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ABSTRACT

In this paper we solve an intertemporal portfolio problem with correlation risk, using a new approach
for simultaneously modeling stochastic correlation and volatility. The solutions of the model are in
closed form and include an optimal portfolio demand for hedging correlation risk. We calibrate the
model and find that the optimal demand to hedge correlation risk is a non negligible fraction of the
myopic portfolio, which often dominates the pure volatility hedging demand. The hedging demand
for correlation risk is larger in settings with high average correlations and correlation variances.
Moreover, it is increasing in the number of assets available for investment as the dimension of

uncertainty with regard to the correlation structure becomes proportionally more important.
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correlation risk. We study an incomplete markets economy in which the investment opportunity set
is stochastic due to changes in both volatilities and correlations. In such an economy, the investor has
a separate hedging demand for correlation risk. Depending on the economic scenario, we show that
optimal portfolios can look significantly different from those obtained in a more common economic
setting, in which the investment opportunity set is affected only by time-varying expected returns

and/or volatilities.
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The practical importance of modeling correlation risk is becoming increasingly evident. To
illustrate the portfolio impact of correlation risk, consider the case of a hedge fund with $1BI of
assets trading in the late 1990s. Assume that the fund uses an unconstrained mean-variance portfolio
strategy constructed using historical data (one year rolling windows with data sampled at daily
frequency). Between April 1996 and early August 1998, the correlation coefficient between the 10-
year US Treasury bond yield and the Aaa corporate bond yield ranged between 0.95 and 0.99. On
August 17, 1998, Russia defaulted on its sovereign debt. Credit and liquidity spreads increased in all
markets and the correlation between US Treasury and Aaa corporate bond yields rapidly declined
reaching 0.80 in May 1999 (see Figure 1).

Insert Figure 1 about here.

In early August 1998, the average yields (standard deviation) of the two asset classes were 6.56%
(0.65) and 7.24% (0.49) respectively. Based on historical observations and assuming a 5.2% risk free
rate, the tangency portfolio would have been long $3.44BI in corporate bonds and short $2.44BI in
Treasury bonds. The expected portfolio return and standard deviation would have been 10.118%
and 0.455, respectively. In May 1999, however, the new tangency portfolio would have been long
$1.6 Bl in corporate bonds and short $0.6BI in Treasury bonds. The expected portfolio return has
changed from 24.2% to 12.2%. The change in the correlation coefficient alone would have induced
a large portfolio reallocation and the hedge fund would have had to liquidate $1.84BI of corporate
bonds.! The reallocation effect would have been even larger if the hedge fund had operated subject
to a Value-at-Risk (VaR) target, since the optimal leverage would have been even lower after the
decrease in correlation. Clearly, such large portfolio reallocations are not ex-ante optimal. If the
fund manager had anticipated that the correlation coefficient between the two asset classes was not
constant but stochastic, the optimal portfolio would have included a position to hedge unexpected

changes in correlations. This paper investigates this issue.

A vast literature has explored the implications of stochastic volatility for portfolio choice. Little
is known, however, about the impact of stochastic correlations. In part, this is because a sensible
specification of a stochastic correlation process implies tight non-linear restrictions and boundary
conditions on the asset return process: Correlations need to be bounded between —1 and +1 and
the implied covariance matrix needs to be symmetric and positive definite. Therefore, a model with
stochastic correlations can easily imply an analytically intractable covariance matrix process. In this
paper, we follow a new approach to modeling correlation risk and directly specify the covariance
matrix process as a matrix-valued affine diffusion. In this way, the model becomes tractable and
the solutions of the intertemporal optimal portfolio problem are easy to interpret economically. The
transition probabilities of the diffusion process follow a Wishart distribution and have been studied
in Bru (1991) and Gouriéroux, Jasiak, and Sufana (2004). Wishart distributions have also been

used in the statistics literature to model Bayesian priors on second moments. The optimal portfolio

'The reader may find this example evocative of the LTCM debacle. See P. Jorion (1999) for a more detailed

discussion.



implications, however, are not known. Since the correlation process is stochastic, we consider an
incomplete markets economy in which a constant relative risk aversion agent maximizes utility of
terminal wealth. This setting allows us to investigate the effect of the investment horizon on the
optimal holdings in risky assets. We solve the model in closed-form and characterize the hedging
demand against correlation risk in the optimal portfolio. We then use the model solutions to address

a number of questions:

(a) What is the economic importance of correlation risk in optimal portfolio choice? We calibrate
the model to historical data on international equity and US bond returns and find that, even for a
small number of assets, the hedging demand for correlation risk is larger than the hedging demand
for pure volatility risk: Correlation risk has an important impact on optimal portfolio weights. This
impact increases when the number of assets grows, since the dimension of uncertainty with regard

to the correlation structure becomes proportionally more important.

(b) How sensitive is the correlation hedging demand to the average level and variance of correlations?
We find that the correlation hedging demand is larger for high average correlations and for high
correlation variances. The economic intuition for the first effect is as follows. If correlations between
assets are high and constant, the optimal portfolio will tend to build uneven positions in the assets.
It is under these conditions that unexpected changes in the correlation coefficients have the highest
potential impact on reducing ex-post utilities. Therefore, the desire to hedge these shocks is higher
and the correlation hedging demand tends to be larger. Moreover, the higher is the conditional
volatility of the correlation, the larger is the average impact on the utility of the optimal portfolio.

Therefore, the correlation hedging demand is larger.

(c) How do both the optimal investment in risky assets and the correlation hedging demand vary
with respect to the investment horizon? This question plays an imporant role in optimal life-cycle
decisions as well as for pension fund managers. We find that the absolute correlation hedging demand
increases with the investment horizon. If the correlation hedging demand is positive (negative), this
feature implies an optimal investment in risky assets that increases (decreases) in the investment

horizon.

(d) What is the link between the persistence of correlation shocks and the demand for correlation
hedging? The persistence of correlation shocks varies across markets. In highly liquid markets like
the Treasury and foreign exchange markets, which are less affected by private information issues,
correlation shocks are less persistent. In other markets, frictions — such as asymmetric information
and differences in beliefs about future cash-flows — make price deviations from equilibrium more
difficult to be arbitraged away. Examples include both developed and emerging equity markets.
Consistent with this intuition, we find that the optimal hedging demand against correlation risk
increases with the extent of correlation shocks persistence. For example, it is higher for equity
portfolios than for portfolios formed out of long-term Treasury bonds and high credit quality US

corporate bonds.

Time-varying correlation can become an important source of risk with wide ranging economic

implications. Moskowitz (2003), for instance, argues that some pricing anomalies such as momentum



and size effect can be explained by stochastic correlations. Driessen, Maenhout, and Vilkov (2006)
document that the implied volatility smile is flatter for individual stock options than for index options
and attribute the difference to a priced correlation risk factor. The interest in modeling stochastic
correlation has also been spurred by financial innovation. Collateralized Debt Obligations (CDOs)
consist of pools of Credit Default Swaps (CDSs) where tranching can create flexible default risk
profiles. Since most of these new products involve a portfolio of firms, the time-variation of the
correlations is a primary source of pricing and risk management issues. The number of financial
instruments whose value depends directly on the correlation process is so large that they form a
separate asset class: "correlation derivatives". In this class we find, for example, contracts designed
to generate exposure to a foreign financial index (either a foreign interest rate or a stock market
index) but with a payoff denominated in the domestic currency. Thus, the pricing, hedging, and risk
management of these instruments explicitly depend on the correlation between the foreign index and
the exchange rate. Other correlation derivatives include foreign-exchange quanto futures and options
such as the Nikkei derivatives traded on the CME. Additional examples are differential swaps, basket

options, and rainbow options (e.g. maximum options, minimum options, spread options).

This paper draws upon a large literature on optimal portfolio choice under a stochastic investment
opportunity set. One set of papers studies optimal portfolio and consumption problems with a single
risky asset and a riskless deposit account.? Kim and Omberg (1996) solve the portfolio problem of an
investor optimizing utility of terminal wealth, where the risk-less rate is constant and the risky asset
has a mean reverting Sharpe ratio and constant volatility. Wachter (2002) extends this setting to
allow for intermediate consumption and derives closed-form solutions in a complete markets setting.
Chacko and Viceira (2005) relax both the assumption on the preferences and the volatility. They
consider an infinite horizon economy with Epstein-Zin preferences, in which the risky asset volatility
follows a mean reverting square-root process. Liu, Longstaff, and Pan (2003) model events affecting
market prices and volatility, using the double-jump framework in Duffie, Pan, and Singleton (2000).
They show that the optimal policy is similar to that of an investor facing short-selling and borrowing
constraints, even if none is imposed. Although their approach allows for a rather general model with
stochastic volatility, they focus on a single risky asset economy. We contribute to this literature by
investigating an economy with multivariate risk factors, in which the correlation between factors is
stochastic and acts as an independent source of risk. Moreover, we investigate the optimal portfolio
implications when markets are incomplete. This aspect is especially important when volatilities and
correlations are stochastic, as it limits the ability of the portfolio manager to span the state-space
using portfolios of marketed assets. In order to derive closed-form solutions, however, we work
with CRRA preferences. This assumption is more restrictive than Chacko and Viceira (2005), who

consider a more general set of Epstein-Zin preferences.

Portfolio selection problems with multiple risky assets have been considered in a further series

of papers. The majority of these, however, assumes that volatilities and correlations are constant.

2Since the available instruments for investment consist of two assets, the resulting portfolio optimization problem
is effectively univariate, because the budget constraint allows to eliminate one portfolio weight in the optimization

problem.



Examples include Brennan and Xia (2002), who study optimal asset allocations under inflation risk,
and Sangvinatsos and Wachter (2005), who investigate the portfolio problem of a long-run investor
with both nominal bonds and stocks. A notable exception to the constant volatility assumption is
Liu (2007), who shows that the portfolio problem can be characterized by a sequence of differential
equations in a model with quadratic returns® and under additional assumptions. To solve in closed-
form a concrete model with a risk-less asset, one risky bond and a stock, he assumes independence
between the state variable driving pure term structure risk and the additional risk factor influencing
the volatility of the stock return. In that model correlations are stochastic, but are restricted to being
functions of stock and bond returns volatilities. Therefore, optimal hedging portfolios do not allow
volatility and correlation risk to have separate roles. Our setting avoids deterministic dependencies
between volatilities and correlations. Moreover, it can be used to analyze portfolio choice problems

of, essentially, arbitrary dimension.

We model the stochastic covariance matrix of returns using a single-regime mean-reverting diffu-
sion process, in which the strength of the mean reversion can generate different degrees of persistence
in volatilities, correlations and co-volatilities. To obtain closed-form portfolio solutions, we refrain
from introducing also an unpredictable jump component in the joint process for returns and corre-
lations. This approach allows us to study the properties of the optimal hedging demand under a
persistent correlation process.* A completely different approach to modeling co-movement in port-
folio choice relies on either a Markov switching-regime in correlations or on the introduction of a
sequence of unpredictable joint Poisson shocks in asset returns. Ang and Bekaert (2002) consider a
dynamic portfolio model with two i.i.d. switching regimes, one of which is characterized by higher
correlations and volatilities. Using numerical methods, they find that when the international portfo-
lio manager has access to a risk-free asset, the optimal portfolio is significatly sensitive to asymmetric
correlations between the two regimes. Our model is different from theirs because we model an in-
complete markets economy in which a single regime features persistent volatility and correlation
shocks. Moreover, the analytical solutions of the optimal portfolio allow us to study the contri-
bution of the different hedging demands for volatility and correlation risk to the overall portfolio.
Since the solutions hold for an arbitrary number of assets, we can also easily study the behavior of
correlation hedging as the number of risky assets increases. In this case, the extent of uncertainty
with regard to the correlation structure becomes proportionally more important. Das and Uppal
(2004) study systemic risk, modeled as an unpredictable common Poisson shock, in a setting with a
constant opportunity set and in the context of international equity diversification. They show that
systemic risk reduces the gain from diversification and penalizes the investor from holding levered
positions. The structure of systemic risk in their model makes changes in the correlation between

assets unpredictable and transitory. In our model, correlation and volatility shocks are persistent.

31.e., the interest rate, the maximal squared Sharpe ratio, the hedging coefficient vector, and the unspanned covari-
ance matrix are all quadratic fuctions of a state variables process with quadratic drift and diffusion coefficients.

4 Persistence of second moments has also proven to be an important dimension to “read’ traditional asset pricing
puzzles through: See, among others, Barsky and De Long (1990, 1993), Bansal and Yaron (2004) and Parker and
Julliard (2005).



Thus, they generate a motive for intertemporal hedging. These features yield substantially different

portfolio choice implications.

This article provides theoretical results that may prove useful to interpret the empirical evidence
emerging from the literature on hedge fund performance. Increasing evidence shows that, after
controlling for market risk, hedge fund alphas are significantly positive and persistent.> For instance,
Kosowski, Naik, and Teo (2006) document that the average alpha of 771 long/short hedge funds is
0.51 on a monthly basis, with funds in the top decile showing alphas larger than 1.41. They test and
find that the performance is persistent and not due to luck. Clearly, part of this performance can be
attributed to managerial ability. However, our results suggest that part of these excess returns may

also compensate for the exposure to correlation risk, which is intrinsic to a long/short strategy.

This article also relates to the multivariate GARCH-literature.> Pioneering models in this field,
as for instance Bollerslev (1987) and Bollerslev, Engle, and Wooldridge (1988), either restrict the
correlation to be constant or do not necessarily imply a positive definite covariance matrix.” Further
important contributions include Harvey, Ruiz, and Shephard (1994), who specify a model with corre-
lation dynamics that are driven by the same factors affecting the volatility, and Barndorff-Nielsen and
Shephard (2004). An important feature of our model is precisely that correlations can have dynam-
ics not fully correlated with the factors affecting the volatility processes. Many recent multivariate
GARCH-models ensure a positive definite covariance matrix that can be estimated by a computa-
tionally feasible estimation procedure. Engle (2002) proposes a Dynamic Conditional Correlation
(DCC) specification with time-varying correlations and positive definite covariance matrices, which
builds upon the estimation of a set of univariate GARCH processes. The DCC-model and those that
extend it to include, for instance, volatility and correlation asymmetries, are analytically intractable
for dynamic portfolio choice purposes. As in multivariate GARCH-settings, our model incorporates
a persistence in volatilities and correlations. However, our model preserves the tractability required

to study the resulting optimal portfolio strategies analytically.

The article proceeds as follows: Section I summarizes the empirical properties of the correlation
between different assets and the potential implications for portfolio choice. Section II describes
the model, the main properties of the implied correlation process, and the solution to the portfolio
problem. In Section III, we calibrate the model to historical data and quantify the portfolio impact
of correlation risk. Section IV discusses some extensions of the model, which include stochastic
interest rates and a time-varying predictability of expected returns, in the spirit of Barberis (2000)
and Wachter (2002). Section V concludes. All proofs are in the Appendix.

SPapers documenting hedge fund performance include Brown, Goetzmann, and Ibbotson (1999), Fung and Hsieh
(2001), Mitchell and Pulvino (2001), Agarwal and Naik (2004), Getmansky, Lo, and Makarov (2004), Busse and Irvine
(2005), Kosowksi, Naik, and Teo (2006).

6See, for instance, Poon and Granger (2003) for a review.

TA well known additional issue of these specifications is the "curse of dimensionality". For n assets, one needs to

(n+1)
lnn2

mode elements of the covariance matrix, which implies that the matrices A and B have +n®(n + 1)? elements.



I. The Time Variation of Correlations

The correlation structure of world markets varies over time. Using data ranging from 1850 to 2005 on
84 international equity markets, Goetzmann, Li, and Ronwenhorst (2005) find average correlations
ranging over time from -0.07 to 0.47. Over 1870-1913, correlations were very high. This period
is called the "golden age of capitalism" (see Rajan and Zingales, 2001) and was characterized by
high average per capita equity market capitalizations and relatively integrated financial markets.
"Following this peak" - Goetzmann, Li, and Rouwenhorst (2005) argue - "the only constant is
change". The average pairwise correlation among the four major markets (France, Germany, U.S,
and U.K.) became —0.073 (1915-1918), 0.228 (1919-1939), 0.046 (1940-1945), 0.110 (1946-1971), and
0.475 (1972-2000).8 Not surprisingly, the largest negative correlation has been between the U.S.
and Germany during World War II. De Santis, Litterman, Vesval, and Winkelman (2003) confirm
these results using daily data and conclude that "both volatilities and correlations vary over time.
In addition, volatilities and correlations react with different speed to market news and may follow
different trends."?

An important strand of the literature has explored in more detail the characteristics of this
time-variation. Longin and Solnik (1995) reject the null hypothesis of constant international stock
market correlations and find that they increase in periods of high volatility. Ledoit, Santa-Clara, and
Wolf (2003) find that the level of correlation depends on the phase of the business cycle. Moreover,
Erb, Harvey, and Viskanta (1994) find that international markets tend to be more correlated when
countries are simultaneously in a recessionary state. Moskowitz (2003) documents that covariances
across portfolio returns are highly correlated with NBER, recessions and that average correlations
are highly time-varying. Ang and Chen (2002) show that the correlation between US stocks and the
aggregate US market is much higher during extreme downside movements than during upside move-
ments. Longin and Solnik (2001) and Barndorff-Nielsen and Shephard (2004) find similar results.
Another important strand of the literature has provided direct evidence that market integration and
financial liberalization change the correlation of emerging markets’ stock returns with a global stock
market index (Bekaert and Harvey, 1995, 2000). The implication is that economic policies changing

the degree of market integration have structural effects on the comovement of financial markets.

To appreciate the time variation in the correlations of some asset returns, Figure 2 plots the

estimated conditional correlations based on Engle’s (2002) Dynamic Conditional Correlations (DCC)

8They use the Browne and Shapiro (1986) and Neudeck and Wesselman (1990) asymptotic distribution to run two
separate tests for the properties of international equity correlations. First, they run an element-by-element x? test of
the equality on the vectorized correlation matrix. Second, they test whether the average correlation is constant. They
strongly reject both null hypotheses.

To explain differences in international equity correlations, Roll (1992) suggests a Ricardian model based on country
industrial specialization. Heston and Rouwenhorst (1994) find, however, that explanations based on fiscal, monetary,
legal, cultural, and language differences dominate explanations based on industry effects. A different interpretation is
investigated by Ribeiro and Veronesi (2002), who propose a model where excess stock comovements during bad times

are obtained endogenously as a reflection of higher uncertainty.



model for US and German equity index daily returns (top panel), as well as for 10 year Treasury and
Aaa-corporate bond index daily returns (bottom panel), in the periods 1988-2005 and 1996-2005

respectively.
Insert Figure 2 about here.

In both cases, the estimated parameters in the DCC correlation dynamics are significant at
standard significance levels, highlighting some persistence in correlations. In the top panel of Figure
2, the unconditional correlation between US and German index returns is about 0.37. The extent of
time variation, however, is large: Estimated correlations range between 0.1 in the late eighties and
more than 0.6 towards the end of the sample. Although correlations tend to spike in times of extreme
market distress, they are generally quite persistent. In the bottom panel of Figure 2, the average
correlation of Treasury bills and Aaa-bond returns is about 0.88. Before 1998, bond correlations
were very stable and even higher, most of the time, than their unconditional mean. After the 1998
Russian crisis, correlations virtually collapsed to a lowest value of less than 0.4 and became highly
time-varying, to recover to a level close to their unconditional value only towards the end of 2003.
Bond correlations also tend to be persistent, with occasional spikes during extreme market distress,
as in the most recent international financial crises, but the persistence is lower than the one observed
for stocks in our example. Since the results on the persistence of the correlation process might
be influenced by the two stage nature of the DCC, we check their robustness by using the rolling
windows estimator with correction for serial correlation suggested by De Santis et al. (2003). The

results are similar.19

The higher persistence of correlation shocks between stocks is economically plausible: The higher
liquidity of the Treasury bond market and the higher uncertainty of stocks future cash flows is likely
to make cross-sectional arbitrage trades between Treasury and corporate bonds more effective, at
least outside phases of severe credit crises. Thus, shocks to price differentials in the equity market
tend to be more persistent. For this reason, in our model a distinct set of parameters directly
controls for the persistence of correlation and volatility shocks. An additional by-product of our
specification is to allow for correlation shocks that are not perfectly spanned by shocks in volatilities.
This is consistent with the empirical evidence discussed in the literature and highlighted by our two
examples above. The potentially large persistence of the correlation processes of some asset classes,
along with the imperfect co-dependence of volatilities and correlations, suggest that the implications
of correlation risk for portfolio choice can be more important than those of stochastic volatility, which

some authors have argued to be small (see Chacko and Viceira, 2005).

'"De Santis et al. (2003) find that the average half-life of the correlation process for the 18 international equity
markets with the largest stock market capitalization is about 17 months. Moreover, our DCC setting does not account
for potential long-memory patterns in the volatility and correlation processes, which many authors have successfully
modeled in several applications, typically using long time series of financial data; see, e.g., Poon and Granger (2003)
and Andersen et al. (2005) for a review. It is likely that the impact of correlation risk for optimal portofolio choice

under a long-memory dependence will be larger than the one under a short memory.



II. The Model

An investor with Constant Relative Risk Aversion utility over terminal wealth trades three assets,
a riskless asset with instantaneous riskless return r, and two risky assets, in a continuous-time fric-
tionless economy on a finite time horizon [0,77]. Our analysis extends to opportunity sets consisting
of any number of risky assets and correlation factors, without affecting the existence of closed-form
solutions and their general structure. We focus on the two-dimensional setting, in order to preserve
the key economic intuition about optimal portfolio choice with stochastic correlations from notational

complications.

A. The Portfolio Allocation Problem

The investment opportunity set can be stochastic both because of changes in expected returns and
changes in conditional variances and covariances. It is well-known that in order to obtain tractable
solutions, one needs to impose restrictions on either the functional form of the squared Sharpe-ratio,
or the maximal squared Sharpe-ratio in incomplete markets. For instance, in standard settings affine
maximal squared Sharpe-ratios imply affine solutions. Given an affine state variable process, two
options are available. The first is to assume a constant risk premium and an affine inverse covariance
matrix process (see also Chacko and Viceira, 2005); the second is to assume time varying expected
returns with an affine covariance matrix process and a constant price of risk (see also Liu, 2001). In
this article, we study the portfolio impact of correlation risk in both settings. First, we solve a model
in which the maximal squared Sharpe ratio is affine in an affine covariance matrix process. In this
setting, we can more easily interpret the model parameters because the relevant state variable is the
covariance matrix of returns itself. Second, in Section IV we study the implications of correlation
risk in a model with constant risk premia and an affine inverse covariance matrix process. In the
first model, squared Sharpe ratios are increasing functions of volatilities, but can be increasing or
decreasing in correlation, depending on the sign of the prices of risk. In the second model, squared
Sharpe ratios are always decreasing in volatilities and correlation if all assets pay a positive risk

premium.

The cum dividend evolution of the price vector S = (S1,S2)" of the risky opportunities is de-

scribed by the bivariate stochastic differential equation:
dS(t) = Ig [(riz + A%, t))dt + El/Q(t) dW(t)| ; Is= Diag[Si,S2], (1)

wherer € Ry, 1o = (1,1)’, W is a standard two-dimensional Brownian motion and $1/2 is the positive
square root of the conditional covariance matrix 3 of returns. The available investment opportunity
set is stochastic, because of the time varying market price of risk ©~1/2(¢t)A(X, t), which is a function
of the stochastic covariance matrix . The constant interest rate assumption is generalized in the
model extensions discussed at the end of the paper. The diffusion process for ¥ is detailed below.
Let m(t) = (m1(t),m2(t))" denote the proportion of wealth X (¢) invested in the first and the second

risky asset. An agent’s wealth evolves as:

dX(t) = X(t) [r + () A, )] dt + X () (t) V2 (1) dW (t). (2)



The agent selects the portfolio process 7 in order to maximize CRRA utility of terminal wealth with
RRA coefficient 1 — . If Xy = X(0) denotes the initial wealth, and ¥y = 3(0) denotes the initial

covariance matrix, the investor’s optimization problem is:

J(Xo,%0) = Sup E [w} ;

5 3)

subject to the dynamic budget constraint (2). This setting allows us to investigate how the optimal

portfolio allocation problem varies over the life-cycle of the agent.

To model stochastic covariance matrices in a convenient way, we make use of the continuous-time
process introduced by Bru (1991) and studied by Gouriéroux and Sufana (2004) and Gouriéroux,
Jasiak, and Sufana (2004). This diffusion process is a matrix-valued extension of the univariate
square-root process that gained popularity in the term structure and the stochastic volatility liter-
ature; see, e.g., Cox, Ingersoll, and Ross (1985) and Heston (1993). Let Z be a bivariate standard
Brownian motion independent of W and define B(t) = [W () Z(t)] as a 2 x 2 matrix-valued standard

Brownian motion. The diffusion process for ¥ is defined as:
d¥(t) = [QQ + ME(t) + S()M'] dt + V2 (1)dB(1)Q + Q' dB(t)'SV3 (1), (4)

where Q, M, Q being 2 X 2 square matrices (with € invertible).

This process satisfies five important properties that make it ideal to model stochastic correlation.
First, it implies that if Q' > Q@' then ¥ is a well defined covariance matrix process. Under this
condition, the implied correlation process is well behaved and bounded between —1 and +1. Second,
if QQ = kQQ’ for some k > 1 then X(t) follows a Wishart distribution; see Bru (1991). This
distribution has been studied in Bayesian statistics to model priors on multivariate second moments,
but it has never been used to study optimal portfolio choice. Third, the process (4) is affine in
the sense of Duffie and Kan (1996) and Duffie, Filipovic, and Schachermayer (2003). This feature
implies closed-form expressions for all conditional Laplace transforms. Fourth, if dln S; is a vector
of returns with Wishart covariance matrix 3(t), then the variance of the return of a portfolio 7 is a
Wishart process. This is generally not the case for settings in which volatilities and correlations are
modelled by a multivariate GARCH process because GARCH models are not invariant under linear
aggregation. Fifth, process (4) is flexible enough to fit many of the empirical features of financial
asset returns, such as leverage and co-leverage, which are found to be important empirical properties

in the literature.

The only thing left to specify is the risk premium A(3,¢) as a function of the state variables.
To motivate a choice for the form of A(X,t), we notice that under a power utility function, in
a Breeden’s (1979) consumption-based model, the price of risk of an asset with returns dS/S is
equal to (1 — v)Cov, [dC/C,dS/S], where dC/C is the growth rate of aggregate consumption. If
aggregate consumption follows dC/C = uqdt + o ¥1/2dBb, where i is the drift of consumption
growth and a and b are 2 x 1 vectors, then the risk premium of the ¢—th asset in our economy is
given by (1 — v)Couv; [dC/C,dS*/S'] = (1 — ) [a'SY2dB(t)b, &;$Y2dB(t)e1], where e; is the i—th
unit vector. Using the property that Covi[dBa,dBb] = a'bldt, where I is the 2 x 2 identity matrix,



it is easy to show that the risk premium is affine in ¥(¢). This result is more general and holds in
any economy whose stochastic discount factor has a diffusion term equal to a’$Y/2dB (t)b. Thus, we
consider economies in which the vector of market prices of risk is linear in (), that is A(X, 1) = XA
where A = (A1, A\2)’ € R?. The same assumption is made in Heston (1993) and Liu (2001) in the case

of a scalar economy.

The first challenge in solving the investment problem (3) subject to the covariance matrix dy-
namics (4) is that markets are incomplete because of the stochastic covariance matrix. This feature is
due to the fact that the two-dimensional Brownian motion Z, appearing in the second column of the
matrix of Brownian shocks in the covariance dynamics (4), is independent of the Browniam motion
W in the returns dynamics (1). It follows that a multiplicity of equivalent martingale measures exists
in our model. To solve the portfolio problem, we consider the dual value function characterization
implied by the minimax martingale measure. He and Pearson (1991) prove that this value function

can be characterized in terms of the following static problem:!!

w} (5)

st BIE(T)X(T)] < =, (6)

J(Xo,>p) = inf sup E [

where v indexes the set of all equivalent martingale measures in the model and &, is in the set of

associated state price densities.

In a constant covariance setting with complete markets, the market prices of risk associated with
the Brownian innovations W are simply equal to © = £%/2X\. When markets are incomplete, He and
Pearson (1991) show that each admissible market price of risk can be written as the sum of two
orthogonal components, one of which is spanned by the asset returns. Since in our setting there are
no frictions, the first component is simply given by (\ $12 o ) — with 0 a two-dimensional vector of
zeros — which prices the shocks to asset returns. The second component is the vector (0,2 »l/ 1
where v is the two-dimensional vector pricing the shocks that are independent of the asset returns.
Let ©, be the matrix-valued extension of © that prices the matrix of Brownian motions B = [W, Z]:
0, = X2\ 1] = B2(\e} 4 veb). Given O, the associated martingale measure &, (T) takes the

form:
et = (~ [ (v + gr@L0,0 ) ds - [ wr@u(eran(s)).

where tr(-) is the trace operator. In addition, it is well-known that the optimality condition for
the optimization over 7 in problem (5) is X(T) = (v&,(T))/~Y, where 9 is the multiplier of the

constraint (6). Therefore, problem (5) can be written as:

v/ (v=1) 1—
J(Xo, So) = inf B | L&) Ll xrine le e @] T_1
v 8 8 vy v
and we can focus without loss of generality on the solution of the problem:
J(0,0) = inf B [¢,(1)7/0]. (7)

"See also Pliska (1986) and Cox and Huang (1989) for the Markovian complete markets case.
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To solve this problem, we solve a corresponding Hamilton-Jacobi-Bellman equation after a change
of measure from the physical probability P to a new probability PY. P7 is defined by the following
Radon-Nykodim derivative with respect to P:

2

dp7 0 TT,S s T Tr’s s))ds
d—P_eXp< 7_1/0 tr(0'(s)dB( ))+2(V_1)2/0 tr(0,(s)Ou( ))d>-

This is the Radon-Nykodim derivative that allows us to remove the stochastic integral in the expo-

nential inside the expectation of optimization problem (7):

-~ - T (s)ds Tr(@ (s s))ds
J(0,%0) = inf B2 [e 71 o 1) dst gy o tr(O4(2)0u( ’)d}, (8)

where E7[-] denotes expectations under the probability P7. Note that the expression tr(©),(s)0,(s))

inside the expectation in equation (8) is affine in X(s).

Results in Schroder and Skiadas (2003) imply that if the original optimization problem has a
solution, the value function of the static problem coincides with the value function of the original
problem. The above equality holds for all times, and not just at time 0. Cvitanic and Karatzas
(1992) have shown that the solution to the original problem exists under additional restrictions on
the utility function, most importantly that the relative risk aversion does not exceed one. Cuoco

(1997) proves a more general existence result, imposing minimal restrictions on the utility function.

B. Properties of the Variance-Covariance Process

To appreciate the properties of the covariance process implied by the dynamics of (4), we study in
this section the implied correlations’ dynamics and the resulting co-dependence features of returns’

volatilities and correlations.

B.1.  The correlation process

To study the correlation process under a Wishart diffusion (4), we can use It6’s Lemma to compute

the correlation dynamics.

Proposition 1 Let p be the correlation diffusion process implied by the covariance matriz dynamics

(4). The instantaneous drift and conditional variance of dp(t) are given by:
Euldp(t)] — [AWD)p(t)? + BO)p(t) + C(1)] d. )
Ee[dp(t)?] = [(1 = p*(t)) (E(t) + G(t)p(1))] dt, (10)

where coefficients A, B, C, E, G depend exclusively on 11, Yoo and the model parameters 0, M
and Q.12

12The explicit expression for the correlation dynamics is derived in Appendix A.
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Even if the covariance matrix process is affine, the correlation dynamics are not affine since the
correlation is a nonlinear function of variances and covariances. By construction, the instantaneous
returns correlation p = ¥13/y/211%99 is bounded in the interval [—1,1]: No explicit additional
constraint on the correlation process is needed in order to ensure a well-defined return covariance
matrix process. The instantaneous drift and volatility of the correlation process are quadratic and
cubic in p, respectively. The correlation dynamics are not autonomous: Both the drift and the
instantaneous variance have coefficients that depend on the level of the volatilities of the first and

second asset return.

The correlation drift and the correlation volatility implied by the covariance matrix process
(4) are illustrated in Figure 3, where we make use of parameters calibrated to the estimated DCC

dynamics plotted in Figure 2.3
Insert Figure 3 about here

The calibrated correlation volatility functions are zero at the boundaries, when p = 1, —1, and
peak in both examples at a correlation level close to zero. The calibrated correlation drifts are
nonlinear functions of p, which are positive for a broad set of correlation values. Both for stocks and
bonds the correlation drift crosses the zero line approximately at the level of the sample unconditional
correlation. For correlation values below (above) this level the drift is positive (negative) and induces
a mean reversion.'? The positive unconditional correlations imply an asymmetry in the speed of
mean reversion over the support of p(t), which is more pronounced in the example with Treasury
and corporate bonds. We can study more precisely the mean reversion properties of our (non-linear)
correlation process by computing its pull function - see Conley, Hansen, Luttmer, and Scheinkman
(1997). The pull function p(z) of a nonlinear diffusion process X is the conditional probability that
X, reaches the value x + € before = — ¢, if initialized at Xy = x. To first order in ¢, this probability
is given by:

ola) = 3 + 2"0-’57(2) +ofe), (11)

px (x)
QUg((x)
is a conditional measure of the speed of mean reversion for nonlinear diffusion processes. We can

where py and ox are the drift and the volatility function of X. It follows that the ratio

get more insight into the mean reversion properties of the correlation by studying this ratio for the
correlation process implied by the calibrated covariance matrix dynamics. The pull functions of the
calibrated correlation processes, shifted by the factor 1/2 in equation (11), are given in Panels 5 and
6 of Figure 3. They are highly asymmetric around the unconditional mean of the correlation. For
bonds, the pull function is very large, in absolute value, when the correlation is slightly above the
unconditional mean. Over a broad range of low correlation values, the pull function is much lower in

absolute value. Therefore, correlation shocks are on average more persistent below the unconditional

3Details on the calibration are provided in Section III.
1 As expected, this implies that for perfect positive and negative correlations the drift is negative and positive,

respectively.
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mean of the correlation. When we calibrate the model to international equity indices, the average
level of the pull function is smaller. This feature reflects the larger persistence of correlation shocks

in this markets. The asymmetric shape of the pull function is similar to the bond markets case.

The properties of the correlation process have obvious implications for the shape of the uncondi-
tional distribution of the correlation. The stronger the asymmetry of the mean reversion, the larger
the asymmetry of the unconditional distribution of the correlation process. Figure 4 presents the
unconditional density function of the correlation, which is implied by the parameters calibrated to
the DCC dynamics of Figure 2.

Insert Figure 4 about here

As expected, the density of the calibration to Treasury and corporate bonds returns is highly
skewed and peaked towards high correlation values. The density of the calibration to equity returns
is less asymmetric and has a higher dispersion. This pattern is consistent with the weaker and less

asymmetric mean reversion of the correlation in this case.

B.2.  Volatility and Correlation Leverage Effects

Due to the linear form of the drift in the dynamics (4), the model generates a linear mean reversion
in variances and covariances. The strength of this mean reversion is driven by the matrix M, which
is assumed negative semi-definite to ensure the typical mean reverting behavior and stationarity.
The matrix @), instead, controls the co-volatility and the leverage effects between returns, volatilities
and correlations. Black’s volatility ‘leverage’ effect, that is the negative correlation between returns
and volatility, has often been found to be an empirical feature of stock returns, and it is explicitly
modeled by Heston (1993) to reproduce the empirical regularities of option-implied volatility skews.'?
Roll’s (1988) correlation ‘leverage’ effect, that is the negative covariance between returns and average
correlation shocks across stocks, is also a feature supported by empirical evidence; see, e.g., Ang and
Chen (2002). The mechanism producing the volatility and the correlation leverage effects in our
model is standard and is based on the fact that the return dynamics (1) can be instantaneously
correlated with the variance-covariance dynamics (4).'® For instance, we obtain for the first asset,

using the properties of Wishart processes:!”

corTy (ﬁ,d&l) - ,  COTTY <d—Sl,dp> =qu (1 — p2(t)) Z2a(t)

S1 Vi + ais S1 Yu(t)’

" Gouriéroux and Sufana (2004) apply a setting with Wishart volatilities and no leverage effects to credit derivatives

pricing.

"5 This feature is not shared by multivariate GARCH-type models with dynamic correlations (see, e.g., Engle, 2002,
Ledoit, Santa Clara, and Wolf, 2003, and Pelletier, 2006), where volatilities and correlations are conditionally uncorre-
lated with asset returns.

'"The expressions for the second asset are symmetric, with ¢i2 replacing ¢i1 in the numerator of the first equality

and in the second equality, and with X11/X22 replacing ¥22/311 in the second equality.
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where ¢11 and ¢q2 are the components of the first row of the matrix ). It follows that the parameters
in the first row of this matrix control the sign of the co-dependence between returns, volatilities and
correlation shocks. When g1 and ¢io are negative, the model implies a volatility-leverage and a

correlation-leverage effect.

Figure 5 presents scatter plots of simulated returns in our model, plotted against contempora-

neous changes in volatilities and correlations, for the same calibrated parameters of Figure 3.

Insert Figure 5 about here

In the calibration based on US and German stock indexes, both a correlation and a volatility
leverage effect emerge, which are highlighted by the negative relationship between returns and cor-
relations (Panels 1 and 3) and between returns and volatilities (Panels 5 and 7). These features are
due to the negative calibrated parameters ¢q11 and g1 in Table II of Section III for this case. In
the calibration based on Treasury and corporate bonds, however, returns on the Treasury bonds are
characterized by a correlation and a volatility leverage effect (Panels 2 and 6, respectively), but the
returns of corporate bonds highlight an opposite pattern (Panels 4 and 8, respectively). This feature

is due to the mixed sign of the calibrated parameters ¢i;; and g2 in Table II for this case.'®

C. The Solution of the Investment Problem

To characterize the portfolio choice implications of process (4), we need to solve a corresponding
Hamilton-Jacobi-Bellman equation. Therefore, it is convenient to introduce the infinitesimal genera-
tor A of the process X. Since the joint process (211, Xa2, X12) can be written as a trivariate diffusion
process, A is defined in the standard way, as in Merton (1969), for functions ¢ = ¢(X). Using the
particular structure of the dynamics (4) one can additionally show that .4 can be written in a very
compact and simple matrix form. Precisely, let ¢ = ¢(2) be a smooth function. Then, the generator

A associated with the diffusion process (4) takes the form:

Ap =tr { (Y + MY +XM") Dp 4+ 25D(Q'QD¢) } , (12)

18The above parametrization of leverage effects is the most parsimonious one that can be used in our model. It is
easy to extend it towards more general structures. For instance, one could replace the vector dW (¢) of Brownian shocks

in the returns dynamics (1) by a simple linear combination of Brownian shocks:

prdW (1) + podZ (t) + /1 = p} — p3dZ(t),

where Z(t) is a further two dimensional Brownian motion, independent of W (t) and Z(t), and p,, p, € [—1,1] are two
additional correlation parameters. For instance, the co-dependence between volatility and the return of the first asset

in this extended setting is:
corry (d—sl,dzn) — Prdut podiz

S1 V@i + ais
Therefore, one can add additional degrees of freedom to the model, in order to fit, e.g., a more flexible co-volatility and
leverage structure, without loosing the closed-form expressions for the optimal portfolios. For the sake of simplicity,

we proceed with the parsimonious return specification of equation (1).
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where D is a matrix of differential operators.'® In this form, it is clear that this operator is affine in
3, since the argument of the trace is affine in ¥; see also Bru (1991) and Da Fonseca, Grasselli, and
Tebaldi (2005).

We characterize the value function of the static problem (5)-(6) by solving problem (8). To
obtain the result, we take advantage of the fact that the process (4) can be shown to follow an affine
Wishart process also under the minimax martingale measure, which characterizes the solution of the

static incomplete-markets problem. The Bellman equation for problem (8) reads:

_8_j . T | g /
0= 5 —i—ulrjlf{A J+J[ 7_17“—i-2(7_1)2157’(@,,@,,)]},

subject to the terminal condition J(7,%) = 1. In this equation, the infinitesimal generator A" of

the covariance matrix dynamics under the equivalent martingale measure indexed by v is:

A'G=Ap~ - T -tr {(Q (1N + e21/)S + (e} + veh)Q)Do}
where e; is the i—th unit vector in R?; see the proofs in the Appendix. The affine structure of
this generator is preserved and implies that the solution of problem (8) is exponentially affine in X,
with coefficients obtained as solutions of a system of matrix Riccati differential equations.?’ These

equations can be solved in closed form.

Proposition 2 Given the covariance matriz dynamics (4), the value function of problem (3) takes

the form: R
XJJ(0,50)7 -1

J X ,E - )
(Xo, Xo) S
where the function :f(t, Y) is given by:
J(t,%) = exp (B(t,T) + tr (A(t,T) %) , (13)

with B(t,T) and the symmetric matriz-valued function A(t,T) solving the system of matriz Riccati

differential equations:

_dB / v
O_dt + tr[AQQY] ’y—lr’ (14)
dA ,

under the terminal conditions B(T,T) =0 and A(T,T) = 0, where:

v, A X (1 0 ~y DY DYDY
r=M-—— , A= , O = — :
T-1¢ ( 0 0 ) “ (0 1—~ ¢ 20 =12\ Xohr A3

The closed-form solution of the system of matrixz Riccati differential equations (14)-(15) is detailed
in Appendix A.

9The matrix differential operator D is defined by D := (%) .
7 /1<i,j<2

208ee, c.g., Reid (1972) for a review of Riccati differential equations.
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REMARK. In the literature on affine term structure models, it is well known that modeling correlated
stochastic factors is not straightforward. Duffie and Kan (1996) show that parametric restrictions
on the drift matrix of the factor dynamics have to be satisfied for a well-defined affine process to
exist. In particular, its out of diagonal elements must have the same sign. This feature restricts the
correlation structures that these models can fit (see, e.g, Duffee, 2002). In the Dai and Singleton
(2000) classification for affine A,,(n) models, specific restrictions need to be imposed for the model to
be solvable: the Gaussian factors are allowed to be correlated, but the correlation between Gaussian
and square-root factors must be zero. This issue is well-recognized also in the portfolio choice
literature.?’ An interesting by-product of the results of Proposition 2 is that it provides a simple
solution for the portfolio problem (3), without imposing additional restrictions on the dependence

structure between the risk factors. O

One advantage of the exponentially affine form of function J in Proposition 2 is that it allows
for a simple description of the partial derivatives of the marginal indirect utilities of wealth with
respect to the variance and covariance factors. This property provides us with a simple and easily

interpretable solution to the incomplete-markets multivariate portfolio choice problem.

Proposition 3 Let m be the optimal portfolio obtained under the assumptions of Proposition 2. It
then follows,
A Aj1 + q12A

19 <Q11 11 T 412 12>’ (16)

q12422 + q11 412

~

where A;j denotes the ij—th component of the matriz A, which characterizes the function J(t,%)
in Proposition 2, and the coefficients q;; are the entries of the matriz @ appearing in the Wishart

dynamics (4).

The portfolio policy 7 is the sum of a myopic demand and a hedging demand. The hedging
demands for variance and covariance risk are simple linear functions of the elements of the matrix
A. The hedging demands on the first and second assets are, respectively, 2(q11411 + q12412) and
2(q11A12 + q12A422). The interpretation is simple and can be linked to the Merton (1969) solution.

~

The matrix A describes how the component J(t,X) of the indirect utility is affected by the state
variables driving the dynamics of ¥. Each element A;; can be rewritten as A;; = ﬁ . ?—Zj, where
ex,; is the elasticity of the marginal indirect utility 0.J/0X with respect to ¥;;, and RRA is the
relative risk aversion coefficient.?? Hedging demands stem from both a volatility hedging and a
covariance hedging motive. Terms proportional to A1; and Ass are pure volatility hedging demands

deriving from the own volatility risk of assets one and two, respectively. Terms proportional to

2ILiu (2007) addresses this issue by assuming a triangular factor structure in an affine portfolio problem with two
risky assets.

22 Precisely, we have:

S S AT S SR VYY)
v X82J /B_J 821]6)( 0xX 1 - 82”8)( 0X '’
8x2 /) ox

using the envelope condition.
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Ajg are covariance hedging demands: They are due both to changes in volatility (when correlations
are different from zero) and to changes in correlations. The second set of parameters that drive
the optimal policy consists of ¢11 and g2, which determine the sign of the co-movement of returns,

variances, and covariances.

Despite the simple structure of the hedging policies (16), a rich set of possible hedging demands
can arise. For instance, if q11 and q12 are both negative, then volatility and correlation leverage effects
will arise for all assets. If, in addition, A1, Ao and A;o are negative, then all hedging demands for
variance and covariance risk will be positive, and the exposure to all risky assets will be increased by
the desire to intertemporally hedge variance and covariance risk. This is the situation that arises for
investors with relative risk aversion 1 —~ > 1 when we calibrate our model to international equity
returns. However, if the sign of the marginal utility sensitivities, or the sign of the co-movement
between returns, variances, and covariances, is mixed, then it is possible to obtain some hedging
demand components that are positive and some others that are negative. This is the situation that
arises when we calibrate the model to Treasury and corporate bond returns. In this setting, the
optimal correlation hedging demand for Treasury bills of an investor with risk aversion 1 —~ > 1 is

positive, but that for corporate bonds is negative.

In Proposition 2, the value function is written as a function of current wealth X and the co-
variance matrix Y. This structure enables us to easily isolate the hedging demand for variance and
covariance risk, but not the demand for correlation risk. The problem is that the hedging demand for
covariance risk is caused by both volatility and correlation risk. Therefore, we can split this demand
into two further hedging components. A volatility hedging demand against changes in returns co-
variance due to changes in assets’ volatilities, and a correlation hedging demand. This decomposition
enables us to quantify the contribution of correlation hedging to the overall hedging demand. Using
Proposition 2, it is straightforward to compute these demands, given the fact that Y15 = py/311222.

Proposition 4 Let w be the optimal portfolio obtained under the assumptions of Proposition 2. The

vol _vol/cov

hedging demand for asset i is the sum of three components w{*, m, , Wf, which hedge, respectively,
pure volatility risk, covariance risk due to volatilities and correlation risk. The explicit expressions

for these hedging demands are as follows.

1. Pure Volatility hedging:

vol

™" = 2q1 411, 5% = 215 Ago. (17)
2. Covariance hedging due to volatility:

292 vol /cov 11

777101/001) = 2q11A12p4 ) =, Ty = 2q12A12p4/ = (18)
Y11 Y22
3. Correlation hedging:
202 21
T = 2419 <Q12 —qu1p —211> ; mh = 2412 <Q11 — q12p 2—2;> . (19)
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The pure volatility hedging demands for assets one and two in equation (17) are proportional
to A11 and Ass, respectively. Their signs also depend on the correlation between volatility shocks
and returns, via the coefficients g1 and g12. When Aj; and Agy are negative, positive (negative)
hedging demands against volatility risk arise if and only if returns and volatility shocks are nega-
tively (positively) correlated. In equation (18), covariance hedging demands due to volatility are
proportional to the correlation level and to the sensitivity Aio of the marginal utility of wealth to
changes in covariances. This is intuitive. Higher correlations imply a higher impact of a change in
volatility on covariances, as well as a larger risk of an adverse covariance movement. Depending on
the portfolio setting, the sign of Ais can be either positive or negative. In settings of low average
correlations, in which portfolio diversification is the main objective, an increase in the correlation
between assets implies an increase in the maximal squared Sharpe ratio of the optimally invested
portfolio: Current correlations and the future risk-return tradeoff are positively related. Investors
with risk aversion 1 —~ > 1, which are characterized by a utility function bounded from above, tend
to select portfolios that avoid large losses at the end of the investment horizon. If volatilities and
correlations covary negatively (positively) with returns, these investors will have a positive (nega-
tive) covariance hedging demand due to volatility, because current losses in the portfolio strategy
are hedged (exacerbated) intertemporally by the better (worse) future risk-return tradeoff.?3 This
situation arises when we calibrate the model to international equity returns. However, for settings
of large positive correlations, in which optimal portfolios can even imply spread positions between
assets, the opposite might happen. In these cases, a higher correlation decreases the maximal square
Sharpe ratio and implies a negative relation between current correlations and the future risk-return
tradeoff. This situation occurs when we calibrate the model to Treasury and corporate bond returns.
The correlation hedging demand in equation (19) is also proportional to the sensitivity Ao of the
marginal utility of wealth to changes in covariances. This is intuitive. The larger A;s, the larger the
sensitivity of the marginal utility of wealth to correlation shocks, and the stronger the correlation
hedging motive. Depending on the sign of ¢i; and ¢i2, correlation hedging can be increasing or
decreasing in the correlation level and the ratio of the volatilities of the two assets. For example, 77

wvol /col f

is increasing in p and /X92/%11 when ¢11 is negative. The relative importance of Wf and 7, or

the two assets depends on the relative size of qi2, q11, p and /X11/%22.

III. Hedging Correlation Risk

In order to quantify correlation hedging in realistic portfolio choice settings, we calibrate our model
to the data. We analyze two portfolio choice scenarios. In the first scenario, we study an international
equity portfolio manager and consider a portfolio of US and German stock indices. We investigate
how correlation risk affects the desire to optimally diversify international equity risk. The second
scenario explores the case of a market-neutral hedge fund that uses spread trades to maximize re-
turns. The investor tries to build a near-arbitrage portfolio using two risky assets that are most of

the time almost perfectly positively correlated. In this case, the investor tries to optimally hedge

23The opposite happens for investors with risk aversion 1 —~ < 1, which have a utility function bounded from below

by zero.
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the risk of a leveraged position in one asset, using a corresponding short position in another asset.
For this setting, we consider 10 year Treasury and Aaa corporate bonds. In both cases, we obtain
the time series of the conditional covariance matrix for our calibrations by estimating Engle’s (2002)

multivariate DCC model.

Scenario I: International equity diversification. For equities, we use daily S&P100 and DAX index
data, from January 1988 to December 2005. Panel A of Table I presents the estimated unconditional

moments of returns, volatilities and correlations for equities.
Insert Table I about here.

During this period, the unconditional mean of US and German stock returns is about 13% and
11%, respectively. The higher unconditional volatility of German returns arises together with a
higher volatility of volatility. The unconditional correlation between the two stock indices is about
37% and the unconditional volatility of correlation is about 15%. These features generate an obvious

incentive for diversification.

Scenario I1I: Market neutral spread trading. For bonds, we use daily data of 10 years Treasury and
Aaa corporate bond return indices supplied by Lehman Brothers, from April 1996 to December
2005.24 The average return on Aaa bonds in Panel B of Table I is about 1.84%, slightly higher
than the 1.65% mean return of Treasury bills. The unconditional correlation is about 88%, which is
more than double the correlation between the S&P100 and the DAX index returns. The volatility
of bonds correlation is about 9.5%, which is approximately two-thirds the volatility of stock returns’
correlation. The unconditional volatility and the volatility of volatility of Treasury bills are slightly
higher than those of corporate bonds. These features generate an obvious incentive for exploiting

near-arbitrage opportunities between the Treasury and the corporate bond markets.

The optimal portfolio strategies in the two scenarios are substantially different. In the first
scenario, investors exploit the low average correlation to diversify risk between the US and the
German equity markets. To this end, they build two long positions in the corresponding assets.
In this case, correlation hedging tends to hedge unanticipated changes in the correlation structure,
which might reduce the benefits of international diversification. In the second scenario, investors
exploit the large average correlation and the low correlation volatility to develop a near arbitrage
strategy between the Treasury and the corporate bond markets. To this end, they take a long
position in corporate bonds, financed by a short position in Treasury bonds. Therefore, correlation
hedging tends to hedge unanticipated changes in correlations that might reduce the effectiveness of

this near-arbitrage strategy.

2'The same exercise applied to a sample of monthly bond returns over a longer sample starting in January 1988

yielded similar results.

19



A. The Size of Correlation Hedging

We first calibrate the coefficient vector A to match average risk premia, given estimates for the co-
variance matrix of returns. We then calibrate the covariance process (4) to the second moments of

volatilities and correlations. Using calibrated parameters, we can then decompose the total hedging
vol
i

, and a correlation hedging demand 7%, as described in Proposition 4.

demand for asset ¢ = 1,2 into a pure volatility hedging component 7

vol /cov
)

, a covariance hedging com-
ponent for volatility
Table II presents the calibrated parameters M and @) for the covariance matrix dynamics in equation

(4) under the two portfolio scenarios.
Insert Table II about here.

The negative calibrated parameters ¢i1, g12 in the first row of matrix () in the international eq-
uity diversification scenario imply a volatility and a correlation leverage effect for all returns. In the
market neutral spread trading scenario, ¢g11 is negative, but gis is positive. Calibrated Treasury bond
returns exhibit a leverage effect in volatilities and correlations, but calibrated corporate bond returns
co-move positively with correlations and their volatility. In particular, this setting implies that when
correlations decrease the spread between corporate bonds and Treasury bill returns increases, consis-
tent with the "flight to quality effect" from corporate to Treasury bonds. The negative coefficients
in matrix M for stocks and bonds reflect the mean reversion in variances and covariances. The
weaker calibrated mean reversion for stocks is due to the higher volatility of the volatility and the

correlation. Therefore, shocks in stock correlations are on average more persistent than for bonds.

To compute the size of correlation hedging, covariance hedging due to volatility, and pure volatil-
ity hedging, we initialize 3(t) at its unconditional value. We then compute the optimal hedging
vol _volfcov _p

T , T

demand components 7%, m, .

1 = 1,2, as defined in Proposition 4, when the average corre-
lation and the correlation volatility deviate from their sample value. We study the case in which the
investment horizon is five years and the relative risk aversion parameter is 1 —+ = 3. Calibrated hedg-

ing components are expressed as a percentage of the corresponding absolute myopic Merton portfolio.

Scenario I: International equity diversification. In this first calibration, we move the average correla-
tion over a grid in the interval [0.25,0.5] and hold fixed the remaining moments of returns. Consistent
with the literature on univariate portfolio selection with stochastic volatility, pure volatility hedging
is a small fraction of the myopic portfolio: On average its absolute size is less than 2.5% of the

myopic portfolio, as illustrated in Panels 2 and 4 (triangle points) of Figure 6.
Insert Figure 6 about here.

The overall hedging demand for US and German stocks is dominated by correlation hedging:
The hedging demand for correlation risk is about 7% of the myopic portfolio at the sample average
correlation and it increases up to 9% for average correlations around 48% (see Panels 1 and 3).

The absolute size of the correlation hedging is increasing in the average correlation. This result is
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consistent with the intuition: When the average correlation is high, the available risky assets are
less able to span the risk due to unexpected shocks in the returns covariance matrix. Moreover,
negative shocks in the level of the conditional correlation tend to be more persistent, because of
the asymmetric form of the correlation mean reversion. The covariance hedging component due to
volatility in Panels 2 and 4 (circle points) is on average about 3% of the myopic portfolio at the sample
average correlation. It is typically larger than the volatility hedging demand: For the investment
in the US equity index it is more than double the corresponding volatility hedging demand. In the
international equity diversification scenario, the calibrated parameters imply a leverage effect for
volatilities and correlations of all assets. In addition, the marginal utility of wealth sensitivities of an
investor with risk aversion 1 — v > 1 to the variance and covariance factors are negative. Therefore,
all hedging demand components are positive and cumulate in the same direction. The cumulated
hedging demand is on average 11% of the myopic demand at the sample average correlation, and

about 15% of the myopic portfolio for average correlations of around 48%.

In Figure 7, we present the comparative statics of the hedging demands with respect to the

correlation volatility.
Insert Figure 7 about here.

We consider values for the correlation volatility over a grid in the interval [0.05,0.24], and hold
fixed the other moments. The absolute size of correlation hedging is increasing in the correlation
volatility: For correlation volatilities of about 24%, correlation hedging in US stocks can be as large as
11.5% of the myopic portfolio (see Panel 1). For correlation volatilities near zero, correlation hedging
tends to vanish. This is intuitive: A higher correlation volatility implies a higher risk that the myopic
portfolio will be ex-post sub-optimal. The pattern of the pure volatility hedging demand in Panels 2
and 4 (dotted points) is flatter than that of the hedging demand for correlation risk. Moreover, the
maximal volatility hedging component is less than 2% and 3.5% of the myopic portfolio, for US and

German stocks respectively.

Scenario II: Market neutral spread trading. To obtain comparative statics results for market
neutral spread trades, we consider values for the average correlation of bond returns over a grid
in the interval [0.75,0.98]. Pure volatility hedging is a small fraction of the myopic portfolio: Its
absolute size in Panels 6 and 8 of Figure 6 (triangle points) is less than approximately 2% of the
myopic portfolio at the sample correlation. The hedging components against covariance risk caused
by volatility changes in the same panels (circle points) is on average 3.5% of the myopic portfolio. The
overall hedging demand in bonds is mostly due to correlation hedging, as illustrated by Panels 5 and
7 of Figure 6: correlation hedging is about 7% of Merton myopic portfolio for correlations of around
0.87 and about 8.5%, on average, for a correlation of 0.98. Correlation hedging is increasing in the
average correlation level. The basic intuition is similar to the one of the previous scenario. However,
the calibrated parameters imply a correlation and volatility leverage effect only for Treasury bonds,
together with an opposite pattern for corporate bonds. In addition, the marginal utility sensitivities

to volatility are negative for both asset classes, but the sensitivity to correlations and covariances
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is positive. It follows that the market neutral spread trading scenario implies a positive (negative)
correlation hedging demand for Treasury Bills (corporate bonds). In a similar vein, the hedging

demand for covariance risk due to volatility is negative (positive) for Treasury bills (corporate bonds).

To explore the effect of the correlation volatility, we consider values in the interval [0.01,0.16],
and hold the remaining moments fixed. Volatility hedging is a relatively flat function with respect
to the correlation volatility, both for Treasury Bills and corporate bonds, and is on average 2% of
the myopic portfolio (see Figure 7, Panels 6 and 8, triangle points). The hedging component for
covariance risk due to volatility is larger and is about 3.5% of the myopic demand (Panels 6 and 8,
dotted points). The absolute size of the correlation hedging demand can be as large as 9% of the
myopic portfolio, when the correlation volatility is about 16% (see Panels 5 and 7). As expected,
we also find that it is an increasing function of the correlation volatility and that it tends to vanish
at zero, when correlation risk also vanishes. The basic intuition is similar to that for the equity

scenario.

A.1. Time horizon

An important question addressed by the optimal portfolio choice literature is how the optimal alloca-
tion in risky assets varies with respect to the investment horizon. This question is key for investment
professionals working in the pension fund industry and for individuals deciding the composition
of their retirement accounts. Brennan, Schwartz, and Lagnado (1997), Barberis (2000), Kim and
Omberg (1996), and Wachter (2002) address this issue in the context of time-varying expected re-
turns. When volatilities are constant, they find that the optimal investment in risky assets increases
in the investment horizon. When volatilities are constant, Kim and Omberg (1996) show that for the
investor with utility over terminal wealth and for 1 —« > 1 the optimal allocation increases in the
investment horizon, as long as the risk premium is positive. Wachter (2002) extends this result to
the case of utility over intertemporal consumption under the assumption of no uncertainty about the
correlation structure of asset returns. Depending on the characteristics of this uncertainty, however,
it is reasonable to expect that the optimal demand for hedging correlation risk could mitigate, or
strengthen, the speculative components. Our model offers a simple theoretical framework to inves-
tigate the role of uncertainty on the nature of this relationship. In both the international equity
diversification and the market neutral spread trading scenarios, we find that for realistic parameter
calibrations the total optimal allocation to risky assets of an investor with risk aversion 1 — v > 1

increases with the investment horizon. Figure 8 illustrates these effects.
Insert Figure 8 about here.

All (absolute) hedging demand components are increasing in the investment horizon, both for
equities and for bonds. At short investment horizons of, e.g., 3 months, all hedging demands are
small (less than 1%) and similar. The correlation hedging demand increases faster than the other
hedging components. For instance, in the case of US index returns and at a ten year horizon, the

difference between volatility and correlation hedging (less than 2% and about 9%, respectively) is
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quite striking. These results show that in some cases the results can change substantially when

correlation risk is taken into account.

A.2.  Higher-Dimensional Portfolio Choice Settings

The previous examples considered portfolio settings with two risky assets. As the investment horizon
increases, we can expect two basic effects to influence the structure of correlation and volatility
hedging. First, the sensitivity of the marginal utility of wealth to the single correlation and volatility
factors will tend to be smaller, because optimal portfolios’ weights will tend, on average, to be
smaller. Second, the number of correlation factors increases quadratically with the dimension of
the investment universe, but the number of volatility factors increases linearly. Therefore, we can
expect the role of correlation hedging to be even more important in portfolio choice problems with
many risky assets. To investigate this issue quantitatively, we calibrate the model to an international
equity diversification scenario with three risky assets and add the FTSE100 index to the investment
opportunity set consisting of the S&P100 and the DAX indices. It is straightforward to modify
the proofs of Proposition 2 and 3 to cover the general n—dimensional case. With these results, we
compute the optimal portfolios for the model with three risky assets, after having calibrated a 3 x 3
Wishart covariance process to the time series of US, UK, and German index returns. Table III
summarizes the calibrated moments of returns in this setting (Panel A) and the calibrated hedging

components for correlation, volatility and covariance risk due to volatility (Panel B).
Insert Table III about here.

Correlation hedging for US and UK stocks is, on average, about 9.1% of the myopic portfolio,
larger than the correlation hedging demand for US stocks in the setting with two assets, which
was about 7.2%. The correlation hedging demand for German stocks is 6.95%, which is slightly
higher than that with two risky assets. This evidence further supports the important role played by
correlation hedging: The total average hedging demand is about 14% of the myopic portfolio, while
the average pure volatility hedging demand is only 2.4%.

IV. Robustness and Extensions
A. Risk Aversion and Interest Rate Level

The finding that correlation hedging is the most important hedging demand component, when vari-
ances and covariances are stochastic, does not hinge on the choice of the relative risk aversion para-
meter and the level of the interest rate in our calibrations. In Figure 9, we plot for the international
diversification scenario both the hedging portfolio weights and the hedging portfolio fractions of the

myopic demand as functions of the relative risk aversion.

Insert Figure 9 about here.
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Absolute hedging portfolio weights for stocks and bonds peak at a relative risk aversion of about
two, which is smaller than the one used in our calibrations. Hedging portfolios as percentages of the
myopic demand are monotonically increasing in the relative risk aversion. In both cases, correlation
hedging dominates the other hedging demands for all risk aversions considered. The dominating role
of correlation hedging is also confirmed by Figure 10, where we plot the single hedging components,
in the international diversification and the market neutral spread trading scenarios, for different

average interest rate levels from 1% to 5%.

Insert Figure 10 about here.

B. Utility over consumption

The previous results focus on the case of an agent maximizing utility of terminal wealth. It is
interesting to discuss how these results could change in the case of an investor maximizing utility over
intertemporal consumption. When markets are complete and volatility is constant, Wachter (2002)
shows analytically that the optimal portfolio weights of a CRRA investor maximizing intertemporal
utility of consumption are equal to a weighted average of the portfolio weights solving a sequence
of individual terminal wealth problems. In this context, wealth can be interpreted as a bond that
pays consumption as its coupon. The value of wealth is equal to the sum of the "zeros" that pay the
optimal consumption at each date. For instance, if an agent is concerned not just about his retirement
account but also about the purchase of a house, the optimal portfolio is a weighted average of two
separate portfolios: a "retirement portfolio" and a "house portfolio". When markets are incomplete,
the previous analytical result in general does not hold. However, under the minimax martingale
measure, markets are completed by the addition of a set of securities that span the state-space and
receive zero portfolio weights in equilibrium (He and Pearson, 1991). Under this specific martingale
measure, the main results of the previous section still hold. Clearly, since the duration of lifetime
consumption is lower than the investment horizon of the agent maximizing utility over terminal

wealth, the absolute demand for risky assets would be proportionally lower.

C. Additional Dynamic Settings

The previous sections studied correlation risk for a portfolio choice problem in which expected excess
returns are linearly related to the covariance of returns (Cox, Ingersoll, and Ross, 1985, Heston,
1993 and Liu, 2001), interest rates are constant, and the covariance process, although stochastic,
is autonomous. We investigate the implications of these three assumptions with regards to the
properties of the optimal portfolio policies. We consider an economy in which: First, the risk
premium is constant. Second, interest rates are stochastic and are a function of the same state
variables that are driving asset prices. Third, additional risk factors, like the interest rate or an
aggregate market indicator, can affect the dynamic properties of the covariance matrix X(¢) (i.e. its

speed of mean reversion and volatility).?> The economy that we consider implies that the square

25In this way, local asymmetries in the covariance matrix dynamics can be introduced in the model. To model

asymmetric correlations across regimes, Ang and Bekaert (2002) use an i.i.d. switching regimes setting, in which one
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Sharpe ratios are a decreasing function of the returns covariance matrix, and therefore it allows for a
direct comparison with Chacko and Viceira (2005), who study a similar, but univariate, economy with
constant interest rates. Under these assumptions, it is known that to obtain closed-form solutions it

is convenient to model directly the information matrix, i.e. ¥~1, as opposed to X.

To introduce additional risk factors, we model £~! as a projection of a larger rank matrix Y.
For instance, if the new risk factor is the stochastic interest rate, then the 2 x 2 matrix X~! can be
obtained from a 3 x 3 Wishart process Y (¢):

»l=9Yy9,

where the 2 x 3 matrix S is such that S5’ = idsy2.26 Given the larger rank of Y (t), the stochastic
risk-less rate r(t) can be defined directly from Y (%):

r(t) = ro+tr(Y (t)D), (20)

where 79 > 0 and D is a 3 x 3 matrix. Notice that the non-negativity of r(t) is ensured simply by

assuming that the symmetric matrix D is positive definite.

The process Y satisfies the Wishart dynamics:
dY (t) = [Q + MY () + Y (£)M'])dt + Y?(#)dBQ + Q'dB'Y Y2 (¢), (21)

where the matrices 2, M and @ are now of dimension 3 x 3 and where B = [W, Z1, Z3|, with Z;
and Zs being each a three-dimensional Brownian motion, independent of the first three-dimensional
Brownian motion W. It then follows that ¥ = SY~15’, and it is natural to define £/2 as the 2 x 3

matrix SY ~1/2.27 The return process is given by:

dS(t) = I [( :Eg 12 ) dt + 21/2(t)dW(t)] : (22)

where the excess return vector ¢ = (u$, u§)’ € R? is constant and r(t) is given by equation (20).

This setting is effectively a six-factor model in which some interest rate risk factors might be
linked to the covariance matrix of stock returns, depending on the specific form of the matrix D in
equation (20). It is straightforward to verify that the square Sharpe ratio in this model is affine in Y.
Therefore, we can mimick the steps of the proof of Propositions 2, 3, and 4 and solve in closed-form

the portfolio choice problem (3) in this extended dynamic setting as well.

of the regimes is characterized by higher correlations and volatilities.

26 A possible choice for S is a 2 x 3 selection matrix, like e.g.:

1
S = 00.
01 0

In this case, SS’ = idax2 and SYS’ is the 2 x 2 upper diagonal sub-block of Y.
2T A proof of this statement is presented in Appendix A.
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Proposition 5 The solution of the portfolio problem (3) for the returns dynamics (21)-(22) and
under a stochastic interest rate (20) is:
X3 J(0,0)' " —1

J(X0>)/O) = ~ 5

where

~

J(t,Y)=exp(B(t,T)+tr(At,T)Y)),

with B(t,T) and the symmetric matriz-valued function A(t,T) := A1(t,T) + As(t,T) solving in

closed-form the following system of matriz Riccati differential equations:

dB v
s AQQY 2
= o+ Hr(AQKY), (23)
dAz' . / / /
——t = DA+ AT+ 240004 + Ci, (24)

where i = 1,2, subject to A1(T,T) = As(T,T) = 0. In these equations, the coefficients I'1,I'y are
given by:
I, = MS'S — %Q’elue’s . Ty = M(idsxs — S'S).
ry —

The coefficients Ay, Ao are given by:

1 0 0 1—~v 0 0
Ai=]10 1-v 0 , A= 0 1—-~ 0
0 0 1—7~ 0 0 1—7

and the coefficients Cy,Co are:

Cy = S!S — %S’SDS’S . Oy = ——L (idsyz — §'S)D(idsxs — S'S).

b
2(y-1) 7-1
Finally, the optimal policy for this portfolio problem reads:

) Iy qAn + 2412 + (13413
mz_l ( ,ui ) +257N5 | quudAar + qi2Aas + quzdos | (25)
2

q11As31 + q12A32 + q13A33

m =

The optimal policy (25) consists of a myopic and an intertemporal hedging portfolio, which are
both proportional to the stochastic inverse covariance matrix. As noted by Chacko and Viceira
(2005), in the univariate setting the relative size of the hedging and myopic demands is independent
of the current level of volatility. This property also holds in the multivariate case, in the sense that
both policies are proportional to the inverse covariance matrix ¥~!. We calibrate the Wishart process
Y to the specification used to model the covariance matrix ¥ for the special case D = 0 (constant
interest rate) and under the restriction of an autonomous covariance matrix dynamics. We then
compare the results with the findings in the previous sections. This setting is the exact multivariate

version of the univariate model studied in Chacko and Viceira (2005). We find again that correlation
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hedging is the major determinant of the hedging demand: It amounts, on average, to approximately
60% of the total hedging demand for a Relative Risk Aversion parameter of three and an investment
horizon of five years. As expected, the sign of the hedging demands in this setting is different since
the squared Sharpe ratio implied by the model is decreasing in the covariance matrix. The myopic
portfolio is time varying, via the variation of the inverse covariance matrix X~!. This variation
is also partly reflected in the time variation of hedging demands. Figure 11 presents a summary
of the calibrated myopic portfolio weights (left panels) and hedging demands (right panels) in the
international equity diversification and the market neutral spread trading scenarios, when expected

excess returns are assumed constant.

Insert Figure 11 about here.

D. Multivariate Portfolio Choice and Predictability

The previous models can be extended to study an important issue in multivariate portfolio choice,
such as the joint impact of correlation risk and predictability on the optimal hedging demand. A
large literature has studied the consequences of predictability for portfolio choice with a single risky
asset. Campbell and Viceira (1999), Kim and Omberg (1996), and Wachter (2002) propose tractable
portfolio choice settings that can be handled analytically. The first paper uses approximate solu-
tions to characterize the portfolio of an infinitely-lived investor. The second one derives closed-form
solutions for an incomplete-market setting with power utility over terminal wealth. The last one,
obtains closed-form optimal portfolios for a complete markets setting with intermediate consump-
tion. Important evidence on predictability has also been studied by Barberis (2000), who shows the
portfolio choice impact of predictability under estimation risk, and Xia (2001), who documents the

effect of learning about predictability.

Using our previous results, it is easy to model predictability in our framework. Let Y be a matrix
containing all the priced factors and let the risk premium on each asset depend on a time-varying

predicting factor and on asset returns’ volatilities, and correlations:

(26)

A2 Ao Y;
A(t,Y):( 12211 + Ag2u12 + 13>.

A1221 + Agdigg + Yo3

Given the 3 x 3 Wishart process Y in equation (21), let 3 = SY'S’, where the matrix S is such that
S'S = idyya, and define £1/2 = SY1/2.28 Ty complete the specification, the risk premium is modeled
as A(t,Y) = SY (), with A = (A1, A2, 1)’ € R3. The resulting returns dynamics are given by:

dS(t) = Is | (rTo + SY (t)A) dt + 21/2(t)dW(t)] , (27)

with the risk premium satisfying (26). In this specification, expected excess returns are driven by

the variance-covariance risk factors and the additional predictability factors Y13 and Yas, which can

) 1 0 0
28In the most simple case, for instance, S can be chosen to be a selection matrix of the form S = < 0 1 0 > .
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be correlated with the covariance matrix dynamics. Clearly, if Ay = Ay = 0 the predictability factors
are the only variables affecting risk premia, as in Kim and Omberg (1996) and Wachter (2002), who
assume a predictability factor following an Ornstein-Uhlenbeck process and a constant volatility of
returns. In all other cases, returns variances and covariances will also affect risk premia. It is easy
to verify that the squared Sharpe ratio in this and similar models is equal to \'Y (t)\. Therefore,
the same solution method used in Proposition 2 and 3 leads to closed-form solutions for the optimal

portfolio.

V. Discussion and Conclusions

In this article we have analyzed the importance of correlation risk for portfolio decisions, and have
proposed a new simple approach to embed stochastic correlation in optimal portfolio choice. The
flexibility of the model allows us to study correlation hedging in settings that can account for several
stylized features of asset returns, including volatility /correlation persistence and leverage effects. We
show that correlation hedging contributes to the overall portfolio in a qualitatively and quantita-
tively significant way. Examples of calibrated economies show that correlation hedging can be a
non-negligible fraction of Merton’s myopic portfolio, while volatility hedging is typically small. The
correlation hedging demand is larger for settings with extreme average correlations and higher corre-
lation variances, and is increasing in the number of assets available for investment, as the dimension

of uncertainty with regard to the correlation structure becomes proportionally more important.

The proposed approach to modeling time-varying correlations, as well as the analytical opti-
mal portfolio results, can prove useful in investigating a number of further economic questions. For
instance, an important strand of the empirical asset pricing literature has investigated the character-
istics of hedge funds performance.?? Kosowski, Naik, and Teo (2006) document that, after controlling
for market risk, hedge fund alphas are significantly positive and persistent. Hedge funds in the top
decile of the return distribution have alphas well in excess of 1% per month. They test and find
that the performance is persistent and not due to luck. A proposed interpretation of this evidence is
that these funds have superior managerial ability. However, about 34% of the hedge funds classify
as long/short funds and 7% as fixed income arbitrage funds. Our results suggest that part of these
excess returns may also compensate for the exposure to correlation risk, which is key in long/short
strategies. Since these alphas are typically obtained without explicitly controlling for exposure to
correlation risk, it would be a very interesting empirical question to investigate the extent of the link

between exposure to correlation risk and hedge funds alphas.

Correlation risk plays also a direct role in the pricing, hedging, and risk management of correla-
tion derivatives, such as quantos. In these financial instruments, the underlying asset is denominated
in one currency, while the instrument itself is settled in another currency at some fixed exchange

rate. Such products are attractive for portfolio managers or hedge funds who wish to have exposure

298ee, for instance, Brown, Goetzmann and Ibbotson (1999), Fung and Hsieh (2001), Mitchell and Pulvino (2001),
Agarwal and Naik (2004), Getmansky, Lo, and Makarov (2004), Busse and Irvine (2005), Kosowksi, Naik, and Teo
(2006).
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to a foreign asset, without carrying the corresponding exchange rate risk. Well-known examples
include differential swaps (also known as quantity-adjusted swaps, guaranteed exchange rate swaps,
Libor differential swaps), quanto options, quanto equity swaps, and quanto futures (such as the
Nikkei Future traded on the CME). In these cases, the pricing, hedging, and risk management of
these instruments depend directly on the correlation between the risk factors (see Reiner, 1992 and
Dravid, Richardson, and Sun, 1993). For these reasons, these instruments are also referred to by
practitioners as "correlation products". In differential swaps, for instance, the dealer commits to
paying a floating rate on a fixed US dollar notional amount, rather than on a fixed amount in the
foreign currency, as with a typical cross-currency swap. This commitment exposes the dealer to
changes in the correlation between the Libor and the exchange rates. Since static hedging strategies
are generally not feasible, the dealer must manage the residual correlation risk by using optimal

portfolio techniques to model correlation risk.

Correlation risk also plays an important role in the trading of multi-asset (rainbow) options.
A multi-asset option is a derivative security whose payoff depends on the future values of several,
possibly correlated, underlying assets. Typical examples are basket, spread, outside barrier options
and options on the minimum/maximum of several assets. Since equity correlation risk cannot be
hedged as precisely as volatility risk, the current market practice of equity derivatives desks is simply
to monitor their correlation exposure and try to avoid risk peaks in certain correlation pairs by man-
aging the product flow via dynamic price margins, and by using index options to hedge the "average"
correlation risk within the index basket. However, specific correlation risk in individual stock pairs

remains. The results of this article provide an alternative strategy for managing correlation risk.

Finally, correlation risk is a key issue in the credit derivative market as the likelihood of a
default of one credit may affect the likelihood of default of another (default correlation). Examples
of correlation-based products also include instruments written on baskets of credits, such as CDOs
and first-to-default (FTD) swaps. Investors in FTD structures sell protection on a reference portfolio
of names and assume exposure to the first default that takes place within the pre-defined basket of
credits. Upon occurrence of a default, the protection seller needs to identify the protection buyer
for the loss on the defaulted credit, calculated on the basis of the full face value of the FTD basket.
Clearly, the ex-ante value of these instruments is highly sensitive to the correlations structure in the
basket.
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Appendix A: Proofs of Theorems

Proof of Proposition 1: The dynamics of the correlation process implied by the Wishart covariance matrix diffusion
(4) is computed using Ito’s Lemma. Let
12(t)

P(t) B \/ Ell(t)zzz(t)

be the instantaneous correlation between the returns of the first and the second risky assets and denote by o;; and
¢ij the ij—th component of the volatility matrix $'/2 and the matrix Q in equation (4), respectively. Applying Itd’s
Lemma to (A1) and using the dynamics for X11, 22 and X192, implied by (4), it follows:

(A1)

2 2 2 2
p(qi1+ae1 | ¢ia+ ng) 2 q11q12 + G21G22 2\ M21211 + M12d22
dp=|-L + 4 (p? —gyiudiz T dnde | dt
r { 2 ( Y11 Yoo (v ) 11222 (=) V311¥22

N g
|5 pz (B22011q11 + X11012q12) — % dWy
| Y11322 11222
[ o +o |
— Eanzg (Z11022q12 + X22021q11) — —22(11;: 221(112 dWs
L V211222
- ” o :
|5 pE (X22011¢21 + X11012G22) — % dZy
| 211222 11222
[ o +o T
- _211'0222 (X11022q22 + ¥22021q21) — % dZs (A2)

Therefore, the instantaneous drift of the correlation process is a quadratic polynomial with state dependent coefficients:
E[dp(t)| Fe] = [A(t) p(t)” + B(t) p(t) + C(1)] dt, (A3)

where coefficients A(t), B(t) and C(t) are given by:

_ quqi2 +qga1g2 m [Zu(t) m [ 322(t)
A(t) = 7%211(25)222@) 21 T2 (D) 12 SOR (A4)

2 2 2 2
B(t):fl (Q11+Q21 +Q12+Q22)’ (A5)

2 Ell(t) Ezz(t)
_ oquiqi2 + g21G22 m 11(t) m Yoo (t)
o) = VE11(t)X22(t) e Toa(t) e Eu(t) (46)

The instantaneous conditional variance of the correlation process is easily obtained from equation (A2) using the
independence of Brownian motions Z and W, and it is a third order polynomial with state dependent coefficients:

2 2 2 2
+ @1 | Q12+ g2 q11q12 + q21G22
1-p%(1) [ B + + 2p(t dt
(1-0°(1) ( s T S T 2P0 SO

E [dp(t)?| 7] =

This concludes the proof.
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Proof of Proposition 2: Since markets are incomplete, we follow He and Pearson (1991) and represent any market
price of risk as the sum of two orthogonal components, one of which is spanned by the asset returns. Since in our
n2)

0

setting there are no frictions, the first component is [ ] , where X is the vector that prices the shocks to asset

returns and 0 is a two-dimensional vector of zeros. The second component is L where v is the vector pricing

the shocks that are independent of the asset returns. Let ©, be the matrix-valued extension of © that prices the matrix
of Brownian motions B = [W, Z|:

_ y1/2 _ y1/2 ’ /
v — ) - 1 )
(S S0 A v ] =%""(Aey + vey) (AT)

where e1 = (1,0) and e2 = (0,1)’. Given ©,, the associated martingale measure implies a process £, of stochastic
discount factors, defined for ¢ € [0,77] by:

£,(t) = 67rt7tr(fé ©),(s)dB(s)+3 [¢ @L(s)ey(s)ds). (AS8)

Our dynamic portfolio choice problem admits an equivalent static representation by means of the following dual problem,
as shown by He and Pearson (1991):

S
J(x,30) = inf sup E {%} , (A9)
st. B[, (T)X(T)] <z, (A10)
where X (0) = z. In what follows, we focus on the solution of problem (A9)-(A10). The optimality conditions for the
innermost maximization is: .
X(T) = (€, (1)), (A11)

where the Lagrange multiplier for the static budget constraint is

17
v=2"Ble, (7T
It then follows: 1 ) 1
-
T, Yo) =" inf ~B [gu(T)w_z_l} - (A12)

Using (A8) and (A12), one can notice that the solution requires the computation of the expected value of the exponential
of a stochastic integral. A simple change of measure reduces the problem to the calculation of the expectation of the
exponential of a deterministic integral. Let P” be the probability measure defined by the following Radon-Nykodim
derivative with respect to the physical measure P:

vy —tr( 2= [T @ (s)dB(s 1—72— T@’s@,,sds
P _ o o s i 008) "

We denote expectations under P? by E[-]. Then, the minimizer of (A12) is the solution of the following problem:*°
7(0,%0) = inf B [gV(T)%]
—inf E,y [efﬁrT+ﬁtr(f(;T @L(s)@,/(s)ds)]

T / ’
— inf B [e‘%rﬂﬁf”“@ P ON v ))} . (A14)

Notice that the expression in the exponential of the expectation in (A14) is affine in 3. By Girsanov Theorem, under
the measure P? the stochastic process B”, defined as

BY(t) = B(t) + ﬁ [ ©.(s)ds

is a 2 X 2 matrix of standard Brownian motions. Therefore, the process (4) is an affine process also under the new
probability measure P7:

dx(t) = {QQ + (M - %Q’(elx’ + 621/’)) S(t) + £(t) (M - #Q’(el/\' + 621/)) } dt

+320)dBY()Q + Q'dB(t)'SM2(¢). (A15)

#08trictly speaking, this holds for v € (0,1). For vy < 0, minimizations are replaced by maximizations and all formulas
follow with the same type of arguments.
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Using Feynman Kac formula, it is known that if the optimal v and J solve the probabilistic problem (A14), then they
must also be a solution of the following Hamilton Jacobi Bellman (HJB) equation:

78_j\ . T.7 Y Y ’ ’
0= Y +1rl}f{AJ+J{ 7_11“—1—2(7_1)2157'(2()\)\ +uu)}}, (A16)

subject to the terminal condition J | (T,X) = 1, where A is the infinitesimal generator of the matrix-valued diffusion
(A15), which is given by:

A=tr ((QQ + (M - ﬁ@’(elx + ezz/)) DEDY (M - ﬁ@’(elk’ + ezV'))/) D)
1 tr(25DQ'QD), (ALT)

0 _9
D .= < 0% 0% ) . (A18)

9%21 0390

where

The generator is affine in ¥. The optimality condition for the optimal control v, implied by HJB equation (A16), is

1 ) DJ B DI, , DJ
ﬁEV = atr ((Q (ver)'S + ZrerQ) = ) = gtr <7Q (vey)'Z +EV€2Q7> .

Applying rules for the derivative of trace operators, the right hand side can be written as & (D—: + DJ’) Q'ez. It follows

7
that
D]  DJ
y_(’y—l)<J )Qz

We now compute the generator (A17) associated with this solution. To this end, note that

D] DT
)\el+uez—/\el+('y—1)(J >Q62€2
Substituting the expression for v obtained in equation (A17), we obtain the generator

A=tr ((QQ + (M - %Qk@’) YT+Y (M - %Q'el)\)/) D+ 2ZDQ’QD>

wtr((Qeze2Q<DJ Df)mz(?]" DJ')Qe2e2Q>)

= tr ((QQ’ + (M - %Q%W) NS> (M - ﬁ@%a’) ) D+ QEDQ’QD)

_’yjtr<2<1?;] DJ/)Qez 2Q<Z/)\+?)>

Substitution of the last expression for A into the HIJB equation (A16) yields the following partial differential equation
for J:

aJ

L <(QQ i <M - LQ’elx) D> <M - LQ’@M’) ) Dt 2ZDQ’QD) J
ot v—1 v—1

v~ tr (Ex\)x')) v~ DJ DJ' DJ DJ
+—J(—r+7 —=Jtr[X Q'e2e5Q ,
-1 2(y-1) ) 2 7 ? 7
subject to the boundary condition j(E,T) = 1. The affine structure of this problem suggests an exponentially affine
functional form for its solution:

J(t,2) = exp(B(t,T) + tr(A(t, T)%),
for some state independent coefficients B(¢,T) and A(t,T"). After inserting this functional form into the differential

equation for J. , the guess can be easily verified. The coefficients B and A are the solutions of the following system of
Riccati equations:

dB y
—tr (%2) =tr (F’AE + ATY + 2AQ'QAX — %(A’ + A)Q e2esQ(A + A)X + ﬁ,\x’z) ,
~—
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with terminal conditions B(T,T) = 0 and A(T,T) = 0, where
F=M-——Qe\.
v—1

For a symmetric matrix function A, the second differential equation implies the following matrix Riccati equation:

o dA ’ 1y - _ ’ Y ’
0= pr +T'A+ AT + 2AQ  (idax2 — yeae3) QA + 31 AN (A19)
Defining
. 1
A = Q'(idax2 — ve2e2)Q = Q' ( 0 197 ) Q , C= —2(711)2/\)\', (A20)

the system of matrix Riccati equations in the statement of Proposition 2 is obtained. These differential equations are

completely integrable, so that closed-form expressions for J (and hence for J) can be computed.
Given a solution for A, function B is obtained by simple integration:

B(t,T) = Fyilr(T—t)—tr (/tT A(s,T)QSYds).

The solution for A is:
~ ’ ~ T ’ -1
A, T) = A+ T {—A*l + 2/ T pe® (Tﬂ)ds} eI, (A21)
t

where © ="+ 2AA, e is the matrix exponential function and matrix A is the solution of the quadratic system
I"A+ AT +2AAA +C = 0. (A22)

To prove that (A21) is indeed the solution for A, we apply the variation of constants method. Let 7 = T — ¢ denote
time to maturity. With this variable, the Riccati differential equation for A is:

% — TA(r) + A()T + 2A(r)AA(T) + C (A23)

subject to initial condition A(0) = 0. Let A* be the solution of the following quadratic matrix equation
A" + AT +2A"AA" + C =0,

and define A(7) := K (1) + A*. After inserting this guess for A into equation (A23), we see that K (7) must solve the
matrix differential equation

% — I K(7) + K ()" + 2K(1)AK(7), (A24)

subject to initial condition K(0) = —A*, where I'" :=T" 4+ 2AA*. Define
K (1) = exp(I'*7) H(7) exp(T* 1),
for some matrix valued function H (7). It then follows,

% =7 exp(I*7) H(7) exp(I'*7) + exp(I'™*7) H(7) exp(I'* 7)™ + exp(I'*7)

,dH(T)
dr

exp(I'" 1)
= F*/K(T) + K(r)I'" + exp(F*T)'dIZ—f_T) exp(IT).

By comparing the last expression with (A24), the function H(7) must satisfy the following matrix differential equation:

dH * *
pa 2H (1) exp(I"7)A exp(T*7) H(T) ,
subject to initial condition H(0) = —A*. After integrating this equation, using the definition of K(7) and recalling

that A(1) = K(7) + A", we obtain (A22). This concludes the proof.
a
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Proof of Proposition 3: In order to recover the optimal portfolio policy we have, from the proof of Proposition 2:

* 1 X 1 1 =
X7(t) = g—(t)E[fu* (MX(T) |Fe] = 771€, () 77T J (8, %(2))- (A25)
For the Wishart dynamics (4), Itd’s lemma applied to both sides of (A25) gives, for every state X:
* w1 2] w1/2 - 1 DJ' 1/2 I rsal/2
X*Mtr(|'g o|X7dB)=X"()tr 1—6,,*dB+7 YY7dBQ 4+ Q dB'Y . (A26)
-

This implies
1
172 [771 0} _ 0, + 25240
Y] 0 1— ¥ + Q

We conclude that portfolio weight m = (1, m2)" is

_ A S | A1 q11A11 + q12A12
7r_1—fy+2AQel_1—fy()\2)+2(q12A22+Q11A12)' (A27)

This concludes the proof of the proposition.
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Proof of Proposition 4: To obtain the optimal hedging demand in terms of the state variables 311, ¥22, and p,
write Y12 = vallElg and note that:

X 8%J -X 8%J 8%
L 90X ~ ZLo0nax g mVEuTa
7% P 77X U1 P

This is the closed form expression for the wealth-scaled ratio of marginal utilities with respect to p and X. For
volatilities, the same argument gives, for ¢,j = 1,2, where i # j:

-X 0%J -X 8%J 9%

—X_0J _, X _9J 0% Xjj
92X 92X

— A b [Zii
- Au + A12 2 Eu . (A28)

This is the closed form expression for the wealth-scaled ratio of marginal utilities with respect to 3;; and X, when p is
treated as an explicit state variable, in addition to X171 and Xg2. The first term on the right hand side of equation (A28)
is the one that corresponds to the direct effect of 3;; on the value function. The second term is the one that corresponds
to the indirect effect of 3;;, via the feedback of ¥;; on ¥12. To compute the corresponding hedging demand it is then
enough to use Merton (1969)’s results and to calculate the projection coefficients of d¥11, d¥22 and dp on the space
spanned by dS:1/S1 and dS2/S2, using the available dynamics. After collecting terms proportional to A12v/X11X22,

Aq1, Asa, Alggx/Eu/Ezg and A12§\/222/211, respectively, the desired decomposition follows. This concludes the
proof of the proposition.
O
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Proof of Proposition 5: We first prove a useful technical result on the form of the inverse covariance matrix
L7 = (SYS) 7! when S8’ = idaxa.

Lemma 1 Let SS’ = idaxsa. It then follows:
(Sys')y ' =sy's.
Proof of Lemma 1: Since SY S’ is symmetric, we have:
SYS =QAQ" , (SYS)'=QA'Q, (A29)
where @ is a 2 X 2 matrix of eigenvectors of SY'S’ and A a diagonal 2 x 2 matrix of eigenvalues. Similarly,
Y=QAQ , Y '=QA'Q,

where @ is a 3 x 3 matrix of eigenvectors of Y and A a diagonal matrix of eigenvalues. We first show that the eigenvectors
of SY'S" are all vectors ¢; such that S’q; is an eigenvector of Y. Indeed, let §; = S’q; be an eigenvector of Y. It then
follows,

where ); is an eigenvalue of both SY'S and Y. In particular, the non-zero elements of A are a subset of the nonzero
elements of A. We also have, for all eigenvectors ¢; of SY'S:

Sq = SS’qi = q;.

Since S has rank 2, one eigenvector 7; of SY'S” must be such that Sg; = 0. Without loss of generality, let this eigenvector
be @3. We then have:

SQ=[Q 02x1 |
and ,
Sy—lsl _ SQ[\—IQ/SM _ [ Q 02x1 }[\71 ( 0?)(2 ) — QAilQl,

because the non zero elements in A are a subset of those in A. From (A29), we conclude:
(SYs') ' =8y 'g,
as desired. This concludes the proof of the Lemma.

We now proceed with the proof of Proposition 5. Let v = [v1, va, v3], where v1, v2,v3 € R3. It turns out, that the
value function can be written in the form:

_LT—v 12 J(0,Ye) T 1
v v

J(w,Yo) = o inf B [, (T) 7 ,
vy

subject to the constraint Svi; = 0, where

B [EV(T)ﬁ} - [67711 fOT r(s)der#l—)ftr(fg 2(3)*1dsueus/+ﬁ;r Y(s)ds(ulv/1+u21//2+u3l/3)):|

2(y—1)2

B [efﬁ(roﬂr(foT Y (s)ds D))+ gLy tr(fF Y(s)ds(smeuﬁ'smu'1+u2u'2+u3u'3>>} (A30)

for a probability measure P” defined by the density:

dP” —W<W11 I& eL(s)dB+%(+iz I @L(s)@,,(s)ds)
=e y—1) .
dP
The 3 x 3 matrix ©, of market prices of risk is defined by:
Oy = [ SV Osxr Osxn | [ 01 P2 D3],

where U1, 02,03 € R? and 21/2171 = 0. For convenience, we parameterize O, as:

@yzyil/z[ S'SY S ¢ 0sx1 Osxi }+Y1/2[ vi v2 Vs |,
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where v; = Y™V/2p; for i = 1,2,3. In this parametrization, the constraint »1/25) = 0 reads Svy = 0, and the objective

function (A30) follows. Slmllarly to the previous portfolio choice settings, the following decomposltlon of ©, applies:
0, =Y Y258y S ue; + Y0,
where e; it the i—th unit vector in R3. The dynamics of ¥ under the probability P are:

y = {QQ + (M - %Q’M) Y — 1j—vcg’eme/sys’s
1y (M " Q’ ) - ﬁs’sys’uee;Q] dt +YY2dB"Q + Q'dB"Y/?.

These dynamics are affine in Y. It follovvs7 that the infinitesimal generator of the process Y is:

A = tr ((QQ + (M - LQ’V’) Y — LQ’elm’sys’s) D)
1—7 1—7~

!/
+tr ((Y (M - ﬁ@’y’) - ﬁs’sys’me;Q) D) +ir (2YDQ'QD) . (A31)
The HJB equation for J can be then written as:
0= a—ff Lj(?"o +tr(Y D)) 4 inf { AJ + — T _Jir (Y (Y(S' 1 p'S +vavy +varh +vsvs)) o, (A32)
o -1 v 2(y —1)2

subject to Sv1 = 0 and the terminal condition j(T, Y) = 1. For i = 2,3, the optimal control v, is given by:
D DJ
vi— (-1 (2L 21 g,
J J

The optimal control v; satisfies the optimality condition

where A € R? is the vector of Lagrange multipliers of the constraint Sv; = 0. This gives:

V1—(’Y—1)<<Z?]J+Djl>Q e1+Y IS)\>
o:su1:(7—1)<s<ij+DjI>Qe +S5Y~ 1S>\>

A= —(’y — I)SYS,S (,Z?]J + %) Q €1.

Therefore, the optimal control v reads explicitly:

Using the constraint

it follows:

vi = (y—1) (idsxs — Y 'S'SYS'S) (DJJ Djf > Qe

It then follows:

v = 1/16'1—1—1/26'2—1—1/26'3
! !
(7—1)KDJJ+DJJ>Q Y~ SSYSS(Q?]J DJ)Qelel].

After inserting the expression for the optimal v in equation (A31), we obtain the generator:

A = tr ((QQ + MY — %Q’el,f’sys’s TYM — %S'SYS’M@QQ) D+ 2YDQ’QD>

oty <(Q 0 <D‘] Dj,) Y - Qe (D;] + %) S’SYS’S) D)
Di  DJ pj  DJF
—’ytr<<Y<7+ j)QQ SSYSS(J >Q6161Q> )
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Using the properties of the trace operator, we obtain the more compact expression:

A = tr ((QQ + MY — %Q’el u'SYS'S +Y M — %S’SYS’M@QQ) D+ 2YDQ’QD>

7ftr<<Y<DJJ+ID:]]>QQ SSYSS(DJJ DJ>Q6161Q> (D 6))

Substitution of the last expression for A in the HJB equation (A32), using the form of the optimal control v and the
identity SS’ = idaxa2, yields the following partial differential equation for .J:

_9 ((QQ MY — %Q’ewe’sys’s LYM — l%s’sys’;fe;cg) D+ 2YDQ’QD> J

ot
v = DJ  DJ DJ  DJ DJ  DJ
2Jtr<<Y<J+ J)QQ SSYSS(J >Q11Q)<J J>>
_%j(ro—i—tr(YD))—&—WJtr(YS' “ut’s),

subject to the terminal condition f(T, Y') = 1. The affine structure of this problem suggests an affine functional form
for J:

J(t,Y) =exp (B(t,T) + tr(A(t, T)Y)),

where the functions B(t,T) and A(t,T) are state-independent and satisfy the boundary condition B(T,7T) = 0 and
A(T,T) = 0. It follows that B and A satisfy the following system of differential equations:

dB
v Z ro + tr(AQQ")
dA Yy ’ ’ el ! e 1 ’
(( NAQ' QA +~vS'SAQ e1e1QAS'S) + ﬁS' uc’s — W—D) Y)

with terminal condition B(T,T) = 0 and A(T,T) = 0. In order to solve the equation for A, it is useful to apply the
following decomposition:

dA dA dA

-V = —S’SY + E(id?,X3 - 8'SY
= (2?5' S(S'SY) + C;?(idgxg — 8'9)(idsx3 — S'9)Y.
We can use this decomposition to obtain two systems of matrix Riccati differential equations for A; := AS’S and
Az := A(idsx3 — S’S). The system of differential equations for A is:
_dA e e
dtl — S'SM'A, — ﬁs’u QA + A\ MS'S — %AQQ’@W 'S
9 A/ ’ 1~ ’ Y /I e el Yy ’ ’
+2(1 - 7)A1Q QAL +vA1Q e1e1QA1 + s S p TS = ——=855DS'S
2(y-1) 7-1
— (S’SM’ - %S’;ﬁei@) Ay + A, (MS’S - %Q’ellf’@
1A . ’ i /e el Y ’ /
+2A1Q ((1 — ’}/)’Ld3><3 +’Y€1€1) QAl + ms 12 S — ms SDS S,
subject to the terminal condition A;(7,T) = 0. The system of matrix Riccati differential equations for As is:
d;‘f = (idsxz — S'S)M' As + Ay M (idzxs — S'S) 4 2(1 — ) A5Q QA2

— 1(Zd3><3755) (ngngslS),

subject to the terminal condition As (T, T) = 0. The unique solution for A is obtained as A = A; + As.
In order to recover the optimal portfolio policy, we follow similar arguments as in the proof of Proposition 3 and
use the relation:

B[, (T)X*(T) |F] = 7T, (1)) 7T J(t, Y (£)). (A33)
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It0’s lemma applied to both sides of (A33) gives, for every state 3:
* T g « 1
X*(t)tr ([ o 02] 21/2dB) =X*(t)tr <m®§,*dB+
This implies (recall that $*/2 = Sy —1/2);

Yo [ 0} - 1 i’y

™1
T2 0
We conclude that the portfolio weight m = (w1, 72)" is

1 /
T o= mzrl,f +25715AQ ey

1

T
il

Y24BQ + Q’dB’Y1/2)) .

0, +2Y?AQ".

q11A11 + q12412 + q13A13

= —y! ( ﬁé ) +257'g ( q11A21 + qi2A22 + qi3A2s > .

L=y

This concludes the proof of Proposition 5.

q11A31 + q12A432 + q13A33
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Table I
Unconditional Moments of Asset Returns

Panel A: Unconditional mean, volatility and volatility of volatility of the S&P100 and the DAX index
daily returns (first two rows) and of Treasury bond and Aaa Lehmann Brothers corporate bond index
daily returns (last two rows), for the periods January 1988 to December 2005 and April 1996 to December
2005, respectively. Unconditional volatilities of volatilities are estimated as the unconditional volatility of
conditional volatilities estimated by Engle’s (2002) Dynamic Conditional Correlations model. Panel B:
Unconditional mean and volatility of correlations for the S&P100 and DAX index daily returns, for the
periods January 1988 to December 2005 and April 1996 to December 2005, respectively. Unconditional
volatilities of correlations are estimated as the unconditional volatility of conditional correlations estimated
by Engle’s (2002) Dynamic Conditional Correlations model.

Panel A

Mean of Returns  Volatility of Returns  Volatility of volatility

UsS 0.1350 0.1597 0.0574
Germany 0.1106 0.2013 0.0856
Treasuries 0.0165 0.0906 0.0107
Aaa 0.0184 0.0857 0.0100
Panel B
Mean of Correlation Volatility of Correlation
US-Germany 0.3672 0.1469

Treasuries-Aaa 0.8841 0.0953




Table 11
Calibrated Parameters of the Wishart covariance matrix process

Calibrated matrices M and @ for returns dynamics (1) under Wishart covariance matrix process (4) for
QQ = kQQ' and k = 10. Parameters have been calibrated to the estimated unconditional moments of
returns and volatilities in Table I for US/German equity index returns and Treasury bond/Aaa corporate
bond index returns.

M Q
—0.2816  0.0147 —0.0009 —0.0030
US-Germany
0.0502  —0.1548 0.0028 0.0022
—0.4563  0.0273 —0.0007 0.0020

Treasuries-Aaa
0.0659  —0.3951 0.0024 0.0019




Table III

The 3-assets case.

Panel A: Unconditional mean, volatility, volatility of volatility, unconditional mean and volatility of cor-
relations for the S&P100, the DAX and the FTSE100 index daily returns (first two rows) .
period is from January 1988 to December 2005. Unconditional volatilities of volatilities, correlations and
volatility of correlations are estimated by Engle’s (2002) Dynamic Conditional Correlations model. Panel B:
Hedging portfolio policies for the 3-assets extension of the model with returns dynamics (1) under Wishart
covariance matrix process (4) for Q' = kQQ’ and k = 10. Hedging policies are reported as fractions of
the corresponding myopic components. Parameters have been calibrated to the estimated unconditional

moments of returns and volatilities in Panel A for US/German/English equity index returns.

Panel A

Mean of Returns

Volatility of Returns

Volatility of volatility

Us 0.1350 0.1597 0.0574
Germany 0.1106 0.2013 0.0856
K 0.1123 0.1376 0.0520
Mean of Correlation  Volatility of Correlation
US-Germany 0.3672 0.1469
US-UK 0.3577 0.1427
UK-Germany 0.5578 0.1677
Panel B

Correlation Hedging

Volatility Hedging:
Volatility Component

Volatility Hedging:
Covariance Component

S&P100 0.0923
DAX30 0.0695
FTSE100 0.0901

0.0185
0.0281
0.0242

0.0354
0.0318
0.0298

The sample
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Figure 1. Rolling correlations of Treasury bonds and Aaa corporate bonds. The Figure presents
correlations for Treasury and Aaa Corporate bond index daily returns over the period April 1997 to December
2000. Dynamic correlations are estimated by a simple empirical correlation estimator based on a rolling
window of 260 days, updated daily.
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Figure 2. DCC conditional correlations. The upper panel presents estimated conditional correlations
from Engle’s (2002) DCC model for US and German daily equity index returns, over the period January 1988
to December 2005. The bottom panel presents estimated conditional correlations from Engle’s (2002) DCC
%%%el for daily Treasury and Aaa corporate bond index returns, over the period April 1996 to December
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Figure 3. Drift and instantaneous volatility of correlation dynamics. This figure presents the
instantaneous drift (Panels 1 and 2), volatility (Panels 3 and 4), and pool function (Panels 5 and 6) of
the correlation process implied by the diffusion process (4), as a function of the correlation level p and for
different values of the volatility ratio 1/311/X22 (0.5, continuous line, 0.75 dashed line, 1, dotted line, 1.25
dashed and dotted line). In Panels on the left column, model parameters have been calibrated to US and
German daily equity index returns, over the period January 1988 to December 2005, as described in Section
4, and Y22 has been fixed at the estimated level of German returns unconditional variance. In Panels on the
right column, model parameters have been calibrated to US Treasury and Aaa Corporate daily bond index
returns, over the period April 1996 to December 2005, as described in Section 4, and Y22 has been fixed at
the estimated level of Aaa bond returns unconditional variance.
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Figure 4. Properties of correlation dynamics. This picture presents estimates of the unconditional
probability density function of return correlation implied by the Wishart dynamics (4). The dotted line
draws the density of correlation between the S&P100 and the DAX30 index, as arising from the calibration
of our model to the unconditional moments of US and German daily equity index returns over the period
January 1988 to December 2005. The continuous line draws the density of correlation between Treasury
and Aaa corporate bonds, as arising from the calibration of our model to the unconditional moments of
Treasury bond and Aaa monthly bond index returns, over the period April 1996 to December 2005. These
densities are estimated using a kernel density estimator, with Gaussian kernel, on a sample of 5000 simulated
realizations of the correlation.
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Figure 5. Volatility and correlation-leverage. This figure presents scatter plots of simulated returns,
returns volatilities and correlations of i) US and German equity indexes (Panels on the left column), and
it) Treasury and Aaa Corporate bonds indexes (Panels on the right column). Parameters of the Wishart
dynamics (4) have been calibrated to the unconditional moments of time series of these indexes. Panels 1-4
present scatter plots of returns correlations plotted against returns of US and German equity indexes (Panels
1 and 3, respectively), and Treasury and Aaa corporate bonds (Panels 2 and 4, respectively). Panels 5-8
depict scatter plots of returns volatilities plotted against returns of US and German equity indexes (Panels
5 and 7, respectively), and Treasury and Aaa corporate bonds (Panels 6 and 8, respectively).
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Figure 6. First calibration. Unconditional mean, standard deviation of returns volatilities and uncon-
ditional volatility of correlation are fixed at the DCC estimates. The correlation mean varies around the
unconditional correlation estimate. Left panels plot correlation hedging as a fraction of the absolute myopic
demands. Right panels plot volatility hedging as a fraction of the absolute myopic component (pure volatility
hedging, triangle points, and hedging due to volatility influence on covariance risk, circle points). In Panels
1-4, the opportunity set is composed of the US (Panels 1-2) and German (Panels 3-4) equity indices, whereas
in Panels 5-8 it is composed of US Treasury bond (Panels 5-6) and US Aaa Corporate bond (Panels 7-8)
indices. The investment horizon is 5 years. The relative risk aversion coefficient is 1 — v = 3.
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Figure 7. Second calibration. Unconditional mean, standard deviation of returns volatilities and un-
conditional mean of correlation are fixed at the DCC estimates. The correlation volatility varies around the
unconditional correlation volatility implied by the DCC estimate. Left panels plot correlation hedging as
a fraction of absolute myopic demands. Right panels plot volatility hedging as a fraction of the absolute
myopic components (pure volatility hedging, triangle points, and hedging due to volatility influence on co-
variance risk, circle points). In Panels 1-4, the investment opportunity set is composed of US (Panels 1-2)
and German (Panels 3-4) equity indices, whereas in Panels 5-8 it is composed of US Treasury bond (Panels
5-6) and US Aaa Corporate bond (Panels 7-8) indices. The investment time-horizon is 5 years. The relative
risk aversion coeflicient is 1 — v = 3.
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Figure 8. Horizon effect. Portfolio allocations due to correlation hedging (solid lines) and volatility
hedging (pure volatility hedging, dotted lines, and hedging volatility influence on covariance risk, dashed
lines). Policies are plotted as fractions of the corresponding absolute myopic allocations, for US Treasury
bonds (Panel 1) and US Aaa corporate bonds (Panel 2), and for the S&P100 (Panel 3) and the DAX30
index (Panel 4). Time horizons are up to 20 years. The relative risk aversion coefficient used is 1 — vy = 3.
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Figure 9. Risk aversion dependence. Portfolio allocation due to correlation hedging (solid lines) and
volatility hedging (pure volatility hedging, dotted lines, and volatility influence on covariance risk, dashed
lines). Policies for the S&P100 index are in Panels 1 and 2, and policies for the DAX30 index are in Panels 3
and 4. Panels 1 and 3 plot hedging portfolio weights, whereas Panels 2 and 4 plot hedging portfolio weights
scaled by the corresponding absolute myopic allocations. The Relative Risk Aversion coefficient ranges from
1 to 13. The time horizon is 5 years.
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Figure 10. Dependence on calibrated A. Portfolio allocation due to correlation hedging (solid lines) and
volatility hedging (pure volatility hedging, dotted lines, and volatility influence on covariance risk, dashed
lines) as the calibrated parameter A changes for increasing interest rate. Policies for US Treasury bonds and
Aaa Corporate bonds are in Panels 1 and 2, respectively. Policies for the S&P100 index and the DAX30
index are in Panels 3 and 4. The Relative Risk Aversion coefficient is 3 and the time horizon is 5 years.
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Figure 11. Conditional calibration for the model with constant expected returns.
portfolio policy for the model in Proposition 5, with Y a 3 x 3—dimensional Wishart process, ¥~ = SY' S’
and D = 0. Policies are plotted for the US (Panels 1 and 2) and the German (Panels 3 and 4) equity indices,
and for US Treasury bonds (Panels 5 and 6) and US Aaa corporate bonds (Panels 7 and 8). Panels on the
left report myopic policies. Panels on the right report total hedging demands (solid lines) and the component
of hedging demands due to correlation hedging (dotted lines). The relative risk aversion coefficient used is

1 —~ = 3 and the time horizon is 5 years.
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