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CORRELATIONS OF THE VON MANGOLDT AND HIGHER
DIVISOR FUNCTIONS II. DIVISOR CORRELATIONS IN
SHORT RANGES

KAISA MATOMAKI, MAKSYM RADZIWILL, AND TERENCE TAO

ABSTRACT. We study the problem of obtaining asymptotic formulas for the
sums Yy _ncox de(n)di(n 4+ h) and >y oy A(n)di(n + h), where A is the
von Mangoldt function, dj is the k" divisor function, X is large and k >
[ > 2 are real numbers. We show that for almost all h € [-H, H] with
H = (log X)10000klogk " the expected asymptotic estimate holds. In our pre-
vious paper we were able to deal also with the case of A(n)A(n + h) and we

obtained better estimates for the error terms at the price of having to take
H = X8/33+¢.

1. INTRODUCTION

This paper is a sequel to our ﬁrevious work [I4]. As in our previous paper, we
are interested in the correlation

> di(n)di(n+h) and > A(n)di(n+h), (1)
X<n<2X X<n<2X
where A is the von Mangoldt function and for k integer, di(n) = an---nk:n 1 is the

k™ divisor function. For non-integer k we define dy(n) as the nth coefficient of the
Dirichlet series of ((s)*, where ¢(s) is the Riemann zeta-function. In contrast to
[14], we omit the case of A(n)A(n+ h) from consideration as we will have nothing
new to say for these correlations.

When h # 0 is fixed, X goes to infinity, and k > [ > 2 are fixed integers, there
are well-established conjectures for the asymptotic values of expressions in (). For
instance it is conjectured in [21], [11], [3, Conjecture 3] that

> di(n)dy(n+ h) = Peya(log X) - X + O.(X1/2¥) (2)
X<n<2X
and
> Am)dp(n+h) = Qrallog X)X + O.(X'/*) (3)
X<n<2X

'The results here can also be applied to the sums Y v di(n)di(n+h) and 3", - A(n)dg(n+
h) after some minor modifications to the coefficients of the polynomials Py, and Q. n; we leave
the details to the interested reader.
1
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with Py p, Qk,n explicitly computable polynomials of degree k +1 —2 and k& — 1
respectively for h # 0. This is also wide open as soon as k,l > 3. See [14] for
further discussion of these conjecture as well as previous progress on them.

We expect the asymptotic estimates (2) and (B]) to remain true (though possibly
with a worse error term) when & and [ are not integers. In that setting Py (2)
and Qg (z) are no longer polynomials, but rather transcendental functions that
can be expanded into asymptotic series of decreasing powers of z, and with the
highest term a constant multiple of z**'=2 and z*~! respectively. However, there
is currently very little evidence in the literature for (2) and (3] as soon as one of
k,l is not an integer.

In [I4] the conjectures (2)) and (B]) were proven on average for almost all shifts
h in a short interval, with weaker error terms and for integer k,l > 0. Precisely,
for H = X333 we showed that (@) and (3) hold with an error term that is
< X (log X)~4 for all but at most < 4 X (log X )~ shifts h € [1, H]. This improved
on earlier results which contained the case H = X1/3+¢ either in explicit or implicit
form (see [17], [1]).

In this paper we are interested in substantially smaller H’s, specifically H as
small as log? X for some large constant B > 0. We are also able to handle the
non-integer cases of the conjectures (2) and (B) on average over h. Our error
terms are considerably weaker, therefore we are only able to confirm on average
the leading term of the polynomials (or series) Py p, Qk n appearing in conjectures

@) and (3).
Theorem 1.1 (Main theorem). Let 0 < ¢ < 1/2 and k > 1 > 2 be fized real

numbers. Suppose that logwooomogkX < H < X'7¢ for some X > 2. There exists
constants Ci 5 > 0 and Cyp, > 0 such that as X — o0,

(i)
Z ) Z di(n)dy(n 4+ h) — Crp - X (log X )FH—2

Ih|<H X<n<2X
(ii)
S ) S Am)di(n + ) — Cip- X (log X)!

|h|<H X<n<2X

- 0<HX(log X)“l*?)

= o(HX (log X)*1).

In fact, the constants Cklh and Cyp, are explicitly given by the formulae

Ck,l,h = H Gk,l,p , Ck o (1/<;) ( 1;[ 6k,p<h)>

with the singular series 6k7l7p(h) and &y, ,(h) defined in [14] (for non-integer k, 1 >
0 the definition in [14] still holds).

The saving implicit in the o(-) is quite small; it is of the form (log X)~*(*) for a
function £(X) going to zero arbitrarily slowly.
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The weakness of the error term is largely due to us mostly exploiting the anatomy
of integers, in particular the multiplicativity of di(n), and not much else. Obtain-
ing an error term of the form O4(X log™ X ) is an important open problem, as
it likely would allow us to obtain the Hardy-Littlewood conjectures on average
with a small averaging of the form |h| < X¢. The weakness of the error term also
means that our results have no new consequences for moments of the Riemann
zeta-function, where at least a power-saving would be required.

Our methods are not able to reduce the size of H below (log X )*l°gk=#+1 since
they depend crucially on having

> dp(n+h) ~ e H(log X ) (4)

|h|<H

for most integers X < n < 2X, and with ¢; > 0 a constant depending only on k.
When H < (log X)klosk=F+1=¢ the asymptotic (@) is false for almost all integers
X < n < 2X, because the main contribution to the average size of di(n) comes
from integers with (1 4 o(1))kloglog X prime factors, and such integers do not
typically occur in intervals of length less than (log X )klegk—k+1=c

With some effort it is possible to generalize our results to a wide class of mul-
tiplicative functions. For instance we expect our methods to generalize to coef-
ficients of Dedekind zeta functions of an arbitrary fixed number field, or to co-
efficients of GL(N) automorphic L-functions for any fixed N. In the latter case
if L(s,m) is such an L-function, 7 the underlying automorphic representation,
and A;(n) the coefficients of L(s, ), then the result would show non-trivial can-
cellations in ) _ Ar(n)A:(n + h) compared to the sharp sieve upper bound for
Y onew A ()Ar(n + k)| for most |h| < H, and with H a power of logxz. With
bit of additional effort it should be possible to extend our methods to also cover
the cases of the divisor function di(n)d;(n + h) with 0 < k < 2 0or 0 < [ < 2.
Our results should be also extensible to non-multiplicative settings such as the
study of the local law of w(n) = k,w(n + h) = [ with a small average over h. In
principle one should be able to formulate a rather general result that works for
arbitrary multiplicative functions satisfying some minor necessary conditions, such
as for example not being pretentious to characters x(n)n® of very low conductor
(smaller than (log X)4). Doing so in this paper would however obscure an already
complicated proof.

1.1. Overview of proof. For sake of exposition let us restrict attention to the
case k = [. The first step in our proof consists (as in [13]) in throwing away from

> di(n)di(n+h)

X<n<2X

2In fact the extension to the range 1 < k < 2 should be pedestrian with more attention to our
current proof; the extension to the case 0 < k < 1 requires a more delicate sieve majorant.
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a small set of integers for which either n or n+ h has an unusual factorization (e.g
primes). Specifically we require that the remaining integers have

(A) prime factors in certain wide intervals; and
(B) not too many prime factors.

It is already at this step that we forfeit the possibility of a respectable saving in
the error term. Let us use f; to denote the restriction of the k' divisor function
dr to a set Sg x of integers satisfying properties (A) and (B); see Section [ for a
precise description of this set. Naively proceeding as in our previous paper [14],
the next step would then consist in bounding non-trivially (i.e., beyond the bounds
obtained from Parseval) the quantity

a+1/H
sup [ ISu(@)Pds, where Sy(@)i= 3" filwelna) (9
@ Ja-1/H X<n<2X

and « is restricted to be “minor arc” in a suitable sense. However, in contrast
to our previous paper, as H is so small we must use techniques coming from the
work of the first two authors [13], and so we no longer necessarily have large
savings in our bounds for ([B). In fact, since f; fluctuates quite wildly in size (in
particular its L? norm is substantially larger than its L! norm) to succeed with
the approach from [I4], one would need to save in (Bl an arbitrary power of the
logarithm compared to the trivial bound coming from Parseval. This is possible if
H > (log X)¥%) for some v(X) going to infinity arbitrarily slowly, after exploiting
property (A) of our set of integers. The main input then is the work of the first two
authors [I3] adapted to the setting of the divisor function. The main innovation
compared to [13] is the use of a mean-value theorem that plays well with the wild
fluctuation of the size of di(n).

Going below to the level of H = (log X)? for a large constant B requires ad-
ditional ideas, in particular a much subtler use of harmonic analysis. Since in
the range H = (log X)” we cannot obtain a saving of an arbitrary power of the
logarithm in (), we modify the argument so that it can accept any non-trivial
saving in (), at the cost of an additional input, namely a non-trivial bound for

the quantity
J

aj+1/H
S [ isueras (0
j=1 oj—1/H
whenever the «; are 1/H-separated, where by “non-trivial” we mean that the
bound for (@) improves over the trivial bound obtained from bounding each term
individually as soon as J — oo. It is in the proof of such a large value estimate
that the property (B) of our set of integers is used crucially and repeatedly. This
property allows us to construct an efficient sieve majorant for d; on the set of
integers satisfying (B).

The estimate (@) is easy when J is large and when J is very small, so we can at
the outset assume that J is a small power of H, which corresponds to the difficult
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middle-range. As a first step towards establishing (@) we use Gallagher’s lemma
to reduce the problem to the estimation of

J /2X
j=1"X

Dualizing (and doing some additional technical preparation), the problem boils
down to controlling for most = € [X,2X],

Z gk(n)e(n(aj — ;) (7)

r<n<x+H

2

Z fr(n)e(oyn)| dx

r<n<z+H

on average over «;’s that are 1/H separated and where Jk(n) is a sieve majorant
for fr(n). In (7) we average over J? tuples (c;, ;) and we must win over the
individual bounds as soon as J — o0o. For a parameter () to be chosen later, let us
use (oo to denote the smallest integer ¢ for which there exists an (a,q) = 1 with

a— — .
H T qQ

where ||z||T denotes the distance of x to the integers. If we choose @) to be a small
power of H, but a large power of .J, then the technicalities that go before dualizing
allow us to throw away from consideration a pathological set of x’s and to assume
that in (7) we are saving 1/¢a,—q,,q Over the “trivial bound” of H(log X)** (in
fact this “trivial bound” holding on the set of non-exceptional x’s is also the result
of a considerable amount of work!). Now if the a; were all 1/Q) separated, it
would be enough to split into two cases according to the size of ga; o, We
could dispose of those («a;, a;) for which g, —q, ¢ > J* by simply bounding () by
(1/J)2H (log X)¥=1, while for the remaining tuples (a;, o;) we could show that the
contribution of the other (;, o;) is negligible by using an estimate

1
> & T (8)

(aj 7ai):QO¢j—o¢i,Q SJQ

of Green-Tao [7], which is available under this separation hypothesis on the «;.
This would be sufficient, since in this context the trivial bound corresponds to J2,
so a bound of J'*¢ means that there are only few tuples for which o;—a;,Q 18 Very
small. The main input in (8) is the large sieve.

However the situation is a bit more complicated because the «;’s are 1/ H spaced
and not 1/@Q) spaced. Since 1/H is significantly smaller than 1/Q) this means that
we could have gq,_q,,¢ = 1 for all tuples (a;, ;). In such a situation the left-hand
side of (8) would be > J?, and now this estimate fails. To circumvent this issue,
we group the frequencies «; into “batches” of 1/Q-nearby frequencies (i.e., the set
of the frequencies within the same batch has diameter at most 1/Q). We pick
a representative frequency f; from each batch Z; so that the f; are roughly 1/Q
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separated, and there are |Z;| frequencies «; in the batch associated to f;. We
then perform the same argument as before, but for the batches (for example the
analogue of the condition gg, 5, o > J? for batches is that we have Qoy—ay,Q > J?
for all oy € Z; and all aj; € Z;). The main technical difference is that we need a
generalization of the result of Green-Tao to sums of the form,

72 T,
> T ©)

(85,Bi):ap;—p;,@<J? 48,—8;,Q

There are however no difficulties involved with this generalization, and we bound
@) by J°/* which is sufficient (and with a bit more work we could have improved

this bound to O.(J'*)).
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2. NOTATION AND PRELIMINARIES

All sums and products will be over integers unless otherwise specified, with the
exception of sums and products over the variable p (or py, ps, p, etc.) which will
be over primes. To accommodate this convention, we adopt the further convention
that all functions on the natural numbers are automatically extended by zero to
the rest of the integers, e.g. A(n) =0 for n < 0.

We use A = O(B), A < B, or B > A to denote the bound |A] < CB for
some constant C'. If we permit C' to depend on additional parameters then we will
indicate this by subscripts, thus for instance A = Oy .(B) or A <, B denotes the
bound |A| < Cy B for some Cj . depending on k,e. If A, B both depend on some
large parameter X, we say that A = o(B) as X — oo if one has |[A| < ¢(X)B
for some function ¢(X) of X (as well as further “fixed” parameters not depending
on X), which goes to zero as X — oo (holding all “fixed” parameters constant).
We also write A < B for A < B < A, with the same subscripting conventions as
before.

We use T := R/Z to denote the unit circle, and e : T — C to denote the
fundamental character

e(z) = e*™=,

We use 1g to denote the indicator of a set E, thus 1g(n) = 1 when n € E and
1g(n) = 0 otherwise. Similarly, if S is a statement, we let 1¢ denote the number
1 when S is true and 0 when S is false, thus for instance 1g(n) = l,cg. If Fis a
finite set, we use #F to denote its cardinality.
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We use (a,b) and [a, b] for the greatest common divisor and least common mul-
tiple of natural numbers a,b respectively, and write a|b if a divides b. We also
write a = b (q) if a and b have the same residue modulo g.

Given a sequence f: N — C, we define the 2 norm ||f]|, of f as

1/2
[flle = (Z If(n)\2>

and similarly define the ¢*° norm

Iflle = sup [ f(n)].

If f is finitely supported, we define the exponential sum S;: R/Z — C by the
formula

St(a) = Zf(n)e(na).

nez

Given two arithmetic functions f,g: N — C, the Dirichlet convolution f % g is
defined by

frgn) =" fld)g (%)

din
Given an interval I, we set

w(n;[):ZI

pln
pel

and

Qn; I) = Z a
p%In

pel

where p®||n means that p®|n but p*™! fn.

2.1. Fourier Analysis. We shall frequently use the following Fourier analytic
observation of Gallagher [, Lemma 1].

Lemma 2.1. Let f: N — R be finitely supported, and let Y > 1. Then
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2.2. Divisor bounds. We will need several standard bounds on the divisor func-
tions di and related multiplicative functions. The standard divisor bound gives

> di(n) < rlogh ', (10)

1<n<z

for any k,l > 1 and x > 2, which can be obtained by elementary number theory
methods (see e.g., [12, formula (1.80)]). In particular, we have the crude divisor
bound

dp(n) < n°® (11)
for fixed k and n — oo.

The exponent of logz in the right-hand side of (I0) is often too large for our
desired applications when [ > 2. To partially circumvent this issue, we will rely
on some consequences of the upper bounds of Henriot [9, [10], which do not lose
excess powers of log X as long as there are non-trivial shifts in the factors of dj
on the left-hand side. But let us first define a class of multiplicative functions to
which such results apply.

Definition 2.2. For A/B > 1 and ¢ > 0, let M(A, B,¢) denote the class of
multiplicative functions f: N — Rsq such that

(i) f(p") <A” forallpeP andv > 1;

(ii) f(n) < Bn® foralln > 1.

Now we are ready to state bounds for multiplicative functions and their corre-
lations.
Lemma 2.3. Let 6 € (0,1) be fived and let X >Y > X% > 2.
(i) Let A, B >1 and let f € M(A, B,5§2/1000). Then

% > f) <sas [] (1 + %) : (12)

X<n<X+Y p<X

(i) Let A > 1 and let k,l € N. If 1 < q < log" X, and hy,...,hy < X are
distinct integers, then

Z di(gn + hy) - -dip(gn + ) <s a1 Y logl(k_l)“(l) X.
X<n<X+4Y
(iii) Let k,m,r € N. Let L;j(h) (j = 1,...,m) be distinct linear forms of
h = (hi,..., h,) with integer coefficients bounded in magnitude by C, and
let H>1. Then

Z Z dk(n+L1(h)) te dk(n+Lm(h)) <<5,k,m,7",C HTY(log X)m(kfl)

Biyeoshr X<n<X+Y
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(iv) Let A,B > 1 and let fi, f» € M(A, B,§2/1000). Let X° > q > 1 and
H>1. Then

> ). Am)fan+ hg)

|h|<H X<n<X+Y
(n,g)=1

<<6,A,BHYH <1+%) (1+%)H<1—%).

p<X plg
pla

Proof. (i) This is essentially due to Shiu [I9] but in exactly this form follows from
Henriot’s work [9, Theorem 3]. We shall give details of proofs of claims (ii) and
(iii) which are slightly more complicated applications of Henriot’s result, and leave
the details of (i) and (iv) for the interested reader.

(ii) Let us write, for each j =1,...,1, ¢; = ¢/(q, h;) and a; = h;/(q, h;). Then
(a;,q;) = 1 for every j, and additionally for ¢ # j we have either ¢; # ¢; or a; # a;.
Furthermore, since ¢ < (log X)#, we have di((g,h;)) = (log X)°V) for each j.
Hence it suffices to show that

Z dk(‘hn + CL1) .. -dk(an —+ al) L5 Akl X logl(k71)+o(1) X
X<n<X+Y

where a; and g; satisfy the conditions above.
In the notation of Henriot’s paper [9] we have

Qi(n) =gmn+a;, D=]](gjai—a;a)’, Fln,....,m)=di(n)---di(n),

i<j
if (n,q;) = 1;

otherwise,

iftptaq...qD;
0therw1se

pq;(n) =#{u (modn): gju+a; =0 (mod n) {
I
p(p) = #{n (mod p): H gn+a;)) =0 (modp)}= {
7j=1

and

n  (mod p?): n+a; forall j € J
A= 1+ S g p)pl;z; : j € J}
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Writing D' = Dqy - - - ¢, we get from [0, Theorem 3] that

1
— Z dk(q1n+a1)-~-dk(qln+al)

X<n<X+Y
p(p) PQi(n1) - - - pg, ()
s [L(-4) 5 a0
p<X ny--n<X
(n1--ny,D)=1
< 14— 1— 2
H ( p H p Z ny...ny
p|D p<X ni-n <X
ptD’ (n1--n;,D")=1
l £\
<k (loglog X)W T (1 - —) 11 <1 + —)
p<X P/ <x p
ptD’ ptD’

<<]<:7l logl(k71)+0(1) X

(iii) This time we apply Henriot’s result with

Q;(n) =n+L;(h), D =][[(Zih)~L;(h)*, F(ny,...,nm) = di(n1)---di(nyn),

pg;(n) =#{u (modn): u+ L;j(h) =0 (modn)}=1,

m if pt D;

< m otherwise,

o) =#ln (mod p): T[(n+ Ly(h) =0 <modp>}:{

and

B s #{n  (mod p?): p|n+ L;(h) for all j € J}
Ap=1][t+ > & e
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We get from [9, Theorem 3] that

% ST di(n+ Li(h) - di(n + Lon(h))

X<n<X+Y

<5 Ap H <1 — M) Z dk(nl) . dk(nm) . le(nl) .- .me(’er)

n T n
Pp<X p N1 nm <X 1 m
(n1--nm,D)=1

<:I]:<1+—9E%£Q)1£1T<1_Zﬁ) 3 di(n1) - - - di(run)

p|lD < p ni-nm <X ..M
ptD (n1+-nm,D)=1
Op.m(1 E—1\"
<HO+¢L»HO+—ﬁ
p|D p p<X p

Here by the arithmetic-geometric inequality

<> I <1+§Eﬁiﬁ)mml””
w

i<3 plLi(A)—L;( P

S

i<3 plLi(h)—L;(h) p

Now

L;i(h)#L; (h)for all 4 # j

> H(HO’”“ >)

=0,(H) p|h1
Ok m(l)
<1+f - ) 1

< H J] (1+ Lo H'.
p=0.(H) b

by Shiu’s bound (claim (i)).

3. APPLYING THE CIRCLE METHOD

Let f,g : Z — C be functions supported on a finite set, and let h be an inte-
ger. Following the Hardy-Littlewood circle method, we can express the correlation
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>, f(n)g(n+ h) as an integral

Z f(n)g(n + h) / Sia ah) da
where Sy, S, : T — (C are the exponential sums

Zf e(an) and Sy( Zg

If we then designate some (measurable) portion 9t of the unit circle T to be the
“major arcs”, we thus have

Z F()G(n + h) — MTgp = / S(a)5,(@)e(ah) da (13)
where MTyy j, is the main term

MTop s, = /me(a)me(ah) do (14)

and m := T\9 denotes the complementary minor arcs.
In our previous paper [I4], the following criterion was established to obtain
asymptotics for such correlations on average:

Lemma 3.1. Let H > 1 and n, F,G, X > 0. Let f,g : Z — C be functions
supported on a finite set, let M be a measurable subset of T, and let m = T\IN.
For each h, let MT}, be a complex number. Let hy be an integer. Assume the
following azxioms:

(i) (Size bounds) One has || f||7. < F?X and ||g|)7. < G*X.
(ii) (Major arc estimate) For all but O(nH) integers h with |h — ho| < H, one
has

/ S¢(a)Sy(a)e(ah) dao = MT), +O0(nFGX).
m
(iii) (Minor arc estimate) For each oo € m, one has

/ 1S¢(B)]* dB < n°F2X. (15)
mN[a—1/2H,a+1/2H]

Then for all but O(nH) integers h with |h — ho| < H, one has
Z f(n)g(n+ h) = MT, +O(nFGX). (16)

Proof. See [14, Corollary 3.2]. O

This lemma is not suitable for establishing Theorem [[LT], because the ¢? norm
of dy or d; is somewhat large, causing the F' and G quantities to contain some
unwanted powers of log X that will dominate the rather small gain n that can
be obtained in this case. We will therefore need the following more complicated
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variant of Lemma [B.I] that avoids any direct estimation of ¢? norms of f or g,
replacing such estimates with “large values estimates” for Sy and S,.

Lemma 3.2. Let H > 1, K > 1 and 1, F,G > 0, and let 0 < 6 < 1/2. Let
fr9:7Z — C be functions supported on a finite set, let M be a measurable subset
of T, and let m := T\IM. For each h, let MT}, be a complex number. Let hy be an
integer. Assume the following axioms:

(i) (Magor arc estimate) For all but O(nH) integers h with |h — ho| < H, one
has

/ St(a)S,(a)e(ah) da = MT), +O(nFGX). (17)

(ii) (Minor arc estzmate} For each oo € m, one has

/ S,(B)P B < i k=5 F2X. (18)
mN[a—1/2H,a+1/2H]

(iii) (Large values estimate) For any J > 1, and any 1/H-separated set of

elements aq,...,ay of T, one has
J
> / 1S¢(a)? da < KJY*OF2X (19)
and
J

/ 1S,(a)|* da < KJYV?0G2X. (20)
1 Jlo;—1/2H,0;+1/2H]

j=

Then for all but Os(nH) mtegers h with |h — ho| < H, one has
Z f(n)g(n+ h) = MT, +O(nFGX). (21)

In practice, we will apply this lemma with K = n~! = log"(l) X for some slowly
decaying o(1), while keeping § at a fixed value such as 1/4; as such, the precise
values of the exponents % and 2%5 appearing in (I8]) will not be of major signifi-
cance. Also we will not apply this lemma directly to dj but rather to a truncated
version for which we can establish the hypotheses (ii) and (iii) of the lemma.

Proof of Lemmal[3.2 By translating g by hy, we may normalize hy = 0; by dividing
f,g by I, G we may assume that FF =G = 1.
From (I3]) one has

Zf g(n+h) /me(a)me(ah) do + / St(a)S,(a)e(ah) da.

m

In view of (I7)) and Chebyshev’s inequality, it suffices to show that

/ Si(a)S,(a)e(ah) da 2 <snPHX?. (22)
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By [14, Proposition 3.1] we have an estimate for S:

S H/ [S()[15g(a)] 1S5 (B)]154(B)] dBda.

mN[a— 1/2H a+1/2H]

H , H) of length 4, and conclude that

We partition T into H intervals I; = =
i+1
Syl )l da) 3 ( | 1seis,o) dﬁ)

S<H2XA 2
<<HZ (/ S5(@)1S,(a) da)z,

where we used the inequality |ab] < |a|?+|b|?, and extend I; to j = 0 and j = H+1
in the obvious fashion. By the Cauchy-Schwarz inequality, we therefore have the

bound .
S<HY a(l;)b(I)
=1

nI;

where
a(I) ::/ |S¢(a)|? da and  b(I) ::/|Sg(a)\2 dov.
mNIl I
Applying Holder’s inequality, we conclude that

S < Hllallg llall 25 1bll2-s.

From (I8)), we have
lalle~ < 03K~ X.
From (I9), we have
a(ly) + -+ a(l,) < KJ'P°X

for any distinct intervals I;,,...,I;,. In particular, for any 1 < J < H, the J®%
largest value of a(I;) is O(KJ~*/27°X). Since (2—0)(1/2+46) > 1, we thus conclude
that

lallpz-s <5 KX,
and similarly

1|0] -5 <5 KX.
The claim (22]) follows. O

We will need to apply Lemma to truncated versions of A and d; which
we define next. First, we write A for the restriction of A to the primes, thus
A(n) = logn when n is prime, and A(n) = 0 otherwise. When studying divisor
functions dj, in order to get good large values estimates and minor arc estimates
it is convenient to truncate to a set Sy x of “typical” numbers n. More precisely,
for any X > 100,k > 2 and a small fixed ¢’ > 0, we let S, x denote the set of all
n € (X, 2X] satisfying the following two conditions.
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(A) Let (cf. [13])
P, = (log X)w(X) , Q1= (logX)lOklogk

Py = exp((loglog X)?) , Q2 = exp((loglog X)*?)
Py = exp((log X)) , Qs = exp((log X)*/°).

with ¥(X) — 0 very slowly with x — oco. Writing n = abed with all the
primes factors of a,b, ¢ respectively in [Py, Q1], [P, Q2] and [Ps, Q3] and
with d having no prime factors in these intervals, we require that a, b, ¢ are
greater than 1 and square-free.

(B) The total number of prime factors of n does not exceed (1+¢’)kloglog X,
and the total number of prime factors of n in the range [X1/(eglogX)* 9 x]
does not exceed 10k logloglog X.

The first condition (A) will be used to deploy a variant of the theorem [I3] of
the first two authors to study the behavior of di(n) in almost all short intevals.
The second condition will be used to construct an efficient point-wise majorant for
dr(n) on the set of integers obeying the condition (B). Moreover the fact that the
total number of prime factors of such an integer does not exceed (1+¢')k loglog X
will be used to get a rough but useful upper bound for dy(n) at various points.

Let us start by showing that correlations of di(n) can be well approximated by
correlations of di(n)ls, ,(n).

Lemma 3.3. Let X > H > 100, k,l > 2. Lel f.f : Z — R be the functions
f(n) = dr(n)lx2x)(n) and f(n) = dp(n)ls, (n). Then

Z Z|f \dl(n—i—h)—oklw(HXlong 2X)

|h|<H n

If f(n) = A(n)1(x2x)(n) and f(n) = A(n)1(x2x)(n), we have

>N Ifn) n)|di(n+ h) < HX3/*,

h<H n

Proof. The second claim is trivial since the summand is always at most X'/1° and
can be non-zero only for n < (2X)12.

To prove the first claim, let us define, for 7 = 1, 2, 3, the multiplicative functions
g; by setting

g9;(p") = {dk(py) if p g [P, Q] or v > 1;

0 otherwise.

and, for j = 4,5, the functions g; by setting g4(n) = di(n)lam)>1+e)kloglog X
and g5(n) == di(n) if n has more than 10k logloglog X prime factors in the range
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[X1/(oglog X)* 9 X7 and gs(n) = 0 otherwise. Then it suffices by the triangle in-
equality to show that, for each 7 =1,...,5, we have

Z Z gi(n)di(n 4 h) = o1 HX log"t' =2 X).

|h|<H X<n<2X

For j = 1,2, 3, Lemma 2.3|(iv) with ¢ = 1 gives

v

1
Z Z g] dln+h)<<leX(logX)k+12 H ( p

|h|<H X<n<2X PE[P;,Q;] <1 + >
= Ok7l7¢(HX(10g X)k+l_2).

When j = 4, we estimate, for some 0 < § < 1

Z Z ga(n)d;(n + h)

|h|<H X<n<2X

< Z Z dk: +5 Q(n)—(1+¢’ )kloglong (n+h)

|h|<H n<2X

/ 1 —1 —1
<1 (log X)~(+kIos(1+9) gy H (1 n (1+9)k ) (1 Jrl )

p<2X p P
< HX (log X )k+=2+0-(1+e") log(1+9)lk
= o(H X (log X)*2).

when 9§ is chosen to be a small multiple of ¢’, and where we again applied Lemmal2.3((iv).
Finally for the case j = 5, let us write Qpg(n) = Y p<p<q . Then
p*ln

Z Z gs(n)d;(n + h)

|h|<H X<n<2X

S Z Z dk(n)QQ[Xl/(loglogX)Q’2X](n)flokIOgIOgIOngl(n+h)

|h|<H n<2X

k—1
< (loglog X)~10klee2 fy x H (1 1 —)

pg)(l/(loglogX)2

L) L5

X1/(loglog X)2 < p<ox

< HX (log X)*"2(log log X)~**,

again by Lemma [2.3)(iv). O
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Given parameters () > 1 and 6 > 0, define the major arcs

Mos = |J U [——5— 5},

1<¢<Q a:(a,q)=1

where we identify intervals such as [% — 0, Fina ] with subsets of the unit circle T

in the usual fashion. We will need the following major arc estimate.

Proposition 3.4 (Major arc estimate). Let A > 1 and k,l > 2 be fized, and
suppose that X > 2. Write fi(n) = di(n)ls, «(n) and g(n) = A(n)lx2x)(n).
Let 0 < h < X, and let Cy,p and Cyp, be as in Theorem[I1. Then

(i) (Major arcs for divisor correlation conjecture)

St () Sy (a)e(ah) da = CyypX logk+l*2 X 4 opa(X logk“’2 X).

mlogA X, X 1log3A x

(ii) (Magor arcs for higher order Titchmarsh problem)

Sy(e)Sp, (a)e(ah) da = CppX log"™ X + 0y a(X log* ™ X).

mlogA X, X 1log3A x

We will prove this in Section [4l Notice that the corresponding claims without
truncating the functions dy and A (and with a more precise main term and error
term) were essentially shown in [I4, Proposition 3.3].

We will complement these major arc estimates with the following minor arc and
large values estimates:

Proposition 3.5 (Minor arcs for higher order divisor functions). Let k > 2, A >
1000k logk, and let H be such that logl®%lesk X < [ < X1 Set m =
T\Mpe4 x x-110g%4 x and f = di(n)ls, (n). Then for any o € m, we have

/ [Sp(B)? dB <o P X log?* ™V X (23)
mN[a—1/2H,a+1/2H]
Proposition 3.6 (Large values estimates). Let k > 2 and e > 0, let X > 2, and

let H be such that log'%% 8% X < [T < X'=¢ Let ay,...,ay be a 1/H-separated
subset of T.

(i) Let f : Z — R be the function f(n) = dp(n)ls, (n). There exists a
function ¥1(x), not depending on the function () used in the definition
of Py, such that ¢ (x) — 0 with x — oo and

<

/ S5 (B)? dB <pe S X Tog? DT X (24)
— Jla;—1/2H,0;+1/2H|

J
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(ii) If instead f : Z — R is the function f(n) = A(n)l(x,zx] (n), then one has
J

/ 1S£(B)? df <pe JY1X 1og") X
[oj—1/2H,0j+1/2H)]

J=1

Proposition BB will be proven in Section[Bl The exponent of —1/10 appearing in
([23) is not optimal, but any negative exponent would suffice for our argument here.
We prove Proposition 3.0 in Section[fl The exponent of 1/4 on the right-hand side
is not important; any exponent between 0 and 1/2 would have sufficed.

Proof of Theorem[I1l assuming Propositions[3.4H3.8. Let us begin with part (i).
Let e >0, k>1>2, X >2 and let H be such that log'®%%%lek X < [ < X1-¢,
Let ¢ (z) be as in the previous proposition and let ¢)(X) > 1000 (X) be tending
to 0 very slowly with X — co. We apply Lemma with

f(n) = dk(n)lsk,x (n)> g(n) = dl(n)lsl,x (n)a
gﬁ = mlogloook log k X, X1 logsoomc logk x5 m = T\gﬁ,
F=log"'X, G =log" ' X,
§=1/4 n = P K = p}/%

MT), = /ime(a)me(ah) do,
ho = 0.

The error between ) f(n)g(n+h)and Y, o di(n)di(n+h) is acceptable for
almost all |h| < H by Lemma[3.3l Furthermore the error between Cj; , X logk*l’2 X
and MT)}, is acceptable for all h # 0 by Proposition 3.4

Hence it suffices to verify the hypotheses (i)—(iii) of Lemma The major arc
estimate (I7) is trivial. The minor arc estimate ([Ig]) follows from Proposition [3.5]
and the large values estimates (19), (20) follow from Proposition This proves
Theorem [LT(i).

The proof of part (ii) is similar, replacing [ by 1, di1s, , by [\1(33,2)(}, and MT},
by the corresponding major arc integral; we leave the details to the interested
reader. OJ

4. MAJOR ARC ESTIMATES

In this section we prove Proposition 8.4l Before proving the proposition we start
with a somewhat general lemma related to the circle method. Let us first define a
class of functions to which the lemma applies.

Definition 4.1. For Q,Y € [2,X], FF > 1 and f: N — Ry with f(d) < d4

for some fixed constant A > 0, let C(X,Y,Q,f,F) denote the class of functions
f: N — C such that the following two conditions hold.
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(i) Foralld <@, allY' € [Y,X] and all z € [35, 2X], one has

Y fdn) < Fd) F

z<n<z+Y’

(ii) For all non-principal characters of modulus ¢ < @, all Y' € [Y, X], all
d<Q, and x € [25,2X], one has

2d’ d
z<n<z+Y’

for any K > 1.

Lemma 4.2. For X > Q,Y >2, F,G>1 and f,§: N — C with f(d),§(d) < d*
for some fized constant A > 0. Let f,9 : N = R" be supported on (X,2X], and

suppose that f € C(X,Y/2,Q, ]7, F)and g € C(X,Y/2,Q,q,G). Then, for any h,

/ St(a)S,(a)e(ha)do
Mo.1/y

< XFGY Jey(h) (ZM/Z/Z d)(ZM/j/; d)+0K(FGXQ—K)

q<Q

for any K > 1, where

1s the Ramanujan sum.

Proof. Consider

Si(C48)= X fme(7)elns)

X<n<2X

with ¢ < @, (a,q) = 1, and || < 1/Y. Splitting the summation according to
(n,q) and n/(n,q) (mod q/(n,q)), we see that

S(G+8)= X e(gm) X stanetdns)

dlg ¢ (mod q/d X/d<n<2X/d
(ﬁ q/d)= n={ (mod g/d)
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Expressing the congruence condition in terms of Dirichlet characters and separat-
ing the contribution of the principal character, we obtain

$G)-2 % Gm X, )

dlg £ (mod /d X/d<n<2X/d
(Z qa/d)= (n,q/d)=1
la 1 ~
Y el X KO X Jdmxmeldns)
dlg £ (mod q/d Xx#xo (mod g/d) X/d<n<2X/d

(fQ/d)
=: My(a,q; B) + E¢(a, q; B),

say. Notice that, since (a,q) = 1, we have

3 e<€—a) = cqpala) = p(q/d).

¢ (mod q/d) q/d

(6,q/d)=1
Therefore,

p(q/d) p(q/d) —~

My(a,q;8) =) Y. fldn)e(dnp) =) My(d; ),
7 ¢(q/d) Xjdensax/d ae ©(q/d)
(n,q/d)=1
say. Hence
- d) —
/ S(@)Sy(a)e(ha)da =Y Y~ / g/ d) M¢(d; B) + E¢(a, q; B)
MQ,1/Y) 120 (aqe1 Y 18IS/ dq p(q/d)
d) ~
Z“q/ . B8) + E,(a,q; ) e(h<g+6))dﬁ
(25)
Applying Gallagher’s lemma (Lemma 2.T]) and Definition E.|(i) for f, we see that
d)?F?X
[ i sypas < L
1B1<1/Y d*
Furthermore
/ By(a,q: ) °ds
q<Q (a1 18IS/

< QY. sup / ’ Z f(dn)x(n)e(dnp) 2d6

x#x%’qggod DJIBISYY T x/gen<ax/d

<LK XFQ-Q_K
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for any K > 1, where we have applied Gallagher’s lemma (Lemma 2.T]) and Def-
inition EIJ(ii) for f. Similar bounds hold with f, f and F replaced by g,g and
G.

The claim follows now by multiplying (25) out, using Cauchy-Schwarz, and then
applying the previous bounds. O

For the proof of Proposition B.4] we need the following slight extension of [14]
Proposition 3.3] to the case of non-integer k > 2.

Lemma 4.3. Let k > ¢ > 2 be real numbers. Then,

/ Sdkl(X,QX] (a)sdzl(x,zx] (a)e(ha)da = XPkl,h(lOg X)+OA(X(lOg X)_A/g)
m

logA X, X 110g34 X

with Py e p a function that can be expanded into an asymptotic series of descending
powers of log X (with dominant term (log X )***=2). If both k,{ > 0 are integers,
then the series is a polynomial.

We also have,

SAl(X,zX] (a)sdzl(x,zx] (a)e(ha)da = XQf,h(log X)+OA (X(log X)_A/g)

mlogA X, X~ 1log3A x

with Qe a function that can be expanded into an asymptotic series of descending
powers of log X (with dominant term (log X)*~1). If ¢ > 0 is an integer, then the
series is a polynomial.

Proof. The proof is essentially identical to the proof of [I4] Proposition 3.3]. The
only differences are confined to the statement and proof of [14, Proposition 4.2].
Precisely in the statement of [14, Proposition 4.2] one needs to take

d 1 x® Z di(qon)

B de2ri J, s Frgon (8)ds ; Frgoqr(8) = ns
: n>1:(n,q1)=1

Pk,q0.q1 (SL’) :

where £ is a Hankel contour extending from —oo, half-circling the point s = 1
in the clockwise direction and returning to —oo. Furthermore one notices that
when k is not an integer, py 4.4 (¢) can be expanded into an asymptotic series of
descending powers of log x. Moreover the leading term in the asymptotic expansion
is easily understood. Indeed for s approaching 1 we have Fy 4, (s) ~ co(1 — s)7"
for some (tediously computable) constant c¢q. This implies that for z going to
infinity,

Phanar () = p5 (l0g 2)* ™+ O(log )" ).

Using this and following through the proof of [14, Proposition 3.3] allows us to
verify the value of Cj; j, stated in Theorem [Tl Similarly to the proof given in [14],
Proposition 3.3] we omit the rather tedious verification of the explicit form.
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The proof of this modified version of [14, Proposition 4.2] that is taking into
account non-integer k£ requires only two modifications compared to the case of
integer k presented in [14, Proposition 4.2]. More precisely:

e Rather than using the Dirichlet hyperbola method, we obtain the bound

> x(m)di(gom) <a X(log X)™4

n1<X’/qo:(n1,q1)=1
for X’ < X and non-principcal characters y (with conductor < (log X)?
and with ¢g, 1 < (log X)) by writing the left-hand side as

1 go+iXe (X//qo)s 1
— = .G ds + O4(X (log X)™4 =1
27T'l o—iXe g k,q0,91 (S7 X) S _'_ A( ( Og ) ) ) 0o + lOgX

where

Crapm(s) = 3 Xdilaom)

ni>1 ni
(n1,q1)=1

and by then shifting the contour to the line o’ := 1 — (log X)™*/5. In the
region o > o', |[t| < X¢, we use the bound Gy 44, (5, x) < (log X)100kB
which is sufficient, and which follows from L(s, x) < (log X)?.

e The Dirichlet series Fy 44 () has an algebraic singularity at s = 1 and
thus the evaluation of the contribution of the principal character proceeds
slightly differently. Precisely we need, for X’ < X

> dewﬁiﬁgﬂi&m@m+mw®wvﬂ

) 21 s
n1<X’/qo:(n1,q1)=1

To prove this, we write the left-hand side as

LT ) 1
— el ds + O4(X (log X)~* =1 :
i R () O o X)), o= 14 o

We shift the contour above into the region o > ¢’ := 1 — (log X)™*/° and

|t|] < X¢, making an indentation to avoid the real segment [0/, 1]. We can
then satisfactorily bound everything except the indentation around the real
segment using the bound Fy, 4, 4, (s) < (log X)%*5 which is a consequence
of the bound ((o + it) < log X in this region. Finally we extend the
integration over the infinitesimal loop around the real segment [0/, 1] to an
infinitesimal loop stretching from —oco to s = 1.

These modifications and the asymptotic expansion of expressions similar to py 49,4, ()
are covered in depth in any account of the Selberg-Delange method (see for in-
stance [20]). O
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Now we are ready to prove Proposition 3.4l Let us start with the case of divisor
correlations. Given Lemma it suffices to show that

/sm <ka (Oé)sz (Oé)_Sdkl(X’QX] (&)W)e(ha)da — O(X(logX)%*?),
logA X, X 110g34 X
Now since

ka <O‘> = Sdkl(x,zx] (a) - Sgk (a)
with gr(n) = di(n)lne(x,2x)\s, x> it suffices to show that

/m Si(a)S,(@)e(ha)da = o( X (log X )2

logA X, X 110g34 X

with f = fr and g = ¢;, with f = g; and g = f; and with f = g, and g = ¢g;. Let
us concentrate on the first possibility.

We apply the previous lemma with Q = (log X)# and Y = X/(log X)34. Fur-
thermore we pick f(n) = di(n) and g(n) = d;(n). A simpler variant of the proof of
Lemma (and the inequality dy(ef) < di(e)di(f)) shows that Definition [4.1i)
is satisfied with

F < (log X)*' and G = o((log X)*™1).
Thus to conclude it remains to check that Definition d.I](ii) holds for our choice of
f and g, and we prove that this is indeed the case in Lemma [.4] below.

In the case of correlations of the divisor function with the von Mangoldt function

we notice that, by Lemma (4.3

/ SAl(X,zX] (a)sdzl(x,zx] (a)e(ha)da = XQf,h(log X)+OA (X(log X)iA/:S)
m

logA X, X~ 110g34 X

and by the same argument as above it is therefore enough to show that,

51(0) Sy (@)e(ha)da = o(X (log X))

mlogA X, X 1log3A x

with f = KI(XQX] and gy = d¢l(x2x)\s,, and other similar cases. We then apply
Lemma 2 with Q = (log X)# and Y = X/(log X)34. We pick g(n) = dy(n) and
f(n) = 1,-,. Standard sieve bounds for primes give that Definition EI(i) holds
with F' < 1 and a variant of Lemma [3.3] gives that it holds with G = o((log X )*~1).
Thus again it remains to check that Definition E[(ii) holds for f and g. The
assumption for f follows from Siegel-Walfisz. The assumption for g is verified in
the following lemma.

Lemma 4.4. Let A,B,K > 1. Let d < (log X)? and let x be a non-principal
character of conductor at most (log X)B. Then, uniformly for any o € [1,4],

> di(dn)x(n) <apx X(log X)X
dnGSk,X
X/d<n<aX/d
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for any K > 1. The same bound holds if the condition dn € Sy x is replaced with
dn € (X, QX] \Sk7x.

Proof. First let us focus on the case with dn € §; x. Membership in S x amounts
to requiring that the integer m in question is such that Q(m; ;) > 1 for j =1,2,3
where [; = [P;,Q;], that m has no repeated prime factors in intervals [;, and
finally that Q(m) < (1 + ¢')kloglog X and Q(m;J) < 10klogloglog X where
J = [Xl/(loglogX)Q’ 2)(]

Therefore,
3
> di(dn)x(n) = > > di(dn)x(n) [ | #*(dn; 1)
dneSy, x 1<8,01 ,02,03<(1+€" )k loglog X Q(dn)=¢ Jj=1
X/d<n<2X/d £4<10k log log log X Q(dn;Ij)=¢; , j=1,2,3

Q(dn;J)=L4

where for any interval J, the function p?(n; J) is defined by setting p?(n; J) = 1 if
all the prime factors of n lying in J have multiplicity 1, and p?(n; J) := 0 otherwise.
Using Cauchy’s formula we can express the preceding expression as

Z 1 j{ fs (X; ) dzdz1dzodzzdzy
kdX Ry 21, %2, 23, 24 7
S+ 1+1 lo+1 _f3+1 _f4+1
(2mi)? 21 Zy 23z

1<8,41 82 ,03<(1+€")k log log X
£4<10k log log log X

where we integrate over |z| = |z1| = |22| = |23] = |24] = 1 and where
Sk,d,x(X; Z, 21,2’2,2’3,2’4) = Z d (d’I’L Q(dn (HZ (dn;I;) d?’L I. )> Q(dn;J)
X/d<n<aX/d j=1

Strictly speaking our notation for Sy 4(X;-) should also involve the intervals I, J,
but to avoid extra clutter this dependence will not be made explicit in the notation.
To conclude the argument, it is enough to show that uniformly in |2| = |z;| =1
(j = 1,2,3,4) and d < (log X)? and non-principal characters y of conductor
< (log X)® we have

Sk,ax(X; 2, 21, 20, 23, 21) <a X (log X))

To accomplish this we notice that, denoting the coeflicients of S 4., (X 2, 21, 22, 23, 24)

by dk(dn) ™) g a(n; 21, 29, 23, 24)X(n), we have,
1 flreXi o — 1)(X/d)*
Sk,d,x<X;Za 2’1722723723) = —/ Lk,d(SQ X 2’721,2’2,2'3724)'( )< / ) d3+Oe(X :
27T'l 14e—iX1+e S
where
o0 d d Q(dn)
Lk,d(s; X? 27'217227237'24 = Z k n al:d(n Z1722’23’Z4>
n

n=1
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The function involved are multiplicative at (n,d) = 1, and at the integers non-
coprime to d we factor out a small Euler product. Thus we see that the above
Dirichlet series factors as,

(Bua-Apa)(s, %, 21, 2, 25, 24)-L(s, x kH I ( 1)x(p)) I <1+kz(z4 - 1)X(p)>_

S
j=1pel; peJ p

where By, 4 is absolutely convergent and <, 1 in the region Jts > % + ¢, while Ay 4
involves only primes p dividing d and satisfies the bound Ay 4(-) < d° in the region
Rs > 0, uniformly in z, z; with |z| = |z;]| = 1.

We now shift the contour of integration to the region o =1 — Clloogg# for some
arbitrarily large but fixed C' > 0. Since |log L(s, x)| < loglog X in the region
Rs > o and [t| < X'+ we have |L(s, x)**| < (log X)# for some large power of A

depending on k. Moreover in this region, we have,

H 11 (1 N kz(z —Sl)X(P)) < (log X)A

Jj=1pel;

for some large A depending on k. This bound follows from the trivial bound
1
Z — < loglog X.
pg)(l/(loglogx)2

Finally, from Perron’s formula we have

1 eiX1te y
Xfﬁ e / log L(s+0-+it, ) ((2X)° — X */QoglogX)*y D% | o x—e/2)
pGJ p 7TZ E_iX1+E S

and using the Vinogradov-Korobov zero-free region we see that this is Oc(log_c+2 X).

Therefore
kz(zy — 1
(1 Xm0y
peJ p
in the region &s > o0 = 1— %. Inserting all this information into the contour

representation of Sy 4(X; 2, 21, 29, 23, z4) We conclude that
Skax(X, 2,21, 22, 23, 24) <x (X/d) - d°log* X -log™¢ X

with A depending on k and C' arbitrarily large. Since moreover d < log” X for
some large fixed A, we conclude that Sy 4, (X; 2, 21, 22, 23, 24) <k Xlog ¥ X for
any K > 0 as claimed.

The proof for the case dn ¢ Sy x is essentially identical since after inclusion-
exclusion and the use of Cauchy’s formula the problem also boils down to showing
that Sy a, (X2, 21, 22, 23, 24) <4 Xlog 1 X.

OJ
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5. MINOR ARC ESTIMATES

The proof of Proposition is reduced to estimation of mean values of Dirichlet
polynomials by the following result.

Lemma 5.1. Let X > 1, and let f: N — C be a function supported on (X,2X].
Let ¢ > 1, let a be coprime to q, and let 5,1 be real numbers with |5| < n < 1.
Let

X
[ = {teR:n\B|X§\t|§%} (26)
Then
, 2
d 4
/ Sy <g +0)’ df < 2(0) sup / Z Z I/ n??ﬂn dt
B8<|0]<28 q q  q=qoq1 JTI x ()| =
2
1 \2
+(U+W) / 5 Z |f(n)| ] da.
R r<n<z+1/p
Proof. This follows from [14, Corollary 5.3]. O

Write @ = (log X)* with A > 1000k log k. For o € m = T\9Mg gs/x, we write
a =af/q+ p with ¢ < Q and || < 1/(¢Q). Note that for any § € m, we have

|0 —a/q| > Q3/X. Hence
2
a
g, (¢
! (q +6)

We split the integration into dyadic intervals and apply the previous lemma with

= (log X)71° The term on the second line can be estimated squaring out,
and using Lemma for the off-diagonal terms and the upper bound f(n) <
(log X)(+eklogk for the diagonal terms. Hence it suffices to show that, when

¢ < Q,q | ¢ and g1 = ¢q/qo, we have

/X(logX)lo(qt?Jr,},) Z
Q

/(log X)10 g

1 1
wtam

1S5(8)[2 dB < 2 / QQ

/X

dgs.

/mm[a1/2H,a+1/2H]

2

Zf o) X | dt < qP; X (log X)2*-1 . (27)

nl/2+it

n

To deal with mean values of Dirichlet polynomials without losing any log-factors,
we shall use the following variant of the mean value theorem for Dirichlet polyno-
mials.

Lemma 5.2 (Log-free mean value theorem). Fiz 6 € (0,1), and let A, B > 1.
Let a(n) be a sequence with |a(n)| < f(n) for some f € M(A, B,53/1000). Let
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X>Y > X%>2. Then
2
Z / (?)X(ﬁ) gt
n /2+Zt
(mod q) Y —T X<n<X+Y

TS gy (S0 T (o 2002

X<n<X+Y p<2X
pla

Proof. Write I for the left hand side of the claim. Let ® > 0 be a smooth function
with ®(z) > 1 for |z| <1 and with ®(x) = 0 for |z| > 1. Then

IS 3 /R %2@(%)0&

(mod q) X<n<X+Y

= Z Z % . X(m)MTEI\) (T log %)

X (mod q) X<mn<X+Y

The compact support of ® ensures that upon writing m = n + h only the terms
with |h| < 2X/T survive. Moreover executing the sum over characters we find
that,

Z X(n)X(m) = 1(nm,q)zl : 1nEm (mod q) * 90<Q)
x (mod q)
Hence

I<ely S Y lamatn+ )

[B<2X/T X<neX+y

dh (n(n+h).q)=
T ) T
<ol D, lamP+el@-F D] > 1f(m)f(n+hg)
X<n<X+Y 0<[hI<2X/(Tq) X <n<X+Y
(n,q)=1 (n,q)=
and the claim follows from Lemma 23|(iv). O

By Cauchy-Schwarz and the previous lemma, (27)) holds trivially unless gy <
Pll/ ? which we assume from now on. Let 7~ denote the interval
Q3 w1 1
= = X(log X —+ =
T 7717@ |:(logX)107 (Og ) qQ+H
Hence, after an application of Cauchy-Schwarz, our task is to show that, for each
q<Q,q|qand g = q/q with go < Pf/Q, we have

= [
n1/2+ t
x (q1)
To show this we use the method in [13].

dt < P8 X (log X)),
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Set D := Pll/ %, Each Dirichlet polynomial
k- x(p)
Bt = 3. v
p<p=q; P
can be decomposed as
kx(p)
Pi(t, x) = Z Quj(t) , Quilt,x) = Z it

LD log P; |<v<Dlog Q; P;<p<Q;
EU/D§p<e(v+1)/D

Take §; := 1/4 — 1/100 and d5 := 1/4 — 1/50 and, for each character y of period
q1, define

Tilx) ={teT:|Quilt,x)| < e1/2=01)v/D £4) 4] |Dlog Pi| <v < Dlog@h},
Ta(x) = {t € T\ Ti(X): |Qua(t, x)| < e/>72/P for all [Dlog P,] < v < Dlog@s}
Ts(x) =T\ (T1(x) U T2(x))-

Similarly to [13, Lemma 12|, using Lemma and Cauchy-Schwarz, we have,

for j =1,2,3,
f(ngo)x
Z n1/2+lt

2

x (mod q1) Y 100 " px/go

< DlogQ; > /
Ti(x

[Dlog P;|<v<DlogQ; x (mod q1)

dt

() Ry (t,X) dt+XP Y6 (1og X )21

(28)

where

Rv,j (tv X) =

Z f(mgo)x(m) ) 1
1/2+it P <q<Q;: 1
(Xao)e="/ P<m=2(Xao)e—/D #{P < q=Q;:qlm}+
meS*

where §* is a certain subset of S (which differs from S only through the to number
of prime factors having decreased by one, and the possibility of there not being
prime factors in the range [P}, Q;]).

For j = 1,2, 3, we write I; for the first term on the right hand side of (28). We
will treat each expression [y, I, I3 differently.

Using the definition of 71 () and the mean-value theorem (Lemmal[5.2]) we bound

-[1 < DlOg Ql Z 62(1/2—(51)1)/[)

[Dlog P1 |<v<Dlog Q1

X X el X
> (90( )( Q H) (logX)(lJr "k 1 gk+k+10+ /D<10gX>2k 2)

< D*(log Q1P X (log X)* 2 < X (log X)*~2p; /7,
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where we have recall that D = P11/6, H,Q > (log X)100klogk "), — (log X )10klogk
and 0; = 1 — 1/100.
Now consider I5. By the definition of 75(x)

I, < Dlog Qs 3 21/2-8200/D | Roa(t, x)Pdt

|Dlog P2|<v<Dlog Qs X (mod q1) 7 7200

For each t € T5(x) there is a j with |DlogP;| < j < Dlog@; such that
|Qj.1(t, x)| > e?1/2790/D g0 that, for any £;,, > 1, we have | Q1 (¢, x)|*5ve2(1/2=00t0/D >
1. Therefore, by subdividing the range of integration 73() into sets according to

this 7, we get

I, < Dlog Qs Z p2(1/2=62)v/ D—2(1/2—61)¢;,03/D

| Dlog P2 |<v<Dlog Q2
|Dlog P1|<j<Dlog Q1

Z / 1Q;a(t, X)Kj’vsz(ta X)| dt

x (mod ¢1)

where we pick for each j,v an integer /;, such that ¢;, = log(e"/?)/log(e//P) +
O(1) =v/j+ O(1). At this point we save so much that we do not need to exploit
the ¢ average, so we can apply [I3, Lemma 13] using point-wise bounds k2% and

(log X)(+eklogk for the coefficients of Qjﬂl” and R, getting

/ 1 1
[ 1t 05 Rualt )t < X5 o X205 kb0 (g 960y ) (64 1P
T

< X exp((log log X)?/3+1/100)
And so we conclude that
I, < gD*(log Q2)? exp(— 135 (log log X )*+2(log log X )*/*1/1%) < exp(— 55 (loglog X)?)

which is of course sufficient.
Finally it remains to bound

Iy = Dlog Q3 Z Z / |Qua(t, X) Rus(t, x)| dt.

|Dlog P3|<v<DlogQs x (mod q1) 73(x)

We can replace the integral over 73(y) by a sum over a one-spaced subset U(x) C
T5(x). For each t € U(x) C Ts5(x) there exists a |Dlog P»| < v < Dlog Qs such
that |Qu2(t, x)| > e/27%2%/D This implies by [13, Lemma 8] that [U(x)| <
X'1/2-1/1000

Since the Dirichlet polynomial @), 5(t, x) has length at least Ps, the Vinogradov-
Korobov zero-free region for L(s,x) implies that, for every ¢ € 7T, we have
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|Qu(t, x)| < e”/CP)(log X)1°/Q3. Therefore

1
I < o sup /P N | Rus(t X))
LDloiPsgégdSZ;ong teUl(x)

Applying the Montgomery-Halasz lemma (see [12, Theorem 9.6]) we see that

1 di(n)? X
Iz < —; sup P (X/e"P + U (x)| X'?) Z x(n) < 53
Q | Dlog P3| <v<Dlog Q3 n~X/(goe?/ D) n Q
x (mod q1) qo

which is sufficient.

6. LARGE VALUE ESTIMATES

In this section we establish Proposition We focus on the more difficult part
(i) of this proposition, and indicate at the end of the section the changes needed
to handle the (technically simpler) part (ii). Thus in the following discussion we
set f: 7Z — C to be the function

f(n> = dk(”)lsk,x (n>
Note that by the definition of Sy, x, we have
f(n) < k(1+€/)kloglogX _ (10g X)(lJre’)klogk. (29>

We first dispose of an easy case when J is very large. From the 1/H-separated
nature of the a;, Plancherel’s identity, (29) and divisor bound (I0) we have

J

1S,(B)? dﬁs/T\Sme 4

=> 1)

< (log X)(WFOMek S 71 £ (n)]

1 /[aj—l/zH,ajH/QH}

j=

<5 X logltekloghth-1 x-
This bound gives the desired estimate (24]) unless we are in the case
J < log®#losk X (30)
which we will now assume henceforth.
We first need to majorize the function f = dils, , by a more tractable divisor
sum dj,, defined by

di(n) = > dp—1(m)1(x2x)(n) (31)

m|n:m<M
Q(m)<(14+¢")kloglog X
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where M is the quantity
2k
M = XoglogX (32)
Clearly we have the upper bound
In the opposite direction, we can use the construction of S; x to obtain

Lemma 6.1 (Majorant property). For any integer n, one has the upper bound
fn) < Cik(n) (loglog X)Ok(l)_

One could remove the (loglog X)°™" loss here by iterating the construction of
our majorant on the larger primes as done for example in the Brun-Hooley sieve
[4] or by replacing the majorant dj, by the closely related majorants of Matthiesen
[15, [16]. In any case we will not need to do so here as we will (barely) be able to
tolerate losses of the form log®® X in our arguments.

Proof. For n € Sj x, let us write n = nyny where all prime factors of n; are at
most X1/(oglogX)* and all prime factors of ny are larger than X/(eglogX)* By
definition of Sy x, we have n; < X (14&")kloglog X/(log log X)? < M and

di(n) = dp(ny)di(ng) < dj(ny)ktOF1osteloe X < g (1) (loglog X )W),
Hence
f(n) < 1g, « (n)(loglog X)*Wdj.(n,)

< 1(x2x)(n)(loglog X)© Z di_1(m)
)
<(14€")kloglogx

< 1(x2x](n) (log log X )%+ > di_1(m)
m|n

m<M
Q(m)<(1+¢’)kloglogz

AN

= dj,(n)(loglog X)),
U

Now, we study the behavior of dy, in short intervals and arithmetic progressions.
First we have the following Brun-Titchmarsh type bounds on average.

Proposition 6.2. Let X > H; > (log X)(1+2klogk Lot further
g < min{H;/(log X)(1+25’)klogk’ (1OgX)10000k10}

and (a,q) = 1. Then there exists an exceptional set £ C [X/2,2X] (depending on
a,q, Hy, X, k) of Lebesque measure

(logX)3(1+s/)klogk+7
(H1/q)*

m(E) < X log 10 x4 x
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such that for all x € [X/2,2X]\E, one has

~ H
> di(n) < —logt M X, (34)

r<n<x+H; q

n=a (q)
Proof. Let x € [X/2,3X] and let [ > 1 be a fixed integer. Observe that for any
finite sequence a; > --- > a, of non-negative reals, one has the estimate
(Z ai)l < Z Ay - o - Ay,
=1 1<ig <<y <r

< Z iy - ..a; + (1 —1) < sup ai) Z Q- Gy,

1<iy <<y <r Isisr Jicii<oe<i o <r

T

-1

< E Qjy .- Gy + (sup ai) (E a;)
1<ig <<y <r lsisr i—1
and hence
r l
l
( E a;) < E Ay -Gy F ( sup ai) ) (35)
i1 1<iy <--<i;<r Isisr

In particular

Z de(n) | < sup  dg(n) | + Z dp(ny) ... dg(ny).

z<n<z+Hi:n=a (q) zsn<z+H) r<ny<---<m<z+Hi
== n=a (q) ni,..,m=a (q)

(36)

Let us first dispose of exceptionally large values of the sup-term. Write

N = {n <4X: dp(n) > %(logX)k_l} :

Now
H\* -
#N <_1) (1 gX)B(k 1) < k(n)B
q n<4X
= Z di—1(ma)dy—1(ma)dy—1(m3) Z
my,mz,mz<M n<4X
Q(m;)<(1+<€')k loglog X [m1,m2,m3]n
< X<logx)3(1+€')klogk Z 1

mlva,WLgSM [m17 m27 mg]

< X(log X)3(1+5’)klogk+7.
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Hence
X(lOg X)3(1+6’)k: log k+7

= .
(%) (log X)3(k=1)

#N <

Writing

~ H
E1=¢X/2<z<4X: sup  dy(n) > —(log X)**
n€z,x+Hi| q
n=a (mod q)
we have m(&;) < #N - H;/q and by the bound for #A the set £ can be included
in the exceptional set €. Hence it remains to show that (B84) holds for all = €
[X/2,3X]\ & with acceptably many exceptions.
Integrating (36) over [X/2,3X]\ &, we conclude that

l

[X/2,3X]\&x

z<n<z+Hin=a (q)

9

3X
< / sup dg(n) | dx+ / Z dp(ny) ... dg(ny)dy
[X/2,3X1\ex x%z%xiz)Hl X/2 y<ni <--<n<y+Hing,....,n=a (q)
H l

0=h1<ho<--<hi<H1i/q n<4X/q
Using Lemma [Z3)(ii) and the distinct nature of the hy, ..., h;, we have
= - X
Z de(qn + qhy + a) . . . dy(qn + qhy + a) <py = log'*k=D+e® x
n<dX/q q

On summing, we conclude that

. . H\!
Z H, Z di(gn+qhi+a) ... dp(gn+qh+a) <y X (71) logl(k’l)“(l) X.

0=hi<he<--<h<Hi/q n<4X/q

Combining the bounds, we conclude that

l

~ H 1
[X/2,3X]\&1 q

z<n<z+Hi:n=a (q)
By Chebyshev’s inequality, we conclude that
Z Jk‘(”) < Elogk*”f’(l)JrM b%
q

z<n<z+Hi:n=a (q)
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for all x € [X/2,3X]\ & outside of a set of measure at most Xlog’loooo,f10 X,
for any fixed large enough [. Sending [ sufficiently slowly to infinity, the claim
follows. O

For any o € T and @ > 1, let ¢, ¢ be the least positive integer ¢ such that

for some 0 < a < ¢ coprime to ¢, where ||z||T denotes the distance of x to the
integers; such a q exists and is bounded by () thanks to the Dirichlet approximation
theorem. We now have the following variant of the above proposition:

Proposition 6.3. Let X > H; > (log X)10%108% = gnd et
Qr < min{H®/(log X)(1+294108% (1og X 10000} (37)

Let a € T with |a — a/q| < ﬁll where ¢ < Q1 and (a,q) = 1. There exists an
exceptional set € C [X/2,2X] (possibly depending on o) of Lebesque measure

m(E) <i X (log X)*lek /Qy/*
such that for all x € [X/2,2X]\E, one has
5 1 1 k—1+o(1)
> di(n)e(an) < | = + —75 | Hilog X. (38)
r<n<zx+H; q Ql

Proof. Write av = ¢ + ﬁ for some 6 € [—1, 1]. Splitting the n summation in (38])
according to the value of ¢’ = (n, q), we can bound the left hand side of (B8] by

£1 % () e (1)

=q’ H
=002 S<pn<h 4+t

<Y ¥ > Jk(Q’n)x(n)ff(qjgl)’,

(39)

2
q=q'q2 gp(q ) x (mod g2) l<n§§+ﬂ

— !

q q

where we have decomposed 6(‘;—2)1(%@):1 into Dirichlet characters

(_") Lo = —— 37 x(@)x(m)r(x)

q2

where 7() is the Gauss sum

=Y (2)30

=1
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We first consider the contribution when y is a principal character. In this case
7(X) is a Ramanujan sum and so |7(X)| < 1 (see e.g. [12, formula (3.4)]). Hence
the contribution of the principal character to (39) is at most

1
((J2)

d(q) sup
a=q'q2 ¥ .

-q

2

z

m

/ ql

- 1
di(g'm)| < (log X)*V sup =
=d'q2 42

D

z<n<z+H;
n=0 (mod q’)

By Proposition the total contribution of the principal characters is acceptable

due to our conditions on sizes of H; and ;.

For the non-principal characters, we bound |7(X)| < /g2 and use (BI)) to bound
their contribution to (B9) by

2.

(mod g2)
XFX0

We split the summations over m and r according to qo | ¢’ such that gy | m, ¢

Z—; | 7 and (m/qo, ¢2) =

D

z<mr<z+H;
q'|mrm<M

Q(m)<(1+¢’)kloglog ©

di—1(m)1(x 2x)(mr)x(mr/q )e (

Omr

7' @1

)|

(r/qi,q2) = 1 (choice of gy might not be unique, but it

always exists). Then the above expression is at most

9=409192

2

T
—4q0491
mqo<M

9091 —

Hy

q091

docaliman) e

Q(mgo)<(1+¢')kloglogx

Omr

dz.
P21

)

By Cauchy-Schwarz and the triangle inequality, the claim follows once we have
shown for all ¢ = qyq1¢2 and all non-principal characters y of period ¢s that

2.

r<—z_ 4 1
—apa1 ' 4041
mgo<M
Q(mqo)<(1+¢’)kloglog x

/2X
X

qa0491 —

s com)e

Omr

IO

)

2

HIZX 10g3k log k+2k—2+0(1) X

dr &4, 73
(J2Q1/
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Squaring out and writing h = mgre — mq7ry, the left hand side becomes

Z e ( Oh ) Z Z di—1(goma)dr—1(qoma) X (mar1) x(mary + h)

3 QQQl miSM/qo 1,72 B
Q(miqo)<(1+¢' )k log log & M2T2—M1T1=h

-m((X, 2X] N [goqumurs — Hi, gogamari] N [goqimars — Hy, goqimars)).

X 22X
= = +
qo091’ 9091

If these two conditions hold, the quanity on the second line is equal to

The quantity on the second line vanishes unless |h| < qu{—qll and myr; € |

i

QOql]'

Hy — qoqi1|h|. The contribution of those boundary myr; with myr; = qu + O((;j—qll)
2X ( Hy

O(+L) is easily seen to be acceptable, so it suffices to show that
4091 qo091

or mqry =
HIZX 10g3k log k+2k—2+o0(1) X

1/2
QZQ1/

9

S (1, — qom e (qeg) A(h) <4

‘h|<ﬁ
=aq0a1

where A(h) is the quantity

A(h) = Z d—1(m1qo)di—1(m2qo) A, s (h)

m1,ma<M/qo,(m1ma,q2)=1
Q(m1q0),Q2(m2g0)<(1+¢’)kloglog =

where
Ampms(h) = > X(n)x(n+ h).
(Zoar " doar
mi1|n;ma|n+h
Now

Apma(B) = > XO)x(b+h) Y L
b (mod g2) n~X/(qoq1)
n=b (n‘lod q2)
mg‘ln-f—h
The system of equations on n is soluble only when (mq,ms) | A in which case it
has an unique solution (mod gs[mq,ms]). Hence, when these conditions hold

Apa(h) = —————— ™ 5(0)x(b+ 1) + Olgs).

B QOQ1Q2[m1,m2] b (mod g2)

The contribution of the O(gy) error is bounded by

SoH > dioa(mige)di—i(mage)Qn

|h|< H1 m1,ma2<M/qo
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which is easily seen to be acceptable from (32]), (7). Hence we end up with
X

dip—1(qom1)dy—1(qoma
Z Z (qom1) (qoms2)

4049192 <M /a0 ma<M /a0 [my, mo]
Q(m1go)<(1+e')kloglog z Q(mago)<(1+¢')klogloga
(m17q2):1 (mg,q2)=1
Oh(my, m _
St e (USTEL) ST @+ b))
=t © b (mod g2)

IhI< G
Since (myms,qe) = 1, here
> X0+ h(my,me)) = Y X(b)x(b+h)

b (mod ¢2) b (mod g2)

Thus, by the triangle inequality, it suffices to show that, for any (b, ¢2) = 1,

i Z Z qu(ml%)qu(mz%) |B(m1, m2)|

qoq1 <M /a0 <3t /a0 [my, ma]
Q(mi1go)<(1+€’)kloglog z Q(maqo)<(1+c’)kloglog =
(ma,g2)=1 (ma2,q2)=1

H12X log?)k log k+2k—24-o0(1) X

<y 7 ,
Q2Q1
(40)
where
Oh(my, m
B(ma, ma) = Z (Hy — qoq1(m1, ma)|h|)e (#) x(b+h).
Hy 21

< -1
|h‘—¢I0q1(mwﬂ2)

Partial summation and Polya-Vinogradov give

OH?
B(my,my) < (H1 + 71) max

> x(b+h)

019201 ) v<H
H?lo
< Hgy*log gy + ——
Q¢4 Q1
Hence the left hand side of (0] is at most
H1 X q3/*1og g X
+ 5 1/2 0g q2
Do (q001)%q;" " @
di—1(qoma)dy—1(gomz)
x 2 2 -

[mla mQ]
m1<M/qo ma<M/qo

Q(m1qo)<(1+€’)kloglog z Q(ma2qo)<(1+<')kloglog =
(m1,q2)=1 (m2,q2)=1
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Writing d = (my, ms), the sum over m; and my is at most

di,_1(d)? d—1(mq)dp—1(ms
DR Ay > rJdicaima)

d<M mi1<M/d mao<M/d
Q(d)<(1+¢")kloglog = Q(m1)<(1+€’ )k loglog x Q(m2)<(1+€’)k loglog ©
< (10g X)(1+€’)klogk+3k73’
and the claim follows. O

We will actually use the following consequence of Proposition
Proposition 6.4. Let X > H; > (log X )28k = gnd [et
Q; < min{H"*/(log X)*1eF (log X100},
Let a € T with | — a/q| < ﬁll where ¢ < Q1 and (a,q) = 1. There exists an
exceptional set € C [X/2,2X] (possibly depending on o) of Lebesque measure
m(€) < X (log X )&k 1/
such that for all x € [X/2,2X]\E, one has

~ 1 1
Z dp(n)e(an)| <g <§ + W) Hylogh~1+o® x.

r<n<z+H’' 1

sup
0<H'<H

Proof. We round H' to the nearst multiple of H;/ Q}/ ® and apply Proposition
with H; there Hl/Q}/S and use the union bound. 0J

We return to the proof of Proposition B.0(i). It will suffice to establish the bound

J

1/2
Z / ‘Sf(ﬁ)‘Q ag < Jo/8 x1/2 logk*1+0(1) X
laj—1/2H,a;+1/2H]

j=1
since (after discarding some of the «; as necessary) this implies that for any
1 < J < J, the (J)™ largest value of (Z[aj—1/2H,aj+1/2H} 1S:(B))? dB)Y/? is
Ok((J) 38X 1/210gh1+°W) X)) and the claim then follows by square-summing in
J.
By Gallagher’s lemma (Lemma 2.T]), we have
12 1/2
2 1 2
( / 154(8) dﬁ) <5 / D felam)P da ]
[O{jfl/2H,aJ‘+1/2H} R $<n<l‘+£
— 10

and so it suffices to show that
1/2

> fme(am)Pdr | < JEXPHIogh W X

J
= x§n<$+l—}é

Jj=1 R



CORRELATIONS OF VON MANGOLDT AND DIVISOR FUNCTIONS II 39

We may restrict the  variable to the interval [X /2, 2X], since the integral vanishes
otherwise. Moreover, we can assume that for each j we have

2

2X 1
/ > f(n)e(asn) d:cszH2log2k’2X. (41)

X/2
/ x§n<ar+—

since those j for which this does not hold make an acceptable contribution and
can be discarded. We will need the quantity

Q — 10g3000klogk )(7 (42)

this is a parameter that is much larger than J (recall (80))), but much smaller than
H. Applying Proposition 6.4 to each o; — o; with (Hy, Q1) = (H, Q) and to each
a/q, ¢ < J? and (a,q) = 1 with (H,Q;) = (Q**, Q'*), and taking unions, we
can find an exceptional set £ C [X/2,2X] of Lebesgue measure

X
4 3klog k 1/32
m((‘:) <Lj J <10gX) g X/Q / < W (43)
(where we have recalled (B0])) such that, for all z € [X/2,2X]\&, one has
- H H
sup Z dp(n)e((a; —aj)n)| < s logh~ 1o X
OSH'SH | "2 Gaj—ay, Q /
(44)
for all 1 < 7,7 < J, and also
N Q3/4
sup Z di(n)e(an/q)| < ~— logF=+m°W X (45)
0<H'<Q3/4 z<n<z+H' q

whenever ¢ < J? and a is coprime to g.
We first consider the contribution of the exceptional set £. We may use (35,
[29) and Lemma 2.3(iii) to bound, for any ¢ € T,

4

/[X/QQX] Z f(n)e(fn)| dx

m<n<x+1—1{)
<H > f)'+ > > di(n)di(n + hy)di(n + ha)di(n + hs)
ne[X/2,2X] 0<hi<ha<h3<H/10 n€[X,2X]

< HX (log X )(+eklogk 1 [t X (Jog X )41
< H*X log**=Y X
(46)



40 KAISA MATOMAKI, MAKSYM RADZIWILL, AND TERENCE TAO

and hence, by the Cauchy-Schwarz inequality and (43]),

2 1/2

(47)
which when combined with (B0]) ensures that the contribution of the exceptional
set is acceptable. Thus it suffices to show that

2 1/2
J
Z / Z f(n)e(ozjn) dx < J5/8X1/2H logk71+o(1) X
=t \X22XNE o oyt
By dUality, it thus suffices to show that
Z 2. J gi(@) dv <y, JEXV2 Hlogh oW X, (48)

J:<n<x+—

where

Zx§n§m+H/10 f(n)e(a;n)
/2
(foxne | Zocncyi gy Fmelaml? dy)
Here g; : R — C are measurable functions supported on [X/2,2X]|\€ with
[ s o =1 (49)

for 1 < j < J. Also by (1), (44) with j = j/, and (47) we can assume that
lg;(2)] < "2 (log X)) /X2 (50)

gj (SU) = 1a:e[X/2,2X}\5

for all x and j.
We rewrite the left-hand side of ([8]) as

f(n / x) dx
2 Z o )
and use Lemma to bound thls by
J n
Sam|> [ clamg) do
n 1 Jn—H/10

j=
From (I0) and (B3] we have
de <5 XlogF ' X

log®W X.
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and so by the Cauchy-Schwarz inequality, it will suffice to show that

~ J n ?
di(n e(asn)g:(x) dx
>t Z/H/ (a5m)g5(2)

The left-hand side may be rearranged as

> [ [ o) ) delmel(a; — ap)n) dedd’.  (52)

1<5,5'<J n€lz,x+H/10|N[z' 2’ +H/10]

< JYAH? logh M X (51)

One could attempt to control this sum purely using (44]), but this turns out to
be insufficient due to the fact that the «; are only 1/H-separated instead of 1/Q-
separated, so we could for instance have o;—a,Q = 1 for every pair (7, j'). To rec-

tify this, we use the greedy algorithm to find a 1/Q-separated sequence fy, . .., B
of elements of T for some 1 < J" < J, such that each «a; is within 1/Q of at least
one of the 3;, i =1,...,J". Thus we can find a partition

p
{1.....1=a
=1

where for each 1 <1i < J' and j € J;, one has

lo = Billr <1/Q. (53)
By the triangle inequality, it suffices to show that
> il < T (10g X)F ), (54)

1<i, i/ <J’
where, for each 1 <i,i" < J', A, denotes the quantity

A= 3 [ [ o @ ) duln)e((a; — ag)n) dada’

JET: J'E€Ty n€lz,z+H/10|N[z’,2'+H/10]

Let us call a pair (i,7") good if one has
QOéj—a’j/,Q > ‘]2 (55)

for all j € J; and j' € Jy, and bad otherwise.
If (7,7') is good, then we can use the triangle inequality to bound

Al <> / / 195(2) g (a")] 3 di(n)e((a; — ay)n)| dada.

JET: 3 €Ty n€lz,z+H/10]N[z’ .2’ +H/10]

By construction, |g;(x)| is only non-zero when = ¢ £, and the inner sum is only

non-zero when ' = x + O(H). By (44) and (55), we have

- H L
Z dk‘(”)e((aj - Oéj/)n) < ¥E) logk 140(1) X,
n€x,z+H/10]N[z’,z'+H/10]
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while from Schur’s test (or the elementary bound |g;(z)||g; (z")] < lg;(x)]* +
lg;/(2))?) and ([@9) we have

// lg;(x)||g; (2] dedx” < H.
o' =2+O(H)

Y Y Y ier

(4,i") good jET; /€Ty

Moreover, since

we get,

> Al <HP % logh 1o X < H?logh~1+oW X
(3,¢") good

so the contribution of the good (i,7') to (B4)) is acceptable.
It remains to show that

> A < PP H? logh W X (56)
(4,i') bad

Suppose that (i,4") is bad, then there exist j € J; and j' € J; such that
Qajfaj/,Q S J2-

Thus there exists ¢; v < J 2 and a; coprime to g; # such that

ai,i/ < 1 < 1
’ ’ ii' || %,z’/@ Q
which in particular implies by (G3]) that
G 3
L g —. (57)
Qi Q

We may rewrite A, as

Ay = / / &k<n)e(“;?"”) Fy(n)Gia(n)Gy o (n) dwda’

nelz, m+H/10 N[z’ ,a’+H/10]

where
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We can of course restrict the integral to the region |2’ — x| < H/10, since the sum
vanishes otherwise. From Cauchy-Schwarz we have the crude upper bounds

|Fiv(n)| <1
J

‘ ‘ < |j‘1/2 Z 1/2
J

G ()] < | WZ %)

and where of course | J;| < J and |Ji| < J.
Whenever |n —n'| < @Q**, (53) and (57) give the bounds

|Fio(n) — Fo(n))] < Q74

J
‘Gm(n) — Gi,m('n/l)‘ < J1/2Q71/4 Z 1/2
J
|Gi/,x/(n) — Gi/,m/(nl)‘ < J1/2Q71/4 Z 1/2

Hence

Fii(n)Gio(n) Gy o (0') = F o(n)G 2(n) Gy o (1)

J 1/2 J 1/2
vo i <Z|gj<x>|2> <Z|gj<x'>\2>

j=1

whenever |n — n/| < @¥*. Thus, for any interval I; = [jQ** (j + 1)Q%*] C
[0, H/10] and any nj, € I}, we can write

> e (B R )G (0)Gra )

.,
n€(z+I;)N[x’ a’+H/10] i

- > di(n)e (am-/n) F i (ngy)Gio(ny) Gy o ()

s a2l
n€(z+I;)N[a’ x'+H/10] i

J 1/2 J 1/2
+o g (Z|gj<x>|2> (Z|gj<x’>|2> > di(n)

j=1 nex+I;
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We can apply (@3] and (B0) to bound this by

3/4 J
< Q—l gk 1+o(1) X|G”C(TL] )||Gz 2! (TL[ )| + 1$+]Q3/465X (logX 0(1 Z dk

s a2l
1,0 nexr+1;

J 12 , 1/2
+ JQ1/2 (Z |gj<x>|2> (Z |gj<l’/)‘2> logkflJro(l) X,
j=1 j=1

so on averaging over ny, we obtain the bound

1 k—1+0(1) ‘]
< —log" "W X N " |Gia(n)]|Gir (0 )\+1m+gQ3/465X log X)° > dy(n

G nex+1; nex+I;

J 12 , 1/2
+ JQ1/2 (Z |gj(:7€)|2> (Z |gj(l,/)|2> 10gk—1+0(1) X.
p =1

The second term contributes to A; ; at most

73 H/(10Q3/4) 9x

HX(logX) Z B Lotjgsrace Z dk

j=1 X nex+1;

J? 1 .
<<H2X(logX) /W > di(n)de
€ z<n<z+Q3/4
2 1/2

Z de(n)| da

z<n<z+Q3/4

2X 1

J3
H2 loo X o(1) 1/2 /
s L

H2

20k log k X

logk71+0(1) X
log

<

J

where we have used ([B0), ([43)), and estimated the integral similarly to (4@). Thus,

1
A <<10gk_1+°(1)X// > [Gia(n)]|Gow(n)]
|a’—z|<H/10

i né€lz,z+H/10]
J 12 , 5 1/2
cao i (i) (D) Jaas
j=1 j=1
H2

k—1+o(1
+ 20k Togk yo log WX

log
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From Cauchy-Schwarz and the large sieve inequality (see e.g. [12, formula (7.27)])

we have
1/2

1/2
Y Gia)|Giw(n)| < H (Z Igj($)|2> > lgi()P?
JETy

né€lz,z+H/10] Jj€T;
and then by a further Cauchy-Schwarz and (49) we conclude that

1/2 1/2 1
o1 k—1to) v [ ITilE| T 2 y—1/4
A;; < H”log X (—qm + J“Q + —(logX)QOMng )

The contribution of the two last terms to (B4) is acceptable from the bounds on J

and @, so we are reduced to showig that
11/2] 7.,|1/2
S T e
(i) bad @i
A similar sum without the sets J was dealt with in [7, (
Tao and we adapt their argument. The contribution of those ¢; ;» with ¢; > J3/4
is acceptable by the Cauchy-Schwarz inequality, so we may restrict attention to
those (i,4") with ¢; » < J3/4 By (B7), we can bound this contribution by

4.4)] by Green and

3

Z Yo > TN, aes

q<J3/4 an/qZ 1<4,0/ <J’
Let ® : R — R be an even non-negative Schwartz function with ®(z) > 1 for
[—3, 3], and whose Fourier transform is supported on [—1/2,1/2]. We may

bound the preceding expression by

Z Z Z |\7@1/2|L7Z 1/2Z¢(Q<5i—5i,_g+m))_
meZ

q<J3/4 aEZ/qZ 1<,/ <J’
By the Poisson summation formula, this

SOy Y g e (5)e(n(s-a-2)).

q<J3/4 aGZ/qZ 1<i,4/ <J’ neZ

Performing the a summation this becomes

12| 7121 SN en(s — B
S OY s Y (Q) (n (5 — )

q<J3/4 14,1/ <J’ nEZ qln

This factorizes as

izt (0) | =

q<J3/4:q|n

2

,
S 1T e(n)

i=1
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From the support of ® and Holder’s inequality, we may bound this by
10y 1/10 J/ 20/9\ 9/10
1
ol | 2t > |21 el
[n|<Q \g<J3/4:q|n [n|<Q

i=1

From the large sieve inequality (see e.g. [12 formula (7.27)]), the 1/@Q-separated
nature of 5; and (30), ([@2) we have

2.

In|<Q

which implies (together with the trivial bound | Z;il || 2e(np;)| < Z;il | T =
J) that

2

J,
D 1T e(np)| < JQ

i=1

J/
Z | Z |\7i|1/26(n/6’i)|20/9 < J11/9Q
In|<Q =1
and hence the preceding expression may be bounded by

10y 1/10

J11/10 éz Z 1

In|<Q \¢<J3/4:qn

But from (30), [@2) we have]

10

1 1

sy )« x Ly

In|<Q \ g<J3/%:q|n q1seqr0<J3/4 In|<Q
q1,---,q10|7

< > 1

q1seensqro<J3/4 [ql’ T QIO]

1

< J3

%210 [Q1’ T q10]11/10

1
3/4 1
< J H(1+O(p11/10))
p

< J3/4

and the claim follows (with some room to spare). This concludes the proof of part
(i) of Proposition 3.0l

We now briefly discuss the changes needed to handle Proposition B.6lii), in
which f = ]\1( x,2x]- The main change is to replace the divisor function majorant

30ne may also invoke truncated divisor sum moment estimates [2} [I8] here.
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dy, by a standard sieve majorant v for the (restricted) von Mangoldt function A,
at the level M defined by ([B82). The precise choice of majorant is not of critical
importance, but one can for instance use the Goldston-Yildirim type majorant

2

i) =t losdt | Y (e (50 (58)

dln:d<M log M

where 1) : R — R is a smooth function supported on [—1/2,1/2] that equals 1 at
the origin. From (B32) we clearly have the analogue

f(n) < v(n)log”® X
of Lemma [6.J] The analogue of Lemma for v follows from [8, Theorem D.3]
(see also [0, Theorem 1.1]); from this, one can establish Proposition with d,

replaced by v (and k replaced by 1). One can write the majorant v in a form
similar to (3I)), but with M replaced by M? and dj,_(m) replaced by the quantity

logM > p(my)u(ms)log (m%) log (%) -

1
mi,ma:[mi1,ma]=m

This quantity can be bounded crudely by O(log Xdy(m)?), and one can adapt the
proof of Proposition .4l with dy, replaced v (and k replaced by 1) without difficulty.
Continuing the remainder of the arguments in this section, we obtain Proposition
B.0(ii).
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