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ABSTRACT 

Limiting currents were measured for deposition of copper on plane vertical cathodes 

from unstirred solutions. Electrolyte composition ranged from 0.01 to 0.7 molal CuSO4, 

1.38 to 1.57 molal H2SO4, and 0 to 6.38 molal glycerol. Cathode heights varied from 0.25 

to 3.0 in. Limiting current densities were from 0.4 to 108 ma/cm 2. A general correlation 

of the data may be represented by the equation: Nu'  = 0.673 (ScGr)m, where Nu', Sc, 
and Gr are the mass transfer Nusselt, Schmidt, and Grashof numbers, respectively. This 

result is in good agreement with that predicted from the boundary layer theory for mass 

transfer by free convection. 

INTRODUCTION 

This paper is concerned with limiting rates of 

deposition of copper ions at a vertical cathode in an 

unstirred solution. In  such a system, natural  convec- 

tion, or "spontaneous stirring," results from density 

changes which accompany concentration changes in 

the region of the electrode. The limiting process is 

controlled by the max imum rate of mass transfer of 

copper between bulk solution and the electrode sur- 

face. A more detailed discussion of mass transfer phe- 

nomena in electrochemical problems has been pre- 

sented in an earlier paper (1). 

Natural  convection usually involves laminar mo- 

tion of the fluid so tha t  the over-all process requires 

consideration of the simultaneous action cf molecu- 

lar diffusion and convective flow. In  steady-state 

free convection, the main resistance to mass transfer 

is associated with a relatively small region of fluid in 

the vicinity of the electrode, and the concentration 

of the bulk solution remains constant. I t  is conven- 

ient to describe the rate of transfer between any 

point on the electrode surface and the surrounding 

solution in terms of a mass transfer coefficient for 

free convection as given by  the relation: 

( N . ) ~  = 1 ~ ( c ' o  - c~) (i)  

where: (Nn)~ = local rate of mass transfer, gram 

moles/cm2-sec; lc~ = local mass transfer coefficient 

at height x on the electrode surface; and Co and Ci = 

concentration of reacting species in bulk solution 

and at electrode surface, respectively, gram moles/  

em 3. 

The total  local rate of mass transfer, excluding 

migration, is determined by  the current density: 

(ND)~ - I~(1 -- t) ( II)  
nF 

~Manuscript received April 6, 1953. This paper was 

prepared for delivery before the Philadelphia Meeting, 

May 4 to 8, 1952. 
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where: Ix ~- current density at  height x; n = valence 

charge of reacting ion; F = the Faraday;  and t = 

transference number  of reacting ion averaged over 

the mass transfer path. 

To describe the rate of mass transfer per unit area 

averaged over the entire electrode, an average mass 

transfer coefficient m a y  be defined by  the equation: 

N .  = kL(Co - -  C~) - { ( 1  - t) ( n I )  
nF 

where: Nn = average mass transfer rate, gram moles/  

cm~-sec; k~ = average mass transfer coefficient, 

cm/see;  and I = average current density, a m p / c m  2, 

i.e., total  current + electrode surface area. 

Limiting Current and Concentration Polarization 

The mass transfer coefficient has a value charac- 

teristie of the system and current density under con- 

sideration, so tha t  the average current density is 

given by  rearrangement  of equation ( I I I ) :  

I = nF(Co - C~)lc~ (IV) 
(1  - -  t) 

The theoretical maximum current density is tha t  

which would reduce C~ to zero. This theoretical lim- 

iting current density cannot be fully reached in prac- 

tice because of the development of electrode polari- 

zation associated with depletion of the reacting ions 

in the region of the electrode. This polarization is 

approximately equal to the emf of a concentration 

cell formed between two solutions containing the 

reacting ion at concentrations Co and C~, respec- 

tively. Thus:  

R T  a o I ~ T  Co 
AE = ~ l n - -  l n - -  (V) 

a~ ~ n-Y C~ 

where AE = concentration polarization, volts. As 

t h e  current density is increased toward the theoreti- 

cal limit, the applied potential  must  increase as a 
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result of the polarization, so that,  in general, before 

the theoretical maximum current can be reached, 

some competing electrode reaction such as hydrogen 

evolution occurs. However, C~ often can be reduced 

in practice to an essentially negligible value before 

the onset of a successive reaction. For example, in 

the deposition of a copper ion at 25~ a concentra- 

tion polarization of 0.087 volt will require the ratio 

C;/Co to be 10 -~. In view of the possibility of succes- 

sive reactions, it is necessary to define the limiting 

current density as the maximum current density 

which may be utilized exclusively for the production 

of a desired electrode reaction. 

Equations for prediction of mass transfer coeffi- 

cients and general correlation of data may be de- 

veloped by analogy to solutions of the correspond- 

ing problem of heat transfer to vertical surfaces by 

free convection. In another paper (2), the authors 

have applied the boundary layer equations of Squires 

(3), as outlined by Eckert  (4), to the present mass 

transfer problem. This procedure leads to the follow- 

ing results in the form of dimensionless groups: 

(Nu')~ = 0.508Se~(0.952 + Sc)-'/aGr ~/4 (VI) 

where: (Nu')~ = local Nusselt number for mass trans- 

fer; Se = Schmidt number; and Gr = Grashof num- 

ber. 

The Nusselt, Schmidt, and Grashof numbers are 

given by 

(Nu')~ - Z~xX~ (vii) 
D 

where: k~ = mass transfer coefficient at height x, 

cm; x = vertical height on electrode surface, cm; 

D = effective diffusion coefficient of cupric ion, cm2/ 

sec; Xy = "film factor" for diffusion of cupric ion 

analogous to film pressure factor in gases (5, 6), 

equal to the log mean volume fraction of nondif- 

fusing species in the present case. 

S c -  # (VIII) 
pD 

where: # = average liquid viscosity, g/cm-sec, and 

p = average liquid density, g/cm 3. 

Gr~ - -  g(p~ - -  Pi)P2x3 (IX) 
p.#2 

where: pc and p~ = fluid densities in bulk solution 

and at the electrode surface, respectively, g /cm ~, 

and g = acceleration of gravity, cm/sec 2. 

I t  is convenient to relate the density difference, 

pc - p~, to the concentration difference, Co - C~, 

by the specific densification coefficient, a, defined by 

the relation: 

pc - -  Pi 
--  (X) 

p~(Co- CJ 

The specific densiflcation coefficient does not vary  

greatly with concentration and, therefore, provides 

a convenient method for correlation of density data 

for use in these equations. 

At the limiting current, assuming C~ to be negli- 

gible over the entire electrode, ks varies inversely as 

the 1/~ power of x. By integration over the electrode, 

the average mass transfer coefficient over height 0 

to x can be related to the local value at height x by 

the equation: 

kL = 4/3k~ (XI) 

Assuming XI = 1 and the number 0.952 negligible 

compared to Sc, equations (VII), (VIII),  and (XI) 

may be combined to give the general equation for 

correlation of mass transfer coefficients in liquid 

systems: 

N u '  - kLx _ 0.677 (SC Gr) 1/4 (XII)  
D 
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FIG. 1. Cell and circuit diagram 

APPARATUS AND MATERIALS 

The apparatus consisted essentially of an electro- 

lytic cell for copper deposition and auxiliary equip- 

ment for measurement of total current and cathode 

potential relative to the bulk solution in the cell. 

Fig. 1 is a schematic diagram of the apparatus. 

The cell was a rectangular container 7.6-cm wide 

and 10-cm high, formed of several sections of Lucite 

so that  the distance could be varied between the 

cathode and anode located at opposite ends. Fig. 2 

and 3 illustrate these features. A copper plate formed 

one of the end walls and served as anode. The copper 

cathodes were mounted in various Lucite holders as 

shown in Fig. 4. These holders permitted use of elec- 

trodes of four different heights: 0.634 cm, 2.54 cm, 

3.75 cm, and 7.6 cm, and facilitated exchange of 

electrodes for repetition of the experiments. All cath- 

odes were equal in width to the inner dimension of 

the cell, i.e., 7.6 cm. The sides of the cathodes were 

insulated with Glyptal  lacquer so that  only the side 

facing the anode conducted current. The cathode 
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circuit was completed by means of a contact screw, 

as indicated in Fig. 1. A fresh electrode was used for 

every 5miring current determination, each electrode 

having been ~brased and preplated by a standard 

procedure to assure uniformity of surface properties. 

Care was taken to obtain smooth alignment of the 

cathode surface with the vertical cell wall formed by 

the Lucite holder. 

As reference electrode, a copper rod was immersed 

m a solution of the same composition as the bulk 

liquid in the cell and connected to the cell through a 

capillary of l~-mm outside diameter, located in the 

corner of the cell at the centerline of the cathode at 

a distance of 1 mm from the surface. Data  were not 

corrected for the small error in potential caused by 

ohmic resistance of the solution between the capil- 

lary tip and the electrode. 

Potentials between the cathode and the reference 

electrode, i.e., total cathodic polarization, were meas- 

ured with a type K-2 potentiometer, and current 

was measured with a range of calibrated ammeters. 

Fifteen different solutions of CuSOt in approxi- 

mately 1.5M sulfuric acid were investigated. CuSO4 

concentration varied from about 0.01M to 0.74M, 

and H2SO4 varied from 1.38M to 1.57M. The electro- 

lyte composition remained essentially constant in 

any one experiment. The cell liquid was analyzed 

frequently during the course of the study; Cu ++ by 

the iodine-thiosulfate method, and SO4- by standard 

gravimetric procedure. C.P. chemicals were used for 

preparation of all solutions. 

FIG. 2. Assembled cell and reference electrode 

EXPERIMENTAL PROCEDURE FOR LIMITING CURRENT 

The principal limiting current experiments are de- 

scribed below. Certain auxiliary experiments are dis- 

cussed in a later section. 

With the electrodes in place, the cell was filled 

with liquid to a depth of 10 cm, completely covering 

the cathode in all cases. Current was then passed 

through the cell and increased in small increments 

until the limiting current was attained, and usually 

increased further to the point of hydrogen evolu- 

tion. Potential  readings and new current settings 

were made at intervals of approximately 1 minute. 

These time intervals permitted the current and po- 

tential to reach essentially steady-state conditions 

at  each rheostat setting, as demonstrated in pre- 

liminary experiments. Current-potential measure- 

ments were made with each electrode and electro- 

lyte composition, and repeated three or four times, 

using freshly prepared cathodes. Reproducibility of 

successive limiting current determinations was 

within 1-2 per cent. The limiting current density for 

each experimental condition was determined by plot- 

ting the average current density over the electrode 

vs. potential, as determined by the reference elec- 

FIG. 3. Cell resting on end, anode at top 

FIG. 4. Various cathodes and holders 

trode, and observing the "plateau" where the cur- 

rent density became essentially independent of po- 
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tential. Fig. 5 is a typical current-potential curve 

for two consecutive runs on the same solution. Al- 

though potentials at currents well below limiting 

were not always consistent for runs on different elec- 

trodes, the limiting current plateaus were always in 

reasonably good agreement. Temperature was ob- 

served during the experiments for subsequent evalu- 

ation of liquid properties. 

CORRELATION OF RESULTS 

Experimental data for the principal experiments 

are summarized in Table I. According to equation 

(XII) and related theory, the Nusselt number should 

be a unique function of the Schmidt-Grashof num- 

ber product for all electrode heights and electrolyte 

compositions. The procedure for obtaining these di- 

mensionless groups is outlined briefly. 

Mass transfer coeflicients.--Average mass transfer 

coefficients were calculated by substitution of ex- 

70 ~ �9 ,/ 
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Fro. 5. Typical current potential curve 

Numerical values were based on the experimental 

data of Gordon and Cole (7) corrected for tempera- 

ture, viscosity, and ionic strength of the solution. 

Hydrogen ion and sulfate ion were assumed to diffuse 

as sulfuric acid since the cupric ion concentration 

was relatively small in all eases. Sulfuric acid dif- 

fusivities were derived from data of Gordon (8) and 

Thovert  (9), utilizing temperature and viscosity cor- 

rections in a similar manner to the procedure for 

CuSQ.  Diffusion coefficients and viscosities enter- 

ing the final correlation were evaluated at the arith- 

metic mean composition between the bulk solution 

and electrode-solution interface. NumerieM values 

are given in Table I. 

Interracial composition.--The cathode reaction and 

migration effects result in a net movement of sulfuric 

acid toward the interface. Eventually, a steady state 

is reached in which acid is transported away from 

the electrode by convective mass transfer at the 

same rate it is carried toward the electrode. The con- 

eentration difference thus developed between the 

electrode and bulk solution is expressed by the re- 

lation: 

Its+ = k~i~o~(C~- Co)~o~ ( x H D  

where tu+ = transference number for hydrogen ion, 

and lcu~so., = mass transfer coefficient for sulfuric 

acid. According to equation (XII),  the mass lzansfer 

coefficients for the various species vary  as the a/~ 

power of the respective diffusion constants for any 

given electrode and solution. Therefore, the mass 

transfer coefficients for H~S04 were calculated from 

the relation 

I-r~ -la/4 
= �9 ko. o, ( x i v )  

I_Dcuso4 _l 

perimental quantities in equation (III),  assuming Ci 

to be negligible compared to Co, and t for cupric ion 

to be zero. Estimates based on ionic mobilities at 

infinite dilution and corrected for concentration by 

comparison with similar systems indicated that  the 

average value of t over the boundary layer probably 

did not exceed 0.015 for even the most concentrated 

CuSO4 solutions. In absence of a rigorous theory for 

treating transference over the present concentration 

profiles further refinement of the analysis did not 

seem justified. 

Film .factor for cupric ion.--Due to the small vol- 

ume of the cupric ion, (Xy) in equation (VII) was 

never less than 0.997 for the maximum concentra- 

tions and was, therefore, assumed unity in all calcu- 

lations. 

Diffusion coe~cients.--The effective diffusion co- 

efficient for cupric ion was assumed to be the value 

for CuSO4 since sulfate was the only anion present. 

From the known bulk solution sulfuric acid concen- 

tration, the electrolyte composition at the interface 

could be calculated for each experiment. Trial and 

error procedure was required in the solution of equa- 

tions (XIII)  and (XIV) since the average film com- 

position, and, hence, the diffusion constant, was not 

known in advance. 

Viscosities.---Viscosities were measured with an 

Ostwalt viscosimeter for sulfuric acid and copper 

sulfate solutions over the range of temperatm'e and 

composition of interest. Results for pure sulfuric 

acid solutions were in agreement with the data of 

Vinal and Craig (10). 

Densities.--Densities were measured with a special 

pycnometer of large volume for various solutions 

covering the range of compositions used in the ex- 

periments. A general correlation of a values for 

CuS04 and It~SO~ in water and aqueous glycerol 

solutions was developed which permitted the ealcu- 
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l a t i o n  of t h e  d e n s i t y  d i f f e r e n c e  b e t w e e n  b u l k  so lu-  

t i o n  a n d  t h e  e l e c t r o d e - s o l u t i o n  i n t e r f a c e  for  e a c h  

General  c o r r e l a t i o n . - - U s i n g  t h e  m a s s  t r a n s f e r  co-  

e f f ic ien t s  a n d  p r o p e r t y  v a l u e s  d e v e l o p e d  as  d i s c u s s e d  

T A B L E  I. Experimental  data and results for deposition of copper f rom CuSO4-H~SOa solutions on vertical electrodes 

Elec- 
Run trode 
No. height, 

in. 

1 0.25 

2 0.25 

3 0.25 

4 0.25 

5 0.25 

6 0.25 

7 0.25 

8 0.25 

9 0.25 

10 0.25 

11 0.25 

12 0.25 

13 0.25 

14 0.25 

15 1.00 

16 1.00 

17 1.00 

18 1.00 

19 1.00 

20 1.00 

21 1.00 

22 1.00 

23 1.00 

24 1.00 

25 1.50 

26 1.50 

27 1.50 

28 1.50 

29 1.50 

30 1.50 

31 1.50 

32 1.50 

33 1.50 

34 1.50 

35 1.5O 

36 3.00 

37 3.00 

38 3.00 

39 3.00 

40 3.00 

41 3.00 

42 3.00 

43 3.00 

44 3.00 

45 3.00 

46 3.00 

CuS04 H2SO4 
molarity molarity 

0.01002 1.530 

0.0270 1.561 

0.0498 1.498 

0.0688 1.523 

1.450 

1.471 

1.502 

1.484 

M&ss 
Lira. transfer 

current 
density coefficient 

X ]08 
ma/cm2 cm/sec 

0.602 0.3113 

2.12 0.4068 

4.20 0.437O 

6.44 0.4850 

7.67 

9.63 

20.69 

27.55 

48.68 

66.45 

92.44 

94.65 

108.2 

105.3 

0.495 

1.46 

2.76 

5.00 

13.05 

17.58 

28.8 

44.9 

66.3 

74.65 

0.45 

1.29 

1.53 

2.60 

4.58 

12.05 

16.6 

26.2 

39.5 

49.2 

66.8 

0.397 

1.07 

1.24 

2.09 

3.55 

9.91 

14.05 

20.7 

29.7 

44.1 

56.6 

I Avg. 
Temp, viscosity 

centi- 
poise 

24.7 1.197 

23.7 1.220 

23.O 1.260 

23.7 1.242 

23.7 1.229 

23.7 1.263 

23.7 1.300 

20.5 1.396 

22.5 1.400 

22.5 1.438 

26.O 1.385 

21.5 1.576 

23.7 1.559 

23.7 1.536 

1.218 

1.186 

1.317 

1.320 

1.392 

1.404 

1.495 

1.390 

1.466 

1.654 

1.231 

1.171 

1.265 

1.276 

1.331 

1.395 

1.345 

1.474 

1.432 

1.700 

1.558 

1.231 

1.190 

1.256 

1.310 

1.320 

1.395 

1.351 

1.504 

1.612 

1.546 

1.429 

Avg. 
densi ty 
g/cm~ 

1.0898 

1.0919 

1.0933 

1 . 0 9 2 4  

1.0918 

1.09681 

1.1034 

1.1056 

1.1150 

1.1282 

1.1328 

1.1406 

1.1447 I 

1.1397 

1.0906 

1.0913 

1.0942 

1.034 

1.1050 

1.1058 

1.1168 

1.1272 

1.1375 

1.1465 

1.0910 

1.0911 

1.09201 

1.0936 

1 0936 

1.1o511 

1.1o46 

1.1168 

1 . 1 2 8 o  

1.1417 

1.1448i  

Avg 
diffusion 

co- 
efficient 
X l0 s 

cm2/sec 

0. 628 

0.615 

0. 593 

0.604 

0.610 

0. 594 

0. 580 

0.533 

0.537 

0.525 

O. 522 

0. 480 

0.490 

0.495 

0.613 

0.635 

0.536 

0.561 

0.536 

0.528 

0.498 

0.546 

0.523 

0.458 

0.605 

0.645 

0.588 

0,584 

0,556 

0.535 

0,557 

0,506 

0,527 

0,441 

0,490 

1.0909 0.605 

1.09141 0.633 

1.0918 O.593 

1.0942 0.567 

1.0934 0.561 

1.10511 0.535 

1 .104810 .554  

1.1171 0.494 

1.1308 I 0.461 

1.1396 10.491 

1.1422] 0.540 

ACH2sO 4 p o -- p i 
moles/liter g/cm3 

0.0031 0.00139 

0.0083 0.00371 

0.0153 0.00675 

0.0209 0.00926 

0.0247 0.0109 

0.0301 0.0133 

0.054 0.0248 

0.071 0.0319 

0.103 0.0478 

0,123 0.0594 

0.156 0.0791 

0.160 0.0845 

0.174 0.0938 

0.177 0.0941 

0.0035 0.00157 

0.0083 0.00371 

0.0153 0.00675 

0.0247 0.0109 

0.0540 0.0249 

0.071 0.0319 

0.103 0.0479 

0.123 0.0593 

0.160 0.0844 

0.174 0.0939 

0.0035 0.00137 

0.0082 0.00371 

0.0094 0.00418 

0.0153 0.00675 

0.0247 0.0109 

0.054 0.0249 

0.071 0.0319 

0.103 0.0478 

0.123 0.0594 

0.160 O.O846 

0.174 0,0937 

0.0035 0.00157 

0.0082 0,00371 

0.0094 0,00418 

0.0153 0,00675 

0.0247 0.0109 

0.054 0.0249 

0.071 0.0319 

0.103 0.0478 

0.123 0.0595 

0.160 0.0844 

0.174 0.0937 

Nu' 

31.43 

41.94 

46.72 

50.91 

50.82 

53.47 

62.00 

68.73 

79.25 

89.01 

88.13 

98.21 

99.09 

94.47 

94.06 

112.1 

129.6 

144.3 

169.5 

177.4 

202.4 

231.7 

255.0 

293.1 

127.9 

143.9 

165.8 

173.7 

196.9 

231.6 

234.7 

267.6 

311.9 

328.5 

361.8 

228.7 

246.5 

27O.O 

291.5 

306.5 

385.9 

404.3 

438.8 

543.2 

535.9 

563.3 

Sc 

1749 

1817 

1943 

1882 

1845 

1939 

2031 

2369 

2338 

2428 

2215 

2878 

2779 

2773 

1822 

1711 

2138 

2152 

2350 

2405 

2688 

2258 

2464 

3150 

1865 

1664 

1970 

1998 

2188 

2359 

2186 

2608 

2409 

3376 

2777 

1865 

1722 

1940 

2117 

2152 

2359 

22O7 

2725 

3092 

2763 

2317 

Gr X 10-6 

0.00264 

0.00680 

0.01167 

0.01641 

0.01969 

0.22290 

0.04078 

0.04575 

0.06936 

0.08345 

0.1211 

0.1006 

0.1151 

0.1186 

0.1852 

0.4625 

0.6867 

1,101 

2.295 

2.910 

3.924 

5.733 

7.437 

6.597 

0.5839 

1.528 

1.476 

2.351 

3.485 

7.354 

10.18 

12.99 

17.41 

17.93 

23.85 

4. 860 

12.31 

12.46 

18.59 

29.48 

61.22 

84.03 

103.9 

114.9 

179.7 

235.1 

Note  : Transference  numbers  of H + var ied  from 0.75 to 0.81. 

e x p e r i m e n t .  T h i s  p r o c e d u r e  is o u t l i n e d  in  d e t a i l  

e l s e w h e r e  (11).  D e n s i t y  d a t a  b a s e d  o n  t h e s e  a v a l -  

ue s  a r e  p r e s e n t e d  in  t h e  d a t a  t a b l e s  p e r t a i n i n g  t o  

t h e  v a r i o u s  e x p e r i m e n t s .  

a b o v e ,  t h e  N u s s e l t ,  S c h m i d t ,  a n d  G r a s h o f  g r o u p s  

w e r e  e v a l u a t e d  fo r  e a c h  e x p e r i m e n t  as  p r e s e n t e d  in  

T a b l e  I .  F ig .  6 is a log- log  p l o t  of t h e  N u s s e l t  g r o u p  

vs.  t h e  S c h m i d t - G r a s h o f  p r o d u c t .  A l l  of  t h e  d a t a  
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correlate very satisfactorily in the manner indicated 

by the theory to a straight line corresponding to the 

equation: 

Nu'  = 0.673(ScGr)~lt (XV) 

The constant 0.673 was evaluated by averaging the 

constants calculated for individual experiments, as- 

suming the Schmidt-Grashof product to enter as the 

power. Such close agreement between equation 

(XV) and equation (XII) is no doubt fortuitous, but, 

nevertheless, the result appears to be a very en- 

couraging indication of the general validity of the 

methods employed. 
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DISCUSSION 

Comparison of Results with other Theories 

and Experiments 

Diffusion layer theory.--As originated by Nernst 

(12), this theory assumes transfer of ions to occur by 

diffusion through a "diffusion layer" of thickness B' 

defined for dilute solutions by the relation: 

ND -- Co - Ci D. (XVI) 
B' 

The diffusion layer is thus a hypothetical layer of 

stagnant fluid by means of which the total rate of 

mass transfer by all mechanisms acting over the 

actual mass transfer path may be expressed by an 

equivalent rate equation for pure diffusion. This con- 

cept has been widely used in the chemical engineer- 

ing literature, with B' usually designated as the "ef- 

fective film thickness." From equations (III), (XV), 

and (XVI), the diffusion layer thickness is given by: 

B' = 1.48x(ScGr) -~/~. (XVII) 

Equation (XVII) indicates that B' is not constant, 

but varies with electrode height, electrolyte compo- 

sition, and other factors which influence the Schmidt- 

Grashof number product. For the experimental re- 

sults obtained in this study, B' ranged, in agreement 

with the theory, from 0.0064 em to 0.0332 cm. Some 

authors (13, 14) have recommended use of an aver- 

age value of 0.05 cm for B' in unstirred systems, a 

procedure which is theoretically unsound and which 

may be very seriously i ,  error, as indicated by the 

present results. 

Analogy to the Schmidt-Pohlhausen-Beckmann de- 

velopment for heat transfer (15).--As recommended 

for electrochemical systems by Agar (16) this theory 

gives the result :e 

N u '  = 0.525(ScGr) 114. (XVIII) 

Although the numerical coefficient in this equation 

disagrees with that derived from more exact theories 

and the present experimental result, the essential 

form of the equation is the same for large values of 

Sc. The disagreement is to be expected since the 

original solution of the differential equations by 

Pohlhausen was based upon Beckmann's experimen- 

tal result for heat transfer to air from vertical plates. 

The numerical coefficient of equation (XVIII) can 

be considered applicable only to systems with 

Schmidt or Prandtl numbers of numerical value near 

to the Prandtl number for air, i.e., about 0.73. 

Equations of Levich.--Levich (17) has developed 

an approximate solution to the differential equations 

for the free convection boundary layer which may be 

put into the form of equation (XII) as follows: 

Nu'  = 0.51(ScGr) ll4. (XIX) 

Again, although the exact numerical coefficient dif- 

fers, this theory leads to an equation of the ~ame 

general form as those previously described. 

Equations of Wagner . - -A  detailed treatment of 

the free convection problem in relation to electrode 

processes has been presented by Wagner (18). Wag- 

ner uses the method of the boundary layer, assuming 

that the boundary layers for velocity and for diffu- 

sion of the various ionic species do not necessarily 

coincide. By assuming certain functions for the dis- 

tribution of velocity and concentration between the 

electrode and point of maximum velocity, equations 

are developed to apply specifically to the system 

CuSO4-H~SO4-H20. This result may be expressed in 

the following form for comparison with equation 

(XII): 

Xu '  = 0.805(ScGr) 1f4. (XX) 

2 Inspect ion  of the  equat ions  as presented b y  ten  Bosch 

indicates that the coefficient of equation (Xu should 
be 0.518. 



Vol. 100, No. 11 LIMITING CURRENTS UNDER FREE CONVECTION 519 

As a consequence of assuming the boundary layer 

thickness for diffusion of H + to be greater than for 

diffusion of Cu ++, Wagner obtains an expression for 

calculation of the density difference between bulk 

solution and the electrode surface which differs from 

the result obtained in this paper. Direct comparison 

of the methods is, therefore, complicated. 

When a may be assumed constant at an average 

value for each species, equations (IV) and (XIII) to 

(XV) lead to the following result for the average 

limiting current density over an electrode of height 

Xo: 

0.673nFACo 
I=  

r e ( l -  tcu++) 
(XXI) 

.[gx2D3ACo(ac.so4-aa2s;:ta+[DcosoJD.2s04]3/~)] lu 

Equation (XXI) may be compared directly with 

equat!on (XLu of Wagner's paper. Limiting cur- 

TABLE II. Limiting current densities at copper cathodes in 
0.1M CuSO4 + 1.0M H2SO4 at 25~ 

Average limiting current density, amp/cm 2 

Electrode CalculatedX Catculated~ height, equation (XXI)equation (XXI) 
rm Experimental (physical (physical Calculated, 

result ( 1 8 )  properties, properties Wagner 
this study) of Wagner) 

1 0.0103 0.0099 0.00% 0.0094 
4 0.0067 0.0070 0.0058 0.0066 

16 0.0052 0.0050 0.0041 0.0047 

1 De,so4 = 0.657 • 10 -5 cm2/sec; ac~so4 = 143.6 cm3/ 
mole; aH2so4 = 51.9 cm3/mole. 

2 De,so4 = 0.5 X 10 -~ cm~/sec; acoso4 = 166 cma/mole; 
an,,so4 = 68 eroS/mole. 

rent data for deposition of copper from 0.1M CuSO4 

in 1.0M H2SO4 are presented by Wagner for three 

electrodes of heights 1, 4, and 16 cm. These observa- 

tions are given in Table II, along with values calcu- 

lated by the method of Wagner, and calculated by 

equation (XXI) above. Equation (XXI), in con- 

iunction with physical properties evaluated by the 

correlations developed for this paper, gives a very 

satisfactory prediction of the measurements, with 

an average deviation of 3.9 per cent between calcu- 

lated and observed values. Use of physical proper- 

ties recommended by Wagner, however, leads to a 

much less satisfactory result. The principal disagree- 

ment with respect to physical data lies in the values 

of the diffusion coefficient for CuSO4 and in the 

densification coefficients for CuSO4 and H2SO4, as in- 

dicated in Table II. 

Equations of Keulegan.--Keulegan (19) presents 

the differential equations for motion and diffusion in 

the boundary layer for mass transfer in a manner 

similar to that used by Pohlhausen (15) for heat 

transfer. An approximate solution is developed by 

assuming the distribution of velocity and concentra- 

tion to be arbitrarily selected sine functions of dis- 

tance through the boundary layer perpendicular to 

the electrode surface. The resulting solution may be 

extended into the general form corresponding to 

equation (XV) as follows: 

Nu'  = 0.628(ScGr) TM. (XXII) 

Keulegan compares density reductions between bulk 

solution and the electrode for deposition of copper 

and nickel, calculated by equations based on this 

theory, with experimental results determined in 

freezing experiments by Brenner (18). The agree- 

ment obtained between calculation and theory is 

sufficient to constitute a strong indication of the cor- 

rectness of the concepts which have been assumed in 

the boundary layer theory. Keulegan's presentation 

does not consider effects of migration and resultant 

increase in concentration of acid at the electrode on 

the developed density difference between the inter- 

face and bulk solution; however, the resultant error 

is not sufficient to alter the general agreement of the 

theory with the interpretation of Brenner's experi- 

ments. 

Equations of Ostrach for heat transfer.--An excel- 

lent comprehensive treatment of heat transfer by 

free convection to vertical plates has been presented 

by Ostrach (19). The convection-diffusion equations 

are developed to give differential equations of the 

form used by Pohlhausen. By use of an IBM Card 

Programmed Electronic Calculator, solutions of 

these differential equations were obtained for vari- 

ous values of Prandtl number to give useful tabular 

functions from which Nusselt numbers, temperature, 

and velocity distributions can easily be obtained. 

These equations are adaptable to the mass transfer 

problem by substitution of Schmidt number for 

Prandtl number. For the average mass transfer Nus- 

self number over a plate of height Xo, the result of 

Ostrach may be expressed as follows: 

Nu'  
- 0.943 f(Sc) (XXIII)  

(Gr) lu 

where f(Sc) is a function of the Schmidt number, 

tabulated by Ostrach as the function - H ' ( O )  of 

Prandtl number. Equations (VI) and (XI) give: 

Nu'  0.677(Sc) 1/2 

(Gr) 1/4 - (0.952 + Sc) 1/4" (XXIV) 

A comparison of numerical values of equations 

(XXIII) and (XXIV) for various Sc, using f(Se) 

from the tables of Ostrach, indicates that satisfac- 

tory agreement is over the range of Schmidt num- 

bers above 0.73, with the two methods almost coin- 

ciding in the region of high Schmidt numbers such 
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as usually prevails in liquid systems. Both of these 

methods indicate equations of the simple form of 

equation (XVII I )  to be theoretically inadequate 

over an extended range of Schmidt numbers for mass 

transfer or of Prandt l  numbers for heat transfer. 
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FIG. 7. Variation of limiting current with bulk cupric 
ion concentration. 

Effect of Experimental Variables on Limiting 

Current Density 

Bulk concentration of reacting species.--Equation 

(XXI)  indicates the effect of all variables on the 

limiting current density when a may  be assumed 

constant. If  variation of other properties with elec- 

trolyte composition is not significant for a given sys- 

tem, the limiting current density should vary  with 

the 5/~ power of the bulk concentration of reacting 

species. In Fig. 7, limiting current densities for the 

present experiments are plotted against eoncentra- 

tion of cupric ion in the bulk electrolyte. A straight 

line of slope ~ passes through the data  very well 

a t  concentrations greater than  0 . IM.  However,  at  

lower concentrations, the relationship breaks down, 

due to failure of the assumption of constancy of a 

and other properties. Thus it may  be concluded tha t  

limiting current density may  vary  as the 5~ power of 

concentration in certain cases, but  tha t  the rule is 

not universal. 

Electrode height.--According to equation (XXI) ,  

the average limiting current density over an entire 

electrode should vary  inversely as the 1/~ power of 

total  electrode height. This relationship is substan- 

t iated in Fig. 8, which is a log-log plot of current 

density vs. electrode height for three different CuS04 

concentrations. As a further consequence of this re- 

lationship, the total  current passing to an electrode 

increases as the ~ power of electrode height. 
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FZG. 8. Effect of electrode height on average limiting 
current density. 

This limitation of equation (XVII I )  has apparent ly  

been overlooked by ten Bosch, Agar, and others, 

who have postulated its application for all Prandt l  

and Schmidt numbers. A detailed discussion of these 

equations and comparisons with experimental heat 

transfer data  is given by  Ostrach. 

Effect of Free Convection on Limiting 

Current Distribution 

Equation (XXI)  gives the local value of limiting 

current density at height x on a given electrode when 

the total  height xo in the equation is replaced by  

local height x and the numerical constant is reduced 

to 0.508. According to this result, the local current 

density varies inversely as the 1/~ power of distance 

from the bot tom of the electrode. This effect has 

been demonstrated by Wagner (18), who measured 

the current distribution for deposition of copper. 

Fig. 9 shows the theoretical current distribution for 

one of the present experiments. To investigate the 

extent of nonuniformity of current distribution at 

current densities below the limiting value, two ex- 

periments were conducted in which copper was de- 

posited at a steady state rate of 19.5 m a / c m  2 on an 

electrode of 7.6 cm height. After a given run, the 

fresh metal  deposit was stripped off, and its weight 

per 1 cm 2 measured as a function of position on the 

electrode. This, in turn, permit ted the calculation of 

local current density. At heights above 2 cm, the 

current distribution was fairly uniform. At lower 

heights, a significant distortion of current distribu- 

tion is evident, indicating tha t  the effect of free con- 
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SPECIAL EXPERIMENTS 

In order to illustrate certain additional features 

of the problem and to test further the general appli- 

cation of the correlation a number of special experi- 

ments were conducted as follows. 

Copper Deposition from Aqueous Glycerol 

Solutions 

In order to obtain a greater variation in properties 

of the electrolyte, particularly a variation in vis- 

cosity and diffusion coefficient, various H2SO4-H20 

solutions were prepared containing glycerol in 

amounts ranging from 3.28 to 6.38 moles/liter. This 

increased the viscosity of the liquid and reduced the 

diffusion constant, respectively, by a factor of ten. 

Limiting current data were obtained for 1/~-in., 1-in., 

and 3-in. electrodes in the manner previously de- 

scribed. Table I I I  presents the experimental results. 

Fig. 10 shows the compariso~l of Nu'  as a function 

of SeGr for these solutions with the line obtained in 

the general correlation, Fig. 6. This agreement is be- 

lieved to be very satisfactory and an encouraging 

indication of the general validity of the correlation. 

Study of Full-End Electrodes 

In the preceding experiments, the electrodes were 

placed in Lucite holders and centered approximately 

midway between the floor of the celt and upper sur- 

face of the electrolyte. I t  seemed desirable, therefore, 

to s tudy an electrode extending over the entire end- 

wall of the cell, since this arrangement represents 

the opposite extreme in cell geometry. Accordingly, 

the entire Lucite end of the cell was replaced by a 

copper plate which served as the cathode. Limiting 

current measurements were made with liquid filling 

the cell at various levels from 2.5 cm to 10.0 cm. 

Experimental results are compared with the general 

correlation in Fig. 11. Although the best line through 

the data might be placed a few per cent below th- 

TABLE III. Data and results for copper deposition from CuSO4-H2SO4-glycerot solutions on vertical electrodes 

l{un 
No. 

47 
48 
49 
5O 
51 
52 

Elec- 
trode 

height, 
in. 

0.25 
O. 25 
t .00 
1.00 

3. 00 
3. 00 

I 
~,~ H~SO4 Gly~ ] Lira. ' Mass 

m~lUa~riUty molar- ce~~ [CA). ~I transfer 

. . . . .  [ _ _  _ _  

0.36 9 10.751 6 38 32 0.13 3 23.4 
0.5702 1.145/3.28 35.5 0.3226 22.5 
0.3679 0.7 1[  .38 7.121 0.1003 23.5 
0.5702 1.1451 3.28 25.510.2317 21.5 
0.3679 0.7 1/6.38 45s i 0.0645/22.1 
0.5702 1.145' 3.28 18.65[ 0.1695 [22.9 

Avg 
viscosity 
:entipoise 

10.02 
4.254 
9.991 
4. 392 

10.596 
4.197 

Avg 
Av I diffu- 

. .g sion 
aenstty eft 1-, 
g/cma co 10. 5 2. 

1,1983 0.113 
1,1755 0.264 
1.1983 0.114 
1,1762 0. 255 
1.1992 0.106 
1.1752 0. 268 

0.153[ 0.0472 
0.204[ 0.0719 
0 153 0.0472 
0.204 0.0719 

I 

Nu '  

73.67 
77.47 

224.4 
230.8 
462.5 
480.6 

Sr Gr X 10 -8 

73,976 0.001437 
13,708 0.01204 

73,784 0.09284 
14,643 0.7272 
83,357 2.215 
13,326 21.29 

1 Measured in diaphragm cell (23). 

vection persists at current densities well below limit- 

ing in these systems. 
line based on Fig. 6, the deviation is not very signifi- 

cant. I t  may, therefore, be concluded that  the post- 
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tion of the electrode with respect to the floor of the 

cell or with respect to the liquid surface is relatively 

unimportant  insofar as limiting current is concerned. 

Position of Electrode Relative to Floor of Cell 

To observe further the effect of variation in elec- 

trode location, additional experiments were con- 

ducted with two electrodes 0.634 and 2.54 cm in 

height, respectively. In a series of runs, these elec- 

trodes were each placed at distances of 0, 1.3, 3.2, 
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and 5.7 cm from the cell floor with the cell filled to a 

depth of 7.6 cm. Several solutions ranging from 0.042 

to 0.732 in CuSO4 molarity were used in these tests. 

For a given electrode and solution, variations in the 

observed limiting currents from the average for the 

series never exceeded 1.5 per cent over the range of 

electrode positions. 

Effect of Window Baffles between Anode and Cathode 

In the majority of experiments, the electrolyte 

between anode and cathode presented a larger cross 

section perpendicular to the direction of current flow 

than did the cathode. Under these conditions, some 

nonuniformity of current distribution might be ex- 

pected, particularly at the upper and lower edges of 

the cathode. To determine the extent to which such 

nonuniformity of current density might affect the 

limiting current data, several experiments were con- 

ducted using specially designed window-type Lucite 

baffles placed parallel to and near to the cathode. 

Two parallel baffles were used with windows of the 

same size as the electrode and located at the same 

elevation. Limiting current data were obtained for a 

1-in. cathode at various elevations in the cell filled 

to a depth of 7.6 cm, with the baffles placed at dis- 

tances of 1/~ in. and 1 in., respectively, from the 

electrode. Limiting current results obtained with and 

without baffles were identical within limits of experi- 

mental accuracy. 

Variation in Technique of Obtaining 

Current-Potential Curves 

In order to establish the validity of the experi- 

mental techniques which was finally adopted, vari- 

ous ways of obtaining current-potential curves were 

studied. The objective of these studies was to deter- 

mine any effect on the limiting current of altering 

the time intervals between successive current set- 

tings, and of altering the time at which the potential 

was measured following a given current setting. In 

one series of experiments, the time of electrolysis at  

each current setting was held constant at 60 seconds, 

and potentials were measured following each current 

setting at intervals of 10, 30, and 50 seconds, respec- 

tively, in successive runs. In another series of runs, 

the electrolysis time was held at 180 seconds between 

current settings, and the potentials were measured 

at the same intervals as in the preceding series. The 

data for these runs, giving six different current- 

potential curves for identical electrolyte composi- 

tions and electrodes, are shown in Fig. 12. The maxi- 

mum deviation of the limiting currents from the 

average value of 9.22 ma /cm ~ is 3.2 per cent. Irre- 

producibility of polarization of copper cathodes 

should be expected in view of results of other studies 

(22). However, the limiting current density appears 

to be independent of the initial shape of the current- 

potential curve, in agreement with the concept of 

mass transfer being the controlling process at the 

limiting current point. 
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Any discussion of this paper will appear in a Discussion 

Section, to be published in the June 1954 issue of the 

JOURNAL. 
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