[( DT Aj (Tﬂﬂ >+A1< ol +0 (7)), aad =12
S0 = - [ap (L= o
330/, = 2200 R GWIE

. i + vot _
()] o).
0

where Ai(w) = %fooo cos(y?/3 + wy)dy, w € R, is the Airy function, and Ag :=

1/3
% Ul—o ] s . The above formula is the linear analogue of the Tracy-Widom dis-

tribution in (1.11).
Furthermore we can tune the spring intensities kg, s = 1, ..., m in (1.15) so that we can
find an (m — 1)-parameter family of potentials such that for j ~ +v*¢, with 0 < v* < vy,

one has

|-

1
Saa/(j,t)=(9<—>, a, o =1,2, S33(j,t)=(9( >, ast — 00.

=

t
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Fig. 5 Correlation function ngv) (j, t) for several values of times and for the perturbed Hamiltonian (3.18)
with kg as in Example 2.9, x = 0.01 and y = 0.001 in the top figure and x = 0.1 and y = 0.01 in the
lower figure. The right top figure shows the scaling of the fastest peak compatible with the Airy parametrix
and according to 1=2/3 in the lower figure. The speed & of the fastest peak is determined numerically. The
decay rate of the slower moving peaks that are scaling like +~1/% in the linear case (see Fig. 1), is not very
clear due to their highly oscillatory behaviour

Scaling central peak 513, x = 0.01, y=0.001 Scaling central peak 55, ¥ =0.01, y=0.001

® Smtiral Plak %15 ®  Central Peak
—— Interpolation: 042342 —— Interpolation: 0,406 9252

_: _g EES LA

w w
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L] o

[T} O

o o

" T

=] 5

= =

v ]

2 5}

10 zx10° Ixc1?  axio! Ex 107 1w

t t

Fig. 6 Logarithmic plot of the central peak of the example in Fig. 4 for S11(j, 7) and S»1(j, t) and several
values of times. The peak is highly oscillatory and the oscillations are interpolated by the red line that suggests

a scaling of the correlation function S11(j, #) and S>1(j, ) near j ~ O compatible with ¢~ 4

In this case the local behaviour of the correlation functions is described by the Pearcey integral
(see Theorem 2.7 and Figs. 2, 3). For example a potential with such behaviour is given by

a spring interaction of the form k; = — fors = 1,...,m and m even (see Example 2.8
s

below).

@ Springer



1 Page100f31 T. Grava et al.

In Sect. 3.3 we study numerically small nonlinear perturbations of the harmonic oscillator
with short range interactions and our results suggest that the behaviour of the fastest peak has a
transition from the Airy asymptotic (1.16) to the Tracy-Widom asymptotic (1.11), depending
on the strength of the nonlinearity. Namely the asymptotic behaviour in (1.11) that has been
conjectured for nearest-neighbour interactions seems to persist also for sufficiently strong
nonlinear perturbations of the harmonic oscillator with short range interactions. Remarkably,
our numerical simulations indicate that the non generic decay in time of other peaks in the
correlation functions persists under small nonlinear perturbations with the same power law
t~1/* as in the linear case, see e.g. Figs. 4 and 6.

So as not to overlook a large body of related work, we observe that the quantities we
consider here are somewhat different than those considered in the study of thermal transport,
though there is of course overlap. (We refer to the Lecture Notes [7] for an overview of this
research area and also the seminal paper [15].) As mentioned above, we study the dynamical
evolution of space-time correlation functions and the statistical description of random height
functions, where the only randomness comes from the initial data. By comparison, in the
consideration of heat conduction and transport in low dimensions, anharmonic chains are
often connected at their ends to heat reservoirs of different temperatures, and randomness is
present primarily in the dynamical laws, not only in fluctuations of initial data.

This manuscript is organized as follows. In Sect. 2 we study the harmonic oscillator
with short range interactions and we introduce the necessary notation and the change of
coordinates q — r that enables us to study correlation functions. We then study the time
decay of the correlation functions via steepest descent analysis and we show that the two
fastest peaks travelling in opposite directions originate from the points k = 0 and k = 1 in the
spectrum. Such peaks have a decay described by the Airy scaling. We then show the existence
of potentials such that the correlation functions have a slower time decaying with respect to
“Airy peaks”. In Sect. 3 we show that the harmonic oscillator with short range interactions
has a complete set of local integrals of motion in involution and the correlation functions of
such integrals have the same structure as the energy-energy correlation function. Finally, we
show that the evolution equations for the generalized position, momentum can be written in
the form of conservation laws which have a potential function. For the case of the harmonic
oscillator with nearest-neighbour interaction, we show that this function is a Gaussian random
variable and determine the leading order behaviour of its variance as ¢t — oo. This may be
viewed as the analogue of formula (1.14) for the linear case. Technicalities and a description
of our numerics are deferred to the Appendix.

2 The Harmonic Oscillator with Short Range Interactions

As it was explained in the introduction we rewrite the Hamiltonian for the harmonic oscillator
with short range interactions

N—
H(p,q) = Z = + Z & Z(q, qj+s)° = Z (p’ (Zry(qm q,)) )
Jj=0 s=1 j=0 s=1

so that we may define a Hamiltonian density

2

ej_fj <va(‘1}+v ‘Ij)) s
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which is local in the variables (p, q) for fixed m. Namely, if we let N — oo, the quantity ¢;
involves a finite number of physical variables (p, q). Recall that the coefficients 7, are the
entries of the circulant localized square root 7' of the matrix A by which we mean a solution
of the equation (1.6) of the form (1.7). The matrix 7" will also play a role in constructing a
complete set of integrals that have a local density in the sense that we just described for the
energy.

In order to state our result we have to introduce some notation. First of all, a matrix A of
the form (1.3) with a € R" is called a circulant matrix generated by the vector a.

Definition 2.1 (m-physical vector and half-m-physical vector) Fix m € N. Forany odd N >
2m, a vector X € RY is said to be m-physical generated by X = (xg, X1, ..., Xp) € R+ if
xo=—-2)> ", x5 and
X0 =X0 ,
X1 =AN_1=x1<0, Xpy=Xny_m=xu <0,
Xk =Xny_p=x, <0, forl <k <m,
Xr =0, otherwise,
while the vector X € RY is called half-m-physical generated by y € R"*if yo = — 37y,
and
Xk =Yk, forO <k <m
X =0, form <k <N — 1.
Following the proof of a classic lemma by Fejér and Riesz, see e.g. [16, pg. 117 {], one can
show that a circulant symmetric matrix A of the form (1.2) generated by a m-physical vector

a always has a circulant localized square root 7T that is generated by a half-m physical vector
T.

Proposition 2.2 Fixm € N. Let the circulant matrix A be generated by an m-physical vector
a, then there exist a circulant matrix T generated by an half-m-physical vector T such that:

A=TTT. (2.1)

Moreover, we can choose T suchthat ) ', st > 0. Thenone has Y s, sTs = /> v s2ks.

The proof of the proposition is contained in Appendix A:.

For example, if we consider m = 1, and ap = 2«; and a; = ay—1 = —«1. The matrix T
is generated by the vector T = (19, 1) with 79 = —./k1 and 71 = /k;. When m = 2 and
ap = 2«1 + 2k2, a1 = any—1 = —kK1, ay = ay—» = —k7. The matrix T is generated by the

vector T = (19, T1, T2) With

1
Toz—g—i\/lﬁ + i, T = kI,

T = —@ + %m
so that the quantities r; are defined as
ri=7n(gj+1 —q;) +(gj+2—q;), jE€Z/NL.
Next we integrate the equation of motions. The Hamiltonian H (p, q) represents clearly an

integrable system that can be integrated passing through Fourier transform. Let F be the
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1 Page120f31 T. Grava et al.

discrete Fourier transform with entries Fj y := ﬁe’Zi”jk/N with j,k=0,...,N — 1. 1t

is immediate to verify that
Fl=F ri=r 2.2)

Thanks to the above properties, the transformation defined by

(7.9 = (Fp. Fq) (2.3)
is canonical. Furthermore ?j = DPN—j and?\j =gn—j,for j=1,..., N — 1, while pp and

qo are real variables. The matrices T and A are circulant matrices and so they are reduced to
diagonal form by F:

FAF ' = FTTTF ' = (FTF O (FTF ).

Let @; denote the eigenvalues of the matrix T ordered so that FTF~! = diag(w;). Then
lw; |? are the (non negative) eigenvalues of the matrix A and

lwj|> = VN(Fa);, o;j=+NFz);, j=0,....,N—1, (2.4)

where a is the m-physical vector generated by a and 7 is the half m-physical vector generated
by 7 according to Definition 2.1. It follows that

wo =0, wj =wON-j, j=1...,N—1, 2.5)
which implies |@;|*> = |oy—;|?, j = 1, ..., N — 1. The Hamiltonian H, can be written as
the sum of N — 1 oscillators

N-1

N—-1 2
~ 1 ~ 12 2~ 12 ~ 2 2~ 12
HP.® =3 ZIW +lw;*1g;] =-lepj| + ;1?13 (2.6)
J= J=

There are no terms involving Py, go since the conditions defining M (1.8) imply that py = 0
and go = 0. The Hamilton equations are

d . =~
=4 = Pj
dt 2.7)
d - e
b= —lw;jl7g; .
Thus the general solution reads:
~ ~ pi0) .
qj(t) =q;(0)cos(|w;lr) + sin(Jwjlt)
J J J ;| J (2.8)

Pj(t) = pj0)cos(lwjlt) — lw;jlg;(0)sin(|wjlt), j=1,...,N—1,

and go(r) = 0 and po(t) = 0. Inverting the Fourier transform, we recover the variables
q=F"'q,p=Fpandr = F~ ¥ where

Fi=wq,j=0,....,N—1. (2.9)
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Correlation Decay

We now study the decay of correlation functions for Hamiltonian systems of the form (1.2).
We recall the definition (1.9) of the Gibbs measure at temperature 8~ on the reduced phase
space M, namely:

N—1 N—-1
du=2Zy(B)"'s (Z pk> 5 (Z qk> e PP Ddpdq

k=0 k=0

where Z y () is the norming constant of the probability measure. For a function f = f(p, q)
we define its average as

2/ f(p @) du.
R2N

We first compute all correlation functions (1.10), then_ we will evaluate the limit N — oo.
We first observe that (1.9) in the variables (p, q) := (Fp, Fq) becomes

N—-1
2

du=2zy@ " [] e PP PHO P 5 dg, (2.10)
=1

where dp;dg; = d0p;d3p;dNg;d3g; and we recall that pj = py_;.qj = qn—j- 7 =
wjﬁj,forj =1,...,.N—1.
From the evolution of p; and g; in (2.8) and (2.9), we arrive at the relations

= = ~ = . 1
(P 7)) = (P (7 0) cos(ho; 1) — e G5 OYsin (51e) ) ) = 8.5 5 costhos 1),

(2.11)
(707 (0) = (w@km) (ﬁj () cos (| 1) = ;1 (©) sin (| 1) )
P ,Iﬂ sin (Jwjt), (2.12)
5:(0
(Fi O Pr(0)) = <wjﬁk(0) (ﬁj(O) cos(lwjlt) + ITZU(] I) sin(lelt)>> o B ]Iﬁ sin(Jw;[t)
(2.13)
P— o= ;i) . 1
(rj(t)rk(0)> = <a)kquk(0) (qj(O) cos(lwjlt) + ;] sin (|wj|t))> = ‘Sf”‘ﬁ cos(lwjlt).
(2.14)

Now we are ready to compute explicitly the correlation functions in the physical variables.
We show the computation for the case S {\q (J, 1), and we leave to the reader the details for the
other cases:

N—-1
1 J
Sﬁ(]a t) = <l"j(t)r0(0)> = N< E ’fk(t)’fl(o)e2ﬂz,\l,(>
k=1

Vol (2.15)

lj
Z cos (Jwy|t) cos (271 N) = Sévz(j, t).
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In the same way we have that:

N— .
1 lj
N, .
SNG. = g Z sin(|ay |r) cos <2nﬁ + arg(w1)> (2.16)
1 A 1j
Szl\i (j, 1) = Nﬁ Z sin(|awy|t) cos (271— — arg(wl)> 2.17)
S0 =S32(j r) =S{V3<j,r)=sz’%(j,r>=o (2.18)
N 2 2 2 3N -1
$33(j, 1) = ((S Do+ (522) + (S 5"+ (521) )+ W . (2.19)
The dispersion relation given by (2.4) takes the form
z st - st
wy = — ; T5 (l — cos <2nﬁ)> +i§ T, Sin (2”ﬁ>
N (2.20)

_ st
el = 3 age ¥ = 2ZKS ( — cos <2nﬁ>> :
s=0
where we substitute for the a; their values as in (1.4). We are interested in obtaining the

continuum limit of the above correlation functions. We first define w (k) to provide continuum
limits of w; and |wy |2, namely

w(k) = — Z Ty (1 — cos 2msk)) +1 Z T, sin (27 sk)

s=1 s=1 2.21)

m
lo(k)|* =2 ks (1 — cos(2mks))
s=1
where the variable ¢/N has been approximated with k € [0, 1]. One may use equation

(A.1) to check the consistency of the two equations of (2.21). To this end observe that
wk) = Q) w(k) = Q(e™), and o (k)] = £(e>™).

Lemma 2.3 Let w(k) be defined as in (2.21), set f(k) := |w(k)|, and denote 6 (k) :=
arg(w(k)) for 0 < k < 1, where the ambiguity in the definition of 0 is settled by requir-
ing 0 to be continuous with 6(0) € (—m, ). Then, for all k € [0, 1] we have

ol —k) = wk), (2.22)
fFA—=k)= fk), (2.23)
(1 —k) = —0(k) (mod 2rm). (2.24)

Furthemore, the functions f and 6 — % are C* on [0, 1] and they both possess odd C*°-
extensions at k = 0 which implies in particular 6(0) = %

Proof The symmetries follow directly from the definition of @ in (2.21). From (2.21) we also
learn that |w (k)|? > 2k1(1 — cos(2k)) > O for k € (0, 1). Thus the smoothness of f and
6 only needs to be investigated for k € {0, 1}. By symmetry we only need to study the case
k = 0. The smoothness of the function # may be obtained from the expansion near k = 0

m
Zx:l Ts 4 O(k3)

@ Springer



Correlation Functions for a Chain... Page150f31 1

together with Z;”zl sty > 0 (see Proposition 2.2). Since cot(6(0)) = 0 and JSw (k) > 0 for
small positive values of k we conclude that 6(0) = Z from the requirement 6(0) € (—m, 7].
This also implies the existence of a smooth odd extension of 6 — % atk = O because cot(6(k))
has such an extension. For the function f the claims follow from the representation

m 1/2
Fk) =2mk (ZSZKX sinc2(nsk)>

s=1

near k = 0 where sinc(x) = “nxﬁ denotes the smooth and even sinus cardinalis function.

]
Lemma 2.4 In the limit N — oo the correlation functions have the following expansion
Soo
S (1) + 1\0;2 =S (O +O(N™®), a,d' =1,2,
S0 =S50, +O (N7,
where 8y denotes the Kronecker delta,
1 1
S0 = 5200 = 5 / cos (J (K)|1) cos (2 kj) dk (2.25)
0
1 1
S, = E f sin (|w (k)|t) cos 2mkj + 6 (k)) dk, (2.26)
0
1 1
$1(j, 1) = _E / sin (Jw(k)|t) cos 2mkj — 0(k)) dk, 2.27)
0
S350, 1) = ~ (8 + 52 + 5% + 2 2.28
33(];”—2( 11+ 5%+ ShH+ 55, (2.28)
and 0 (k) = arg w (k) with o (k) as in (2.21).

Proof For any periodic C*°-function g on the real line with period 1, g (k) = ), .7 gnerikn,

one has
= ¢ 1
5 s <N> = &my = /0 gydk + O (N~ .
£=0 meZ
It follows from Lemma 2.3 that the integrands in (2.25)-(2.27) can be extended to 1-periodic
smooth functions because we have for small positive values of k that
cos (f(—k)t) cos (—2mkj) = cos (f (k)t) cos (—2mkj)
= cos(f(1 —=k)t)cos (1 —k)j),
sin (f(—k)t) cos (—2mkj £ 0(—k)) = —sin (f(k)t) cos (—27kj £ (m — O(k)))
=sin(f(1 —k)t)cos Qr(1 —k)j £60(1 —k)) .

Observing in addition that the summands corresponding to £ = 0 are missing in (2.15)-(2.17)
the first claim is proved. Together with (2.19) this also implies the second claim. O

Next we analyse the leading order behaviour (as 1 — o0) of the limiting correlation
functions S, (j, t) using the method of steepest descent. In order to explain the phenomena
that may occur we start by discussing S11. Denote

&= % and ¢+ (k, &) = f(k) £2n&k. (2.29)
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With these definitions and using the symmetry (2.23) we may write

S, = 19%/1 (e”(f(k)“”ék) + e”(f(k)’z"Ek)> dk = 19%/1 e19-®8 g
268 Jo B Jo
(2.30)
The leading order behaviour (t — o0) of such an integral is determined by the stationary
phase points kg € [0, 1], i.e. by the solutions of the equation aa—kqb_ (ko, £) = 0 which depend
on the value of &.

Such stationary phase points do not need to exist. In fact, as we see in Lemma 2.5(b) below,
the range of f” is given by some interval [—27 vy, 27 vg] so that there are no stationary phase
points for |£| > vg. As in the proof of Lemma 2.4 one can argue that the integrand Rte’’¢-*.7/1)
can be extended to a periodic smooth function of k on the real line with period 1. It then
follows from integration by parts that Si;(j, ) decays rapidly in time. More precisely, for
every fixed § > 0 we have

Si(j,t)=0 (") ast— oo, uniformly for |j| > (vo + &)t (2.31)

This justifies the name of sound speed for the quantity vg.

In the case || < vp there always exists at least one stationary phase point ko = ko(§) €
[0, 1]. Each stationary phase point may provide an additive contribution to the leading order
behaviour of fol 1= i/ gk for j near £¢. However, the order of the contribution depends
on the multiplicity of the stationary phase point. For example, let ko be a stationary phase
point of ¢_(-, §), i.e. a—aqu (ko, &) = 0. Denote by ¢ the smallest integer bigger than 1 for

which %(b, (ko, &) # 0. Then ko contributes a term of order ¢'/¢ to the t-asymptotics of
fol !9~ j/D dk for j in a suitable neighbourhood of £7.
Before treating the general situation let us recall the case of nearest-neighbour interactions.

There we have

fk) = fitk) = \/2/<1(1 —cos(2wk)) = 24/k1 sin(wk), ke[0,1].

The range of f{ equals [—2m v, 27w vg] with vo = /k1. For every |§| < vo there exists
exactly one stationary phase point kg(§) € [0, 1] of ¢_(-, &) that is determined by the
relation cos(mwko(&)) = &/vo. A straight forward calculation gives

2

9
2 ?- k(). §) = [l ko(§)) = —27%\/v] — €2 =0 & & =+u.

Moreover, we have kg(vg) = 0 and ko(—vg) = 1 and therefore %qb,(kg(:l:vg), +vg) =

T3 # 0. This implies that in addition to (2.31) we have S1;(j, ) = O@~1?, except
for j near +vot where S11(j,t) = O(r~/3). In order to determine the behaviour near the
least decaying peaks that travel at speeds £vg we expand f near the stationary phase points.
Let us first consider & = vy with kg = 0. Introducing Ao = 5= £7"(0)/2'3 = Lvy* we
obtain

1
fi(k) = 2mvok — g(anok)3 + 0Kk, ask— 0.

Substituting y = 27 Aot '/3k leads for k close to 0 to the asymptotic expression

. vot — j 1 _
to_(k, j/t) = RvITE y— =y + 0?3, ast —> co.

3
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Using the well-known representation Ai(w) = % fooo cos(y3/3+wy)dy, w € R, of the Airy

function and performing a similar analysis around the stationary phase point kg = —1 for
& = —vp one obtains an asymptotic formula for the region not covered by (2.31)
. 1 . J — vot . J + vot
G- = 2Bxot'/3 [Al( rot1/3 ) A (_ rot!/3
+O(t_1/2) ,t — 0o, uniformly for |j| < (vo + &)t (2.32)

for § > 0 (see e.g. [14]). Observe that due to the decay of Ai(w) for w — =oo, the Airy
term is dominant roughly in the regions described by vot — o(¢) < |j| < vot + o((In 1?23y,

From the arguments just presented it is not difficult to see that the derivation of (2.32)
only uses the following properties of f = f:

f" (k) <0 forall 0 <k<—, (2.33)

N =

together with
1
0 =0, f"0)<0, and f( —k) = f(k) forall 0 <k < 5 (2.34)

Conditions (2.33) and (2.34) imply that statements (2.31) and (2.32) hold with vg =
O > 0and 1o = 1 £7(0) /2173,

It follows from equation (2.23) and from statement (a) of Lemma 2.5 below that the
conditions of (2.34) are always satisfied in our model. Condition (2.33), however, might fail.
Indeed, it is not hard to see that there exist open regions in the k-space R’} where there always
exist stationary phase points ko € (0, 1) of higher multiplicity, i.e. with (ko) = 0. In this
situation the value of v := % lies in the open interval (—vp, vp) (cf. Lemma 2.5b). Then
the decay rate of Sy (j, ) for j near vz is at most of order 1 ~1/3. The decay is even slower
(at least of order 1~ 1/*) if " (ko) = 0 holds in addition. We show in Theorem 2.7 that this
may happen for « in some submanifold of R’} of codimension 1 (see also Examples 2.8 and
2.9). Nevertheless, if «2, ..., k;,, are sufficiently small in comparison to «; then condition
(2.33) is always satisfied as we show in Theorem 2.6(c).

Before stating our main results of this section, Theorems 2.6 and 2.7, we first summarize
some more properties of the function f.

Lemma 2.5 Given (ki, ..., kpy) withky > 0, k;y > 0, and k; > 0 for 1 < j < m. Denote

flk) = |w(k)| for 0 < k < 1 as introduced in Lemma 2.3 and define vy := (ZTZI SZI(S)%.

Then the following holds:

(@ f(0) = f"(0)=0, f'(0)=2mvy, and f"(0) = —% sty

(b) f'([0,1]) = [—2mvg, 2vg). f' attains its maximum only at k = 0 and its minimum
onlyatk = 1.

(¢) Fix k1 > 0. Then the map f can be extended as a C*-function of the variables
(k, k2, ..., Kkm) on the set [0, 1] x [0, co)" L.

Proof Statement (a) follows directly from the last formula in the proof of Lemma 2.3 and
from the expansion sinc?(x) = 1 — % + O(x*) for small values of x:

m 12 3 m
fk) = 27k (Zs% sincz(nsk)> = 2muok — ;To (254&?) B+ 0W).

s=1
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This representation also settles statement (c). As we know already f7(0) = 2wvy = — f/(1)
we may establish statement (b) by verifying that | f'(k)| < 2mwvg holds for all k € (0, 1).
To this end we write f = (3 (., h?)l/2 with Ay (k) = 2,/ky sin(wsk). Using the Cauchy-
Schwarz inequality we obtain for 0 < k < 1 that

m 1/2
, | hs ()R, (K| ( o )
| £/ )| = <[ S )2k
o) = \&

m 172
=2r <Z szlcs cosz(nsk)> < 2w,

s=1

where the last inequality follows from | cos(rk)| < 1 and k1 > O. ]

We are now ready to state our first main result in this section.

Theorem 2.6 Letm € N, fix § > 0, denote f (k) = |w(k)| as introduced in Lemma 2.3, and
set

m 1[(1 1/3
Zszlcs, Ao i= = < ZS4KS> ) (2.35)
s=1 2 vo s=1

(a) Forall a, o' = 1,2, 3 we have rapid decay as t — 00, uniformly for |j| > (vo + 8)t,
ie.

Sotrx/(js r = O(t_oo) .
(b) If f"(k) < Oforall0 <k < 1/2 then ast — oo the following holds uniformly for

[7] < (vo + d)z:
A _ 1 . j—UOl . j+U0t —1/2y _ .
(2.36)
. _ 1 . Jj + vot (] — vot _ .
Si2(j, 0 = m (Al <_W> —Ai (W)) +0G¢™2) = Su(j, 1),
2.37)
Lo 1 o (] — vot 2 J + vot -5/6
S33(j, 1) = T |:Az (A0t1/3 ) +AP (5 +o(: ) . (238)
(c) Forevery k1 > 0 there exists ¢ = (k1) > 0 such that for all (i, ..., kp) € [0, &)™

we have f" (k) <0 forall0 <k < 1/2.

Proof The rapid decay claimed in statement (a) can be argued in the same way as (2.31)
for S11 = S2. Due to relations (2.18) and (2.28) one only needs to consider Sj» and S»;.
Indeed, using Lemma 2.3 one may show that the imaginary parts of the integrands used in
the representation of S13 and Sp; in (2.39) below have smooth extensions to all k¥ € R that
are 1-periodic. This is all that is needed because |aa—k¢jE (k, j/t)] > 27§ by Lemma 2.5b)
uniformly for k € [0, 1/2] and |j| > (vo + §)t.

We have already argued above that conditions (2.33), (2.34) suffice to derive the first claim
of statement (b) with vy = % > 0and Ag = ﬁlf’”(O)/leﬁ. The expressions for f'(0)
and f"”(0) stated in Lemma 2.5 (a) justify the definitions of (2.35).
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Using the symmetry relations (2.23) and (2.24) we derive a representation for S15 and S»;
that is suitable for a steepest descent analysis

12
S12(j, 1) =%/ (sin(f(k)t — 2kj — 0(k)) + sin( ()t + 2kj + e(k)))dk
0
lf\A
=—3
B Jo

1 12, o . ' '
$2 (k) =— E%A (elffb—(kqj/t)el@(k) + e”¢+(k,]/l)e*19(k)>dk

/2
(eimuk. /0 g=i0) 4 itdy (k. j/1) eiﬁ(k)) dk (2.39)

where ¢+ (k, &) = f (k) =2m&k asin (2.29) above. Expanding for k close to zero one obtains
¢k, j/1) = 2mvok — $27)323k3 £ 2k L 4+ O(K°). Substituting y = 27 Aot !/3k leads to
the asymptotic expression

vot £ j 1

thilh, j/) =Ty ¥ 405 ast — oo
Aot3 3

Keeping in mind that 6(0) = % we obtain

) 1 . Jj + vot (] — vot _1 .
S )= — Al — — Al | ———+ Ot 2)=3S§ J1).

Regarding the expansion for ¢+ — oo of S33(j, ) it follows immediately from the expres-
sion (2.28) and the expansions of Sy, (j, ) withea, o' =1, 2.

Statement (c) follows from the continuous dependence of the derivatives /" and f” on
the parameters (k2, . .., k) (see Lemma 2.5 ¢) and from simple facts for the case of nearest-
neighbour interactions f1(k) = 2./k1 sin(rk) discussed above. Indeed, from f”(0) = 0
and from f{”(0) < 0 it follows that there exists such an ¢ > 0 such that f”’(k) < 0 and

hence also f” (k) < O for k in some region (0, 8) uniformly in («2, . .., k) € [0, €)™, As
fltk) < =272 /iy sin(8) for all k € [8, 1/2] we may prove the claim in this region by
reducing the value of ¢ if necessary. O

Theorem 2.6 provides the leading order asymptotics of the limiting correlations Syq (j, t)
for t — o0 in the simple situation that the second derivative of the dispersion relation
is strictly negative on the open interval (0, 1) (cf. condition (2.33)). Moreover, statement
(c) shows that there is a set of positive measure in parameter space k € R’} where this
happens. For general values of «, however, different phenomena may appear. In particular,
there might exist stationary phase points of higher order leading to slower time-decay of
the correlations (see discussion before the statement of Lemma 2.5). By a naive count of
variables and equations one might expect that decay rates ~/G3+P) occur on submanifolds
of parameter space of dimension m — p. Theorem 2.7 shows that this is indeed the case for
p = 1. Moreover, we present in this situation a formula for the leading order contribution
of the corresponding stationary phase points to the asymptotics of Sy’ (j, t). Despite being
non-generic in parameter space it is interesting to note that decay rates ¢ ~!/4 can be observed
numerically (see Figs. 2 and 3). There is also a second issue that may arise if condition (2.33)
fails. Namely, for v € (—vp, vp) there can be several values of k € (0, %] satisfying f’ (k) +
2mv = 0 so that the contributions from all these stationary points need to be added to describe
the leading order behaviour for j near vt.
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Theorem 2.7 Recall from (2.21) the formula for the dispersion relation

f) =lo®)| = |2) k(1 —cosmks)).

s=1

(a) For m > 3 there is an (m — 1)-parameter family of potentials for which there exists
k* = k*(k) € (0, ) with

f//(k*) — O, f///(k*) — 0, f(zv) (k*) # 0’ and O < v* =

A < vy, (2.40)
2w

1 .
with vy as in (2.35). Set A* = T(If(’")(k*)|/4!)% > 0. Then for j — oo andt — o0 in
T

such a way that

vt —j
Al

is bounded, the contribution of the stationary phase point k* to the correlation functions is
given by:

1 - * - U*t —
St1(j, 1), S0, 1) : —— 0 (e"“’*(k *f/”m( 11)>+0(z‘%>, (2.41)
2BmA*LE Ata
) . s *p— g
S(j. 1)+ ———3 (e”"”k A D, (” - )) +0(7),
2Bm At A¥t#
(2.42)
1 . Ny *t—j
S0 1) ¢ = ———3 (e’”’*“‘ ey (” ’)) +071),
2BTA*tE A¥td
(2.43)

where ¢ (k, &) = f(k) £ 2n&k, 0(k) = argw (k) as defined in Lemma 2.3, P+(a) denote
the Pearcey integrals, cf. Appendix B:,

o0
Po(a) = / dEMHa gy 4 e R, (2.44)
— 00

and P+ has to be chosen according to the sign of @ (k*). If j — —oo with bounded
(V*t + j)/(W*t11%) the contributions of the stationary point k* can be obtained from the ones
presented in (2.41)-(2.43) by replacing ¢_ by ¢, 0 by —6, and j in the argument of P+ by
—j.

(b) When k* = % one has f'(1/2) = 0 and " (1/2) = 0 by the symmetry (2.23). For
each m > 2 there is an (m — 1)-parameter family of potentials so that f(1/2) = 0 and
£ (1/2) # 0 holds in addition. In this case the contribution of the stationary phase point

k* = 1/2 to the correlation functions in the asymptotic regime t — 00 with bounded j/t4%
1

is given by (\* defined as in statement (a) with k* = 3)
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—1/ . i
SuGL 0, Sl D g (e”f%)m ( . )) +O@ 1)
2BTAKLE AELd

S12G. 0, S50 ¢ —sgn (Y B~y (e”f@m (i)) +oah

1
sodd 2,37'[)\*[1 A¥ta
+ I
A*td

Proof We begin by proving formula (2.41) for the momentum or position correlations
S20(j, t) = S11(J, t) under the assumption that we have found a k* € (0, 1/2) for which all
the relations of (2.40) are satisfied.

From (2.30) and Lemma 2.3 we obtain

2
3
S33(j, 1) : +0@17 1),

4[32712()\*)2&
(2.45)

1 . .
SHGL 1) = Sn(j, 1) = %m f ’ (e"“f(k)“”k%) n e”<f<">*2”k%>) dk. (2.46)
0
In order to compute the contribution of the stationary phase point k* to the large  asymptotics
of the integral in (2.46) we expand

fk) = F) 4+ 2mv*(k — k") + FOO U (k — k5 /41 + O ((k — k*)°).

Introducing the change of variables
1 .
R N e e FARICRILIE
b4

one obtains

. . U*t—j 4 _1
tf (k) —2mjk = tf (k™) — 2w jk* + ol £y 4+ 0@79)

where the =+ sign is determined by the sign of f@¥)(k*). Then using the Pearcey integral
(2.44), the expansion (2.41) can be derived in a straightforward way from (2.46). In a similar
way the expansions (2.42) and (2.43) are obtained by applying the above analysis to the
expression (2.39).

In the situation k* = 1/2 of statement (b) one uses in addition that t¢+(1/2, j/t) =
tf(1/2) £ jm, 0(1/2) = =Y 0 t(1 — cos(ws)) = =2 4a Ts» s€€ (2.21), and conse-
quently e ?(1/2) = _ en(} ", .44 Ts)- The leading order contribution of the stationary phase
point k* = 1/2 to the integral representation of, say, Si2 in (2.39) is then given by

(-1)/ o (0 iy O
—sgn Z )| ——3 (eu‘f(j) </ puc; —wy)dy+/ pUcS +wy)dy>>
2B A*t —00 —00

odd

withw = — . In this way and with the help of (2.28) all relations of (2.45) can be deduced.
At d

We now show the existence of a codimension 1 manifold in parameter space that exhibits

such higher order stationary phase points in the situation of (b) where k* = 1/2. As we have

f""(1/2) = 0 by symmetry (2.23) we only need to solve

l m
f <§> =0 which is equivalent to Z s2(—=1)" Tk, = 0. (2.47)

s=1
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The solution of the above equation is

(—l)m m—1
Z s2(—=1)5H g, (2.48)

s=1

Km =
mZ

Itis clear from the above relation that for m even, choosing « sufficiently big one has k,,, > 0

(S+21)2Ks >0,soddand 1 <s <m — 2.

Note that in the situation of (2.48) £ () # 0 holds iff Y 7" | kys*(—1)**! # 0. This
condition simply removes an (m — 2)-dimensional plane from our manifold (2.48) which
defines a hyperplane in the positive cone of the m-dimensional parameter space. Therefore
we have found an (m — 1)-parameter family of potentials such that the correlation functions
decay as in (2.45).

Finally, we show for m > 4 our claim about the solution set of (2.40). The case m = 3
is treated in Example 2.9. Our strategy is to first show that there exists a «* that satisfies
F'(/4, k") =0, f"(1/4,k*) =0, f'(1/4,k*) > 0, and 0V (1/4,k*) # 0. We then
invoke the Implicit Function Theorem to show the existence of the (m — 1)-dimensional
solution manifold, where the stationary phase point k* ~ 1/4 may and will depend on the
parameters. The conditions f”(%, k) = 0and f”/(%, k) = 0 imply

while for m odd, it is sufficient to choose k41 >

£ (%) =0 Y (DT sh =0, (2.49)
sodd
e 3 5
f <Z> =0— (2 %K +2sze:n,<s(1 - (—1)2)) ;;ns%(—l)z
2
- (Z SKS(—I)S2]) —0. (2.50)
s odd

One needs to treat the case m odd and even separately. Here we consider only the case m
even. The odd case can be treated in a similar way. Equation (2.49) gives

(-n# ’"Z” Dy
Kmo] = ———— — S7Ky.
! (m h 1)3 sodd,s=1 '

If m = 2¢ with £ even, a positive solution k1 exists, provided that « is sufficiently big. If
(s + 2)3
S

m = 2¢ with £ odd then one needs to require 0 < x5 < kstofors =1,5,9,...,m—5.
The equation (2.50) is a linear equation in k4 and we solve it for x4 obtalmng

m—3 2
( Z ks (— 1) T 5(1_ 1)2)>

1 sodd,s=1
K4 = —
32 m=3 B
PN ((,,1) 5 T4 Y w-nh
sodd,s=1 s even,s=2

m

1 s—
+T6 Z ssz(_l)Tz

s even,s#4,s=2

We observe that the first term in the above expreseion is always positive, while the second

term is positive if we require that kg > (o ) Ks42 > 0fors = 6,10,14,...,m — 2. The
remaining two conditions f’(1/4) > 0 and £V (1/4) # 0 are easy to satlsfy: the sign of
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f'(1/4) agrees with the sign of ) .. sks(— 1)% and can be made positive by choosing
k1 sufficiently large. In the situation where (2. 49) and (2.50) hold the fourth derivative
FU¥(1/4) does not vanish iff 3", .. s*ks(=1) 3 2 0. This can be achieved by adjusting,
for example, the value of k>. We have now shown that there exists k™ € ]Rm such that the first
four derivatives of f have all desired properties at k = 1/4. In order to obtain the (m — 1)-
dimensional solution manifold in parameter space, we apply the Implicit Function Theorem
to F(k, k) := (f"(k, k), f"”(k, k)). By a straight forward computation on sees that

IF G o 0" *
det[a(k (1/4, )} = /14 T (14 k) £ 0.

We can therefore solve F(k, k) = 0 near (1/4, k*) by choosing (k, k4) as functions of the

remaining parameters k ; with j # 4. O
Example 2.8 m even. Choosing ks = Siz fors = 1, ..., m one has that conditions (2.47) are
satisfied and £ (1) < 0.

For ky, = s%, s=1,...,m—1,2 < o < 3, and k,,, given by (2.48), there is ¢ = «(m)
such that k,;, < K—1.

m odd. Choosing «; = %, fors = 1,...m — 1, one has from (2.48) k,, = % < Km—1

and £V (1) > 0.
In all these examples the correlation functions Syo/ (j, 1), o, ' = 1,2 decrease as z_%
near j = 0.

Example 2.9 We consider the case m = 3 and we want to get a potential that satisfies (2.40)
with v* > 0. We chose as a critical point of f(k) the point k* = % thus obtaining the
equations

The speed of the peak is v* = @ and f(i”)(%) = —%n“«/x_].

The correlation functions Sy (j, 1), o, o' = 1, 2 decrease as t’% and S33(j, t) decreases
like =2 as f — oo and Jj ~ v*t, see Fig. 3. Note that one may obtain a 2-parameter family
of solutions of (2.40) by picking, for example, the particular solution related to x; = 1 and
by showing that the system of equations (", f”")(k, k) = 0 can be solved near (1/3, 1, 1/8,
7/72) by choosing k and k3 as functions of x1 and k7 using the Implicit Function Theorem
in the same way as at the end of the proof of Theorem 2.7.

3 Complete Set of Integrals with Local Densities, Currents and
potentials, and Some Numerics for Nonlinear Versions

3.1 Circulant Hierarchy of Integrals

In this section we construct a complete set of conserved quantities that have local densities.
The harmonic oscillator with short range interaction is clearly an integrable system. A set of
integrals of motion is given by the harmonic oscillators in each of the Fourier variables: H =
(7, + l0j*(g;1?). j = 0,... ~=1. However, when written in the physical variables p
and q, the quantities
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Z kT 71 (pepr + o qran)

depend on all components of the phys1ca1 variables. We now construct integrals of motion
each having a density that involves only a limited number of components of the physical
variables and this number only depends on the range m of interaction.

For this purpose we denote by {ek},]{\:o1 the canonical basis in R,

Theorem 3.1 Let us consider the Hamiltonian

H(p,q) = prp+ qTAq, (3.1

2

with the symmetric circulant matrix A as in (1.2), (1.3). Define the matrices {Gk},’y: | o be
the symmetric circulant matrix generated by the vector %(ek + ey—k) and {Sk}fc"lzl to be the

antisymmetric circulant matrix generated by the vector %(ek — ey—x)- Then the family of
Hamiltonians defined as

1 ([ [
Hi(p, @) = 5PTGhp + SaTTTGTa = 2 D [pjpjk +77j4al (3.2)
Jj=0
1 N—1 m
Hxa (@) =pTTTSiTq =5 " [(Z fzpj+e) (rjk — r,,-_k>} , (33)
j=0 L \e=0
fork = 1,..., % together with Hy := H forms a complete family (H;)o<j<n-1 of

integrals of motion that, moreover, is in involution.

Proof Observe first that the Hamiltonian Hy = H is included in the description of formula
(3.2) as G equals the identity matrix. Using the symmetries Gl =G, 0<k<(N- 1)/2,
the Poisson bracket {F, G} = (Vg F, V,G) — (V4G, Vp F) may be evaluated in the form

{Hi, Hey = qT(TTG TGy — TTG(TGy)p, for0 <k, ¢ < M-
{Hy, H)) = pT(TTSTTTS,T — TTS,TTTST)q, for X <k, ¢ N 1,
{(Hy, H)} = qTTTGTTTS,Tq—pTTTS;TGyp, for0 < k < NTR Nl cp <N —1.

LSS}

All these expressions vanish. To see this, it suffices to observe that multiplication is commu-
tative for circulant matrices and, for the bottom line, that S, is skew symmetric: S ET = —5.
O

Now we introduce the local densities corresponding to the just defined integrals of motion

S _ : 3 (pipjex+rirj) fork =1, B
J (Z;n:oflpj+[) (rj+k—rj,k), fork_M,...,N.
together with their correlation functions
Sty (o0 1= (e 06" 0)) = (e ) e (0) (3.4)
and limits
Sk ) = lim S50G. 1), (3.5)

We present explicit formulas for the limits Sk , in Appendix C: from which one can deduce
that they have the same scaling behaviour as the energy-energy correlation function S33 when
t — 00.
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3.2 Currents and Potentials

In this subsection we write the evolution with respect to time of 7, p; and e; in the form
of a (discrete) conservation law by introducing the currents. Each conservation law has a
potential function that is a Gaussian random variable. In the final part of this subsection we
determine the leading order behaviour of the variance of this Gaussian random variable as
t — oo in the case of nearest neighbour interactions.

For introducing the currents we recall that r = T'q with T as in (1.7). Then one has

m
rj =ZT]‘£P£ :Zfl(ijrf_pj)s Tj+N =7T;j
= (3.6)

ZTe,rz Zfz(r,—r, 0 pPj+Nn="rj, j=0,...,N—L
=1

To write the above equation in the form of a discrete conservation law we introduce the local
currents

m m
j(r) ij+l+v Z T, J(p) erHstrg. (3.7)
s=1 l=s

l=s+1

Then the equations of motion (3.6) can be written in the form

=" =g, (3.8)
pi=T" -gP. j=0.....N-1L (3.9)

From the above equations it is clear that the momentum p; and the generalized elongation

|
rj are locally conserved. The evolution of the energy e; := = p? + =

5 r 2 at position j takes

2
the form

s—1

6j=79 -39, 79 = erZr,H SHEPHI+L- (3.10)
s=1 =

We remark that all the currents jj(r) , j](p ) and jj(g) are local quantities in the variables q
and p. Observe furthermore that the total current iJ j(p ) for the momentum is a multiple

of the total stretch and that the total current ) ; .71.(” for the stretch is a multiple of the
total momentum. Therefore these two total currents are conserved quantities. However, the
total current for the energy > j .7;6) is not a conserved quantity. Of course, one could easily

remedy this by simply subtracting the mean total current from each 7 ) at the cost of losing
the local nature of the current. It is an interesting question whether one can find more integrals
of motion (besides momentum and stretch) with corresponding currents that are both local
quantities in the variables q and p so that the currents are conserved. To the best of our
knowledge this is an open question even in the simplest case of linear nearest-neighbour
interactions.

We recall the notation of the introduction

u(j,1) = (rj(), p;j),e;),
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and we introduce the vector of currents J (j, 1) = (J /.(r) ®),J /.(p (1), Jj(e) (1)) . The equations
of motion take the compact form ' '

d
Eu(j,t) =JG,—=JG—-1,0.

We define a potential function for the above conservation law

®(j, 1) = / J(, thdt' + Zu(z 0).
£=0
Then itis straightforward to verify that ®,(j, t) = J(j,t)and ®(j, 1) —®(j—1,1) = u(j, ).
The quantities ®;(j,#) and ®,(j, ) can be expressed as sums of independent centered
Gaussian random variables and are therefore also Gaussian random variables with zero mean
and variance ((®(J, )2) and (D2 ( J, 1))2), where all the averages are taken with respect to
the distribution (1.9), see also (2.10). We calculate the variance for the case of the harmonic
oscillator with nearest neighbour interactions. In this particular case

®1(j. 1) = k1 / P (@t +Zre(0) JRT@j41(1) = g0(0))

=0 (3.11)
@2/, = V& [ 0+ e
=0

After some lengthy calculations one obtains:

(@10, 0)%) ﬁ / ()72 [1 = cos (Jo(k)|1) cos (27 (j + Dk)]dk  (3.12)

N@l (D2(j, 1))%) =% / | (k)| 2(1—cos(|a)(k)|z))cos(27t(J—I—l)k)dk—i—Jl‘%l.
(3.13)

Evaluating the r.h.s. of the above expressions in the limit 1 — oo we arrive to the following
theorem.

Theorem 3.2 In the limit N — 00 and t — o0 the quantities ®1(j, t) and ®(j, t) defined
in (3.11) are Gaussian random variables that have the following large t behaviour:

lim ®(j, 1) =N(0,02) and  lim ®y(j, 1) =N(0,03). (3.14)
N—o0 N—o0

The leading order behaviour of the variances 012 and 022 agrees. In the physically interesting

region m < Jk1 it is given by

+0(t35) = 0% (3.15)

The proof of the above theorem relies on steepest descent analysis of the oscillatory integrals
in (3.13). But because the integrand is actually quite large ( ~ Ct?) near k = 0, we consider
the following Cauchy-type integral instead,

121 — cos (o (k) |1) .
Fo(z) = 2712,8 / s * =272 cos 2 (j + V)k)dk , (3.16)
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which gives the leading order asymptotic behaviour of the integrals appearing in (3.13), since

1/2

% |a)(k)|_2(1 —cos (Jw(k)|t)) cos 2 (j + Dk)dk — Fp(0) - 0 ast,j — 00.
/2

B
(3.17)

For |{—| < (1 =€) /k1, € > 0, the analysis of Fy(z) is quite straightforward - a standard
stationary phase calculation combined with a contour deformation to permit the evaluation
at z = 0. For ¢ and j growing to oo such that '%‘ ~ /K1, the analysis is more complicated
because the point of stationary phase is encroaching upon the origin, where the integrand itself
is actually large as + — oo. For this case, one must construct a local parametrix, following
quite closely the analysis presented in [5], and we omit the details of this analysis. In order to
analyse @ observe that the difference of the integrals in relations (3.12) and (3.13) is given
by fol lw k)| "2 [1 = cos (27 (j + Dk)] dk which can also be treated by a stationary phase
calculation combined with a contour deformation.

3.3 Nonlinear Regime

In this section we consider a nonlinear perturbation of the harmonic oscillators with short
range interactions of the form

N— 1 m 1N—l
H(p,q) = Z = +ZKY 3 2 = a4’
j=0 j=0
X N— Y N—-1
4
+3 Z i)’ + g @ =" | (3.18)
: ]:

We consider Examples 2.8 and 2.9 with different strengths of nonlinearity namely

x =0.01 and y = 0.001

1
m=2k1=1,k=—,
4 x =0.1and y =0.01

1 7 { x = 0.01 and y = 0.001

m=3,k1=1,kp==,kp=—,
8 72 x =0.1and y =0.01

We numerically compute and study the correlatios functions for these systems sampling the
initial conditions according to the Gibbs measures of just their harmonic part at temperature
gl=1.

In the weakly nonlinear case, the fastest peaks of the correlation functions scale numeri-
cally according to the Airy parametrices (cf. Theorem 2.6) as can be deduced from the top
pictures in Figs. 4, 5 while for stronger nonlinearity the fastest peaks seem to scale like t% in
equation (1.11), see bottom figures in Figs. 4, 5. The non generic peaks that are present in the
linear cases and scale like 7'/4 have a fast decay in the case of strong nonlinearity. However
for weak nonlinearities, the central peak in the top left Fig. 4, still scales in time like 1.
Indeed performing a regression analysis of the log-log plot one can see a scaling like r~0-267
that is slightly faster then 1 (see Fig. 6).
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Appendices
A: Proof of Proposition 2.2

Proof In view of the notation introduced in (1.3), (1.4), and (1.7) the proof of Proposition
2.2 amounts to showing the existence of 1, ..., T, € R satisfying ) i 7y = 0 such that

0" 0@z) =t(z) forallz € C\ {0}, where
Q@) =1+tz+...+ 7" and
@) = —kmz " — .. =K1z tag—kz— ... —km2™. (AD)

The existence of the 7;’s is a consequence of the Fejér-Riesz lemma. For the convenience of
the reader we present a proof following the presentation in [16, pg. 117 f]. Denote by P the
polynomial of degree 2m given by P(z) := z""£(z). Observe that for all x € R we have

m m
L™ =ap—2) kjcos(jx) =ap—2) k; = 0.
j=1 j=1

By the positivity of k1 equality holds in the inequality above iff cos(x) = 1. This implies that
P has no zeros on the unit circle |z| = 1 except for z = 1. We denote by nx, 1 < k <r_, the
zeros of P that lie within the unit disc x| < 1 and by &, 1 < k < r-, the zeros of P with
|&x| > 1, recorded repeatedly according to their multiplicities, so that

P(@) =—nz— D" [Je—m) [[c—&). (A2)

k=1 k=1

Using the uniqueness of such a factorization for any polynomial together with the relation
22mP(z=1) = P(z) one obtains that 7~ = r- and that the zeros can be listed in such a way that
= S,:l forall1 < k < r_.Moreover, welearnthatrgisevenwith1 < ¢ :=ro/2 = m—r_.
Now it follows from formula (A.2) that
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I(z) = z27"P(2)

=c@ ' =-De-DJ]e" - []e-&

k=1 k=1

with ¢ 1= —k;, (—1)° 1:[(—%:1) #0.

k=1

Choosingd € Cwithd? = ¢ weseethat Q(z) := d(z—1)° ]_[;;1 (z—&p) satisfies (A.1). Next
we show that the coefficients of the polynomial Q are real. To this end observe that P has real
coefficients and therefore all non-real zeros of P come in complex conjugate pairs with equal
multiplicities. Therefore the polynomial d~'Q(z) = Z;"l:o s jzj has only real coefficients
s;j.Relation (A.1) implies ag = d 2 ZT:O s?. Consequently, d is the quotient of two positive
numbers and d must be real. Thus we have t; = ds; € Rforall 0 < j < m. We complete
the proof by arguing that >, 7, = 0 and (37, s7,)? = 37", 5%k, hold true. This can
be deduced from (A.1) via Q(1)? = £(1) =0 and —2Q'(1)? = ¢ (1) = = Y, 25%k,. O

B: Pearcey Integral

The general Pearcey integral is defined as
- . 4 b 2
P, a) = / JUHPHA gy 0 <arghb <7, a €R. (B.1)
—00

This integral describes cusp singularities in physical phenomena, like the semiclassical limit
of the linear Schrodinger equation. The integral (B.1), after a rotation of the integration path
through an angle of 77/8 that removes the rapidly oscillatory term e’ ’4, can be written in the
form }_’(b, a) = Zei”/SP(be_i”M, aei”/g), with

o0 4 b2
P, a) :=/ e~ cos(at)dt. (B.2)
0

We are interested in the case b = 0. The corresponding integral is absolutely convergent for
all complex values of a and represents the analytic continuation of the Pearcey integral. For
the Pearcey integral Py (a) defined in (2.44) we obtain

Po(a) =278 P(0, ae'™®).

Note that the integral P_(a), also defined in (2.44), can be related to the function P by rotating
the integration path by an angle of —/8. This gives P_(a) = 2¢ /3 P(0, ae~""/%). From
this we learn that P_(a) = P4 (a). On the reals we therefore have

P_(a) =P4(a), acR.
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C: Integrals of Motion Correlation Functions

Here, for completeness, we report the limiting correlation functions for the integral of motions
as defined in (3.5). Using the notation f(k) = |w (k)| introduced in Lemma 2.3 they are:

1 1 1
5 || eosG@mcos (£ cos mat = cos (s +0)
~+ cos (f(x)t) cos (f(y)t)cos 2mxj)cos Quy(j + k — n)) (C.1)
+sin (£ (00 sin (f (3)1) cos 2ax(j — n)) cos 2 y(j + k) cos(@(x)) cos(@ ()
~+ sin (f (x)¢) sin (f (y)t) sin Qrx(j — n)) sin Cry(j + k)) sin(@(x)) sin(6(y))dxdy

Sk3n3(J, 1) =

fork,n < %,

Snt3k+3(J, 1)
1

T 2p?

+ fz(x) cos(f(x)t)cos(f(y)t)cos (2mwxj)cos (2w yj) sin (2w yn) sin (27 yk) dxdy

1 pl
/ / f(x) f(y)sin (f(x)t)sin (f(y)t)sin (2wxj) sin (27 yj) sin (2w xn) sin (27 yk)
0o Jo

(C2)

fork,n > % and

Sn43,k+30 1)

1
T2
+ cos 2mxj — 0 (x)) sin (2w yj) sin (27w yk) cos (2w yn) sin((f (x) — f(y))t)dxdy

1 1
/ / cos (27 xj — 0(x)) cos (2 yj) sin (27 yk) sin (27 yn) sin((f (x) + f(y)t) (C.3)
0 Jo

N—1 N—1
for k > S—.n < S5

D: Numerical Computation

The numerical computations have been implemented with Python software, all codes are
available on GitHub [11]. Figures 1 and 3 are the result of the numerical evaluation via the
standard routine numpy . trapz of the integrals in (2.25)—(2.28) for various values of j and
t and then we just added the Airy function (1.16) and the Pearcey integral (2.45).

To obtain Fig. 4 we proceed in the following way. First we sampled a random initial
data according to the Gibbs measure defined by the corresponding harmonic part of (3.18),
namely the Hamiltonian of Example 2.8 with m = 2. We let these data evolve according to
the Hamilton equations (3.18) and compute the values of the correlations function. Then we
repeated this procedure 4 x 10° times and we averaged the values of the correlations functions.
On the left panel we plot the correlation functions, instead on the right one we focus on the
extreme peak and we guess a proper scaling depending on the size of the perturbation. Figure
5 is made in a similar way. In this case the nonlinear potential has the same harmonic part as
Example 2.9.

In Fig. 6 we focus our attention on the central peak of the chain with potential as is Fig. 4.
We follow the same procedure as before and plot in logarithmic scale the average scaling of
the highest peak in the center of the chain. We decide to plot the average height of this peak
since it is highly oscillatory and it is difficult to precisely track the oscillations.
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