
Correlation in Catalysts Enables Arbitrary Manipulation of Quantum Coherence

Ryuji Takagi1, ∗ and Naoto Shiraishi2, †
1Nanyang Quantum Hub, School of Physical and Mathematical Sciences,

Nanyang Technological University, 637371, Singapore
2Department of Physics, Gakushuin University, 1-5-1 Mejiro, Toshima-ku, Tokyo 171-8588, Japan

Quantum resource manipulation may include an ancillary state called a catalyst, which aids the transformation
while restoring its original form at the end, and characterizing the enhancement enabled by catalysts is essential
to reveal the ultimate manipulability of the precious resource quantity of interest. Here, we show that allowing
correlation among multiple catalysts can offer arbitrary power in the manipulation of quantum coherence. We
prove that any state transformation can be accomplished with an arbitrarily small error by covariant operations
with catalysts that may create a correlation within them while keeping their marginal states intact. This presents a
new type of embezzlement-like phenomenon, in which the resource embezzlement is attributed to the correlation
generated among multiple catalysts. We extend our analysis to general resource theories and provide conditions
for feasible transformations assisted by catalysts that involve correlation, putting a severe restriction on other
quantum resources for showing this anomalous enhancement, as well as characterizing achievable transformations
in relation to their asymptotic state transformations. Our results provide not only a general overview of the power
of correlation in catalysts but also a step toward the complete characterization of the resource transformability in
quantum thermodynamics with correlated catalysts.

Introduction. — Quantum superposition, also known as
quantum coherence, is one of themost striking quantum features
and also a useful operational resource in quantummetrology [1],
quantum clock [2], and work extraction [3]. In quantum
thermodynamics, the presence of coherence is considered
as the main source of difference between semiclassical and
quantum setups [4]. Under the presence of a conserved quantity
such as Hamiltonian, one is restricted to the operations that
cannot create coherence. These operations, known as covariant
operations, are subject to many restrictions originating from the
superselection rule [5–11], while preshared coherent states can
lift their operational capability [12–14]. This motivates us to
obtain a precise understanding of how one could quantify and
efficiently manipulate coherence, for which a resource-theoretic
approach has been proven useful [15–17].

Characterizing the possible state transformations under given
accessible operations is a central problem in any operational
setting with physical restrictions. To understand the fundamen-
tal resource transformability, one needs to consider an ancillary
system serving as a catalyst, which keeps its form at the end
of the transformation. Several possible scenarios for catalytic
transformations have been proposed. The first scenario consid-
ers an uncorrelated catalyst 𝜏 that enables the transformation
from 𝜌 ⊗ 𝜏 to 𝜌′ ⊗ 𝜏 [18–27]. Although uncorrelated catalysts
can enhance state transformation in some settings such as entan-
glement theory [18, 19] and quantum thermodynamics [22, 23],
any pure uncorrelated catalyst fails to change the power of
coherence transformation by covariant operations [28, 29]. The
second scenario extends the uncorrelated catalysts by allowing
correlation between the system and the catalytic system at the
end of the protocol, where we consider a transformation from
𝜌 ⊗ 𝜏 to �̃�𝑆𝐶 such that Tr𝐶 �̃�𝑆𝐶 = 𝜌′ and Tr𝑆 �̃�𝑆𝐶 = 𝜏, in
which we call 𝜏 a correlated catalyst [30–39]. The power
of correlated catalysts in covariant operations was discussed
in terms of coherence broadcasting, where it was shown that
correlated catalysts do not allow covariant operations to create

finite coherence from zero coherence [40, 41].
These observations on the limitations of catalysts in coher-

ence transformation motivate us to investigate other forms of
catalysts that could enhance covariant operations. An interest-
ing setting was offered in quantum thermodynamics. Lostaglio
et al. [42] considered transformations with multiple catalysts
where correlation can be present among the catalysts at the
end of the transformation, i.e., from 𝜌 ⊗ 𝜏𝐶 (0) · · · ⊗ 𝜏𝐶 (𝐾−1) to
𝜌′ ⊗ 𝜏𝐶 (0) ...𝐶 (𝐾−1) while the marginal state of 𝜏𝐶 (0) ...𝐶 (𝐾−1) on
each catalytic system𝐶 ( 𝑗) remains as the original catalyst 𝜏𝐶 ( 𝑗) .
They showed that quasiclassical transformations by thermal
operations [43] in this form are characterized solely by the free
energy, surpassing the enhancement provided by uncorrelated
catalysts [22]. Although the perfect reusability is generally lost
due to the correlation generated among the final state of the
catalysts, we follow the terminology in Ref. [31] and call such a
finite set of states ⊗𝐾−1

𝑖=0 𝜏𝐶 ( 𝑗) marginal catalysts. Characterizing
the capability of covariant operations with marginal catalysts
will provide insights into an ultimate coherence manipulability,
as well as differences in operational capability of covariant
operations and thermal operations, the latter of which is a
subclass of the former. Although significant progress has been
made for qubit coherence transformation [29], the potential of
marginal catalysts in general coherence transformation has still
been left unclear.
Here, we show that correlation among catalysts can com-

pletely remove the aforementioned limitations and even provide
unlimited power to coherence manipulation. We prove that co-
variant operations assisted bymarginal catalysts enable any state
transformations with arbitrary precision, making a high contrast
to coherence transformation with the other catalytic settings.
Furthermore, we discuss the underlying mechanism of this
phenomenon from the viewpoint of general resource theories
of quantum states [9, 44–58]. We show that an arbitrary state
transformation is forbidden in a wide class of resource theories,
establishing the peculiarity of quantum coherence among other
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quantum resources. We also relate single-shot catalytic trans-
formations to the asymptotic transformation in general resource
theories and exactly characterize feasible state transformations
for several important settings such as quantum thermodynam-
ics, entanglement, and speakable coherence [59, 60] with the
resource measures based on the relative entropy [61], offering
them with an operational meaning in terms of extended classes
of single-shot catalytic transformations.

Arbitrary state transformation. — For an arbitrary sys-
tem 𝑋 with dimension 𝑑𝑋 , let D(𝑋) be the set of quantum
states defined in 𝑋 and 𝐻𝑋 =

∑𝑑𝑋−1
𝑖=0 𝐸𝑋,𝑖 |𝑖〉〈𝑖 |𝑋 be its Hamil-

tonian where |𝑖〉𝑋 is an energy eigenstate. When multiple
systems 𝑋0, 𝑋1, . . . , 𝑋𝑁−1 are involved, we consider the to-
tal Hamiltonian over the systems in the additive form as
𝐻𝑋0...𝑋𝑁−1 =

∑𝑁−1
𝑖=0 𝐻𝑋𝑖 ⊗ I𝑖 where 𝑖 refers to the systems

other than the 𝑖 th system. Coherence between eigenstates with
distinct energies can be quantitatively analyzed in the resource
theory of asymmetry with U(1) group [62]. Resource theories
are frameworks accounting for the quantification and manipu-
lation of precious quantities with respect to freely accessible
quantum states and dynamics under given physical settings [44].
The resource theory of asymmetry considers states without
coherence, i.e., invariant under time translation, as free states
and covariant channels as free operations. We call a channel
E : D(𝐴) → D(𝐵) covariant if its action is invariant under
time translation, i.e., 𝑒−𝑖𝐻𝐵𝑡E(𝜌)𝑒𝑖𝐻𝐵𝑡 = E

(
𝑒−𝑖𝐻𝐴𝑡 𝜌𝑒𝑖𝐻𝐴𝑡

)
for any 𝜌 and 𝑡. Importantly, covariant operations cannot
create coherence from incoherent states, making coherence
a precious quantum resource under the situation where only
covariant operations are accessible. Such a situation arises
when energy-conserving dynamics are concerned. It is known
that a map E is covariant if and only if it can be implemented by
an energy-conserving unitary𝑈𝑆𝐸 satisfying [𝑈𝑆𝐸 , 𝐻𝑆𝐸 ] = 0
as E(·) = Tr𝐸 [𝑈𝑆𝐸 (· ⊗ 𝜎)𝑈†

𝑆𝐸
] where 𝜎 is an ancillary inco-

herent state [17, 63]. If the ancillary state is restricted to the
Gibbs state in 𝐸 , the channels in this form coincide with the
thermal operations [43]. Therefore, covariant operations can
be seen as an operation that focuses on the coherence part of
the resource in quantum thermodynamics, and clarifying the
difference in operational power between covariant operations
and thermal operations under the same catalytic setting will
help pinpoint the roles played by classical athermality and
quantum coherence [64].
We first formally define the marginal-catalytic covariant

transformation as follows. (See also Fig. 1.)

Definition 1. 𝜌 ∈ D(𝑆) is transformable to 𝜌′ ∈ D(𝑆′)
by a marginal-catalytic covariant transformation if there
exists a constant 𝐾 and a state ⊗𝐾−1

𝑗=0 𝜏𝐶 ( 𝑗) in a finite-
dimensional system ⊗𝐾−1

𝑗=0 𝐶
( 𝑗) and a covariant operation

E : D(𝑆𝐶 (0) . . . 𝐶 (𝐾−1) ) → D(𝑆′𝐶 (0) . . . 𝐶 (𝐾−1) ) such that
E(𝜌 ⊗ 𝜏𝐶 (0) · · · ⊗ 𝜏𝐶 (𝐾−1) ) = 𝜌′ ⊗ 𝜏𝐶 (0) ...𝐶 (𝐾−1)

Tr
𝐶 ( 𝑗) 𝜏𝐶 (0) ...𝐶 (𝐾−1) = 𝜏𝐶 ( 𝑗) , ∀ 𝑗 ,

(1)

where Tr
𝑋
denotes the partial trace over the systems other than

𝑋 .

system(S)

catalysts(C)

covariant operation system(S)

catalysts(C)

FIG. 1. Schematic of marginal-catalytic covariant transformations.
Each catalyst should get back to the original state, while it can correlate
with the system and other catalysts.

Marginal catalysts can be seen as an extension of a catalytic
transformation in the sense that the final state keeps some
properties of the initial state in an exact form. Our main
focus here is not to keep the repeatable property of catalytic
transformations but to investigate how the state transformability
could be enhanced by the nontrivial change of the setting
regarding the correlation. Nevertheless, we can also motivate
this specific setting operationally; although the final catalyst
as a whole is not reusable in the next round, some parts of
it can be reused multiple times without the degradation of
performance in the desired state transformation. We discuss
this partial reusability ofmarginal catalysts in the Supplemental
Material [65].
Our main result shows that, despite the apparent limitations

in catalytic coherence transformation with uncorrelated and cor-
related catalysts [28, 29, 40, 41], marginal catalysts can provide
extraordinary power—in fact, any state transformation can be
accomplished by a marginal-catalytic covariant transformation
with arbitrary accuracy.

Theorem 2. For any 𝜌 ∈ D(𝑆), 𝜌′ ∈ D(𝑆′) and 𝜖 > 0, 𝜌 can
be transformed to a state 𝜌′𝜖 ∈ D(𝑆′) such that 12 ‖𝜌

′−𝜌′𝜖 ‖1 ≤ 𝜖
by a marginal-catalytic covariant transformation.

We sketch our proof in a later section, while deferring the
detailed proof to the Supplemental Material.
Theorem 2 implies that marginal catalysts can trivialize

coherence transformations, fully generalizing the result in
Ref. [29] established for the qubit state transformations to those
involving arbitrary Hilbert spaces of finite dimensions. Notably,
the result can be extended to the implementation of an arbitrary
quantum channel (see the Supplemental Material).
Our result makes a high contrast to quantum thermody-

namics, in which state transformations by marginal-catalytic
thermal operations respect the ordering of the free energy [42].
A related phenomenon is known as embezzlement [67], where
a negligibly small error in a catalyst enables an arbitrary trans-
formation. We stress that marginal-catalytic transformations
recover the marginal states exactly and are fundamentally differ-
ent from the mechanism of the well-known embezzlement. In
fact, as discussed below, the trivialization of state transforma-
tions by marginal catalysts is an unusual phenomenon, which
shows a clear contrast to the embezzlement seen in a broad
class of resource theories from entanglement [67] to quantum
thermodynamics [22].

Comparison to other quantum resource theories. —Itmay
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appear odd that one can create unbounded coherence in themain
system while keeping the reduced states of the catalysts intact.
To get insights into this phenomenon, let us consider whether
marginal catalysts could provide similar enhancement in other
quantum resource theories. Each resource theory is equipped
with a set F of free states and a set OF of free operations [44].
For given these sets, one can define a resourcemeasureℜ, which
evaluates zero for any free state, i.e., ℜ(𝜎) = 0 for any 𝜎 ∈ F ,
and does not increase under free operations, i.e., ℜ(E(𝜌)) ≤
ℜ(𝜌) for any 𝜌 and for any E ∈ OF . We particularly call
it superadditive if ℜ(𝜌12) ≥ ℜ(Tr2 [𝜌12]) + ℜ(Tr1 [𝜌12]) for
any state 𝜌12 ∈ D(𝑆1 ⊗ 𝑆2) and tensor-product additive if
ℜ(𝜌1 ⊗ 𝜌2) = ℜ(𝜌1) +ℜ(𝜌2) for any 𝜌1 and 𝜌2.
The setup of catalytic transformations can be extended to

any resource theory. We say that 𝜌 is transformable to 𝜌′
by a correlated-catalytic free transformation if there exists a
finite-dimensional catalyst 𝜏 such that 𝜌 ⊗ 𝜏 can be transformed
to �̃�𝑆𝐶 with Tr𝐶 �̃�𝑆𝐶 = 𝜌′, Tr𝑆 �̃�𝑆𝐶 = 𝜏 by a free operation.
Then, we can show that any resource measure satisfying the
above two properties remains a valid resource measure under
the two catalytic transformations involving correlation. (See
the Supplemental Material for a proof.)

Proposition 3. For any given F and OF , suppose that a
resource measure ℜ satisfies the superaddtivity and the tensor-
product additivity. Then, if 𝜌 is transformable to 𝜌′ by a
marginal-catalytic or correlated-catalytic free transformation,
ℜ(𝜌) ≥ ℜ(𝜌′) holds.

We remark that a related observation was made in the
context of quantum thermodynamics [31]. This puts a severe
constraint on the possibility of arbitrary state transformation.
If there exists even a single resource measure satisfying the
superadditivity and the tensor-product additivity, then marginal
catalysts do not enable an arbitrary state transformation as
long as the resource measure is faithful, i.e., any non-free
state takes a non-zero value. (See also Refs. [41, 68] and
discussion below.) In fact, one can find such measures in many
resource theories, including quantum thermodynamics [31],
entanglement [69, 70], and speakable coherence (superposition
between given orthogonal states) [59, 60, 71], prohibiting the
anomalous resource transformation with marginal or correlated
catalysts.
On the other hand, Theorem 2 and Proposition 3 imply that

there never exists a coherence measure that is superadditive,
tensor-product additive, and faithful. Our results parallel previ-
ous observations; recent analytic proofs of the violation of super-
additivity of coherence measures employ covariant operations
that can amplify the sum of local coherence indefinitely [41, 68].
Examples of tensor-product additive and faithful coherence
measures include the Wigner-Yanase skew information [16, 72]
and other metric-adjusted skew informations [73, 74], which
indeed violate the superadditivity [68, 75, 76]. More generally,
it was shown that any faithful measure of asymmetry cannot
be superadditive [41]. These results together with Theorem 2
and Proposition 3 indicate an intimate connection between the
anomalous coherence amplification and the violation of the

superadditivity of coherence measures.
Besides the necessary conditions established in Proposi-

tion 3, we can also formulate sufficient conditions using a
general method of converting asymptotic transformations to
one-shot correlated-catalytic transformations [36]. (See the
Supplemental Material for a proof.)

Proposition 4. For any given F and OF , suppose that OF
includes the relabeling of the classical register and free op-
erations conditioned on the classical register. Then, if 𝜌 is
asymptotically transformable to 𝜌′, there exists a free trans-
formation from 𝜌 to 𝜌′ with a correlated catalyst as well as
marginal catalysts with an arbitrarily small error.

Proposition 4 shows that sufficient conditions for asymp-
totic transformations are directly carried over to single-shot
catalytic transformations. This particularly implies that, in
a general class of convex resource theories, the regularized
relative entropy measure provides a sufficient condition for
these single-shot catalytic transformations under asymptoti-
cally resource non-generating operations, given the generalized
quantum Stein’s lemma holds [46, 77] (see also Ref. [78] for
the recent argument about the incompleteness in the proof of
the generalized quantum Stein’s lemma).
Combining Propositions 3 and 4, we arrive at the complete

characterizations of marginal- and correlated-catalytic free
transformations for various settings in which the resource
measures governing asymptotic transformations satisfy the
tensor-product additivity and superadditivity. These include
several well-known relative entropy based measures, such as the
free energy in quantum thermodynamics with Gibbs-preserving
operations [36, 54, 58, 79], the entanglement entropy with
LOCC pure state transformations [37, 38, 80], and the relative
entropy of speakable coherencewith several free operations [81–
84]. Notably, Proposition 3 and 4 imply the equivalence in the
power of correlated and marginal catalysts for these scenarios.

Correlated-catalytic covariant transformations. — Al-
though Theorem 2 reveals the exceptional power of marginal
catalysts, the power of correlated catalysts in coherence transfor-
mation still remains elusive. In particular, when the initial state
has non-zero coherence, neither the coherence no-broadcasting
theorem [40, 41] nor Proposition 3 prohibits preparing an arbi-
trary state. We conjecture that a broad class of transformations
is possible with correlated catalysts under the presence of initial
coherence.

Conjecture 5 (Informal). Let C(𝜌) be the set of energy differ-
ences for which 𝜌 possesses non-zero coherence. Then, for any
states 𝜌 and 𝜌′, 𝜌 can be transformed to 𝜌′ with an arbitrarily
small error by a correlated-catalytic covariant transformation if
and only if every energy difference in C(𝜌′) can be written as
a sum of integer multiples of energy differences in C(𝜌).

The idea behind this is that correlated-catalytic covariant
transformations should be able to amplify and manipulate the
coherence of the initial state to realize any degree of coherence
for the energy differences that are combinations of the initial
ones with non-zero coherence. Thus, if these energy differences
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FIG. 2. Schematics for Steps 1 and 2. (a) One cycle of the two-
level coherence amplification subroutine. (b) We run the two-level
amplification protocol to increase coherence in 𝐶𝑎 together with 𝐶𝑏 .
We transfer this increased coherence to 𝑅 and restore the state in 𝐶𝑎
to the original form. (c) We amplify the coherence generated in 𝑅
with many rounds of the two-level amplification protocol.

cover those of the target state with non-zero coherence, 𝜌 should
be transformable to 𝜌′ under a correlated-catalytic covariant
transformation.
In the Supplemental Material, we present a precise statement

of the conjecture and support it by proving the state trans-
formability under a slightly larger class of catalytic covariant
operations, together with several other observations.

Proof sketch for Theorem 2. — To prove our claim, it
suffices to provide a protocol that prepares a final state from
scratch with an arbitrarily small error. Our protocol makes use
of the procedure introduced in Ref. [29] as a subroutine, which
amplifies coherence in two-level systems using a correlated
catalyst by a small amount (Fig. 2.(a)). This can particularly
bring a coherent state Σ([) B (I + [𝑋)/2 with [ > 0, 𝑋 B
|0〉〈1| + |1〉〈0| to another coherent state Σ([′) with [′ > [

using a catalyst Γ([) B 1
2

(
I +

√
3[
2 𝑋 + 4−[

2

6 𝑍

)
, and sequential

application of this protocol allows us to realize any coherent
state on the 𝑋 axis of the Bloch sphere (excluding the pure state
[ = 1) with marginal-catalytic covariant operations. Although
the authors of Ref. [29] claim that the whole sequence of
amplification is a correlated-catalytic covariant transformation,
their argument is, unfortunately, insufficient — in fact, the
total amplification process is marginal catalytic. We extend
detailed discussions about the two-level coherence amplification
subroutine in the Supplemental Material.
Our protocol consists of three main steps (Figs. 2 and 3). The

first step creates small coherence in an ancillary system, the
second step amplifies this coherence and constructs coherent
resource states, and the third step uses them to prepare the
target state with a covariant operation.

Step 1: Creating small coherence. (Fig. 2 (b)) We intro-
duce ancillary system 𝑅 consisting of two-level subsystems
{𝑅𝑖}𝑑𝑆′−1𝑖=1 whose Hamiltonians reflect the spectrum of 𝐻𝑆′ as
𝐻𝑅𝑖 = (𝐸𝑆′,𝑖 − 𝐸𝑆′, 𝑗★) |1〉〈1|𝑅𝑖 where 𝑗★ ∈ {0, . . . , 𝑑𝑆′ − 1}
is an arbitrarily chosen integer independent of 𝑖. We aim to
prepare a coherent state Σ([) with [ > 0 for each 𝑖. To this end,
we introduce catalytic subsystems 𝐶𝑎

𝑖
and 𝐶𝑏

𝑖
, both of which

have the Hamiltonian 𝐻𝑅𝑖 . We prepare catalysts 𝜏𝑎𝑖 B Σ([) in
𝐶𝑎
𝑖
and 𝜏𝑏

𝑖
B Γ([) in𝐶𝑏

𝑖
for some [ with 0 < [ < 1. We apply

(a) (b)

j*
ΔE1

ΔE1

ΔE2

ΔE2

1

2

FIG. 3. Schematics for Step 3. (a) Multiple copies of the resource state
in 𝑅 created in Step 1 constitute a state with the binomially distributed
energy statistics. (b) We use these coherent states as ancillary coherent
resource states to assist the energy transition required for the desired
unitary𝑉 . The error on the realized unitary from the desired one,𝑉 , is
quantified by the overlap between the original resource states and the
final resource states subject to an energy shift due to the backreaction,
which can be made arbitrarily small by creating a sufficiently large
resource state. These resource states are discarded at the end of the
protocol.

a single round of the two-level coherence amplification over
𝜏𝑎
𝑖
⊗ 𝜏𝑏

𝑖
, which increases coherence in 𝐶𝑎

𝑖
by a small amount

while keeping the reduced state on 𝐶𝑏
𝑖
unchanged. We transfer

the increased amount of coherence from 𝐶𝑎
𝑖
to 𝑅𝑖 by applying

a covariant unitary over 𝑅𝑖𝐶𝑎𝑖 , creating a non-zero coherence
in 𝑅𝑖 while bringing the reduced state on 𝐶𝑎𝑖 back to 𝜏

𝑎
𝑖
.

Step 2: Amplifying coherence.(Fig. 2 (c)) We amplify this
non-zero coherence generated in 𝑅𝑖 by the two-level coher-
ence amplification using another set of catalysts prepared in
⊗𝐾−1
𝑗=0 𝐶

( 𝑗)
𝑖
with a large enough integer 𝐾 . This prepares a state

close to |+〉 := ( |0〉 + |1〉)/
√
2 in 𝑅𝑖 .

Step 3: Prepare the target state. (Fig. 3) We repeat Steps 1
and 2 for 𝐿 (� 1) times to prepare a state close to |+〉⊗𝐿𝑅𝑖 for
each 𝑖, which is a superposition of energy eigenstates with
weights according to the binomial distribution. By employing
these states as ancillary coherent resource states, we can imple-
ment any unitary on 𝑆′ with arbitrary accuracy by a covariant
operation [5, 7, 12–14, 85–87]. Since any pure state on 𝑆′ can
be prepared by applying an appropriate unitary to an incoherent
state | 𝑗★〉𝑆′ , and any mixed state is realized by a probabilistic
mixture of pure states, we can obtain the total state whose
reduced state on 𝑆′ is 𝜌′𝜖 . Finally, the correlation between 𝑆′
and the catalytic system can be removed by using the technique
employed in Ref. [30], where we start with the final state in
another catalytic system and swap it with the marginal state
created in 𝑆′.
The accuracy of the whole protocol is determined by the

errors in preparing highly coherent resource states in Step 2
and in approximating unitary in Step 3, both of which can be
made arbitrarily small using finite-size catalysts, ensuring any
target error 𝜖 > 0. Also, since the required catalysts except
for the final step in removing the correlation do not depend on
the target state, they construct a universal family of catalysts
applicable to any state transformation if an arbitrarily small
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correlation is allowed between the main system and catalytic
systems.

Conclusions. —We studied catalytic state transformation
with marginal catalysts, which allow correlation among multi-
ple catalyst states at the end of the transformation. We showed
that marginal catalysts provide exceptional power to coherence
transformation, enabling any state transformation with arbitrar-
ily small error. To elucidate the peculiarity of how quantum
coherence behaves in catalytic transformations, we compared
it to other types of quantum resources by formulating condi-
tions for catalytic state transformations from the perspective
of resource quantifiers. We showed that such an anomalous
state transformation is impossible in resources such as ther-
mal nonequilibrium, entanglement, and speakable coherence,
for which we exactly characterized state transformability with
correlated and marginal catalysts in terms of relative entropy
resource measures.
An intriguing future direction is to prove or disprove the

conjecture on the power of correlated catalysts in coherence
transformation, which will provide insights into another inter-
esting problem in quantum thermodynamics, that is, whether
the free energy solely determines the state transformability
by thermal operations with correlated catalysts if an initial
state has finite coherence. Answering this question will pave
the way toward a fully general operational characterization of
single-shot quantum thermodynamics.
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Partial reusability of marginal catalysts

One of the central motivations of catalytic resource transformation is tied to its reusability, i.e., the final state of the catalyst can
be used for the next round of operation without degradation in the performance. Different classes of catalytic transformations
come with different classes of reusability. If 𝜏𝐶 is a uncorrelated catalyst that admits a transformation E(𝜌 ⊗ 𝜏𝐶 ) = 𝜌′ ⊗ 𝜏𝐶 , we
can reuse the final catalyst 𝜏𝐶 to run another round of the same transformation with input 𝜌. Here, the input state 𝜌 for the second
round can either be freshly prepared or be prepared by applying another quantum channel Λ to the final state as Λ(𝜌′) = 𝜌; the
latter scenario is relevant to a thermal engine that makes a cyclic operation.
A correlated catalyst 𝜏𝐶 that allows E(𝜌 ⊗ 𝜏𝐶 ) = �̃�𝑆′𝐶 with Tr𝐶 �̃�𝑆′𝐶 = 𝜌′ and Tr𝑆′ �̃�𝑆′𝐶 = 𝜏𝐶 has a similar reusability property,

although in a restricted form. After the initial transformation, one can apply E over a freshly prepared input 𝜌 and the catalytic part
of the final state �̃�𝑆′𝐶 to create another copy of the target state 𝜌′. Here, it is essential to use a fresh input 𝜌 that is uncorrelated
with �̃�𝑆′𝐶 for the second round; in general, even if a channel Λ can bring 𝜌′ back to 𝜌, one cannot use Λ ⊗ id( �̃�𝑆′𝐶 ) as an input to
E for the next round due to the remaining correlation between the main and catalytic systems.
We now see that marginal catalysts are also equipped with a certain class of reusability, which is naturally more restricted than

that for correlated catalysts. Let ⊗𝐾−1
𝑖=0 𝜏𝐶 (𝑖) be the marginal catalysts that enable the transformation E

(
𝜌 ⊗ 𝜏𝐶 (0) · · · ⊗ 𝜏𝐶 (𝐾−1)

)
=

𝜌′ ⊗ 𝜏𝐶 (0) ...𝐶 (𝐾−1) such that Tr
𝐶

(𝑖) 𝜏𝐶 (0) ...𝐶 (𝐾−1) = 𝜏𝐶 (𝑖) , ∀𝑖. Due to the correlation among catalytic subsystems, the total catalyst
changes from the initial form and thus cannot be reused to the next operation even with a freshly prepared initial state 𝜌. However,
one can still utilize the property that the marginal state in each catalytic subsystem is intact, allowing one to reuse some parts of
the marginal catalysts to realize the next transformation with the same performance. This partial reusability admits significantly
more transformations than the cases when no reusability can be exploited.
To show this explicitly, suppose that we are initially given 𝐾 copies of the marginal catalysts ⊗𝐾−1

𝑖=0 𝜏𝐶 (𝐾−1) . Each copy can be
used to create a target state 𝜌′ with freshly prepared initial state 𝜌, realizing 𝐾 transformations in total. After the 𝐾 transformations,
the property of marginal catalysts admits additional 𝐾 transformations — each transformation reuses 𝐾 catalysts taken from
different copies that are not correlated with each other. Fig. 4 shows an example of 𝐾 = 3; the left figure shows the initial three
transformations and the right figure shows the following three transformations reusing the marginal catalysts. (The extension to an
arbitrary 𝐾 is straightforward.) One might worry that after the fourth transformation (blue line in the right figure), 𝜏𝐶 (1) in the first
row and 𝜏𝐶 (2) in the second row would get correlated due to the correlation between 𝜏𝐶 (0) and 𝜏𝐶 (1) in the first row generated by
the first transformation (first row in the left figure), the correlation between 𝜏𝐶 (1) and 𝜏𝐶 (2) in the second row generated by the
second transformation (second row in the left figure), and the correlation between 𝜏𝐶 (0) in the first row and 𝜏𝐶 (1) in the second row
generated by the fourth transformation (blue line in the right figure); if this was the case, then the sixth transformation (green line in
the right figure) would fail because of the correlation between 𝜏𝐶 (1) in the first row and 𝜏𝐶 (2) in the second row. However, a careful
analysis shows that 𝜏𝐶 (1) in the first row and 𝜏𝐶 (2) in the second row are indeed uncorrelated even after the fourth transformation.
To see this, observe that the fourth transformation (blue line in the right figure) does not involve either 𝜏𝐶 (1) in the first row or
𝜏𝐶 (2) in the second row, and thus the marginal states on these systems do not get affected by this transformation. Since these
marginal states are clearly uncorrelated just before the fourth transformation (after the initial three transformations), they remain
uncorrelated after the fourth transformation. This analysis extends to other marginal states, showing the validity of the last three
transformations.
This construction can be extended to scenarios in which more copies are provided. It is particularly insightful to consider the

case when 𝐾𝑛 copies of ⊗𝐾−1
𝑖=0 𝜏𝐶 (𝐾−1) are available, where 𝑛 is an arbitrary integer with 𝑛 ≥ 2. For instance, suppose 𝐾2 copies are

initially given (Fig. 5). By forming 𝐾 groups of 𝐾 copies and making use of the above construction for each group, one can first
run 𝐾 × 2𝐾 = 2𝐾2 transformations. Then, additional 𝐾2 transformations can be realized by combining marginal catalysts from
different groups; as shown in the left figure of Fig. 5, the combinations of the first copy in each group can make 𝐾 transformations
by extending the construction in Fig. 4, and the same procedure can be applied to other copies (the middle and right figures of
Fig. 5). Therefore, 2𝐾2 + 𝐾2 = 3𝐾2 transformations are possible for 𝑛 = 2. When 𝑛 = 3, one can first form 𝐾 groups of 𝐾2
copies, run 3𝐾2 transformations for each group (𝐾 × 3𝐾2 = 3𝐾3 in total) following the protocol for 𝑛 = 2, and make additional
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https://doi.org/10.1103/PhysRevA.97.050301
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<latexit sha1_base64="Ta5tNyIMfaXTWeF15Zxfy/2BbRo="></latexit>⌧C(2)

<latexit sha1_base64="psFaaUecugoXdfmKncLKGBdPTYg="></latexit>⌧C(0)
<latexit sha1_base64="Q85/45R6GBUj3miN2nB3L+hEkrI="></latexit>⌧C(1)

<latexit sha1_base64="Ta5tNyIMfaXTWeF15Zxfy/2BbRo="></latexit>⌧C(2)

<latexit sha1_base64="psFaaUecugoXdfmKncLKGBdPTYg="></latexit>⌧C(0)
<latexit sha1_base64="Q85/45R6GBUj3miN2nB3L+hEkrI="></latexit>⌧C(1)

<latexit sha1_base64="Ta5tNyIMfaXTWeF15Zxfy/2BbRo="></latexit>⌧C(2)

FIG. 4. An example of 𝐾 = 3. (Left) Each copy of 𝜏𝐶 (0) ⊗ 𝜏𝐶 (1) ⊗ 𝜏𝐶 (2) in the same row is used to run the first three rounds of the transformation,
generating correlation within each copy. (Right) Additional three transformations can be made by using three combinations of 𝜏𝐶 (0) , 𝜏𝐶 (1) , and
𝜏𝐶 (2) (connected by blue, red, and green lines) that are in different rows and not correlated with each other.
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FIG. 5. An example of 𝐾 = 3 and 𝑛 = 2. Each dotted box contains three copies of 𝜏𝐶 (0) ⊗ 𝜏𝐶 (1) ⊗ 𝜏𝐶 (2) and runs six transformations as in Fig. 4.
(Left) Additional three transformations can be made by reusing three combinations of 𝜏𝐶 (0) , 𝜏𝐶 (1) , and 𝜏𝐶 (2) that are in different boxes and not
correlated with each other. Each combination is represented by three marginal states connected by black lines. (Middle and Right) The same
procedure can be repeated for different rows, enabling additional six transformations. This protocol allows 3 · 32 = 27 transformations in total,
which can be compared to 32 = 9 runs that are realized without employing the partial reusability of marginal catalysts.

𝐾2 × 𝐾 = 𝐾3 transformations by combining marginal catalysts from different groups. (One group now has 𝐾2 copies, each of
which can run 𝐾 transformations together with the copies in the other groups.) This totals 3𝐾3 + 𝐾3 = 4𝐾3 transformations
for 𝑛 = 3. This procedure can be extended to an arbitrary 𝑛, allowing (𝑛 + 1)𝐾𝑛 transformations for 𝐾𝑛 copies of the marginal
catalysts initially available. This means that (𝑛 + 1)𝐾𝑛 − 𝐾𝑛 = 𝑛𝐾𝑛 transformations are enabled by reusing the catalysts exploiting
the property of the marginal catalysts that the marginal states remain invariant after the catalytic transformation, showing an
operational value of the partial reusability of marginal catalysts.
We also remark that this construction is one of many possible ways to exploit the partial reusability. Finding its optimal

efficiency will be an interesting problem to study in a future work.

Two-level coherence amplification

Here, we review the protocol proposed in Ref. [29] which amplifies the coherence in two-level systems via marginal-catalytic
covariant operations. Although the authors claim that their protocol can keep the whole catalytic state intact with the presence of
correlation only between the system and the catalytic system, unfortunately, their argument does not directly stand as we shall
point out. Nevertheless, the protocol works for the marginal-catalytic transformation, which is the main focus of the current work.
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Let 𝑆 and 𝐶 be two-level systems equipped with the same Hamiltonian 𝐻𝑆 = 𝐻𝐶 = 𝐸 |1〉〈1| with some energy 𝐸 . Let
Σ([) ∈ D(𝑆) be an initial state and Γ([) ∈ D(𝐶) be a catalyst defined as

Σ([) B I + [𝑋
2

Γ([) B 1
2

(
I +

√
3[
2
𝑋 + 4 − [

2

6
𝑍

) (S.1)

for 0 < [ < 1 where 𝑋 B |0〉〈1| + |1〉〈0| and 𝑍 B |0〉〈0| − |1〉〈1| are Pauli matrices. Consider a channel E defined by the Kraus
operators

𝐾0 B

©«
1 0 0 0
0 1

4

√
3
4 0

0
√
3
4

3
4 0

0 0 0 1

ª®®®®¬
, 𝐾1 B

©«
0 0 0 0
0 0 0 0
0 −

√
3
2

1
2 0

0 0 0 0

ª®®®¬ . (S.2)

One can check that E is a covariant operation by observing that the first Kraus operator nontrivially acts only on the degenerate
subspace spanned by |01〉 and |10〉, and the second Kraus operator acts as a projection from a state in the degenerate subspace to
an incoherent state. A direct calculation reveals that

Tr𝐶 E (Σ([) ⊗ Γ([)) =Σ([′),
Tr𝑆 E (Σ([) ⊗ Γ([)) =Γ([)

(S.3)

where [′ B [ (25−[2)
24 . Since [′ > [ for 0 < [ < 1, the resultant state in 𝑆 gets closer to |+〉〈+| = (I + 𝑋)/2 than the initial state 𝜌.

We sequentially apply this protocol until we obtain a state close to |+〉 within desired accuracy. More specifically, suppose that the
initial state in 𝑆 is Σ([0) for some 0 < [0 < 1. We inductively define the sequence {[ 𝑗 } 𝑗 by

[ 𝑗+1 B
[ 𝑗 (25 − [ 𝑗2)

24
. (S.4)

Let Γ([ 𝑗 ) be a catalyst defined in 𝐶 ( 𝑗) and E𝑆𝐶 ( 𝑗) be the operation acting on 𝑆𝐶 ( 𝑗) defined by the Kraus operators in (S.2). We
denote the state prepared by the 𝐾 sequential application of the amplification protocol by

�̃�𝑆𝐶 (0) ...𝐶 (𝐾−1) B E𝑆𝐶 (𝐾−1) ◦ · · · ◦ E𝑆𝐶 (1) ◦ E𝑆𝐶 (0) (Σ([0) ⊗ Γ([0) ⊗ Γ([1) ⊗ · · · ⊗ Γ([𝐾−1)) . (S.5)

Owing to (S.3), we get Tr
𝑆
�̃�𝑆𝐶 (0) ...𝐶 (𝐾−1) = Σ([𝐾 ) and Tr𝐶 ( 𝑗) �̃�𝑆𝐶 (0) ...𝐶 (𝐾−1) = Γ([ 𝑗 ) ∀ 𝑗 . By taking 𝐾 sufficiently large, one can

bring Σ([𝐾 ) arbitrarily close to |+〉.
Note that we use a slightly different Kraus operator in (S.2) from the one introduced in Ref. [29]. The advantage of using the

form in (S.2) is that the resultant state in 𝑆 after an application of E ends up in the family {Σ([)}[ , which can be directly used for
the next round. On the other hand, the channel considered in Ref. [29] induces an additional 𝑍 term in the resultant state that
needs to be addressed by introducing another ancillary system in the catalytic system to make the sequential application work.

The transformation from Σ([0) to Σ([𝐾 ) should be considered as a marginal-catalytic covariant transformation rather than a
correlated-catalytic covariant transformation because correlation can be generated among catalytic systems 𝐶 (0) . . . 𝐶 (𝐾−1) . The
authors of Ref. [29] claim that one can turn this protocol into a correlated-catalytic covariant transformation by using a catalyst defined
in𝐶 (0) . . . 𝐶 (𝐾−1) that already has correlation between the subsystems; namely, defining E0:𝐾−1 B E𝑆𝐶 (𝐾−1) ◦ · · · ◦E𝑆𝐶 (1) ◦E𝑆𝐶 (0) ,
they propose a catalyst 𝜏𝐶 (0) ...𝐶 (𝐾−1) such that Tr𝑆 E0:𝐾−1 (Σ([0) ⊗ 𝜏𝐶 (0) ...𝐶 (𝐾−1) ) = Σ([𝐾 ) and Tr𝑆 E0:𝐾−1 (Σ([0) ⊗ 𝜏𝐶 (0) ...𝐶 (𝐾−1) ) =
𝜏𝐶 (0) ...𝐶 (𝐾−1) . Their argument is based on their observation that any state 𝜏𝐶 (0) ...𝐶 (𝐾−1) such that Tr

𝐶 ( 𝑗) 𝜏𝐶 (0) ...𝐶 (𝐾−1) = Γ([ 𝑗 ) ∀ 𝑗
would allow one to run the protocol in (S.5) with the same performance at the level of marginal states, i.e.,

Tr
𝑆
E0:𝐾−1 (Σ([0) ⊗ 𝜏𝐶 (0) ...𝐶 (𝐾−1) ) = Σ([𝐾 ) (S.6)

and

Tr
𝐶 ( 𝑗) E0:𝐾−1 (Σ([0) ⊗ 𝜏𝐶 (0) ...𝐶 (𝐾−1) ) = Γ([ 𝑗 ), (S.7)

because each E𝑆𝐶 (𝑘) does not “touch” 𝐶 (𝑘′) with 𝑘 ′ ≠ 𝑘 . However, unfortunately, Eqs. (S.6), (S.7) do not hold in general. Even
though E𝑆𝐶 (𝑘) only acts on 𝑆𝐶 (𝑘) , it can create correlation between 𝑆 and 𝐶𝑘′ for 𝑘 ′ ≠ 𝑘 through the initial correlation contained
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<latexit sha1_base64="nsI2zB5/IrgO+5rVdqvh/UHcF9A="></latexit>ESC(1)

<latexit sha1_base64="HI6wZLVmee7/LyO9OJT8EFjw36I="></latexit>

�(⌘0)
<latexit sha1_base64="N3TSRBmusV+PGYQCM45dZrx2FGE="></latexit>

�(⌘1)
<latexit sha1_base64="HI6wZLVmee7/LyO9OJT8EFjw36I="></latexit>

�(⌘0)
<latexit sha1_base64="N3TSRBmusV+PGYQCM45dZrx2FGE="></latexit>

�(⌘1)

<latexit sha1_base64="1vtqR3iENUSCWV4tr4mfezKcivE="></latexit>ESC(0)

<latexit sha1_base64="HI6wZLVmee7/LyO9OJT8EFjw36I="></latexit>

�(⌘0)
<latexit sha1_base64="N3TSRBmusV+PGYQCM45dZrx2FGE="></latexit>
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<latexit sha1_base64="dmgmPNVMnfuXg6G+meUpRcuHs8o="></latexit>

⌃(⌘0)

<latexit sha1_base64="2DBM/7qBeZ6mI39bb/BQzuyI0/c="></latexit>

⌧̃C(0)C(1)

<latexit sha1_base64="GeuGQjqvH2mS8hobXNSm4Zs9k4E="></latexit>

⌃(⌘1)

<latexit sha1_base64="HI6wZLVmee7/LyO9OJT8EFjw36I="></latexit>

�(⌘0)
<latexit sha1_base64="N3TSRBmusV+PGYQCM45dZrx2FGE="></latexit>

�(⌘1)

<latexit sha1_base64="zjTIFvQ5NRQWfGKPrfJGUkiDolc="></latexit>

⌃(⌘2)
discard prepare

<latexit sha1_base64="1vtqR3iENUSCWV4tr4mfezKcivE="></latexit>ESC(0)

<latexit sha1_base64="HI6wZLVmee7/LyO9OJT8EFjw36I="></latexit>

�(⌘0)
<latexit sha1_base64="N3TSRBmusV+PGYQCM45dZrx2FGE="></latexit>

�(⌘1)

<latexit sha1_base64="dmgmPNVMnfuXg6G+meUpRcuHs8o="></latexit>

⌃(⌘0)
<latexit sha1_base64="GeuGQjqvH2mS8hobXNSm4Zs9k4E="></latexit>

⌃(⌘1)
<latexit sha1_base64="G2TsgszHqVH57ebgSaEHkiHFj18="></latexit>6= ⌃(⌘1) ⌦ �(⌘1)

FIG. 6. We first apply E𝑆𝐶 (0) over Σ([0) ⊗ Γ([0) and E𝑆𝐶 (1) over Σ([1) ⊗ Γ([1) sequentially, which produces reduced state 𝜏𝐶 (0)𝐶 (1) in the
catalytic system. Then, we prepare another state Σ([0) and apply E𝑆𝐶 (0) over Σ([0) and 𝜏𝐶 (0)𝐶 (1) . Even though E𝑆𝐶 (0) does not “touch” 𝐶 (1) ,
it can generate correlation between 𝑆 and 𝐶 (1) via the initial correlation between 𝐶 (0) and 𝐶 (1) in 𝜏𝐶 (0)𝐶 (1) .

in 𝜏𝐶 (0) ...𝐶 (𝐾−1) , preventing one from using the relations in (S.3). To see this more explicitly, let us consider the case 𝐿 = 2. (Fig. 6).
We first run the protocol starting with the product catalysts Γ([0) ⊗ Γ([1) ∈ D(𝐶 (0) ⊗ 𝐶 (1) ). The resulting state in 𝐶 (0)𝐶 (1) ,
𝜏𝐶 (0)𝐶 (1) B Tr𝑆 E𝑆𝐶 (1) ◦ E𝑆𝐶 (0) (Σ([0) ⊗ Γ([0) ⊗ Γ([1)), keeps the original states as its marginals as Tr𝐶 (0) 𝜏𝐶 (0)𝐶 (1) = Γ([0),
Tr
𝐶 (1) 𝜏𝐶 (0)𝐶 (1) = Γ([1) while 𝜏𝐶 (0)𝐶 (1) ≠ Γ([0) ⊗ Γ([1) due to the correlation generated via 𝑆. Now, let us use 𝜏𝐶 (0)𝐶 (1) as a
catalyst state to start with. Let �̃�𝑆𝐶 (1) B Tr𝐶 (0) E𝑆𝐶 (0) (Σ([0) ⊗𝜏𝐶 (0)𝐶 (1) ) be the state on 𝑆𝐶 (1) after the application of E𝑆𝐶 (0) . Then,
although it holds that Tr𝐶 (1) �̃�𝑆𝐶 (1) = Σ([1) and Tr𝑆 �̃�𝑆𝐶 (1) = Γ([1), it is no longer a product state, i.e., �̃�𝑆𝐶 (1) ≠ Σ([1) ⊗ Γ([1).
Therefore, one cannot rely on (S.3) anymore, and in particular, we get

Tr
𝐶 (1) E0:1 (Σ([0) ⊗ 𝜏𝐶 (0)𝐶 (1) ) ≠ Γ([1), (S.8)

violating (S.7). This can be explicitly checked by a direct calculation; the specific form for Tr
𝐶 (1) E0:1 (Σ([0) ⊗ 𝜏𝐶 (0)𝐶 (1) ) is

obtained as

©«
11919015936−1140507536[20+91814899[

4
0+1471879[

6
0−161703[

8
0+2493[

10
0

14495514624
[0 (412672−19231[20−234[

4
0+9[

6
0 )

524288
√
3

[0 (412672−19231[20−234[
4
0+9[

6
0 )

524288
√
3

2576498688+1140507536[20−91814899[
4
0−1471879[

6
0+161703[

8
0−2493[

10
0

14495514624

ª®¬
(S.9)

whereas

Γ([1) =
©«
1
12

(
10 − [20

576 (25 − [
2
0)
2
)

[0 (25−[20 )
32

√
3

[0 (25−[20 )
32
√
3

1152+625[20−50[
4
0+[

6
0

6912

ª®¬ . (S.10)

On Theorem 2

We first give a detailed proof of Theorem 2 and later comment on the extension of our protocol to implement the desired
quantum channel and the size of catalysts used in our protocol.

Theorem 2: For any 𝜌 ∈ D(𝑆), 𝜌′ ∈ D(𝑆′) and 𝜖 > 0, 𝜌 can be transformed to a state 𝜌′𝜖 ∈ D(𝑆′) such that 12 ‖𝜌
′ − 𝜌′𝜖 ‖1 ≤ 𝜖

by a marginal-catalytic covariant transformation.

Proof. Since covariant operations and marginal-catalytic covariant operations are closed under concatenation, it suffices to check
that every operation in the protocol is either covariant or marginal-catalytic covariant. It is useful to also recall that taking the
partial trace over any subsystems and preparing incoherent states with respect to the Hamiltonian of the added system are both
covariant operations. We provide detailed descriptions for each step in the protocol.

Step 1— Since we will construct an arbitrary state from scratch, we first trace out the initial state in 𝑆. Next, we prepare |0〉𝑅𝑖
for 𝑖 ∈ {0, . . . , 𝑑𝑆′ − 1}, the ground state of two-level system 𝑅𝑖 with Hamiltonian

𝐻𝑅𝑖 = (𝐸𝑆′,𝑖 − 𝐸𝑆′, 𝑗★) |1〉〈1|𝑅𝑖 (S.11)

where {𝐸𝑆′, 𝑗 }𝑑𝑆′−1𝑖=0 is the eigenenergy of the Hamiltonian in the final system 𝑆′, and 𝑗★ is an arbitrary fixed index independent of 𝑖.
Recall that the preparation of |0〉𝑅𝑖 is covariant.
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Let [ be an arbitrary real number satisfying 0 < [ < 1. We introduce catalysts 𝜏𝑎
𝑖
B Σ([) and 𝜏𝑏

𝑖
B Γ([) as in (S.1) in

catalytic subsystems 𝐶𝑎
𝑖
and 𝐶𝑏

𝑖
respectively, where both subsystems are equipped with Hamiltonian 𝐻𝑅𝑖 . We shall first amplify

the coherence in 𝐶𝑎
𝑖
by using 𝐶𝑏

𝑖
as a correlated catalyst, and then distribute the increment of coherence to the main subsystem 𝑅𝑖 .

We first apply the channel with the Kraus operators in (S.2) on 𝜏𝑎
𝑖
⊗ 𝜏𝑏

𝑖
to obtain Σ([′) with [′ = [ (25−[2)

24 as a reduced state on
𝐶𝑎
𝑖
while retaining Γ([) as a reduced state on 𝐶𝑏

𝑖
. We next distribute coherence to 𝑅𝑖 . Let𝑈𝑅𝑖𝐶𝑎𝑖 be a unitary matrix acting on

𝑅𝑖𝐶
𝑎
𝑖
defined as

𝑈𝑅𝑖𝐶𝑎𝑖 := |00〉〈00| + |11〉〈11| +
(
𝛼 |01〉〈01| +

√︁
1 − 𝛼2 |01〉〈10| −

√︁
1 − 𝛼2 |10〉〈01| + 𝛼 |10〉〈10|

)
(S.12)

where 𝛼 is a real number determined shortly. Since this preserves the total energy, the application of this unitary is covariant.
However, because of the nontrivial transformation within the degenerate subspace span{|01〉 , |10〉}, non-zero coherence can be
‘transferred’ from 𝐶𝑎

𝑖
to 𝑅𝑖 . Let b𝑖 B Tr𝐶𝑎

𝑖

[
𝑈𝑅𝑖𝐶𝑎𝑖 ( |0〉〈0|𝑅𝑖 ⊗ Σ([′))𝑈†

𝑅𝑖𝐶
𝑎
𝑖

]
and 𝜏𝑎

𝑖
B Tr𝑅𝑖

[
𝑈𝑅𝑖𝐶𝑎𝑖 ( |0〉〈0|𝑅𝑖 ⊗ Σ([′))𝑈†

𝑅𝑖𝐶
𝑎
𝑖

]
be the reduced final state of the main subsystem 𝑅𝑖 and the catalytic subsystem 𝐶𝑎𝑖 , respectively. By direct calculation, one can
check that

b𝑖 =
1
2

(
1 + 𝛼2 −[′

√
1 − 𝛼2

−[′
√
1 − 𝛼2 1 − 𝛼2

)
,

𝜏𝑎𝑖 =
1
2

(
2 − 𝛼2 𝑎[′

𝑎[′ 𝛼2

)
.

(S.13)

To restore the marginal state of 𝐶𝑎
𝑖
to its original state, we apply a covariant operation defined by Kraus operators 𝐾0 =

1√
2−𝛼2

|0〉〈0| + |1〉〈1| and 𝐾1 =
√︃
1−𝛼2
2−𝛼2 |1〉〈0| to 𝜏

𝑎
𝑖
and get Σ([̃) with [̃ =

𝛼[′√
2−𝛼2

. Since we would like to have [̃ = [ to restore 𝜏𝑎
𝑖
on

𝐶𝑎
𝑖
, we choose 𝛼 so that

[ =
𝛼[(25 − [2)
24

√
2 − 𝛼2

, (0 < 𝛼 < 1), (S.14)

where a direct calculation gives

𝛼 =

√√√
2

[
1 +

(
25 − [2
24

)2]−1
. (S.15)

We note that 25−[
2

24 > 1 for 0 < [ < 1 confirms the condition 𝛼 < 1. On the other hand, applying a covariant operation with Kraus

operators 𝐾0 = 1√
1+𝛼2

|0〉〈0| − |1〉〈1|, 𝐾1 = 𝛼√
1+𝛼2

|1〉〈0| on 𝑅𝑖 brings b𝑖 to Σ
(
[′𝛼

√
1−𝛼2√
1+𝛼2

)
, which now has a non-zero coherence.

Step 2— To amplify the coherence generated in 𝑅𝑖 , we introduce 𝐾 catalytic subsystems 𝐶 (0)
𝑖
, 𝐶

(1)
𝑖
, . . . , 𝐶

(𝐾−1)
𝑖

where each

subsystem is equipped with the Hamiltonian 𝐻𝑅𝑖 . We prepare catalysts ⊗𝐾−1
𝑗=0 Γ([ 𝑗 ) in ⊗

𝐾−1
𝑗=0 𝐶

( 𝑗)
𝑖
, where we set [0 = [′𝛼

√
1−𝛼2√
1+𝛼2

and
choose [ 𝑗 for 𝑗 = 1, 2, . . . , 𝐾 − 1 inductively by (S.4). The two-level coherence amplification protocol gives Σ([𝐾 ) = 1

2 (I + [𝐾 𝑋)
in 𝑅𝑖 by a marginal-catalytic covariant operation. In particular, a state arbitrarily close to |+〉𝑅𝑖 can be prepared by taking
sufficiently large 𝐾 .

Step 3—We repeat Step 1 and 2 for 𝐿 times to prepare a state close to |+〉⊗𝐿𝑅𝑖 for each 𝑖 ∈ {0, . . . , 𝑑𝑆′ − 1}. How close between
the prepared state and |+〉⊗𝐿𝑅𝑖 is determined by 𝐾 chosen above. In system 𝑆

′, we prepare | 𝑗★〉𝑆′ where 𝑗★ is the index introduced
in (S.11), and | 𝑗★〉𝑆′ is an eigenstate of 𝐻𝑆′ with eigenvalue 𝐸𝑆′, 𝑗★ , which is an incoherent state and thus can be prepared by a
covariant operation. We use the state in 𝑅 = ⊗𝑑𝑆′−1

𝑖=0 𝑅⊗𝐿
𝑖
as a coherent resource to implement an operation on 𝑆′ that prepares a

state close to the target state 𝜌′. We first note that for each 𝑅𝑖 , the resource state can be written as

|+〉⊗𝐿𝑅𝑖 =
1
2𝐿/2

𝐿∑︁
𝑛=0

(
𝐿

𝑛

)1/2
|𝑛〉 ,

|𝑛〉 B
(
𝐿

𝑛

)−1/2 ∑︁
i∈{0,1}𝐿

|i |=𝑛

|i〉
(S.16)
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where |v| is the number of 1’s in the bit string v, and
(𝑚
𝑛

)
B 𝑚!

𝑛!(𝑚−𝑛)! is a binomial coefficient. By construction, |𝑛〉 is an energy
eigenstate of the Hamiltonian of the total systems 𝑅⊗𝐿

𝑖
defined as 𝐻⊗𝐿

𝑅𝑖
= 𝐻𝑅𝑖 ⊗ I𝑅⊗𝐿−1

𝑖
+ I𝑅𝑖 ⊗ 𝐻𝑅𝑖 ⊗ I𝑅⊗𝐿−2

𝑖
+ · · · + I𝑅⊗𝐿−1

𝑖
⊗ 𝐻𝑅𝑖

with energy 𝑛(𝐸𝑆′,𝑖 − 𝐸𝑆′, 𝑗★). For later use, we embed the state on 𝑅⊗𝐿
𝑖
into a system with one additional dimension �̃�𝐿

𝑖
with

Hamiltonian

𝐻�̃�𝐿
𝑖
= 𝐻𝑅⊗𝐿

𝑖
− (𝐸𝑆′,𝑖 − 𝐸𝑆′, 𝑗★) |−1〉〈−1|, (S.17)

where |−1〉 is an eigenstate of the new Hamiltonian orthogonal to all the eigenstates of 𝐻𝑅⊗𝐿
𝑖
. The embedding

∑
𝑖 |𝑖〉�̃�𝐿

𝑖
〈𝑖 |𝑅⊗𝐿

𝑖
is a

covariant operation. By restricting our attention to {|𝑛〉}𝐿
𝑛=−1, this system can be regarded as a ladder system where the state |𝑛〉

has its energy 𝑛(𝐸𝑆′,𝑖 − 𝐸𝑆′, 𝑗★), and in this view the embedding of |−1〉 can be understood as the extension of the ladder to one
level below. This state |+〉⊗𝐿𝑅𝑖 serves as a coherent resource state in the approximation of unitary operations.
For our aim, it suffices to show that any pure state 𝜓 ′ in 𝑆′ can be created because any mixed state 𝜌′ can be obtained by

stochastically preparing the pure states that appear in a convex combination constituting 𝜌′. For any pure state 𝜓 ′, there exists a
unitary 𝑉 such that

|𝜓 ′〉 = 𝑉 | 𝑗★〉𝑆′ . (S.18)

Then, we consider a channel with Kraus operators

𝐾0 :=
𝑑𝑆′−1∑︁
𝑘=0

|𝑘〉〈𝑘 |𝑉 | 𝑗★〉〈 𝑗★ | ⊗ Δ�̃�𝐿
𝑘

⊗
𝑗≠𝑘

𝑃0:𝐿
�̃�𝐿
𝑗

 (S.19)

𝐾1 := (I𝑆′ − | 𝑗★〉〈 𝑗★ |)
𝑑𝑆′−1⊗
𝑘=0

𝑃0:𝐿
�̃�𝐿
𝑘

+ I𝑆′ ⊗
[
I −

𝑑𝑆′−1⊗
𝑘=0

𝑃0:𝐿
�̃�𝐿
𝑘

]
(S.20)

where 𝑃0:𝐿
�̃�𝐿
𝑘

B
∑𝐿
𝑛=0 |𝑛〉〈𝑛|�̃�𝐿

𝑘
and Δ�̃�𝐿

𝑘
is the energy-shifting operator acting on system �̃�𝐿

𝑘
defined as

Δ�̃�𝐿
𝑘
B

𝐿∑︁
𝑛=0

|𝑛 − 1〉〈𝑛|�̃�𝐿
𝑘
, (S.21)

where |𝑛〉 is the energy eigenstate defined in (S.16). One can check that 𝐾0 and 𝐾1 are valid Kraus operators since

𝐾
†
0𝐾0 =

𝑑𝑆′−1∑︁
𝑘=0

| 𝑗★〉〈 𝑗★ |𝑉† |𝑘〉〈𝑘 |𝑉 | 𝑗★〉〈 𝑗★ | ⊗ Δ
†
�̃�𝐿
𝑘

Δ�̃�𝐿
𝑘

⊗
𝑗≠𝑘

𝑃0:𝐿
�̃�𝐿
𝑗

= | 𝑗★〉〈 𝑗★ |
𝑑𝑆′−1⊗
𝑘=0

𝑃0:𝐿
�̃�𝐿
𝑗

,

(S.22)

where we used Δ†
�̃�𝐿
𝑘

Δ�̃�𝐿
𝑘
= 𝑃0:𝐿

�̃�𝐿
𝑘

, and

𝐾
†
1𝐾1 = (I𝑆′ − | 𝑗★〉〈 𝑗★ |)

𝑑𝑆′−1⊗
𝑘=0

𝑃0:𝐿
�̃�𝐿
𝑘

+ I𝑆′ ⊗
[
I −

𝑑𝑆′−1⊗
𝑘=0

𝑃0:𝐿
�̃�𝐿
𝑘

]
(S.23)

satisfy 𝐾†
0𝐾0 + 𝐾

†
1𝐾1 = I𝑆′ ⊗ I�̃�. In addition, this channel is covariant since each term in 𝐾0 conserves the total energy and thus

commutes with the total Hamiltonian, and 𝐾1 is just a projector onto a subspace spanned by the energy eigenbasis. If we apply the
above channel to | 𝑗★〉〈 𝑗★ |

⊗𝑑𝑆′−1
𝑘=0 |+〉〈+|⊗𝐿

�̃�𝐿
𝑘

and take the partial trace over �̃� systems, 𝐾0 deterministically clicks and gives

Tr�̃�

[
𝐾0

(
| 𝑗★〉〈 𝑗★ |

𝑑𝑆′−1⊗
𝑘=0

|+〉〈+|⊗𝐿
�̃�𝐿
𝑘

)
𝐾

†
0

]
=

𝑑𝑆′−1∑︁
𝑘=0

∑︁
𝑙≠𝑘

|𝑘〉〈𝑘 |𝑉 | 𝑗★〉〈 𝑗★ |𝑉† |𝑙〉〈𝑙 | Tr
[
Δ�̃�𝐿

𝑘
|+〉〈+|⊗𝐿

�̃�𝐿
𝑘

]
Tr

[
|+〉〈+|⊗𝐿

�̃�𝐿
𝑙

Δ
†
�̃�𝐿
𝑙

]
+
𝑑𝑆′−1∑︁
𝑘=0

|𝑘〉〈𝑘 |𝑉 | 𝑗★〉〈 𝑗★ |𝑉† |𝑘〉〈𝑘 |

(S.24)
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where we used Tr
[
Δ�̃�𝐿

𝑘
|+〉〈+|⊗𝐿

�̃�𝐿
𝑘

Δ
†
�̃�𝐿
𝑘

]
= 1 to get the second term. Since we can prepare a state arbitrarily close to

⊗𝑑𝑆′−1
𝑘=0 |+〉〈+|⊗𝐿

�̃�𝐿
𝑘

by taking sufficiently large 𝐾 in Step 1 and 𝐿 in Step 2, the obtained state is close to (S.24) with arbitrary accuracy. Furthermore,

since Tr
[
Δ�̃�𝐿

𝑘
|+〉〈+|⊗𝐿

�̃�𝐿
𝑘

]
converges to 1 in the limit of 𝐿 → ∞ as we show below, the state in (S.24) can be made arbitrarily close

to 𝜓 ′ = 𝑉 | 𝑗★〉〈 𝑗★ |𝑉† by taking large enough 𝐿.

We shall show Tr
[
Δ�̃�𝐿

𝑘
|+〉〈+|⊗𝐿

�̃�𝐿
𝑘

]
→ 1 as 𝐿 → ∞. Using the expression in (S.16), we have

Tr
[
Δ�̃�𝐿

𝑘
|+〉〈+|⊗𝐿

�̃�𝐿
𝑘

]
=
1
2𝐿

𝐿−1∑︁
𝑛=0

(
𝐿

𝑛 + 1

)1/2 (
𝐿

𝑛

)1/2
. (S.25)

Let us first consider the case when 𝐿 is even. Then, it holds that{( 𝐿
𝑛+1

)
≥

(𝐿
𝑛

)
𝑛 ≤ 𝐿

2 − 1(𝐿
𝑛

)
≥

( 𝐿
𝑛+1

)
𝑛 ≥ 𝐿

2
. (S.26)

Thus, (S.25) can be bounded as

Tr
[
Δ�̃�𝐿

𝑘
|+〉〈+|⊗𝐿

�̃�𝐿
𝑘

]
=
1
2𝐿

𝐿−1∑︁
𝑛=0

(
𝐿

𝑛

)1/2 (
𝐿

𝑛 + 1

)1/2
≥ 1
2𝐿

𝐿
2 −1∑︁
𝑛=0

(
𝐿

𝑛

)
+ 1
2𝐿

𝐿−1∑︁
𝑛= 𝐿2

(
𝐿

𝑛 + 1

)

=
1
2𝐿

𝐿
2 −1∑︁
𝑛=0

(
𝐿

𝑛

)
+ 1
2𝐿

𝐿∑︁
𝑛= 𝐿2 +1

(
𝐿

𝑛

)
= 1 − 1

2𝐿

(
𝐿

𝐿/2

)
.

(S.27)

Stirling’s formula [66] implies that for any 𝛿 > 0, there exists a sufficiently large 𝑛 such that
���𝑛! − √

2𝜋𝑛𝑛+1/2𝑒−𝑛
��� < 𝛿. This

provides a lower bound for the last line in (S.27) which holds for any 𝛿𝑒 > 0 with sufficiently large 𝐿 as

1 − 1
2𝐿

(
𝐿

𝐿/2

)
≥ 1 − 1

2𝐿

√
2𝜋𝐿𝐿+1/2𝑒−𝐿[√

2𝜋(𝐿/2)𝐿/2+1/2𝑒−𝐿/2
]2 − 𝛿𝑒

= 1 − 2
√
2𝜋
𝐿−1/2 − 𝛿𝑒 −−−−→

𝐿→∞
1 − 𝛿𝑒 .

(S.28)

The case when 𝐿 is odd can be bounded similarly. For any 𝛿𝑜 > 0 and sufficiently large 𝐿, it holds that

Tr
[
Δ�̃�𝐿

𝑘
|+〉〈+|⊗𝐿

�̃�𝐿
𝑘

]
≥ 1
2𝐿

𝐿−1
2∑︁
𝑛=0

(
𝐿

𝑛

)
+ 1
2𝐿

𝐿−1∑︁
𝑛= 𝐿+12

(
𝐿

𝑛 + 1

)

=
1
2𝐿

𝐿−1
2∑︁
𝑛=0

(
𝐿

𝑛

)
+ 1
2𝐿

𝐿∑︁
𝑛= 𝐿+12 +1

(
𝐿

𝑛

)
= 1 − 1

2𝐿

(
𝐿
𝐿+1
2

)
≥ 1 − 1

2𝐿

√
2𝜋𝐿𝐿+1/2𝑒−𝐿[√

2𝜋
(
𝐿+1
2

)𝐿/2+1
𝑒−(𝐿+1)/2

] [√
2𝜋

(
𝐿−1
2

)𝐿/2
𝑒−(𝐿−1)/2

] − 𝛿𝑜

≥ 1 − 2
√
2𝜋

(1 + 1/𝐿)−𝐿/2 (1 − 1/𝐿)−𝐿/2
(√
𝐿 + 1/

√
𝐿

)−1
− 𝛿𝑜 −−−−→

𝐿→∞
1 − 𝛿𝑜 .

(S.29)
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<latexit sha1_base64="XWLGfWeKHe2XbAoKx66xhSWIuWE="></latexit>⇢

<latexit sha1_base64="psFaaUecugoXdfmKncLKGBdPTYg="></latexit>⌧C(0)
<latexit sha1_base64="SD/Y7ipyJ9PGlS1wQMfk2ngf/h8="></latexit>⌧C(N�1)

<latexit sha1_base64="Q85/45R6GBUj3miN2nB3L+hEkrI="></latexit>⌧C(1)
<latexit sha1_base64="psFaaUecugoXdfmKncLKGBdPTYg="></latexit>⌧C(0)

<latexit sha1_base64="SD/Y7ipyJ9PGlS1wQMfk2ngf/h8="></latexit>⌧C(N�1)
<latexit sha1_base64="Q85/45R6GBUj3miN2nB3L+hEkrI="></latexit>⌧C(1)

<latexit sha1_base64="MuK9u/uYMvpUguRYuITENAQT9Og="></latexit>

⇢0✏

<latexit sha1_base64="psFaaUecugoXdfmKncLKGBdPTYg="></latexit>⌧C(0)
<latexit sha1_base64="SD/Y7ipyJ9PGlS1wQMfk2ngf/h8="></latexit>⌧C(N�1)

<latexit sha1_base64="Q85/45R6GBUj3miN2nB3L+hEkrI="></latexit>⌧C(1)

<latexit sha1_base64="MuK9u/uYMvpUguRYuITENAQT9Og="></latexit>

⇢0✏
<latexit sha1_base64="mX/QVs/ZxgoMywvL0apoihkNMMY="></latexit>

⇢0✏
<latexit sha1_base64="mX/QVs/ZxgoMywvL0apoihkNMMY="></latexit>

⇢0✏

<latexit sha1_base64="mX/QVs/ZxgoMywvL0apoihkNMMY="></latexit>

⇢0✏

FIG. 7. Besides the catalysts used for the main protocol, we also prepare the final state 𝜌′𝜖 in the catalytic system. After successfully creating a
total state whose marginal on 𝑆′ is an approximate target state, we swap the marginal state and the copy prepared in the catalytic system. Since
marginal states in the catalytic subsystems unchanged, this still constitutes a valid marginal-catalytic protocol.

Since 𝛿𝑒, 𝛿𝑜 > 0 can be taken arbitrarily small, we obtain lim𝐿→∞ Tr
[
Δ�̃�𝐿

𝑘
|+〉〈+|⊗𝐿

�̃�𝐿
𝑘

]
≥ 1. Together with Tr

[
Δ�̃�𝐿

𝑘
|+〉〈+|⊗𝐿

�̃�𝐿
𝑘

]
≤ 1,

we get lim𝐿→∞ Tr
[
Δ�̃�𝐿

𝑘
|+〉〈+|⊗𝐿

�̃�𝐿
𝑘

]
= 1.

Finally, we can eliminate the correlation between 𝑆′ and 𝐶 by using catalysts that depend on the final state by using the technique
introduced in Ref. [30]. (See also Fig. 7). Let 𝜏𝐶 (0) , . . . , 𝜏𝐶 (𝑁−1) be the catalysts that prepare 𝜌′𝜖 in the reduced state on 𝑆′. Let
us take 𝜏𝐶 (𝑁 ) B 𝜌′𝜖 . We first run the protocol using 𝜏𝐶 (0) , . . . , 𝜏𝐶 (𝑁−1) to obtain a state whose marginal on 𝑆′ is 𝜌′𝜖 and finally
swap 𝑆′ and 𝐶 (𝑁 ) . This prepares 𝜌′𝜖 in 𝑆′ decoupled from the catalytic systems, and since the SWAP operation between two
isomorphic systems is covariant, the total operation is still covariant.

�

Remark 6. Step 3 enables one to implement any unitary 𝑉 on the main system with arbitrary accuracy. This construction can be
used to implement an arbitrary quantum channel E : 𝑆 → 𝑆out that acts on the initial state 𝜌 only using covariant operations
assisted with marginal catalysts. Let E(·) = Tr

𝑆out
[𝑉 (· ⊗ |0〉〈0|𝐸 )𝑉†] be a Stinespring dilation for E, where |0〉𝐸 is a pure

incoherent state on an ancillary system 𝐸 , 𝑉 is a unitary on 𝑆𝐸 , and Tr
𝑆out
denotes the partial trace over all systems other than 𝑆out.

Then, consider the following modified protocol.

• Step 1’: Prepare an incoherent state |0〉𝐸 in an ancillary system 𝐸 . Taking the composite system 𝑆𝐸 as 𝑆′ in Step 1 above,
we run the protocol in Step 1 to prepare states that have coherence for the energy levels of 𝑆𝐸 . Here, unlike Step 1, we do
not discard the initial state 𝜌 but keep it aside for later use.

• Step 2’: Run the protocol in Step 2 to amplify the coherence created in Step 1’.

• Step 3’: Run the protocol in Step 3 to approximately apply the unitary 𝑉 — which appears in the dilution form of the
desired channel E — to 𝜌 ⊗ |0〉〈0|𝐸 . Take the partial trace (which is a covariant operation) over all systems except the
output system 𝑆out.

The final state approximates E(𝜌), and the error can be made arbitrarily small by making a sufficiently large number of repetitions
in the coherence amplification in Step 2’ and by preparing a sufficiently large number of copies of the coherent states at the
beginning of Step 3’.
We note that the last step in Step 3 for completely eliminating the correlation between the main system and catalysts (described

in Fig. 7) does not carry over to this case. Nevertheless, such correlation can be made arbitrarily small (in the sense that the total
state can be made arbitrarily close to a product state) by repeating the coherence amplification procedure in Step 2’ many times
until the resulting coherent states become sufficiently close to pure states.

Remark 7. Let us briefly comment on the size of the catalysts required for our protocol. Most catalysts are consumed in the
coherence amplification in Step 2, which is repeated many times to ensure a sufficient number of coherent states to implement a
unitary 𝑉 in Step 3. For an arbitrary target error 𝜖 , there exist a number 𝐾 (𝜖) of running the two-level coherence amplification
process in Step 2 and a number 𝐿 (𝜖) of qubit coherent states required to implement a unitary 𝑉 in Step 3, which together realize
the final accuracy 𝜖 . Since our construction creates 𝐿 (𝜖) copies of qubit coherent states (each of which requires 𝐾 (𝜖) single-qubit
catalysts) for each energy level of the system 𝑆′ with dimension 𝑑𝑆′ , the dimension of the catalysts used in the protocol is estimated
as ∼ 2𝑑𝑆′𝐾 (𝜖 )𝐿 (𝜖 ) .
We stress that — similarly to many other works in catalytic resource transformation — the main objective of Theorem 2 is to

present a general protocol that accomplishes powerful transformation tasks and is not to find an optimal protocol regarding the
catalyst size; indeed, our protocol might be inefficient in the size of catalysts at the cost of its generality. A close investigation of
the optimal size of the catalysts required to ensure a given target accuracy will certainly make an interesting research program,
which we leave for future work.
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Proof of Proposition 3

Proposition 3: For any given F and OF , suppose that a resource measure ℜ satisfies the superadditivity and the tensor-product
additivity. Then, if 𝜌 is transformable to 𝜌′ by a marginal-catalytic or correlated-catalytic free transformation, it holds that
ℜ(𝜌) ≥ ℜ(𝜌′).

Proof. Suppose 𝜌 can be transformed to 𝜌′ by a marginal-catalytic free transformation. Then, there exists a catalyst ⊗𝐾−1
𝑖=0 𝜏𝐶 ( 𝑗)

and free operation E ∈ OF such that

E(𝜌 ⊗ 𝜏𝐶 (0) ⊗ · · · ⊗ 𝜏𝐶 (𝐾−1) ) = 𝜌′ ⊗ 𝜏𝐶 (0) ...𝐶 (𝐾−1)

Tr
𝐶 ( 𝑗) 𝜏𝐶 (0) ...𝐶 (𝐾−1) = 𝜏𝐶 ( 𝑗) , ∀ 𝑗 .

(S.30)

Then, we get

ℜ(𝜌) +
𝐾−1∑︁
𝑖=0

ℜ(𝜏𝐶 ( 𝑗) ) = ℜ(𝜌 ⊗ 𝜏𝐶 (0) ⊗ · · · ⊗ 𝜏𝐶 (𝐾−1) )

≥ ℜ(E(𝜌 ⊗ 𝜏𝐶 (0) ⊗ · · · ⊗ 𝜏𝐶 (𝐾−1) ))
= ℜ(𝜌′ ⊗ 𝜏′

𝐶 (0) ...𝐶 (𝐾−1) )

≥ ℜ(𝜌′) +
𝐾−1∑︁
𝑖=0

ℜ(𝜏𝐶 ( 𝑗) ),

(S.31)

where we used the tensor-product additivity in the first line, monotonicity under free operations in the second line, and the
tensor-product additivity and the superadditivity in the fourth line. The case for the correlated catalysts can be shown similarly.

�

Proof of Proposition 4

Proposition 4: For any given F and OF , suppose that OF includes the relabeling of the classical register and free operations
conditioned on the classical register. Then, if 𝜌 is asymptotically transformable to 𝜌′, there exists a free transformation from 𝜌 to
𝜌′ with a correlated catalyst as well as marginal catalysts with an arbitrarily small error.

Proof. A proof for the correlated catalysts essentially follows the technique introduced in Ref. [36]. (See also Fig. 8.) We say that
𝜌 can be asymptotically transformed to 𝜌′ if for any 𝜖 > 0 there exists an integer 𝑛 and a free operation E ∈ OF such that

1
2
‖E(𝜌⊗𝑛) − 𝜌′⊗𝑛‖1 ≤ 𝜖 . (S.32)

Although the spaces that 𝜌 and 𝜌′ act on can be different, we can always choose a larger space 𝑆 that contains the supports of
both states. Thus, we can set 𝜌, 𝜌′ ∈ D(𝑆) without the loss of generality, and in particular, 𝜌⊗𝑛, 𝜌′⊗𝑛 ∈ D(⊗𝑛

𝑖=1𝑆𝑖) using the
isomorphic subspaces 𝑆𝑖 � 𝑆,∀𝑖. Let Ξ B E(𝜌⊗𝑛) be a state satisfying (S.32) and Ξ𝑖 B Tr𝑖+1...𝑛 Ξ be the marginal state of Ξ.
We define a catalyst 𝜏 as

𝜏 =
1
𝑛

𝑛∑︁
𝑘=1

𝜌⊗𝑘−1 ⊗ Ξ𝑛−𝑘 ⊗ |𝑘〉〈𝑘 |𝑅 (S.33)

where 𝜌⊗𝑘−1 ∈ D(𝑆2 ⊗ · · · ⊗ 𝑆𝑘 ), Ξ𝑛−𝑘 ∈ D(𝑆𝑘+1 ⊗ · · · ⊗ 𝑆𝑛), and {|𝑘〉𝑅} is a set of orthonormal states defined in the classical
register system 𝑅. We consider applying a free operation to an initial state of the form

𝜌 ⊗ 𝜏 = 1
𝑛

𝑛∑︁
𝑘=1

𝜌⊗𝑘 ⊗ Ξ𝑛−𝑘 ⊗ |𝑘〉〈𝑘 |𝑅, (S.34)

which acts on 𝑆1 ⊗ · · · ⊗ 𝑆𝑛 ⊗ 𝑅. LetM𝑘 (·) = |𝑘〉〈𝑘 | · |𝑘〉〈𝑘 |,M
𝑘
(·) = (I − |𝑘〉〈𝑘 |) · (I − |𝑘〉〈𝑘 |) be projectors acting on 𝑅 and

define a channel Econd as

Econd = E ⊗ M𝑛 + id𝑆1...𝑆𝑛 ⊗M𝑛. (S.35)
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catalyst
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system≃

S1

S2

S3
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FIG. 8. Schematic of how asymptotic transformation reduces to correlated-catalytic transformation. Note that the register system 𝑅 is included
in the catalyst. We apply the asymptotic transformation on the composite system of the system (𝑆1) and the catalyst (𝑆2 ∼ 𝑆6) if the state of the
register system is |6〉.

This corresponds to a conditional application of the free operation E when the classical register has 𝑘 = 𝑛 but does nothing
otherwise. By assumption, Econd is a free operation. Let us also define R(·) to be the operation that cyclically shifts the classical
labels as 1→ 2, 2→ 3, . . . , 𝑛→ 1. We apply this relabeling locally to the classical register by

Erelab = id𝑆1...𝑆𝑛 ⊗R, (S.36)

which is also a free operation by assumption. Finally, we cyclically swap the systems by Eswap that shifts 𝑆𝑖 → 𝑆𝑖+1 with
𝑆𝑛+1 B 𝑆1. Since 𝑆1, . . . , 𝑆𝑛 are all isomorphic to each other, swapping these systems are also free [44].
The concatenation of these channels Λ B Eswap ◦ Erelab ◦ Econd satisfies that

Tr
𝑆1
Λ(𝜌 ⊗ 𝜏) = 1

𝑛

𝑛∑︁
𝑘=1
Tr
𝑘
Ξ (S.37)

while

Tr𝑆1 Λ(𝜌 ⊗ 𝜏) = 𝜏. (S.38)

Since

1
2
‖ Tr

𝑆1
Λ(𝜌 ⊗ 𝜏) − 𝜌′‖1 =

1
2

1𝑛 𝑛∑︁
𝑘=1
Tr
𝑘
Ξ − 𝜌′


1

≤ 1
2𝑛

𝑛∑︁
𝑘=1

Tr
𝑘
Ξ − 𝜌′


1

≤ 1
2𝑛

𝑛∑︁
𝑘=1

Ξ − 𝜌′⊗𝑛

1

≤ 𝜖,

(S.39)

the free operation Λ allows for a desired catalytic transformation with correlated catalyst 𝜏 with accuracy 𝜖 .
Finally, the above correlated-catalytic free transformation can be turned into a marginal catalytic free transformation by the

same technique used at the end of the proof for Theorem 2, namely adding another catalytic state that contains the final state and
swapping this into the system.

�

Remark 8. We remark that the assumption on the ability to relabel the classical register and to apply free operations conditioned
on the classical register is a very mild one and is satisfied by essentially all important resource theories such as entanglement,
(speakable and unspeakable) coherence, and thermal non-equilibrium.

Correlated-catalytic coherence transformation

Here, we formally state our conjecture and present some relevant observations. Firstly, it is important to notice that exactly the
same power we get for the marginal catalysts cannot be expected for correlated catalysts because the coherence no-broadcasting
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theorem prohibits one from creating non-zero coherence from incoherent states by correlated-catalytic covariant transformations,
whereas marginal-catalytic transformations allow this as we showed in Theorem 2. The question is whether we can realize arbitrary
transformations with the help of correlated catalysts if the initial states have non-zero coherence.
As introduced in the main text, we define the set of index pairs specifying the energy differences for which 𝜌 has non-zero

coherence as

I(𝜌) :=
{
(𝑖, 𝑗)

��� 𝑆 〈𝑖 | 𝜌 | 𝑗〉𝑆 ≠ 0
}

(S.40)

and also introduce the set of index pairs for the energy differences in the target system 𝑆′ that match a linear combination of integer
multiples of the energy differences specified by I(𝜌) as

J (𝜌) :=
 (𝑖′, 𝑗 ′)

��� 𝐸𝑆′, 𝑗′ − 𝐸𝑆′,𝑖′ = ∑︁
(𝑘,𝑙) ∈I (𝜌)

𝑚𝑘𝑙𝑖′ 𝑗′ (𝐸𝑆,𝑙 − 𝐸𝑆,𝑘 ), 𝑚𝑘𝑙𝑖′ 𝑗′ ∈ Z
 . (S.41)

We recast the conjecture.

Conjecture 5. For any 𝜌 ∈ D(𝑆), 𝜌′ ∈ D(𝑆′) and 𝜖 > 0, 𝜌 can be transformed to a state 𝜌′𝜖 ∈ D(𝑆′) such that
1
2 ‖𝜌

′ − 𝜌′𝜖 ‖1 ≤ 𝜖 by a correlated-catalytic covariant transformation if and only if I(𝜌′) ⊆ J (𝜌).

Below, we present three observations on why this conjecture can be expected.

Quasi-correlated-catalytic transformations. — In general, marginal-catalytic transformations may generate correlation
between different catalysts at the end of the protocol. However, by taking a close look at our protocol for Theorem 2, one may
notice that only the operations in Step 1 actively create correlation in the catalytic systems. The other operations only create
correlation with the main system or the ancillary system outside the catalytic systems, and the correlation in the catalytic systems
arises when the other systems are traced out; this is intuitively a ‘passive’ correlation generated through the ‘active’ correlations
between the catalytic systems and the external systems. We formalize this idea by considering a class of transformations realized
by sequences of correlated-catalytic transformations, which we call quasi-correlated-catalytic covariant transformations.

Definition 9. Suppose E : D(𝑆𝐶 (0) . . . 𝐶 (𝐾−1) ) → D(𝑆′𝐶 (0) . . . 𝐶 (𝐾−1) ) is a covariant operation realized as E = Λ𝐾−1 ◦ · · · ◦Λ0
where each Λ𝑖 : 𝑋𝑖𝐶 (𝑖) → 𝑌𝑖𝐶

(𝑖) is a covariant operation constructing a correlated-catalytic covariant transformation from 𝑋𝑖 to
𝑌𝑖 , both of which are non-catalytic systems, with the catalytic system 𝐶 (𝑖) . Then, if such E can bring 𝜌 ∈ D(𝑆) to 𝜌′ ∈ D(𝑆′) as
Tr
𝑆′ E(𝜌 ⊗ 𝜏𝐶 (0) · · · ⊗ 𝜏𝐶 (𝐾−1) ) = 𝜌′, we say that 𝜌 can be transformed to 𝜌′ by a quasi-correlated-catalytic covariant transformation.

Note that if we employ an ancillary system whose initial state is incoherent (such as the ancillary system 𝑅 used for the protocol
in Theorem 2), it can also be taken as a subsystem of 𝑋𝑖 and 𝑌𝑖 above; as long as Λ𝑖 keeps the state in 𝐶 (𝑖) intact, Λ𝑖 can serve as a
constituent of a quasi-correlated-catalytic transformation.
The following result shows that the ‘if’ part of the conjecture holds for this extended class of correlated-catalytic transformations.

Proposition 10. For any 𝜌 ∈ D(𝑆), 𝜌′ ∈ D(𝑆′) and 𝜖 > 0, 𝜌 can be transformed to a state 𝜌′𝜖 ∈ D(𝑆′) such that 12 ‖𝜌
′−𝜌′𝜖 ‖1 ≤ 𝜖

by a quasi-correlated-catalytic covariant transformation if I(𝜌′) ⊆ J (𝜌).

Proof. The proof strategy is similar to the one for Theorem 2. However, since Step 1 in the proof of Theorem 2 uses operations
that actively create correlation inside the catalytic subsystems, we need to employ a different strategy to create small coherence in
the ancillary system. Here, we instead extract a small coherence from the initial state 𝜌, which has non-zero coherence for the
energy differences specified by the index pairs in I(𝜌). We will show that one can use this ‘seed’ coherence to cover coherences
for other energy differences that are integer multiples of the seed and linear combinations thereof. To make the comparison to
Theorem 2 explicit, we break down our protocol into three steps.

Step 1: Creating small coherence. For every (𝑖, 𝑗) ∈ I(𝜌), we prepare |0〉𝑅𝑖 𝑗 , the energy eigenstate acting on a two-level
system 𝑅𝑖 𝑗 with Hamiltonian

𝐻𝑅𝑖 𝑗 = (𝐸𝑆, 𝑗 − 𝐸𝑆,𝑖) |1〉〈1|𝑅𝑖 𝑗 . (S.42)

Let𝑈𝑆𝑅𝑖 𝑗 be a unitary matrix acting on 𝑆𝑅𝑖 𝑗 defined as

𝑈𝑆𝑅𝑖 𝑗 := |𝑖0〉〈𝑖0| + | 𝑗1〉〈 𝑗1| + 1√
2
( |𝑖1〉〈𝑖1| + |𝑖1〉〈 𝑗0| + | 𝑗0〉〈𝑖1| − | 𝑗0〉〈 𝑗0|) + I𝑖 𝑗 ⊗ I𝑅𝑖 𝑗 (S.43)
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where I𝑖 𝑗 =
∑
𝑘≠𝑖, 𝑗 |𝑘〉〈𝑘 | is the identity matrix acting on the subspace that does not intersect span{|𝑖〉 , | 𝑗〉}. Since this preserves

the total energy, the application of this unitary is covariant. However, because of the nontrivial transformation within the degenerate
subspace span{|𝑖1〉 , | 𝑗0〉}, non-zero coherence can be transferred from 𝜌𝑆 to |0〉𝑅𝑖 𝑗 . Then, by sequentially applying this unitary
over the state in 𝑆 and other 𝑅𝑖 𝑗 ’s, we can realize non-zero coherence on every 𝑅𝑖 𝑗 . Below, we make this intuition precise.
For the explanatory purpose, we arrange the indices in I(𝜌) in some order (e.g., lexicographic order) and if (𝑖, 𝑗) is the 𝑘 th

element in I(𝜌), we call the system associated with this pair of indices as 𝑅 (𝑘) := 𝑅𝑖 𝑗 . (Here, we let 𝑘 begin with 𝑘 = 1, i.e.,
𝑘 = 1, . . . , |I(𝜌) | where |I(𝜌) | is the number of elements in I(𝜌).) Letting 𝜌 (0)

𝑆 {𝑅 (𝑘) } := 𝜌𝑆 ⊗ |0〉〈0|𝑅 (1) ⊗ · · · ⊗ |0〉〈0|𝑅 ( |I (𝜌) |) , we
sequentially apply the unitary in (S.43) to obtain

𝜌
(𝑙+1)
𝑆 {𝑅 (𝑘) } = (I�̄� (𝑙+1) ⊗ 𝑈𝑆𝑅 (𝑙+1) )𝜌 (𝑙)

𝑆 {𝑅 (𝑘) } (I�̄� (𝑙+1) ⊗ 𝑈†
𝑆𝑅 (𝑙+1) ) (S.44)

for 𝑙 = 0, 1, . . . , |I(𝜌) | − 1, where I�̄� (𝑙+1) is the identity matrix acting on the reference systems 𝑅 (1) . . . 𝑅 ( |I (𝜌) |) except 𝑅 (𝑙+1) .
From now on, we simply write the label for the relevant system in the subscript to refer to the reduced state acting on the specified
system, e.g., 𝜌 (𝑙)

𝑅 (𝑙) refers to the reduced state obtained by taking the partial trace of 𝜌
(𝑙)
𝑆 {𝑅 (𝑘) } over systems other than 𝑅

(𝑙) .
The following lemma states that this protocol creates non-zero coherence in every reference system.

Lemma 11. For any 𝑙 = 1, . . . , |I(𝜌) |, it holds that 〈0| 𝜌 (𝑙)
𝑅 (𝑙) |1〉 ≠ 0.

Proof. Let (𝑖, 𝑗) ∈ I(𝜌) be the 𝑙+1 th element of I(𝜌), i.e., 𝑅 (𝑙+1) = 𝑅𝑖 𝑗 . First, note that

〈0| 𝜌 (𝑙+1)
𝑅𝑖 𝑗

|1〉 = 〈0| Tr𝑆
[
𝑈𝑆𝑅 (𝑙+1)

(
𝜌
(𝑙)
𝑆

⊗ |0〉〈0|𝑅 (𝑙+1)

)
𝑈

†
𝑆𝑅 (𝑙+1)

]
|1〉

=
1
√
2
〈𝑖 | 𝜌𝑆 (𝑙) | 𝑗〉 .

(S.45)

This implies that if 〈𝑖 | 𝜌 (𝑙)
𝑆

| 𝑗〉 ≠ 0, it always holds that 〈0| 𝜌 (𝑙+1)
𝑅𝑖 𝑗

|1〉 ≠ 0. Thus, it suffices to show that

I(𝜌) = I(𝜌 (0)
𝑆

) ⊆ I(𝜌 (𝑙)
𝑆
) (S.46)

for any 𝑙 to prove the statement.
For this, we prove that the application of unitary in (S.43) always maps non-zero off-diagonal elements in 𝑆 to non-zero

off-diagonal elements in 𝑆, implying that I(𝜌 (𝑙)
𝑆
) ⊆ I(𝜌 (𝑙+1)

𝑆
). Since only 𝑖, 𝑗 th rows and columns of 𝜌 (𝑙)

𝑆
can get affected by

the unitary in (S.43), it suffices to show that if all of the off-diagonal elements of 𝜌 (𝑙)
𝑆
with 𝑖, 𝑗 , and 𝑘-th rows and columns are

non-zero, then those of 𝜌 (𝑙+1)
𝑆

are also non-zero. This can be directly checked as

〈𝑖 | 𝜌 (𝑙+1)
𝑆

|𝑘〉 = 〈𝑖 | Tr𝑅𝑖 𝑗
[
𝑈𝑆𝑅𝑖 𝑗

(
𝜌
(𝑙)
𝑆

⊗ |0〉〈0|𝑅𝑖 𝑗
)
𝑈

†
𝑆𝑅𝑖 𝑗

]
|𝑘〉

= 〈𝑖 | 𝜌 (𝑙)
𝑆

|𝑘〉
(S.47)

and

〈 𝑗 | 𝜌 (𝑙+1)
𝑆

|𝑘〉 = 〈 𝑗 | Tr𝑅𝑖 𝑗
[
𝑈𝑆𝑅𝑖 𝑗

(
𝜌
(𝑙)
𝑆

⊗ |0〉〈0|𝑅𝑖 𝑗
)
𝑈

†
𝑆𝑅𝑖 𝑗

]
|𝑘〉

= − 1√
2
〈 𝑗 | 𝜌 (𝑙)

𝑆
|𝑘〉

(S.48)

for 𝑘 ≠ 𝑖, 𝑗 , and

〈𝑖 | 𝜌 (𝑙+1)
𝑆

| 𝑗〉 = 〈𝑖 | Tr𝑅𝑖 𝑗
[
𝑈𝑆𝑅𝑖 𝑗

(
𝜌
(𝑙)
𝑆

⊗ |0〉〈0|𝑅𝑖 𝑗
)
𝑈

†
𝑆𝑅𝑖 𝑗

]
| 𝑗〉

= − 1√
2
〈𝑖 | 𝜌 (𝑙)

𝑆
| 𝑗〉 ,

(S.49)

which concludes the proof. �

Step 2: Amplifying coherence. The amplification of the coherence in 𝑅𝑖 𝑗 for (𝑖, 𝑗) ∈ I(𝜌) is accomplished in the same way as
Step 2 in the protocol for Theorem 2. Importantly, since every step in the two-level coherence amplification is applied over a
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catalytic subsystem and the ancillary system, each step in Step 2 is done by an operation that does not actively create coherence in
the catalytic subsystems.

Step 3: Prepare the target state. Similarly to Step 3 for Theorem 2, we repeat Step 1 and 2 for 𝐿 (� 1) times to prepare |+〉⊗𝐿𝑅𝑖 𝑗
for each (𝑖, 𝑗) ∈ I(𝜌) and use it as an ancillary coherent resource state to implement a desired unitary on the main system to
prepare the target state. However, since we only have coherence for the energy differences corresponding to I(𝜌) unlike the case
of Theorem 2, we need to carefully consider how we prepare a state close to 𝜌′, which has coherence for energy differences in
J (𝜌). Intuitively, combining the multiple applications of the energy-shifting operator (S.21) on different ancillary subsystems
holding coherences for different energy differences should allow us to realize the coherences in J (𝜌). Below, we make this
intuition precise.
Let S ⊆ {0, . . . , 𝑑𝑆′ − 1} be a subset of integers. We call S closed index set if (𝑖, 𝑗) ∈ J (𝜌),∀𝑖, 𝑗 ∈ S. Since there exist many

closed index sets in general, it is convenient to consider the largest sets of this type; we specifically call S maximal closed index
set if for any 𝑖 ∉ S, there exists 𝑗 ∈ S such that (𝑖, 𝑗) ∉ J (𝜌). We first show that the set of maximal closed index sets completely
partitions {0, . . . , 𝑑𝑆′ − 1}.

Lemma 12. For any 𝑖 ∈ {0, . . . , 𝑑𝑆′ − 1}, 𝑖 belongs to one and only one maximal closed index set.

Proof. Firstly, 𝑖 ∈ {0, . . . , 𝑑𝑆′ − 1} belongs to at least one maximal closed index set because {𝑖} is always a closed index set, and
any closed index set is a subset of some maximal closed index set. Thus, it suffices to show that 𝑖 only belongs to one maximal
index set. Let us assume, to the contrary, that 𝑖 belongs to two distinct maximal closed index sets S0 and S1. Since S0 ⊄ S1 and
S1 ⊄ S0 by the assumption that S0 and S1 are maximal closed index sets, each set has at least two elements. Pick two distinct
integers 𝑗 ∈ S0 \ S1 and 𝑘 ∈ S1. Then, there exist sets of integers {𝑚𝑙𝑛𝑖 𝑗 }𝑙𝑛 and {𝑚𝑙𝑛𝑖𝑘 }𝑙𝑛 such that

𝐸𝑆′, 𝑗 − 𝐸𝑆′,𝑖 =
∑︁

(𝑙,𝑛) ∈I (𝜌)
𝑚𝑙𝑛𝑖 𝑗 (𝐸𝑆,𝑛 − 𝐸𝑆,𝑙)

𝐸𝑆′,𝑘 − 𝐸𝑆′,𝑖 =
∑︁

(𝑙,𝑛) ∈I (𝜌)
𝑚𝑙𝑛𝑖𝑘 (𝐸𝑆,𝑛 − 𝐸𝑆,𝑙).

(S.50)

However, since 𝐸𝑆′,𝑘 − 𝐸𝑆′, 𝑗 = (𝐸𝑆′,𝑘 − 𝐸𝑆′,𝑖) − (𝐸𝑆′, 𝑗 − 𝐸𝑆′,𝑖), we also get

𝐸𝑆′,𝑘 − 𝐸𝑆′, 𝑗 =
∑︁

(𝑙,𝑛) ∈I (𝜌)

(
𝑚𝑙𝑛𝑖𝑘 − 𝑚

𝑙𝑛
𝑖 𝑗

)
(𝐸𝑆,𝑛 − 𝐸𝑆,𝑙), (S.51)

implying that ( 𝑗 , 𝑘) ∈ J (𝜌). Since this holds for any 𝑘 ∈ S1 for fixed 𝑗 , we get that 𝑗 ∈ S1, which is a contradiction. �

Lem. 12 implies that maximal index sets S0,S1, . . .S𝑇 with 𝑇 ≤ 𝑑𝑆′ − 1 completely partition {0, . . . , 𝑑𝑆′ − 1}. As a result, the
Hilbert spaceH ′ underlying the target system 𝑆′ can be decomposed asH ′ =

⊕
𝑙H𝑙 whereH𝑙 := span

{
|𝑖〉

��� 𝑖 ∈ S𝑙
}
. Then, if

I(𝜌′) ⊆ J (𝜌), the definition of closed label sets allows 𝜌′ to admit a block diagonal form

𝜌′ =
⊕
𝑙

𝑝𝑙𝜌
′
𝑙 , supp(𝜌

′
𝑙) ⊆ H𝑙 . (S.52)

It now suffices to show that each 𝜌′
𝑙
can be obtained with an arbitrary accuracy by covariant operation applied over 𝑆′ and 𝑅,

since 𝜌′ can be realized by stochastically prepare 𝜌′
𝑙
at probability 𝑝𝑙 , and any operation that solely acts on the systems outside

the catalytic subsystems clearly does not actively create correlation in the catalytic subsystems. (Note that, as in the case for
Theorem 2, we discard the ancillary system 𝑅 at the end of the protocol, and it is not a catalytic subsystem.) Moreover, it suffices
to show that any pure state acting on H𝑙 can be obtained, because then any mixed state 𝜌′𝑙 can be obtained by stochastically
preparing the pure states that appear in a convex combination that constitutes 𝜌′

𝑙
. Thus, we focus on the case where 𝜌𝑙 is pure for

all 𝑙. In this case, for any 𝑙 and another arbitrary pure state |𝜓𝑙〉 ∈ H𝑙 , there exists a unitary 𝑉𝑙 acting onH𝑙 such that

𝜌′𝑙 = 𝑉𝑙 |𝜓𝑙〉〈𝜓𝑙 |𝑆′𝑉
†
𝑙
. (S.53)

Specifically, we choose |𝜓𝑙〉 = | 𝑗★
𝑙
〉 where | 𝑗★

𝑙
〉 is an energy eigenstate of 𝐻𝑆′ and 𝑗★𝑙 is an arbitrary integer such that 𝑗

★
𝑙
∈ S𝑙 . For

any 𝑘 ∈ S𝑙 , let
{
𝑚
𝑖 𝑗

𝑘 𝑗★
𝑙

}
𝑖 𝑗
be a set of integers such that

𝐸𝑆′, 𝑗★
𝑙
− 𝐸𝑆′,𝑘 =

∑︁
𝑖 𝑗

𝑚
𝑖 𝑗

𝑘 𝑗★
𝑙

(𝐸𝑆, 𝑗 − 𝐸𝑆,𝑖), (S.54)
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whose existence is ensured by the definition of S𝑙 and (S.41).

Similarly to the procedure for Theorem 2, we embed the state on 𝑅⊗𝐿
𝑖 𝑗
into another system �̃�𝐿

𝑖 𝑗
with Hamiltonian

𝐻�̃�𝐿
𝑖 𝑗
= 𝐻𝑅⊗𝐿

𝑖 𝑗
+ (𝐸𝑆′, 𝑗 − 𝐸𝑆′,𝑖)

©«
−1∑︁

𝑡=−𝑀𝑖 𝑗
𝑡 |𝑡〉〈𝑡 | +

𝐿+𝑀𝑖 𝑗∑︁
𝑡=𝐿+1

𝑡 |𝑡〉〈𝑡 |ª®¬ , (S.55)

where 𝑀𝑖 𝑗 B max𝑘∈S𝑙 𝑚
𝑖 𝑗

𝑘 𝑗★
𝑙

and |𝑡〉 with 𝑡 ∉ {0, . . . , 𝐿} is an eigenstate of the new Hamiltonian orthogonal to all the eigenstates of
𝐻𝑅⊗𝐿

𝑖
. Let Δ𝐴 be the energy-shifting operator acting on system 𝐴 defined as Δ𝐴( 𝑗) =

∑𝐿
𝑘=0 |𝑘 − 𝑗〉〈𝑘 | and 𝑃0:𝐿

�̃�𝐿
𝑖 𝑗

B
∑𝐿
𝑛=0 |𝑛〉〈𝑛|�̃�𝐿𝑖 𝑗

where |𝑛〉 is the eigenstate of 𝐻�̃�𝐿
𝑖 𝑗
as in (S.16). Then, we consider a covariant operation E𝑉𝑙 : D(H𝑙 ⊗ �̃�) → D(H𝑙 ⊗ �̃�) with

Kraus operators

𝐾0 :=
∑︁
𝑘∈S𝑙

|𝑘〉〈𝑘 |𝑉𝑙 | 𝑗★𝑙 〉〈 𝑗
★
𝑙 |

⊗
(𝑖, 𝑗) ∈I (𝜌)

Δ�̃�𝑖 𝑗

(
𝑚
𝑖 𝑗

𝑘 𝑗★
𝑙

)
(S.56)

𝐾1 := (IH𝑙 − | 𝑗★𝑙 〉〈 𝑗
★
𝑙 |)

⊗
(𝑖, 𝑗) ∈I (𝜌)

𝑃0:𝐿
�̃�𝐿
𝑖 𝑗

+ IH𝑙 ⊗
I −

⊗
(𝑖, 𝑗) ∈I (𝜌)

𝑃0:𝐿
�̃�𝐿
𝑖 𝑗

 (S.57)

If we apply the above channel to | 𝑗★
𝑙
〉〈 𝑗★
𝑙
|
⊗

(𝑖, 𝑗) ∈I (𝜌) |+〉〈+|⊗𝐿�̃�𝐿
𝑖 𝑗

and take the partial trace over �̃� systems, 𝐾0 deterministically
clicks and gives

Tr�̃�

𝐾0 ©«| 𝑗★𝑙 〉〈 𝑗★𝑙 |
⊗

(𝑖, 𝑗) ∈I (𝜌)
|+〉〈+|⊗𝐿

�̃�𝐿
𝑖 𝑗

ª®¬𝐾†
0


=

∑︁
𝑘∈S𝑙

∑︁
𝑝≠𝑘

|𝑘〉〈𝑘 |𝑉 | 𝑗★𝑙 〉〈 𝑗
★
𝑙 |𝑉

† |𝑝〉〈𝑝 |
∏

(𝑖, 𝑗) ∈I (𝜌)
Tr

[
Δ�̃�𝐿

𝑖 𝑗

(
𝑚
𝑖 𝑗

𝑘 𝑗★
𝑙

− 𝑚𝑖 𝑗
𝑝 𝑗★
𝑙

)
|+〉〈+|⊗𝐿

�̃�𝐿
𝑖 𝑗

]
+

∑︁
𝑘∈S𝑙

|𝑘〉〈𝑘 |𝑉 | 𝑗★𝑙 〉〈 𝑗
★
𝑙 |𝑉

† |𝑘〉〈𝑘 |
(S.58)

Analogously to Theorem 2, it suffices to show Tr
[
Δ�̃�𝐿

𝑖 𝑗
(𝑚) |+〉〈+|⊗𝐿

�̃�𝐿
𝑖 𝑗

]
→ 1 as 𝐿 → ∞ for every (𝑖, 𝑗) ∈ I(𝜌) and |𝑚 | ≤ 2𝑀𝑖 𝑗 .

We have

Tr
[
Δ�̃�𝐿

𝑖 𝑗
(𝑚) |+〉〈+|⊗𝐿

�̃�𝐿
𝑖 𝑗

]
=
1
2𝐿

𝐿−|𝑚 |∑︁
𝑛=0

(
𝐿

𝑛 + |𝑚 |

)1/2 (
𝐿

𝑛

)1/2
. (S.59)

It holds that

{( 𝐿
𝑛+|𝑚 |

)
≥

(𝐿
𝑛

)
𝑛 ≤ 𝐿

2 −
|𝑚 |
2(𝐿

𝑛

)
≥

( 𝐿
𝑛+|𝑚 |

)
𝑛 ≥ 𝐿

2 −
|𝑚 |
2
. (S.60)
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When 𝐿 is even, (S.59) can be bounded as

Tr
[
Δ�̃�𝐿

𝑖 𝑗
(𝑚) |+〉〈+|⊗𝐿

�̃�𝐿
𝑘

]
=
1
2𝐿

𝐿−|𝑚 |∑︁
𝑛=0

(
𝐿

𝑛

)1/2 (
𝐿

𝑛 + |𝑚 |

)1/2
≥ 1
2𝐿

b 𝐿2 −
|𝑚|
2 c∑︁

𝑛=0

(
𝐿

𝑛

)
+ 1
2𝐿

𝐿−|𝑚 |∑︁
𝑛= b 𝐿2 −

|𝑚|
2 c+1

(
𝐿

𝑛 + |𝑚 |

)

=
1
2𝐿

b 𝐿2 −
|𝑚|
2 c∑︁

𝑛=0

(
𝐿

𝑛

)
+ 1
2𝐿

𝐿∑︁
𝑛= b 𝐿2 +

|𝑚|
2 c+1

(
𝐿

𝑛

)

= 1 − 1
2𝐿

b 𝐿2 +
|𝑚|
2 c∑︁

𝑛= b 𝐿2 −
|𝑚|
2 c+1

(
𝐿

𝑛

)
≥ 1 − |𝑚 |

2𝐿

(
𝐿

𝐿/2

)
≥ 1 − 2|𝑚 |

√
2𝜋
𝐿−1/2 − 𝛿𝑒 −−−−→

𝐿→∞
1 − 𝛿𝑒

(S.61)

for any 𝛿𝑒 > 0.
When 𝐿 is odd, we can follow the same argument to get

Tr
[
Δ�̃�𝐿

𝑖 𝑗
(𝑚) |+〉〈+|⊗𝐿

�̃�𝐿
𝑘

]
≥ 1 − |𝑚 |

2𝐿

(
𝐿
𝐿+1
2

)
≥ 1 − 2|𝑚 |

√
2𝜋

(1 + 1/𝐿)−𝐿/2 (1 − 1/𝐿)−𝐿/2
(√
𝐿 + 1/

√
𝐿

)−1
− 𝛿𝑜 −−−−→

𝐿→∞
1 − 𝛿𝑜

(S.62)

for any 𝛿𝑜 > 0. These imply lim𝐿→∞ Tr
[
Δ�̃�𝐿

𝑖 𝑗
(𝑚) |+〉〈+|⊗𝐿

�̃�𝐿
𝑖 𝑗

]
= 1 for every (𝑖, 𝑗) ∈ I(𝜌) and |𝑚 | ≤ 2𝑀𝑖 𝑗 , concluding the proof.

�

Besides the state transformability under the quasi-correlated catalytic transformations, we have two other observations relevant
to the conjecture.

Qubit transformations. —We considered a slightly extended class of correlated-catalytic covariant transformations. What if
we stick to the original one? In Ref. [29], the authors numerically studied the sets of states achievable from a weakly coherent state
using correlated-catalytic covariant operations with low-dimensional catalysts. They investigated up to three-dimensional catalysts
and confirmed that higher-dimensional catalysts admit larger sets of achievable states, including states with larger coherence. If
this tendency persists to higher catalyst dimensions, it can be expected that any two-dimensional state can be reached from any
coherent initial state with arbitrary precision by employing a catalyst of sufficiently large dimensions.

Creating non-zero coherence in higher modes. — The above observation only applies to qubit systems. When higher-
dimensional systems are in question, the structure of coherence becomes more involved, as coherences for different energy
differences are not comparable in general. Nevertheless, we can show that in any three-level system with eigenstates 1, 2, and 3, if
the initial state has coherence between 1 and 2, 2 and 3, but not 1 and 3, we can broadcast the coherence to the level spacing
between 1 and 3 with the help of correlated catalyst.

Proposition 13. Consider a three-level system with energies 𝐸1, 𝐸2 and 𝐸3 with corresponding energy eigenstates |𝐸1〉, |𝐸2〉,
and |𝐸3〉. Then, for any 3 × 3 density matrix 𝜌 with 𝜌13 = 𝜌31 = 0 and other non-zero matrix elements:

𝜌 =
©«
𝜌11 𝜌12 0
𝜌21 𝜌22 𝜌23
0 𝜌32 𝜌33

ª®¬ , (S.63)

there exists a three-state catalytic system 𝐶 with the same energy as 𝑆, a state of 𝐶 denoted by 𝜏, and a covariant channel E such
that 𝜎 = E(𝜌 ⊗ 𝜏) with Tr𝑆 [𝜎] = 𝜏 and 𝜌′ := Tr𝐶 [𝜎] with 𝜌′13 ≠ 0.
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We stress that the ratios of two energy differences of 𝛥𝐸12, 𝛥𝐸23, and 𝛥𝐸13 (e.g., 𝛥𝐸12/𝛥𝐸23) are irrational numbers in general.
Our result shows that the coherence for 𝛥𝐸13 in the catalyst 𝜏 can indeed be broadcast to 𝜌′ under the presence of non-zero
coherence for 𝛥𝐸12 and 𝛥𝐸13 in 𝜌. Note that this does not contradict the coherence no-broadcasting theorem [40, 41], which
prohibits coherence from being broadcast to states that do not have coherence for any energy difference.

Proof. Our channel consists of two maps. First, we consider a covariant channel E1 on 𝑆 that acts as

E1 (𝜌) = �̃� :=
©«
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𝛿 1
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0 𝛿 1
4

ª®¬ (S.64)

with some real positive number 0 < 𝛿 < 𝐷, where the upper bound 𝐷 is introduced for later use. This map is easily realized by
applying phase rotation on |𝐸1〉 and |𝐸3〉, decoherence, and a classical stochastic map on diagonal elements.
Then, to construct our second map E2 we define the maximally entangled states on 𝑆𝐶 as

|𝑒±𝑖 𝑗〉 B
1
√
2
( |𝐸𝑖𝐸 𝑗〉 ± |𝐸 𝑗𝐸𝑖〉) (S.65)

with (𝑖, 𝑗) = (1, 2), (2, 3), (1, 3). We set the catalyst in 𝐶 as
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The upper bound 𝐷 is set to keep 𝜏 positive semidefinite. (Since 𝑎 → 0 with 𝛿 → 0, there exists some 𝐷 > 0 satisfying it.) We
construct our channel E2 on 𝑆𝐶 as

E2 ( �̃� ⊗ 𝜏) := 𝐾0 ( �̃� ⊗ 𝜏)𝐾†
0 +

3∑︁
𝑘=1

∑︁
(𝑖, 𝑗)=(1,2) , (2,3) , (1,3)

𝐾𝑘, (𝑖, 𝑗) ( �̃� ⊗ 𝜏)𝐾†
𝑘, (𝑖, 𝑗) , (S.67)

where 𝐾0 is a projection operator onto the subspace spanned by {|𝐸𝑖𝐸𝑖〉}3𝑖=1 ⊕ {|𝑒+
𝑖 𝑗
〉} (𝑖, 𝑗)=(1,2) , (2,3) , (1,3)

𝐾0 :=
3∑︁
𝑖=1

|𝐸𝑖𝐸𝑖〉 〈𝐸𝑖𝐸𝑖 | +
∑︁

(𝑖, 𝑗)=(1,2) , (2,3) , (1,3)
|𝑒+𝑖 𝑗〉 〈𝑒+𝑖 𝑗 | , (S.68)

and 𝐾𝑘, (𝑖, 𝑗) ’s are defined as

𝐾𝑘, (𝑖, 𝑗) := 𝑝𝑘, (𝑖, 𝑗) |𝐸𝑘𝐸𝑘〉 〈𝑒−𝑖 𝑗 | (S.69)

with

𝑝𝑘, (𝑖, 𝑗) =

{
1 𝑘 = 2,
0 𝑘 = 1, 3.

(S.70)

Note that 𝐾𝑘, (𝑖, 𝑗) ’s only affect the diagonal elements. Remarkably, 𝜎0 := 𝐾0 ( �̃� ⊗ 𝜏)𝐾†
0 satisfies

(Tr𝑆 [𝜎0])𝑖 𝑗 = 𝜏𝑖 𝑗 (S.71)

for (𝑖, 𝑗) = (1, 2), (2, 3), (1, 3), (1, 1), (3, 3), and

(Tr𝑆 [𝜎0])22 ≤ 𝜏22. (S.72)

The terms with 𝐾𝑘, (𝑖, 𝑗) compensate the decrement in (2, 2) elements and recover the original state 𝜏 in the catalyst. In addition,

𝜌′13 =
152
225

𝛿2 > 0 (S.73)

is also satisfied.
�
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One may wonder how to come up with this construction of states. Here, we briefly describe the computation behind this choice.
We fix �̃� and 𝐾0 as the aforementioned ones, and tune 𝜏. We put restrictions 𝜏11 = 𝜏33 and 𝜏12 = 𝜏23 in our search. Then, direct

calculation of 𝐾0 ( �̃� ⊗ 𝜏)𝐾†
0 yields

(Tr𝑆 [𝜎0])11 =
1
2
𝜏11 +

1
16
𝜏22 +

𝛿

2
𝜏12,

(Tr𝑆 [𝜎0])22 =
1
4
𝜏11 +

5
8
𝜏22 + 𝛿𝜏12,

(Tr𝑆 [𝜎0])12 =
7
16
𝜏12 +

3𝛿
4
𝜏11 +

𝛿

2
𝜏22 +

𝛿

4
𝜏13,

(Tr𝑆 [𝜎0])13 =
3
8
𝜏13 +

𝛿

2
𝜏12.

(S.74)

In order to recover the original state of 𝐶,

(Tr𝑆 [𝜎0])11 ≤ 𝜏11, (S.75)

(Tr𝑆 [𝜎0])22 ≤ 𝜏22, (S.76)

(Tr𝑆 [𝜎0])12 = 𝜏12, (S.77)

(Tr𝑆 [𝜎0])13 = 𝜏13 (S.78)

are necessary and sufficient. The first two conditions are on diagonal elements, whose decrement can be compensated by 𝐾𝑘, (𝑖, 𝑗) ’s
with proper 𝑝𝑘, (𝑖, 𝑗) ’s. The last two conditions are on off-diagonal elements.
Substituting Eqs. (S.77) and (S.78) into (S.74), and using 𝜏22 = 1 − 2𝜏11, we have

𝜏13 =
4𝛿
5
𝜏12,(

9
16

− 𝛿2

5

)
𝜏12 =

𝛿

2
− 𝛿

4
𝜏11.

(S.79)

We should ensure the conditions (S.75) and (S.77), which read

5
4
𝜏11 ≥

1
8
+ 𝛿𝜏12,

3 ≥ 8𝜏11 + 8𝛿𝜏12.
(S.80)

They imply that the coordinate (𝜏11, 𝜏12) should settle in the triangle with three corners (1/10, 0), (3/8, 0), and (2/9, 11/(18𝛿)).
Importantly, the area of this triangle increases as 𝛿 decreases, while the value of 𝜏12 at 𝜏11 = 2/9 on the line given by (S.79)
decreases as 𝛿 decreases. Hence, the line of (S.79) has some overlap with this triangle with small 𝛿. (In fact, 𝛿 ≤ 1/4 suffices to
have the overlap.) By adopting a particular choice 54𝜏11 =

1
8 + 𝛿𝜏12, which means the equality condition of (S.75), we can solve 𝜏12

and obtain (S.66). We remark that 𝜌′13 is computed as

(Tr𝐶 [𝜎0])13 =
1
4

(
3
2
𝜏13 + 2𝛿𝜏12

)
, (S.81)

which always takes a non-zero value in our setup.
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