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Abstract

Axion fluctuations generated during inflation lead to isocurvature and non-
Gaussian temperature fluctuations in the cosmic microwave background radi-
ation. Following a previous analysis for the model independent string axion
we consider the consequences of a measurement of these fluctuations for two
additional string axions. We do so independent of any cosmological assump-
tions except for the axions being massless during inflation. The first axion
has been shown to solve the strong CP problem for most compactifications of
the heterotic string while the second axion, which does not solve the strong CP
problem, obeys a mass formula which is independent of the axion scale. We find
that if gravitational waves interpreted as arising from inflation are observed by
the PLANCK polarimetry experiment with a Hubble constant during inflation
of Hinf � 1013 GeV the existence of the first axion is ruled out and the second
axion cannot obey the scale independent mass formula. In an appendix we
quantitatively justify the often held assumption that temperature corrections
to the zero temperature QCD axion mass may be ignored for temperatures
T � ΛQCD.

∗This work was supported in part by the Director, Office of Science, Office of High Energy and
Nuclear Physics, Division of High Energy Physics of the U.S. Department of Energy under Contract
DE-AC02-05CH11231, in part by the National Science Foundation under grant PHY-0098840.

†E-Mail: bkain@berkeley.edu



Disclaimer

This document was prepared as an account of work sponsored by the United States Government.
Neither the United States Government nor any agency thereof, nor The Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or assumes any legal
liability or responsibility for the accuracy, completeness, or usefulness of any information, apparatus,
product, or process disclosed, or represents that its use would not infringe privately owned rights.
Reference herein to any specific commercial products process, or service by its trade name, trademark,
manufacturer, or otherwise, does not necessarily constitute or imply its endorsement, recommendation,
or favoring by the United States Government or any agency thereof, or The Regents of the University
of California. The views and opinions of authors expressed herein do not necessarily state or reflect
those of the United States Government or any agency thereof, or The Regents of the University of
California and shall not be used for advertising or product endorsement purposes.

Lawrence Berkeley Laboratory is an equal opportunity employer.



1 Introduction

It has been known for some time now that compactifications of string theory con-
tain axion-like fields [1], while it has been an open question whether these string
axions could be the QCD axion [2]. To date, axions have never been detected, and
it seems a practical impossibility, due to their large axion scale,1 that a string axion
could be detected in the laboratory. However, axions give rise to isocurvature [3]
and non-Gaussian [4] temperature fluctuations in the cosmic microwave background
(CMB) radiation which may be measurable in the near future, even for a large axion
scale. If future experiments are able to measure the isocurvature and non-Gaussian
components of CMB temperature fluctuations they could bound the axion scale and
possibily rule out string axions as the QCD axion. String axions are then one of the
few known features of string theory that may be experimentally probed in the near
future.

Recently P. Fox, A. Pierce and S. Thomas (FPT) [5] analyzed the possibility that
upcoming cosmological experiments sensitive to the polarization of the CMB (such
as the PLANCK polarimetry experiment [6]) may be able to probe a string axion by
measuring the isocurvature and non-Gaussian components of the CMB. For the string
axion, FPT used the traditional model independent axion [1], and concluded that if
gravitational waves interpreted as arising from inflation are observed by the PLANCK
polarimetry experiment with a Hubble constant during inflation of Hinf � 1013 GeV,
then the model independent string axion cannot be the QCD axion.

Here, we shall repeat their analysis for three different string axions. Following
FPT we do so independent of any cosmological assumptions, allowing for the widest
possible range of cosmological conditions within allowed constraints. Thus, our results
are valid for any allowed cosmological scenario. For completeness, and the purpose of
comparison, the first axion shall be the same axion used by FPT, the model indepen-
dent (MI) axion [1]. The second two axions, the primary concern of this paper, follow
from the Binétruy-Gaillard-Wu (BGW) model [7, 8], a class of effective supergravity
theories derived from the weakly coupled heterotic string. These two axions are the
BGW-QCD axion [9], which for most compactifications of the heterotic string solves
the strong CP problem and is therefore a legitimate candidate for the QCD axion,
and the BGW-two condensate (BGW-2C) axion [8, 10], which does not solve the
strong CP problem, but may still have cosmological significance. These axions will
be reviewed in the next section.

Our conclusion is no different than FPT. We find that if gravitational waves
interpreted as arising from inflation with a Hubble constant during inflation of Hinf �
1013 GeV are observed by the PLANCK polarimetry experiment, the BGW-QCD
axion cannot be the QCD axion. This result depends critically on the fact that the
axion scale for the BGW-QCD axion differs during inflation and condensation. We
also find for a positive measurement by PLANCK that the BGW-2C axion cannot

1One of the string axions that we will be considering, the BGW-2C axion (see section 2.3),
does not solve the strong CP problem and therefore is not a Peccei-Quinn/QCD axion. For this
reason we will always refer to the axion coupling constant, fa, as the “axion scale” and not, say, the
“Peccei-Quinn scale.”
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obey a scale independent mass formula. These results do rely on the assumption that
the axions are massless during inflation, which requires the Peccei-Quinn symmetry
to remain unbroken in the early universe. We agree with FPT [5] that this is a mild
assumption.

In the next section we review the properties of the axions we will be considering.
In section 3 we present relic axion densities both with and without entropy dilution,
the derivation of which is reviewed in Appendix A. In section 4 the isocurvature and
non-Gaussian CMB temperature fluctuations are discussed, paving the way for the
axion constraints in section 5. Section 6 presents our conclusions. In Appendix B
we quantitatively justify the often held assumption that the zero temperature QCD
axion mass may be used for temperatures T � ΛQCD (an assumption that will be
made when calculating relic axion densities in section 3 and Appendix A). As we are
following the analysis of FPT, the reader is referred to their excellent article [5], and
references therein, for background and details.

2 Axions

We consider three different string axions, the model independent (MI) axion [1], the
BGW-QCD axion [9] and the BGW-two condensate (BGW-2C) axion [8, 10]. Each
will be described in this section, the important results being their mass and axion
scale formulas, which are summarized in section 2.4. The MI axion was analyzed in
[5], whose analysis we repeat in this paper for completeness and for comparison with
the BGW axions, our primary concern. The BGW-QCD and BGW-2C axions are
derived from the BGW supergravity effective string model [7, 8].

2.1 Model Independent (MI) String Axion2

The massless spectrum of any superstring contains the graviton, two-form gauge po-
tential, dilaton and their superpartners. These fields are naturally formulated in
terms of a linear superfield in a supergravity theory, which is dual to a formulation in
terms of a chiral superfield [14]. The chiral superfield contains the scalar dilaton as
well as a pseudoscalar, the MI axion. For simplicity we present the chiral superfield
formulation of the globally supersymmetric Lagrangian (the supergravity generaliza-
tion being straightforward [14]). The Langrangian in the chiral superfield formulation
is given by [1]

L = −M2
p

∫
d4θ ln(S + S̄) +

1

4

(∫
d2θSW α

a W a
α + h.c

)
, (1)

where S is the chiral superfield, W α
a is the superfield strength and Mp = 2.4 × 1018

GeV is the reduced Planck mass. Expanding the second term into component fields
we find

1

4

∫
d2θSW aαW a

α + h.c ⊃ −1

8
(S + S̄)F a

μνF
μν
a +

i

8
(S − S̄)F a

μνF̃
μν
a , (2)

2In [9] the model independent string axion was referred to as the universal string axion.
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where we have used the same symbol, S, for the lowest component of the chiral
superfield, F a

μν is the Yang-Mills field strength and F̃ a
μν = 1

2
εμνρσF aρσ is the dual field

strength. We notice the dilaton as the real part of S since it acts as the coupling
constant for the Yang-Mills kinetic term and the axion as the imaginary part of S
since it has the standard axion coupling to the gauge field. The QCD θ angle is then
given in terms of this string axion by

θ = 4π2i(S − S̄), (3)

while the unified gauge coupling constant, αU , is given by

α−1
U =

4π

g2
U

= 2π(S + S̄), (4)

and we take gU ∼ O(1).
Expanding the kinetic term of (1) into component fields we find

− M2
p

∫
d4θ ln(S + S̄) ⊃ M2

p

(8π2)2

2

(α−1
U /2π)2

1

2
∂μθ∂μθ =

1

2
∂μa∂μa, (5)

where a is the axion. The axion scale, fa, is then given by

fa/N =
a

θ
=

√
2
αU

4π
Mp ∼ 1016 GeV, (6)

where N is the axion anomaly coefficient.
For the MI axion we use (non-stringy) mass formulas obtained from QCD. These

are the same mass formulas used by FPT in their analysis [5]. As reviewed in Appen-
dix A the axion mass is temperature dependent. The zero temperature axion mass is
calculated by considering chiral symmetry breaking in QCD (see Appendix B). One
finds [2, 15],

ma =
2
√

z

1 + z

fπ

fa/N
mπ = 1.2 × 10−9 eV

(
1016 GeV

fa/N

)
, (7)

where z = mu/md = 0.56, mπ = 135 MeV and fπ = 93 MeV is the pion decay
constant. In Appendix B we justify the use of the zero temperature axion mass for
all (nonzero) temperatures T � ΛQCD. The finite temperature mass for T � ΛQCD

may be calculated by considering instantons at finite temperature [25]. One finds [16]

ma(T ) � 2.2 × 10−11 eV

(
1016 GeV

fa/N

) (
ΛQCD

200 MeV

)1/2 (
ΛQCD

T

)4

, (8)

which is accurate for T � ΛQCD, but not for too much larger.
In the next section, when calculating minimal relic axion densities, we will assume

the MI axion is massless during inflation, which requires assuming that the Peccei-
Quinn symmetry remains unbroken in the early universe. We agree with FPT [5] that
this is a mild assumption.
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2.2 BGW-QCD String Axion

It has been an open question whether the MI axion of the previous subsection could
be the QCD axion. This question was recently revisited [9] in the context of the BGW
model [7, 8] where it was shown that for most compactifications of the heterotic string,
the MI axion3 solves the strong CP problem and is therefore a legitimate candidate
for the QCD axion. It was also found to have a modified axion scale, and being now
model dependent, we refer to this string axion by a different name, the BGW-QCD
axion. Our concern here is to see if cosmological observations could rule out the
possibility of the BGW-QCD axion being the QCD axion.

The BGW model is an effective supergravity model derived from the weakly cou-
pled heterotic string, in which local supersymmetry is broken by gaugino condensation
in a hidden sector, and is formulated in terms of the linear superfield instead of the
chiral superfield. Whereas in the chiral superfield formulation determining which field
is the axion is rather simple because of its coupling to the gauge fields, this is not
the case in the linear superfield formulation, where determining the axion field can
be subtle [8, 10].

It is the two-form gauge potential in the linear superfield formulation that is
related to the pseudoscalar field (the string axion) of the chiral superfield formula-
tion. In the BGW model, below the condensation scale, the (unconfined) superfield
strengths for the hidden sector gauge groups must be replaced by gaugino condensate
chiral superfields, leading also to a replacement of the linear superfield by a vector
superfield and a constraint condition [7]. The phase of the lowest component of the
gaugino condensate superfields is then related to the string axion.

For a single hidden sector condensing (simple) gauge group, or for more than one
hidden sector condensing gauge group but with identical β-function coefficients, the
axion is massless [8]. For the case of a single hidden sector condensing gauge group,
however, there is an enlarged symmetry in the limit of one or more massless quarks.
Taking into account the breaking of this symmetry was shown, in fact, to induce a
mass for the axion as well as increase the axion scale compared to that of the MI
axion [9]. For two light quarks, below the scale of supersymmetry breaking, the axion
scale is given by

fa/N �
√

8

3

1

|8π2bc − 3|Mp, (9)

where bc is the β-function coefficient for the single hidden sector condensing gauge
group. There exists a point of enhanced symmetry at bc = 3/8π2, leading to an
increase in the axion scale and, as shown below, a decrease in the axion mass. In a
study of electroweak symmetry breaking [11] the preferred range for bc was found to
be .03 ≤ bc ≤ .04, which requires

fa/N � 6 × 1018 GeV, (10)

which are the values of fa/N we will consider for the BGW-QCD axion. The preferred
value for LSP dark matter was found to be bc = .036 [12]. The zero temperature mass

3See footnote 2.
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formula was determined to be the same as (7),

ma =
2
√

z

1 + z

fπ

fa/N
mπ = 1.2 × 10−11 eV

(
1018 GeV

fa/N

)
. (11)

As with the MI axion we use this mass formula for temperatures T � ΛQCD and use
the high temperature QCD mass formula (8) for T � ΛQCD.

Above the scale of supersymmetry breaking the axion scale and mass are modified.
If we take the supersymmetry breaking scale to be ∼ TeV or above, then, as shown
in Appendix A, we will not be in need of the modified axion mass. However, in the
next section, we will be in need of the axion scale during inflation, which is expected
to be well above the scale of supersymmetry breaking. In this case, we must use

f ′
a/N �

√
2

3

1

4π2bc
Mp � 1018 GeV. (12)

Just as with the MI axion of the previous subsection, we will assume that the
BGW-QCD axion is massless during inflation, which requires the mild assumption [5]
that the Peccei-Quinn symmetry remains unbroken during the early universe.

2.3 BGW-Two Condensate (BGW-2C) String Axion

As mentioned above, for a single hidden sector condensing gauge group, or for more
than one hidden sector condensing gauge group but with identical β-function coeffi-
cients, the axion is massless. In this case there is a nonanomalous R-symmetry. This
symmetry is broken if there are condensing gauge groups with different β-function
coefficients, leading to a nonzero axion mass. Such an axion does not solve the strong
CP problem and therefore is not a candidate for the QCD axion. It may, however,
have cosmological significance, which warrants its inclusion in this paper.

In the case of two condensates with coefficients b1 > b2, the MI axion scale is
reduced by a factor of

√
6/b1 [13]. As mentioned in the previous subsection, the

preferred range of values for b1 = bc is .03 � b1 � .04. The MI axion scale was given
in (6) as ∼ 1016 GeV, so

fa/N ∼
√

6

b1
× 1016 GeV ∼ 6 – 8 × 1017GeV. (13)

For condensation scales Λ1 � Λ2, the BGW-2C axion mass is approximately given
by [8]

ma ≈ 6
√

2〈�〉
b2

(b1 − b2)

(
Λ2

Λ1

)3/2

m 3
2
, (14)

where � is the dilaton field in the linear multiplet formulation and m 3
2

is the gravitino
mass which we take to be m 3

2
∼ 1 TeV. The important thing to notice about this

formula is that it is independent of the axion scale. In the context of the weakly
coupled heterotic string a viable scenario for local supersymmetry breaking occurs
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if the hidden sector condensation scale is given by Λ1 ∼ 1013 GeV [11]. If we take
〈�〉 ∼ 1 [8], b1, b2 ∼ 10−2, b1 − b2 ∼ 10−3 and Λ2 � ΛQCD ∼ 102 MeV we find

ma � 8 × 10−10 eV. (15)

This contribution to the BGW-2C axion mass exists for all energies below Λ2, while
above Λ2 it disappears.

The BGW-2C axion also receives a contribution to its mass from the QCD (zero
temperature) axion mass formula used for both the MI and BGW-QCD axions, (7)
and (11). For the axion scale in (13) this gives a mass ma ∼ 6 – 8 × 10−10 eV, which
is on the same order as (15). Also, as shown in Appendix A, the temperature at
which this axion condenses is always on the same order as Λ2. If the condensation
temperature were greater than Λ2 then the BGW-2C axion would not obey a scale
independent mass formula during production in the early universe. In this case, the
cosmological consequences of this axion would not differ much from the previous two
axions. We therefore assume that the mass formula (15) is valid for calculating relic
densities at all temperatures and only consider the BGW-2C axion when (15) is the
dominant contribution, and thus for masses

ma � 10−9 eV. (16)

Just as with the previous two axions, we will assume that the BGW-2C axion
is massless during inflation, which requires the mild assumption [5] that the Peccei-
Quinn symmetry remains unbroken during the early universe. In addition, the con-
tribution to the axion mass from (16) dissapears above Λ2, which is well below the
scale of inflation.

We mention again that this axion does not solve the strong CP problem and is
not a candidate for the QCD axion, but may still be cosmologically interesting, in
particular because its mass formula (16) is scale independent.

2.4 Summary of Formulas

In the previous subsections we found the following masses and axion scales:

MI: ma = 1.2 × 10−9 eV

(
1016 GeV

fa/N

)
, fa/N ∼ 1016 GeV, (17)

BGW-QCD: ma = 1.2 × 10−11 eV

(
1018 GeV

fa/N

)
, fa/N � 1018 GeV, (18)

BGW-2C: ma � 10−9 eV, fa/N ∼ 1018 GeV, (19)

where the masses are to be used for temperatures T � ΛQCD, except in the case of the
BGW-2C axion where its mass is to be used for all temperatures. We see that the first
two are inversely proportional to the axion scale while the third one is independent
of it. When deriving relic axion densities we shall therefore use the following mass
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formulas:

ma = ξ

(
1 GeV

fa/N

)
, (20)

ma = ζ, (21)

which we will refer to as the scale dependent and scale independent mass formulas,
and where

ξMI = 1.2 × 107 eV, ξBGW-QCD = 1.2 × 107 eV, ζBGW-2C � 10−9 eV. (22)

For temperatures T � ΛQCD we use the following mass formula for the MI and
BGW-QCD axions:

ma(T ) � 2.2 × 105 eV

(
1 GeV

fa/N

) (
ΛQCD

200 MeV

)1/2 (
ΛQCD

T

)4

. (23)

Above the scale of supersymmetry breaking the axion scale for the BGW-QCD
axion is modified. We take f ′

a to be the axion scale above the scale of supersymmetry
breaking and define

fs ≡ fa

f ′
a

, (24)

where

fMI
s = 1, fBGW-QCD

s � fa/N

1018 GeV
, fBGW-2C

s = 1. (25)

3 Relic Axion Densities

The natural starting point when discussing axion cosmology is calculating the relic
axion density. The details of this calculation [16] are by now well known (see, for
example, [17, 5]), so we merely present and discuss the results here, relegating the
details to Appendix A (where we calculate relic axion densities for axions obeying both
scale dependent (20) and scale independent (21) mass formulas). Special attention is
paid to the minimal relic axion density, which will be used in section 5 to construct
axion constraints.

There are a number of different possible outcomes for the relic axion density (see
(67)–(74)). In the absence of entropy dilution, for the scale dependent axion mass
(20) and for the axion condensing, respectively, during T � ΛQCD or T � ΛQCD, the
relic axion density is given by

Ωah
2 � 1.8 × 105

(
ξ

107 eV

)1/2 (
fa/N

1017 GeV

)3/2

(〈θi〉2 + σ2
θ)f(θi)

2

for fa/N � 2.7 × 1017 GeV

(
ξ

107 eV

)
, or (26)

Ωah
2 � 2.4 × 105

(
ξ

107 eV

) (
fa/N

1017 GeV

)7/6

(〈θi〉2 + σ2
θ)f(θi)

2

for fa/N � 2 × 1015 GeV, (27)
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while for the scale independent mass (21), still in the absence of entropy dilution and
for any condensation temperature,

Ωah
2 � 3.5 × 107

(
ζ

10−9 eV

)1/2 (
fa/N

1018 GeV

)2

(〈θi〉2 + σ2
θ)f(θi)

2. (28)

In the presence of entropy dilution, for the scale dependent (20) or scale independent
(21) axion mass, the relic axion density is given by, respectively,

Ωah
2 � 3.3 × 103

(
TRH

6 MeV

) (
fa/N

1017 GeV

)2

(〈θi〉2 + σ2
θ)f(θi)

2

for fa/N � 3.0 × 1020 GeV

(
ξ

107 eV

) (
6 MeV

TRH

)2

, (29)

or ζ � 3.3 × 10−14 eV

(
TRH

6 MeV

)2

. (30)

In (26)–(30) h = H0/(100 km s−1 Mpc−1), N is a model dependent number on the
order of one, f(θ2

i ) is a correction for anharmonic effects of the axion potential (which
for small θi is roughly one), TRH is the reheating temperature for the late decaying
particle that dilutes the axion condensate (and must satisfy TRH � 6 MeV), 〈θi〉2 +
σ2

θ = 〈θ2
i 〉 is the mean square of the initial misalignment angle, θi, averaged over the

universe, and we have used ΛQCD = 200 MeV.
The relic axion densities are all written in terms of the quantity

〈
θ2

i

〉
= 〈θi〉2 + σ2

θ . (31)

In the absence of inflation, each causally connected region of the universe would have
a different (randomly selected) initial misalignment angle in the range −π < θi < π,
and the rms value would be 〈θ2

i 〉 = π2/3. In an inflationary universe, however, the
observable universe would have a single, constant, initial misalignment angle, since
there existed a time in the early universe when the entire observable universe was
in causal contact. In this case, to use the rms value would be to average over each
inflationary region, which tells us nothing about our observable universe. Thus, it
would not be correct to use the rms value for an inflationary universe.

Since we are assuming an inflationary universe we now interpret all quantities to
refer to the observable universe only. Thus, θi, the initial misalignment angle, takes
a constant value over the entire observable universe, so 〈θi〉 = θi. σθ is the standard
deviation of the initial misalignment angle, but since the observable universe has a
single initial misalignment angle, it should be zero. Below we shall reinterpret σθ as
a characterization of quantum fluctuations, which are nonzero, and so shall leave it
in equations.

Axions induce isocurvature [3] and non-Gaussian [4] components in CMB tem-
perature fluctuations. These effects, as explained in section 4, may be parametrized
in terms of the square and cube of the relic axion density, and the weakest bounds
will be given by the minimal relic axion density, which itself is given by zero initial

8



misalignment angle. For zero initial misalignment angle, the relic axion densities are
determined purely by quantum fluctuations during inflation (characterized by σθ).

All massless fields undergo such quantum (de Sitter) fluctuations during inflation,
and as long as the axion is (effectively) massless in the early universe, it will too [18].
We assume that each of the three axions we are considering satisfies this criteria, this
assumption having been commented on for each axion in section 2. The quantum
fluctuations can be written in terms of the Hubble constant during inflation, Hinf, as
[18]

σθ =
Hinf

2π(f ′
a/N)

= fs
Hinf

2π(fa/N)
, (32)

where f ′
a is the axion scale (above the scale of supersymmetry breaking and therefore)

during inflation and fs ≡ fa/f
′
a. The current bound on Hinf is Hinf � 2.8× 1014 GeV

[19].
As mentioned above, we will be in need of the minimal relic axion densities.

From (26)–(30) we see that this corresponds to vanishing initial misalignment angle.
Replacing σθ in favor of Hinf we find for the minimal relic axion densities, in the
absence of entropy dilution, for the scale dependent axion mass (20) and for the
axion condensing, respectively, during T � ΛQCD or T � ΛQCD,

Ωmin
a h2 � 4.6 × 10−5 f 2

s

(
ξ

107 eV

)1/2 (
1017 GeV

fa/N

)1/2 (
Hinf

1013 GeV

)2

for fa/N � 2.7 × 1017 GeV

(
ξ

107 eV

)
, or (33)

Ωmin
a h2 � 6.2 × 10−5 f 2

s

(
ξ

107 eV

) (
1017 GeV

fa/N

)5/6 (
Hinf

1013 GeV

)2

for fa/N � 2 × 1015 GeV, (34)

while for the scale independent mass (21), still in the absence of entropy dilution and
for any condensation temperature,

Ωmin
a h2 � 8.8 × 10−5 f 2

s

(
ζ

10−9 eV

)1/2 (
Hinf

1013 GeV

)2

. (35)

In the presence of entropy dilution, in which the minimal relic axion density is given
for maximum entropy dilution, TRH � 6 MeV, for the scale dependent (20) or scale
independent (21) axion mass, the relic axion density is given by, respectively,

Ωmin
a h2 � 8.4 × 10−7 f 2

s

(
Hinf

1013 GeV

)2

for fa/N � 3.0 × 1020 GeV

(
ξ

107 eV

)
(36)

or ζ � 3.3 × 10−14 eV. (37)

These will be used in section 5 to construct axion constraints.
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4 CMB Temperature Fluctuations

Quantum, spatially-dependent perturbations of fields during inflation can lead to
observable temperature fluctuations in the CMB. For example, inflationary pertur-
bations of the inflaton, which is an example of an adiabatic perturbation, leads to
adiabatic fluctuations in the CMB. Adiabatic perturbations are characterized by fluc-
tuations in the total energy density, δρ �= 0, without fluctuations in the local equation
of state, δ(ni/s) = 0. Our concern, however, will be with inflationary perturbations
of the axion, which is an example of an isocurvature perturbation, and leads to
isocurvature fluctuations in the CMB [3]. Isocurvature perturbations, characterized
oppositely to adiabatic perturbations, correspond to fluctuations in the equation of
state, δ(ni/s) = 0, without fluctuations in the energy density, δρ �= 0. It is these
isocurvature fluctuations, which contain the non-Gaussian fluctuations, that will lead
to axion constraints.

We assume that the axion is the only contributor to isocurvature perturbations
of the CMB (all other fields undergoing adiabatic perturbations) since this gives the
weakest bounds. Assuming otherwise would strengthen bounds by decreasing the
axion isocurvature contribution for a (fixed) measured total isocurvature component
of the CMB.

We repeat here the derivation found in [5] (to which the reader may look for
details). Isocurvature fluctuations of the axion may be characterized by

Sa ≡ δ(na/s)

na/s
=

δna

na
− 3

δT

T
, s ∝ T 3, (38)

where we shall define exactly what we mean by δ below. By considering the fluctu-
ation of the total energy density, it may be shown that initially, just after the axion
condensate is formed, the isocurvature temperature fluctuations, δT/T in (38), satisfy
(δT/T )init � (δna/na)init. As na/s, and hence Sa, is conserved, it follows that

Sa �
(

δna

na

)
init

. (39)

Sa may now be written in terms of the axion field, or equivalently, the θ an-
gle. Since we are assuming an inflationary universe, we consider only our observable
universe. In this case, the initial misalignment angle, θi, is a constant (over the
observable universe) and we define δθ to be the spatially-dependent quantum fluctu-
ation and θ ≡ θi + δθ. Brackets 〈〉 will denote averaging over the observable universe,
so 〈θi〉 = θi since it is constant, and we take the fluctuation, δθ, to be Gaussian
distributed with zero mean, so 〈δθ〉 = 0.

We are now in a position to define what we mean by δ in (38) and (39). For
concreteness, we do so specifically for δna. Since we are dealing with spatially depen-
dent quantum fluctuations of the axion, and thus of the axion number density, na is
taken to be the average value of the axion number density (and is the actual number
density in the limit of vanishing quantum fluctuations), averaged over the observable
universe. δna is then defined as the difference between the actual number density at
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some point in space and the average value, na. To express these defintions in terms
of the θ angle, we note from (60) that na ∝ 〈θ2〉, and so

δna ∝ θ2 − 〈
θ2

〉
. (40)

Along with 〈θ2〉 = 〈θ2
i 〉 + 〈(δθ)2〉 = θ2

i + σ2
θ , which defines σ2

θ = 〈θ2〉 − 〈θ〉2 = 〈(δθ)2〉
as a characterization of the average quantum fluctuation of θ, (39) may be written in
terms of the θ angle as

Sa �
(

δna

na

)
init

=
(θi + δθ)2 − 〈θ2〉

〈θ2〉 =
2θiδθ + (δθ)2 − σ2

θ

θ2
i + σ2

θ

, (41)

from which we shall need

〈S2
a〉 � 2σ2

θ

2θ2
i + σ2

θ

(θ2
i + σ2

θ)
2
, 〈S3

a〉 � 8σ4
θ

3θ2
i + σ2

θ

(θ2
i + σ2

θ)
3
, (42)

where we have used 〈(δθ)4〉 = 3σ4
θ and 〈(δθ)6〉 = 15σ6

θ , following from δθ being
Gaussian distributed.

Finally, the CMB temperature fluctuations induced by isocurvature perturbations
from an axion are given by (see [5] for details)

(
δT

T

)
iso

� − 6

15

Ωa

Ωm
Sa � − 6

15

Ωa

Ωm

2θiδθ + (δθ)2 − σ2
θ

θ2
i + σ2

θ

, (43)

where Ωm is the density of all non-relativistic matter and Ωa is the relic axion density
presented in the previous section. This equation takes into account Sachs-Wolfe con-
tributions [21] which are red shifting perturbations by matter to the CMB photons
while they are on their way to the detector. From WMAP Ωmh2 = .135+.008

−.009 [20] for
a ΛCDM cosmology.

Isocurvature
The observable effects of isocurvature fluctuations are conveniently parametrized

by

α ≡ 〈(δT/T )2
iso〉

〈(δT/T )2
tot〉

� 2

(
6

15

)2
(Ωa/Ωm)2

〈(δT/T )2
tot〉

σ2
θ

2θ2
i + σ2

θ

(θ2
i + σ2

θ)
2
, (44)

where COBE has measured 〈(δT/T )2
tot〉1/2 � 1.1×10−5 [22] and a current conservative

bound for α is α � .4 [24].
In the next section we will rewrite this equation in terms of Hinf and the mini-

mal relic axion densities of the previous section, thereby obtaining a lower bound on α.

Non-Gaussianity
Although the axion experiences Gaussian fluctuations (δθ was taken to be Gaussian),

it induces both Gaussian and non-Gaussian fluctuations in the CMB [4]. The first
term on the right hand side of (43), proportional to 2θiδθ, is obviously Gaussian dis-
tributed, but the remaining term, proportional to (δθ)2−σ2

θ , is not. This is the axion
induced non-Gaussian fluctuation in the CMB.

11



Gaussian fluctuations with zero mean are completely defined in terms of two point
functions since all odd point functions vanish and all even point functions are products
of two point functions. Thus, a non-vanishing three point function may act as a
measurement of non-Gaussianity. The observable effects of non-Gaussian fluctuations
induced by axions are then conveniently parametrized by the dimensionless skewness,

S3,iso ≡ 〈(δT/T )3
iso〉

〈(δT/T )2
tot〉3/2

� −8

(
6

15

)3
(Ωa/Ωm)3

〈(δT/T )2
tot〉3/2

σ4
θ

3θ2
i + σ2

θ

(θ2
i + σ2

θ)
3
. (45)

Note that we have assumed that the axion is the only source of non-Gaussianity,
as this leads to the weakest bounds. Assuming otherwise would strengthen bounds
by decreasing the axion contribution to non-Gaussianity for a (fixed) measured total
non-Gaussian component of the CMB. COBE has measured −S3,iso � .06 [22] .

In the next section we will rewrite this equation in terms of Hinf and the minimal
relic axion densities of the previous section, thereby obtaining a lower bound on
−S3,iso.

5 Axion Constraints

We may now use our results to constrain the axion. As mentioned in the introduction,
we shall do so under the minimal possible assumptions, leading to the weakest possible
bounds.

The axion induces isocurvature and non-Gaussian components in CMB tempera-
ture fluctuations as described by (44) and (45), respectively. A look at these equa-
tions tells us that α and −S3 are minimized for minimal relic axion density, Ωmin

a . We
found in section 3 that minimal relic axion density corresponds to vanishing initial
misalignment angle. Thus we may use the fact that

α � 2

(
6

15

)2
(Ωmin

a /Ωm)2

〈(δT/T )2
tot〉

−S3,iso � 8

(
6

15

)3
(Ωmin

a /Ωm)3

〈(δT/T )2
tot〉3/2

(46)

to constrain the axion. The minimal relic axion densities were given in (33)–(37).
Plugging these in and rearranging, we find, in the absence of entropy dilution, for the
scale dependent axion mass (20) and for the axion condensing during T � ΛQCD,

fa/N � 3.1 × 1019 GeV

α
f 4

s

(
ξ

107 eV

) (
Hinf

1013 GeV

)4

fa/N � 6.1 × 1019 GeV

(−S3,iso)2/3
f 4

s

(
ξ

107 eV

) (
Hinf

1013 GeV

)4

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

for fa/N �
2.7 × 1017 GeV

(
ξ

107 eV

)
,

(47)
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while for the axion condensing during T � ΛQCD,

fa/N � 4.4 × 1018 GeV

α3/5
f 12/5

s

(
ξ

107 eV

)6/5 (
Hinf

1013 GeV

)12/5

fa/N � 6.6 × 1018 GeV

(−S3,iso)2/5
f 12/5

s

(
ξ

107 eV

)6/5 (
Hinf

1013 GeV

)12/5

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

for fa/N �
2 × 1015 GeV.

(48)
Still in the absence of entropy dilution, but for the scale independent mass (21) and
for the axion condensing at any temperature,

α � 1.1 × 103 f 4
s

(
ζ

10−9 eV

) (
Hinf

1013 GeV

)4

,

−S3,iso � 1.2 × 105 f 6
s

(
ζ

10−9 eV

)3/2 (
Hinf

1013 GeV

)6

.

(49)

In the presence of entropy dilution, axions obeying respectively the scale dependent
(20) or scale independent (21) axion mass formulas have identical constraints, but
with different domains of validity,

α � .10 f 4
s

(
Hinf

1013 GeV

)4

, −S3,iso � .093 f 6
s

(
Hinf

1013 GeV

)6

,

for fa/N � 3.0 × 1020 GeV

(
ξ

107 eV

)
(50)

or ζ � 3.3 × 10−14 eV. (51)

As mentioned in Appendix A, in the case of entropy dilution, but outside the domains
(50) or (51), the above formulas are no longer valid, and the axion is constrained by
(47) or (49).

BGW-QCD String Axion
The constraints listed above are for generic axions satisfying the scale dependent

(20) and scale independent (21) axion mass formulas. Each constraint contains factors
of fs, where fs �= 1 means that the axion scales during inflation and condensation
differ. For the three axions we are considering, only the BGW-QCD axion has fs �= 1,
as seen from (25). We now construct the specific BGW-QCD constraints by plugging
in its values of ξ and fs.

In the absence of entropy dilution and for the BGW-QCD axion condensing during
T � ΛQCD,

fa/N � (3.0 × 1017 GeV) α1/3

(
1013 GeV

Hinf

)4/3

fa/N � (2.4 × 1017 GeV) (−S3,iso)
2/9

(
1013 GeV

Hinf

)4/3

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

for fa/N � 3.2×1017 GeV

(52)
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while for the BGW-QCD axion condensing during T � ΛQCD,

fa/N � (3.0 × 1017 GeV) α3/7

(
1013 GeV

Hinf

)12/7

fa/N � (2.2 × 1017 GeV) (−S3,iso)
2/7

(
1013 GeV

Hinf

)12/7

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

for fa/N � 2×1015 GeV,

(53)
while in the presence of entropy dilution,

fa/N � (1.8 × 1018 GeV) α1/4

(
1013 GeV

Hinf

)

fa/N � (1.5 × 1018 GeV) (−S3,iso)
1/6

(
1013 GeV

Hinf

)
⎫⎪⎪⎬
⎪⎪⎭

for fa/N � 3.6 × 1020 GeV.

(54)
As mentioned above and in Appendix A, in the case of entropy dilution, but outside
its domain, (54) is no longer valid, and the axion is constrained by (52).

6 Conclusions

The axion constraints of the previous section depend on the Hubble constant during
inflation, Hinf. The PLANCK polarimetry experiment is expected to be sensitive to
values of Hinf much smaller than the current bound of Hinf � 2.8 × 1014 GeV [19].
After briefly describing the PLANCK polarimetry experiment and its expected level
of sensitivity, the constraints of the previous section will be examined under of the
possibility of a precise determination of Hinf by PLANCK.

As mentioned in section 3 all massless fields undergo quantum fluctuations during
inflation, which includes the metric. Metric fluctuations generated during inflation
appear as gravitational waves which induce tensor B-modes in CMB temperature
fluctuations which PLANCK will attempt to measure. Just as axion fluctuations
can be written in terms of Hinf, so too can metric fluctuations. Thus, a positive
measurement by PLANCK of gravitational waves interpreted as arising from inflation
would be a measurement of Hinf. A reasonable estimate is that PLANCK will probe
Hinf � 1013 GeV [23, 5]. In figures 1–3 the constraints of the previous section are
plotted. In these figures, the PLANCK polarimetry experiment is assumed to probe
the parameter space to the right of the dashed vertical lines, which are given by

Hinf

α1/4
� 1013 GeV

(.4)1/4
= 1.3 × 1013 GeV, (55)

Hinf

(−S3,iso)1/6
� 1013 GeV

(.06)1/6
= 1.6 × 1013 GeV. (56)

Figure 1 presents the constraints (47), (48) and (50) for an axion obeying the scale
dependent QCD mass formula (7), and with fs = 1, which means that the axion scale
during inflation and condensation are the same. This includes the MI axion (but
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Figure 1: Constraints for axions obeying the scale dependent QCD mass formula
((20) with the values in (22)) and with the same axion scale during inflation and
condensation. This includes the model independent string axion and these plots are
equivalent to the plots in [5]. (a) is for the isocurvature constraints while (b) is for the
non-Gaussian constraints. The diagonal lines correspond to constraints in the absence
of entropy dilution, (47) and (48). The dots are a smooth interpolation connecting
them. The allowed parameter space is above. The thick vertical line corresponds to
constraints in the presence of entropy dilution (50), the allowed region being to the
left. The space to the right of the dashed vertical line is a reasonable estimate of the
parameter space that the PLANCK polarimetry experiment will probe.
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not the BGW-QCD axion which has fs �= 1) and these plots are equivalent to the
plots in [5]. In the absence of entropy dilution, the allowed parameter space is above
the diagonal lines (and we may ignore all other lines in the figure). The diagonal
lines do not connect because they are valid in disconnected regions. The constraints
between them should presumably be given by a smooth interpolation which connects
them. Such an interpolation is given by the dots. The allowed parameter space, in
the absence of entropy dilution, is then above the dots. In the presence of entropy
dilution we ignore the diagonal lines and dots, and the allowed parameter space is to
the left of the thick vertical line. The thick vertical line stops because the constraint
it describes is only valid in the region given by (50). Outside this region, and thus
above where the thick vertical line stops, it is the diagonal lines (and dots) which are
the proper constraint, even in the presence of entropy dilution.

In the absence of entropy dilution, we can see in figure 1 that if PLANCK makes
a positive measurement of gravitational waves interpreted as arising from inflation,
and thus we are somewhere to the right of the dashed vertical line, then fa/N � 1020

GeV (so as to be above the dots). This rules out the existence of the MI axion, which
requires, from (6), fa/N ∼ 1016 GeV. In the presence of entropy dilution, figure 1(a)
shows a sliver of parameter space (the space between the vertical lines) in which a
positive measurement by PLANCK could be consistent with the MI axion. However,
this possibility is ruled out in 1(b). Thus we find that for a positive measurement of
gravitational waves interpreted as arising from inflation by PLANCK, the existence
of the MI axion is ruled out [5].

Figure 2 presents the constraints (52)–(54) for the BGW-QCD axion. The BGW-
QCD axion obeys the scale dependent mass formula (11) and has fs given by (25),
which means that the axion scale during inflation differs from that during conden-
sation. In the absence of entropy dilution, the allowed parameter space is below the
thin diagonal lines (and we may ignore all other lines in the figure). The thin diagonal
lines do not connect because they are valid in disconnected regions. The constraints
between them should presumably be given by a smooth interpolation which connects
them. Such an interpolation is given by the dots. The allowed parameter space, in
the absence of entropy dilution, is then below the dots. In the presence of entropy
dilution we ignore the thin diagonal lines and dots, and the allowed parameter space
is below the thick diagonal line. The thick diagonal line stops because the constraint
it describes is only valid in the region given by (54). Outside this region, and thus
beyond where the thick diagonal line stops, it is the thin diagonal lines (and dots)
which are the proper constaint, even in the presence of entropy dilution.

In the absence of entropy dilution, we can see in figure 2 that if PLANCK makes
a positive measurement of gravitational waves interpreted as arising from inflation,
and thus we are somewhere to the right of the dashed vertical line, then fa/N � 1017

GeV (so as to be below the dots). This rules out the existence of the BGW-QCD
axion, which requires, from (10), fa/N � 6 × 1018 GeV. In the presence of entropy
dilution, if PLANCK makes a positive measurement then fa/N � 1018 GeV (so as to
be below the dots). Again, the existence of the BGW-QCD axion is ruled out. Thus
we find that for a positive measurement of gravitational waves interpreted as arising
from inflation by PLANCK, the existence of the BGW-QCD axion is ruled out.
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Figure 2: Constraints specifically for the BGW-QCD axion. (a) is for the isocurvature
constraints while (b) is for the non-Gaussian constraints. The thin diagonal lines
correspond to constraints in the absence of entropy dilution, (52) and (53). The dots
are a smooth interpolation connecting them. The allowed parameter space is below.
The thick diagonal line corresponds to constraints in the presence of entropy dilution
(54), the allowed region being below. The space to the right of the dashed vertical
line is a reasonable estimate of the parameter space that the PLANCK polarimetry
experiment will probe.
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Figure 3 presents the constraints (49) and (51) for an axion obeying the scale
independent mass formula (21) and with fs = 1, which means that the axion scale
during inflation and condensation are the same. This includes the BGW-2C axion. In
the absence of entropy dilution the allowed parameter space is below the diagonal line
(and we may ignore all other lines in the figure). In the presence of entropy dilution
we ignore the diagonal line and the allowed parameter space is to the left of the thick
vertical line. The thick vertical line stops because the constraint it describes is only
valid in the region given by (51). Outside this region, and thus below where the thick
vertical line stops, it is the diagonal line which is the proper constraint, even in the
presence of entropy dilution.

In the absence of entropy dilution, we can see in figure 3 that if PLANCK makes a
positive measurement of gravitational waves interpreted as arising from inflation, and
thus we are somewhere to the right of the dashed vertical line, then ζ � 10−13 GeV
(so as to be below the diagonal line). This rules out the possibility of the BGW-2C
axion obeying a scale independent mass formula, which requires, from (16), ζ = ma �
109 eV. In the presence of entropy dilution, figure 3(a) shows a sliver of parameter
space (the space between the vertical lines) in which a positive measurement by
PLANCK could be consistent with the BGW-2C axion obeying a scale independent
mass formula. However, this possibility is ruled out in 3(b). Thus we find that for a
positive measurement of gravitational waves interpreted as arising from inflation by
PLANCK, the possibility of the BGW-2C axion obeying a scale independent mass
formula is ruled out.

Just as in [5] we have shown that if the PLANCK polarimetry experiment makes a
positive measurement of gravitational waves interpreted as arising from inflation with
a Hubble constant during inflation of Hinf � 1013 GeV, then a QCD axion satisfying
the usual mass formulas, (7) and (8), must have fa/N � 1020 GeV. In QCD, any axion
scale and corresponding axion mass solves the strong CP problem, so this result has
no direct bearing on the status of the QCD axion. However, it is interesting to ask
if there are theories which can supply such large axion scales. It is well known that
string axions have naturally large scales, so we have asked in this paper, following [5],
whether two different string axions could be the QCD axion. We have shown that if
the PLANK polarimetry experiment makes a positive measurement of gravitational
waves interpreted as arising from inflation, then neither the model independent axion
[5] nor the BGW-QCD axion4 can be the QCD axion, their existence being ruled out.
We have also shown that a third string axion, the BGW-two condensate axion, which
does not solve the strong CP problem and is therefore not a candidate for the QCD
axion, cannot obey a scale independent mass formula, such as (16), if PLANCK makes
a positive measurement of gravitational waves interpreted as arising from inflation.
These results rely on the assumption that the three string axions are massless during
inflation, which requires the Peccei-Quinn symmetry to remain unbroken during the
early universe. We agree with FPT [5] that this is a mild assumption. Finally, in
Appendix B we have given a quantitative calculation of the corrections to the zero

4We note that for the BGW-QCD axion this result depends critically on the fact that the axion
scale during inflation is given by (12) and not (9).
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Figure 3: Constraints for axions obeying the scale independent mass formula (21).
This includes the BGW-two condensate axion. (a) is for the isocurvature constraints
while (b) is for the non-Gaussian constraints. The diagonal line corresponds to con-
straints in the absence of entropy dilution (49), the allowed region being below. The
solid vertical line corresponds to constraints in the presence of entropy dilution (51),
the allowed region being to the left. The space to the right of the dashed vertical
line is a reasonable estimate of the parameter space that the PLANCK polarimetry
experiment will probe.
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temperature QCD axion mass in the context of the chiral Lagrangian and justified
the often held assumption that such corrections are negligible.
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A Axion Production

In this appendix we review the production of axions in the early universe and the
resulting relic axion densities. We do so for the standard axion mass formulas as well
as a scale independent formula.

There are three methods in which axions are produced in the early universe (see,
for example, [17]): (1) thermal interactions, (2) decay of axionic strings, and (3)
relaxation of an initially misaligned θ angle. For axion scales, fa, much above 1010

GeV, which we shall certainly be assuming, axions interact so weakly that a thermal
population never results, and in an inflationary universe, which we shall also be
assuming, all axionic strings are inflated away. This leaves only the third method [16]
for axion production, which we now review.

The equation of motion for a homogeneous axion, a, which is related to the θ angle
by a = (fa/N)θ, where N is the axion anomaly coefficient, in an FRW cosmology is

ä + 3Hȧ + m2
a(T )a = 0, (57)

where H is the Hubble parameter and we have assumed that a is small in writing the
last term (which will be corrected for below). It is important to note that the axion
mass, ma(T ), is temperature dependent.

At high temperatures the axion mass is very small (the axion mass formulas were
presented in section 2 and will be written again below) and the mass term in (57)
can be ignored. If we assume initially that ȧ = 0 then the equations of motion
are solved by a constant axion field, ai = (fa/N)θi, θi being known as the initial
misalignment angle. As the temperature falls the axion mass increases. Once we
reach the oscillation temperature (also known as the condensation temperature), Tosc,
defined by 3H(Tosc) = ma(Tosc), the axion begins to oscillate around its vacuum value,
and is said to have condensed.

From a look at (57), the energy density is given by

ρa =
1

2
ȧ2 +

1

2
m2

a(T )a2. (58)

20



It is not hard to show that even while the axion mass is decreasing, the number density,
na, scales like non-relativistic matter (see, for example, [17]). Assuming there is no
entropy dilution, this allows us to calculate the current axion number density,

na0 =
ρa0

ma

=
na

s
s0, (59)

where ma = ma(T = 0) is the zero temperature axion mass and we evaluate na/s at
the moment the axion condensate forms, so

na = fc
1

2
ma(Tosc)(fa/N)2(Tosc)

〈
θ2

i

〉
f(θ2

i ), (60)

which follows from (58), along with fc � 1.44, which is a numerical correction for
the temperature dependence of the axion mass and f(θ2

i ) which is a correction for
anharmonic effects of the axion potential (and corrects for our assumption of small a
in writing the last term in (57)), which for small θ is roughly equal to one [16]. 〈θ2

i 〉
is the mean square value of the initial misalignment angle, discussed in section 3.

The final piece of information that we need is the axion mass. Axion masses for
the three string axions we are considering were presented in section 2. For two of the
axions (the MI and BGW-QCD axions) the zero temperature masses were inversely
proportional to the axion scale, while for the third axion (the BGW-2C axion) the
mass was independent of the axion scale. Consequently, we will derive relic axion
densities for the following two mass formulas,

ma = ξ

(
1 GeV

fa/N

)
, (61)

ma = ζ, (62)

which we will refer to as the scale dependent and scale independent mass formulas, and
where ξ and ζ are constants (which have dimensions of mass). The scale dependent
mass (61) will be used for temperatures T � ΛQCD, which we justify in Appendix
B, while the scale independent mass (62) will be used for all temperatures, which we
justify below. For axions which obey the scale dependent formula (61), but condense
at temperatures T � ΛQCD, we will need the high temperature axion mass formula,
which may be calculated by considering instantons at finite temperature [25]. One
finds [16]

ma(T ) � 2.2 × 105 eV

(
1 GeV

fa/N

) (
ΛQCD

200 MeV

)1/2 (
ΛQCD

T

)4

, (63)

which is accurate for T � ΛQCD, but not for too much larger.
With these mass formulas, 3H = ma(Tosc), the Friedman equation, ρ = 3H2M2

p ,
and the thermal energy density in a radiation dominated era, ρ = (π2/30)g∗T 4

osc,
where g∗ = 61.75 for Tosc just above ΛQCD and g∗ = 10.75 for Tosc just below ΛQCD,
we may solve for the oscillation temperature. For axions obeying the scale dependent
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mass formula (61) which condense, respectively, during Tosc � ΛQCD or Tosc � ΛQCD,

Tosc � 3.3 × 107 MeV

(
ξ

1 eV

)1/2 (
1 GeV

fa/N

)1/2

, (64)

Tosc � 7.0 × 104 MeV

(
ΛQCD

200 MeV

)3/4 (
1 GeV

fa/N

)1/6

, (65)

while for axions which obey the scale independent mass formula (62) and condense
at any temperature,5

Tosc � 2 × 107 MeV

(
ζ

1 eV

)1/2

. (66)

We may now form the relic axion density, Ωa = ρa0/ρc, where ρc = 2h2
0M

2
p is

the critical density and Mp = 2.4 × 1018 GeV is the reduced Planck mass. Using
s = (2π2/45)g∗sT 4

osc, g∗s = 61.75 for Tosc just above ΛQCD and g∗s = 10.75 for Tosc just
below ΛQCD, with Tosc given above, and s0 = (2π2/45)g∗s0T

4
0 , g∗s0 = 3.91, T0 = 2.73

K, we have for axions obeying the scale dependent mass formula (61) which condense,
respectively, during Tosc � ΛQCD or Tosc � ΛQCD,

Ωah
2 � 1.8 × 10−24

(
ξ

1 eV

)1/2 (
fa/N

1 GeV

)3/2 〈
θ2

i

〉
f(θi)

2, (67)

Ωah
2 � 3.6 × 10−22

(
ξ

1 eV

) (
fa/N

1 GeV

)7/6 〈
θ2

i

〉
f(θi)

2, (68)

while for axions which obey the scale independent mass formula (62) and condense
at any temperature,

Ωah
2 � 1.1 × 10−24

(
ζ

1 eV

)1/2 (
fa/N

1 GeV

)2 〈
θ2

i

〉
f(θi)

2, (69)

where h = H0/(100 km s−1 Mpc−1) and we have taken ΛQCD = 200 MeV. Using (64)
and (65) the domains of validity for (67) and (68) may be rewritten as

Tosc � ΛQCD ⇔ fa/N � 2.7 × 1010 GeV

(
ξ

1 eV

)
, (70)

Tosc � ΛQCD ⇔ fa/N � 2 × 1015 GeV, (71)

where again we have taken ΛQCD = 200 MeV.
In section 2.4 the numerical values for the axion masses and scales we will be using

in this paper were given. With these values, (70) and (71) tell us that for axions
obeying the scale dependent mass formula (61), Tosc ∼ ΛQCD and below, and that
in some cases we are in fact considering oscillation temperatures where neither the

5g∗ depends on the value of Tosc and in this sense this formula is not valid for all temperatures.
However, Tosc ∼ g

−1/4
∗ and the error in using g∗ = 75.75 (which we use in this and future equations

for the scale independent mass (62)) for all oscillation temperatures is small.
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high temperature nor the zero temperature mass formulas are accurate. Presumably,
in these cases, the correct relic axion density is given by the smooth interpolation
between the densities derived from high and low temperature mass formulas. We also
see that we will never be considering oscillation temperatures above a TeV. One of
the axions we are considering (the BGW-QCD axion) has its mass and scale modified
above the scale of supersymmetry breaking (see section 2.2). If we take this scale to
be ∼ TeV or above then we will not have to take this into account here (we will have
to take this in account in section 3 when we consider axion fluctuations generated
during inflation). For the axion obeying the scale independent mass formula (62), we
find that Tosc ∼ Λ2, where above Λ2 the scale independent mass formula is no longer
valid. As mentioned in section 2.3 we will assume the scale independent mass formula
is valid for all oscillation temperatures since otherwise the cosmological consequences
of this axion would not differ much from the others.

So far everything has been derived in the absence of entropy dilution. We now
consider the possibly of a late entropy release [26], diluting the axion condensate by
the late decay of a massive, non-relativistic particle. For the late decaying particle to
dilute the axion condensate it must decay after the axion condensate is formed, and
therefore have a reheating temperature satisfying TRH � Tosc. However, any entropy
release is constrained by the success of big bang nucleosynthesis, which in this case
requires TRH � 6 MeV [27]. To calculate the relic axion density we must form na/s
after the particle has decayed. The result is [28]

Ωah
2 � 3.3 × 10−31

(
TRH

6 MeV

) (
fa/N

1 GeV

)2 〈
θ2

i

〉
f(θi)

2. (72)

Using (64) and (66) we may rewrite the domain of (72), Tosc � TRH, for axions obeying,
respectively, the scale dependent (61) and scale independent (62) mass formulas, as

fa/N � 3.0 × 1013 GeV

(
ξ

1 eV

) (
6 MeV

TRH

)2

, (73)

ζ � 3.3 × 10−14 eV

(
TRH

6 MeV

)2

. (74)

Outside these domains, the axion condenses after the particle decays, which is during
a radiation dominated era, and therefore the axion density is given by (67) or (69).

B Low Temperature QCD Axion Mass

In this appendix we explicitly calculate temperature corrections to the zero temper-
ature QCD axion mass using the chiral Lagrangian. This will quantitatively justify
the use of the zero temperature mass for temperatures T � ΛQCD.

For two light quarks, the chiral Lagrangian, derived from considerations of chiral
symmetry breaking, is a low energy effective theory of pions, and to lowest order
(apart from counterterms) is given by [29]

L =
f 2

π

4
Tr

(
∂μU †∂μU

)
+

f 2
π

4
B0Tr

(
MU † + UM †) , (75)
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where fπ = 96 MeV is the pion decay constant, B0 is a constant describing the scale
at which chiral symmetry breaking ocurrs, M = diag(mu, md) is the two quark mass
matrix and

U = eiπ/fπ , π = πiσi, i = 1, 2, 3, (76)

where σi are the Pauli matrices, πi are the pions and there is a sum over i. This
is the lowest order Langrangian and will be all that we will consider here. It is the
unique Lagrangian satisfying the required symmetries and of dimension two, where
a derivative has dimension one and the mass matrix has dimension two. There are
higher order Lagrangians, the next one being of dimension four [30]. This Lagrangian
is only valid for energies where QCD is confined, and can therefore form bound states
such as pions. Thus, formulas derived from the chiral Lagrangian are taken to be
valid only for energies and temperatures below ΛQCD.

To incorporate the axion [31], the mass matrix is modified by

M → eia/faM, (77)

where a is the axion and fa is the axion scale. Plugging this and (76) into the chiral
Lagrangian (75) and expanding one finds the axion mixing with π3, which, if electric
charge is incorporated, is the neutral pion. Diagonalizing the mass matrix leads to the
usual pion mass, plus O(fπ/fa)

2 corrections, and the zero temperature QCD axion
mass,

m2
a =

(
fπ

fa

)2
mumd

(mu + md)2
m2

π + O(fπ/fa)
4, (78)

where mu and md are the up and down quark masses and mπ is the neutral pion
mass.

We will calculate temperature corrections using the partition function [32]. In
particular we will calculate the one loop correction to the scalar potential at finite
temperature [33]. The partition function requires moving to imaginary time, inte-
grating imaginary time from 0 to β = 1/T , where T is the temperature, and taking
all fields to be periodic in imaginary time with period β.

To evaluate the path integral we make the usual first step of shifting the fields by
their classical solutions. We could expand the chiral Lagrangian (75) first and then
make this shift, but it proves easier to parametrize the shift as follows [34],

U = ŪeiΔ/F , a = ā + δ, Δ = Δiσi, i = 1, 2, 3, (79)

where Ū and ā are the classical fields (i.e. the solutions to the equations of motion)
and Δi and δ are the dynamical fields to be integrated over in the partition function.

The partition function leads to an integral that must be done numerically, and is
part of the one loop corrected mass matrix which must be diagonalized. Upon doing
so, the axion mass is obtained and can be plotted as a function of temperature, which
is the top line in figure 4. For the purpose of comparison, also included in the plot as
the bottom line is the high temperature axion mass, (8) or (63), which is derived from
(unconfined) QCD and therefore is only valid for temperatures greater than ΛQCD.
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Figure 4: Both curves are plots of the finite temperature QCD axion mass divided
by the zero temperature mass. The top line is only valid for T � ΛQCD, while
the bottom line is only valid for T � ΛQCD, although each is plotted outside their
respective domain.

In terms of orders of magnitude, if we take ΛQCD ∼ O(102) MeV, then the top
line will be valid up to around T ∼ O(10) MeV, where we can see that the axion
mass barely changes. Where the top line does begin to curve appreciatively, say at
T � 200 MeV, we can no longer trust the plot, as the chiral Lagrangian, from which
it is derived, is no longer valid.

Figure 4 shows that we may take the low temperature axion mass to be equal to
its zero temperature value for temperatures T � ΛQCD.
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