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ABSTRACT

New arguments are given here in favor of Weibel-type instabilities as one of the most plausible sources of
the cosmological magnetic field. The Weibel instability has recently been proposed as one of the secondary
mechanisms of relaxation for the large interpenetrating formations of galactic and intergalactic plasma. Here, these
investigations are extended to counterstreaming plasmas which have, in addition, intrinsic temperature anisotropies,
and where any form of the Weibel-type instability can be excited. This can be a simple filamentation instability
due to the relative motion of counterstreaming plasmas, or a Weibel-like instability when it is generated by
an excess of transverse temperature with respect to the streaming direction. But it can also be a cumulative
filamentation/Weibel instability when the plasma is hotter along the streaming direction. Such plasma systems
are relevant for the relative motions of filaments and sheets of galaxies, and are expected to exist at large scales
and any age of our Universe. For such counterstreaming plasmas with internal temperature anisotropies, any
Weibel-type instability mentioned before can become the primary wave relaxation mechanism of the plasma
anisotropy, because it develops easily faster than the principal competitor, which is the two-stream electrostatic
instability. The estimations made here for typical parameters of intergalactic plasmas, provide micro-Gauss
levels of the magnetic field of Weibel type, which are consistent with magnetic field values, 10−7–10−5 G,
derived from Faraday rotation measure of the linearly polarized emission of galactic or extragalactic sources.
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1. INTRODUCTION

Magnetic fields are widely present throughout the universe,
with strengths ranging from 0.1 to a few micro-Gauss (μG) in
galactic clusters, to less than 1 G near the Earth, or up to 1014 G
in the magnetosphere of neutron stars. Galactic and extragalactic
magnetic fields have been extensively investigated and a large
amount of observational data has been reported in the literature.
The interested readers may find details in some review works,
e.g., Kronberg (1994), Widrow (2002), and Wielebinski & Beck
(2005).

At present, the origin of the cosmic magnetic field is unknown.
The dynamo principle was first invoked by Parker (1955)
and then by Steenbeck & Krause (1968) and Vainshtein &
Ruzmaiken (1971) to explain the origin of galactic magnetic
fields. According to this principle, the energy associated with the
differential rotation of spiral galaxies is converted into magnetic
field energy. Indeed, dynamos are able to regenerate large-
scale magnetic fields continuously. However, in the dynamo
processes the induced currents amplify and maintain the initial
magnetic field seed that must be already present for this action.
Since very weak cosmological fields can act as seeds for the
galactic dynamo, the creation mechanism of even the tiniest
cosmological field would help complete the dynamo paradigm.

The cosmic string network was invoked as one plausible
mechanism for the magneto-genesis. It is based on the genera-
tion of vorticity in the primordial plasma, which is subsequently
converted to a magnetic field through the Harrison–Rees mech-
anism (Harrison 1970; Rees 1987). However, this scenario is
conditioned by the hypothetical existence of cosmic strings with
enough tension (not discovered yet), and such string-driven seed
fields would explain μG magnetic fields observed today only
after an efficient galactic dynamo for amplification (Battefeld
et al. 2008).

Intergalactic space is filled with a hot dilute plasma (T ≃
107–108 K, n ≃ 10−4 cm−3), and its existence has important
consequences on the formation and evolution of the galaxies
and the universe. Currently, the best knowledge of the proper-
ties of intergalactic matter comes from studies of the diffuse
radio and X-ray emission from clusters of galaxies. Clusters of
galaxies act as gravitational potential wells in which intergalac-
tic matter clumps. By combining observations of the diffuse
radio (Schlickeiser et al. 1987) and hard X-ray emission from
the Coma cluster of galaxies (Taylor et al. 1994), the value of
the average magnetic field strength in intergalactic space has
been found to be between 0.04 and 12 μG.

Theoretically, electromagnetic instabilities of the Weibel
type are capable to create the seed magnetic field in the
large interpenetrating structures of intergalactic plasmas (IGP),
even when they are competed by the electrostatic two-stream
instability (TSI) (Schlickeiser & Shukla 2003; Okabe & Hattori
2003). Moreover, numerical simulations (Sakai et al. 2004;
Fujita & Kato 2006; Medvedev et al. 2006) have confirmed that
the Weibel-type instabilities can create quasi-static and strongly
structured magnetic field in colliding cosmological plasmas
(like shocks, etc). Moreover, in order to explain the observed
intergalactic magnetic field, the turbulence excited during the
processes of large-scale structure formation can amplify seed
fields as strong as B � 10−10 G (Brügen et al. 2005).

Plasma instabilities arise and release the excess of free
energy stored in the plasma particle anisotropy, residing, e.g.,
in a temperature anisotropy or in a counterstreaming motion
of the plasma. A substantial fraction of the kinetic energy
of the plasma particles is converted by the electromagnetic
instabilities contributing to the generation and amplification of
magnetic energy (Califano et al. 1998). Thus, the spontaneous
magnetization of a plasma with a temperature anisotropy is
attributed to the Weibel instability (Weibel 1959), whereas the

1133

http://dx.doi.org/10.1088/0004-637X/693/2/1133
mailto:Marian.Lazar@wis.kuleuven.be


1134 LAZAR ET AL. Vol. 693

magnetization of a counterstreaming plasma or a beam–plasma
system is associated with the filamentation instability (FI; Fried
1959). Schlickeiser & Shukla (2003) have used a beam–plasma
model, with a cold electron beam propagating through a hot
electron–ion plasma with isotropic Maxwellian distributions.
Such a plasma system is unstable against the excitation of two
characteristic instabilities: the FI, which is electromagnetic and
propagates perpendicular to the streams, and the two-stream
(electrostatic) instability, which propagates along the streaming
direction and is, in general, much faster than the FI. Indeed, for
typical conditions of cosmological structure formation (Miniati
2002), the TSI develops first and relaxes the beam–plasma
system to an anisotropic bi-Maxwellian plasma (Schlickeiser
& Shukla 2003). But such a temperature anisotropy will relax
by the excitation of the Weibel instability which propagates
perpendicular to the direction of the highest temperature (Weibel
1959). In this case, the magnetic field will reach saturation
maximum values as close to 3.4 × 10−7 G, which can explain
the existence of the localized intergalactic magnetic fields of
μG strength.

More recently, it has been shown that the FI becomes faster
and the growth rate of the magnetic field can be enhanced by the
intrinsic temperature anisotropy of counterstreaming plasmas.
This is exactly the case of a hotter plasma along the streaming
direction (Lazar 2008), for which the contributions of the FI
and the Weibel-like instability (WI) cumulate and lead to an
enhancing effect of the magnetic instability (Lazar et al. 2006;
Stockem & Lazar 2008). Otherwise, if the plasma kinetic energy
perpendicular to the streams exceeds the parallel kinetic energy,
the anisotropy in the velocity space decreases and becomes less
effective, so that the FI is reduced or even suppressed (Bret
& Deutsch 2006; Lazar et al. 2006; Stockem & Lazar 2008).
However, in this case a Weibel-like mode is expected to arise
along the streaming direction (Bret et al. 2004), and this could be
more efficient than the FI in the process of magnetization. These
instabilities of Weibel type are the fastest and the most efficient
relaxation mechanism for the initial plasma anisotropy, as long
they saturate at maximum growth rates comparable to or larger
than those of other plasma instabilities, e.g., the TSI. These
new scenarios approve and further sustain the role of Weibel
instabilities as one of the main sources of magnetic energy in
astrophysical plasmas. For relativistic streams, it has been also
shown that the fastest growing mode is a mixture of longitudinal
and transverse fields with an intermediate oblique orientation of
the wavevector (Bret et al. 2005). However, in the case of slow
nonrelativistic plasma streams this branch aligns to streaming
axis and its growth rate decreases and fits to that of the TSI.

There is observational evidence for the fact that the IGP is
sufficiently warm (T ≃ 107 K), and in the most successful
scenario of the cosmological structure formation, the large-scale
structures, like filaments and sheets of galaxies, evolve by the
gravitational collapse of initially over-dense regions giving rise
to an intense relative motion of fully ionized gaseous matter
with a maximum speed of the order v0 ≃ 104 km s−1 (see, e.g.,
Schlickeiser & Shukla (2003), and references therein). Thus,
the IGP is supposed to be dominated by a variety of velocity
anisotropies, provided internally either by an anisotropic kinetic
energy or by the externally imposed drifts. Moreover, the
magnetic field generated by the Weibel mechanism can evolve at
large space scales (Schlickeiser 2005), and they could therefore
offer a plausible explanation for the existence of the highly
variable large-scale structures with reversals of direction of
the galactic and intergalactic magnetic fields, as was shown
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Figure 1. Two counterstreaming plasmas along the y-axis, and the unstable
modes developing in the system: the electromagnetic Weibel-like mode (labeled
with “WI”) and “TSI” both of them propagating along the streaming direction,
and the “FI” propagating perpendicular to the streaming direction.

recently in high-resolution observations (see the maps of Han
et al. 2006, and references therein).

In the present paper, we extend the investigation of the mag-
netic instabilities of Weibel type and we study how efficient
these instabilities are in the process of the magnetization of inter-
penetrating plasmas with intrinsic temperature anisotropies and
with properties that are relevant for the complex behavior of
IGP and the cosmological structure formation (Schlickeiser &
Shukla 2003). We evaluate this efficiency by determining first
their growth rates, and for conditions under which they are
competitive with respect to the TSI, we calculate the maximum
values of the Weibel-type magnetic fields reached at the satura-
tion. Looking to the parameters of the IGP mentioned before,
we should remark that the plasma temperature and the typical
streaming velocities are sufficiently low to neglect relativistic ef-
fects. Moreover, for nonrelativistic plasma temperatures there is
no noticeable difference between the covariant and noncovariant
growth rates (Schlickeiser 2004; Schaefer-Rolffs & Schlickeiser
2005).

2. DISPERSION THEORY

In Figure 1, we fix the orientation for the electromagnetic
instabilities (filamentation and Weibel) and the electrostatic
(two-stream) unstable modes, which arise in a counterstreaming
plasma with internal temperature anisotropies. Such a plasma
system is described here by the distribution function

f0(vx, vy, vz) =
1

2π3/2v2
thvth⊥

e
− v2

x +v2
z

v2
th

[

e
− (vy +v0)2

v2
th⊥ + e

− (vy−v0)2

v2
th⊥

]

.

(1)

For the sake of simplicity, we assume that the two interpen-
etrating plasmas are symmetric and have the same properties
(a condition frequently satisfied with respect to the mass cen-
ter): equal densities, ωp,e,1 = ωp,e,2 = ωp,e, equal but opposite
streaming velocities, |v1| = v2 = v0, and the same temper-
ature parameters, i.e., thermal velocities, vth,x,1 = vth,z,1 =
vth,x,2 = vth,z,2 = vth, vth,y,1 = vth,y,2 = vth,y , and thermal

anisotropies, A1 = A2 = A = (vth,y/vth)2 − 1. Considering
symmetric counterstreaming plasmas, with the same densities,
velocities, and temperature parameters, enables us to work with
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simple forms of the dispersion relations and only with the reac-
tive (purely growing) part of their unstable solutions (Re ω = 0
and Imω = Γ > 0). This is what we need, a minimal resonant
(Landau) dissipation on the plasma particles, in order to find the
maximum potential of growth of the TSI, and to compare to that
of the FI and the WI, which are, in general, nonresonant.

The counterstreaming plasma system is unstable against
the excitation of the electrostatic TSI and the electromagnetic
WI. The general dispersion relation derived from the Vlasov–
Maxwell equations takes the form (Bret et al. 2004; Fiore et al.
2006)

det

∣

∣

∣

∣

ω2

c2
ǫij + kikj − k2δij

∣

∣

∣

∣

= 0, (2)

where the components of the permittivity tensor are given by

ǫij = δij +
∑

a

ω2
p,a

ω2

[∫

dv3vi

∂f0,a

∂vj

+

∫

dv3vivj

k · ∂f0,a/∂v

ω − k · v

]

.

(3)

The unperturbed velocity distribution function f0,a(v) (for the
particles of species a) is normalized by

∫

dv f0,a(v) = 1, and

ωp,a = (4πnae
2/ma)1/2 is the plasma frequency.

Next, we describe the unstable solutions of Equation (2),
which are responsible for the relaxation of the counterstreaming
plasmas with temperature anisotropies.

2.1. Unstable Modes with k ‖ v0

2.1.1. Weibel-like Instability (k · E = 0, vth > vth,y)

For a plasma system with a finite temperature, there is
an important departure from the cold plasma model where
no transverse modes could interact with the electrons for
wavevectors parallel to the streaming direction, k ‖ v0, as no
electrons move perpendicularly to the streams. Such electrons
are introduced by a nonvanishing transverse temperature of
the plasma counterstreams and the electromagnetic modes
propagating along the streaming direction can be excited (Bret
et al. 2004).

Thus, considering first the unstable modes with a wavevector
parallel to the streaming direction, k = ky , and using the
distribution function (1), the dispersion relation (2) simplifies to

(

ω2

c2
ǫxx − k2

y

)(

ω2

c2
ǫzz − k2

y

)

ǫyy = 0, (4)

which admits three solutions. Due to the symmetry of the system
the first two branches of the transverse modes are described by
the dispersion relation

k2
yc

2

ω2
= ǫWI

xx = ǫWI
zz

= 1 −
ω2

p,e

ω2

{

1 −
1

A + 1

[

1 +
1

2
(f1Z(f1) + f2Z(f2))

]}

,

(5)

which is written here in terms of the well-known plasma
dispersion function (Fried & Conte 1961)

Z(f ) = π−1/2

∫ ∞

−∞
dx

exp(−x2)

x − f
, with f1,2 =

ω ∓ kyv0

kyvth,y

.

(6)

Equation (5) describes the electromagnetic Weibel mode as was
shown in some temperature-dependent investigations of beam–
plasma systems (Okada et al. 1977; Bret et al. 2004). The
existence of the Weibel instability is limited to wavenumbers
less than the cutoff value

kWI
y,c =

ωp,e

c

{

1

A + 1

[

1 +
v0

vth,y

ReZ

(

v0

vth,y

)]

− 1

}1/2

, (7)

which must be a real (not complex) solution of Equation (5) in
the limit of Γ(k) = Imω(k) = 0. We should observe that for
v0 ≫ vth,y , i.e., for sufficiently cold plasma streams, the cutoff
wavenumber becomes imaginary and the instability quenches. In
cold or thermally isotropic plasmas the electromagnetic mode is
stable, but it can be destabilized by temperature effects (Weibel
like), especially due to a nonvanishing temperature transverse
to the streams, vth > vth,y .

2.1.2. TSI (k × E = 0)

The TSI is an electrostatic unstable mode propagating along
the streaming direction, and described by

ǫTSI
yy = 1 +

ω2
p,e

k2
yv

2
th,y

[2 + f1Z(f1) + f2Z(f2)] = 0. (8)

The TSI is sensitive only to the parallel thermal velocities and
their spread reduces the growth rate of the instability. Thus, the
TSI a maximal efficiency in the process of relaxation only for
low temperature plasmas, vth,y ≪ v0. Under this condition, the
arguments f1,2 > 1 are sufficiently large, and we can use the
asymptotic approximation for the plasma dispersion function in
Equation (8) and find the cutoff wavenumber of the TSI,

kTSI
y,c =

ωp,e

v0

(

1 +
3

2

v2
th,y

v2
0

)1/2

≃
ωp,e

v0

(

1 +
3

4

v2
th,y

v2
0

)

. (9)

For a negligible thermal spread, v0 ≫ vth,y (cold plasmas), the
cutoff wavenumber will depend only on the streaming velocity
kTSI
y,c → ωp,e/v0.

2.2. FI (k ⊥ v0)

We now consider the electromagnetic modes propagating
perpendicular to the streaming direction, k = kx . The dispersion
relation (2) then becomes

ǫxx

(

ω2

c2
ǫyy − k2

x

) (

ω2

c2
ǫzz − k2

x

)

= 0, (10)

which has also three branches of solutions, but only one
describes the filamentation unstable mode, namely

k2
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2
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= ǫFI
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0
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ω
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Z

(

ω

kxvth

)]}

.

(11)

The FI is a solution of Equation (11), and it is restricted to
wavenumbers less than a cutoff value given by

kFI
x,c =

ωpe

c

[

A + 2

(

β0

βth

)2
]1/2

. (12)
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In this case, the Weibel effect due to the temperature
anisotropy cumulates to the FI, and yields either an enhanc-
ing of the growth rate or a quenching of the magnetic instability,
depending on the plasma kinetic energy along the streaming
direction, and, in particular, whether this exceeds the perpen-
dicular kinetic energy or not (Lazar et al. 2006; Stockem &
Lazar 2008).

3. NUMERICAL SOLUTIONS

The most efficient wave mode capable to release the excess
of free energy and to relax the counterstreaming distribution
(1), will be the fastest wave mode, i.e., the mode with the
highest maximum growth rate. We, therefore, proceed first with
a numerical evaluation of the growth rates for the unstable modes
described before. For the streaming velocity we use the typical
maximal value estimated from the observations as v0 = 107 m
s−1 (Miniati 2002; Schlickeiser & Shukla 2003). There are two
situations of interest depending on the feature of the temperature
anisotropy. For higher transverse temperatures (with respect to
the streaming direction) we expect an important contribution
from the Weibel-like mode propagating parallel to the streams.
Otherwise, when the plasma is hotter along the streaming
direction, the anisotropy increases and we expect an enhancing
cumulative effect of the filamentation and Weibel instabilities
propagating in this case perpendicular to the streams. Both of
these two cases must be relevant in a cosmological scenario
with colliding plasma shells which exhibit internal temperature
anisotropies.

3.1. TSI

The growth rates of the two-stream electrostatic instability
are solutions of Equation (8) and they are plotted in Figure 2
for different thermal velocities along the streaming direction,
namely vth,y/v0 = 0.0; 0.1; 0.5; 1.0; 10.0. For low thermal

velocities, vth,y = 0.1 v0 ≪ v0 = 107z m s−1, the instability
is still strong so that the growth rates are comparable to those
obtained for cold counterstreaming plasmas (see the dotted line
in Figure 2). We note that the thermal velocity spread of plasma
particles is increased by the instability itself (Melrose 1989), but
the effect of a higher thermal spread will limit or even suppress
the instability. In Figure 2, we remark again that for a sufficiently
large thermal velocity, for example, vth,y = 10 v0, the reactive
instability disappears and damping occurs instead.

3.2. Counterstreaming Plasmas with vth > vth,y

We now consider the Weibel-like mode described by
Equation (5). The growth rates, Imω(k) = Γ(k) > 0, are plot-
ted with dashed lines in Figure 3 in terms of the wavenum-
ber k, and for diverse temperature anisotropies. The Weibel-
like mode arises only for sufficiently large transverse tempera-
tures, vth > vth,y . In this case, the temperature anisotropy will
take negative and subunitary values −1 < A = Ty/T − 1 =
(vth,y/vth)2 − 1 < 0.

Because of the streaming motion of the plasma, the Weibel-
like mode looks in this case different than the classical instability
of Weibel (1959). In Figure 3(b), for higher plasma tempera-
tures, the growth rates exhibit slope breaks for wavenumbers
larger than a threshold value that depends on the temperature
anisotropy, and where the purely growing instability changes
and becomes a fully propagating mode that propagates not only
in space but in time as well, ωr �= 0. This is a new regime of
the Weibel-like mode that seems to be typically encountered

Figure 2. Numerical evaluation for the growth rates of the two-stream elec-
trostatic instability (v0 ≃ 107 m s−1), which are solutions of Equation (8).
For sufficiently low temperatures (vth,y � 0.1v0) the growth rates practically
coincide with those obtained for cold counterstreaming plasmas (dotted line).

in a counterstreaming plasma system with intrinsic tempera-
ture anisotropies. In our study here, only the maximum growth
rates reached at the saturation are important, and therefore, these
aspects remain to be investigated in detail elsewhere.

Here our analysis splits in two cases. In Figure 3(a), the
temperature perpendicular to the streams is assumed to be
constant and close to the temperature of the IGP, vth ≃ 107 m
s−1. The WI arises for a smaller thermal velocity along the
streaming direction, and the growth rates are plotted for three
values of vth,y/vth, ranging from 0.1 to 0.4.

On the other hand, in Figure 3(b) we keep the temperature
constant along the streaming direction and assume that it
approaches the temperature of the IGP, vth,y ≃ 107 m s−1,
and plot the growth rates of the WI for higher transverse
temperatures. In this case, the instability becomes significantly
faster. Taking a large but reasonable temperature anisotropy, for
example A = −0.99, which corresponds to a thermal velocity
vth = 108 m s−1 ≃ 0.33 c (where c = 3 × 108 m s−1 is
the speed of light in vacuum), and a relativistic Lorentz factor
γth = (1 − v2

th/c
2)−1/2 ≃ 1.1, the growth rate will reach an

important maximum value Γ ≃ 0.17ωpe.
The fully nonrelativistic plasma temperatures are usually

limited to less than 5 keV (Bergman & Eliasson 2001), which
means thermal velocities vth � 0.15 c. However, quantitatively,
the relativistic effects become important only for a kinetic
energy of the plasma electrons comparable or larger than their
energy at rest, m0c

2 ≃ 500 keV, which corresponds to a thermal
velocity vth ≃ 2 × 108 m s−1 and a Lorentz factor γth ≃ 1.34.
Therefore, for a Lorentz factor still close to unity we can extend
and use the approach developed here, to estimate how fast this
instability can be in the limit of weakly-relativistic temperatures,
vth < 2 × 108 m s−1.

Moreover, the case chosen in Figure 3(b) seems to be more re-
alistic for the counterstreaming structures of the IGP because the
streams can be naturally created at temperatures not far from the
IGP temperature, T ≃ 107 K, and their transverse temperature
is increased by the self-generated magnetic field, which pinches
the beam radially and prevents the simple outward movement of
beam particles. For a lower temperature anisotropy, vth,y → vth,
see, for example, in Figure 3(a), the instability diminishes
(Γ ≪ ωp,e), and instead damping occurs (Γ < 0).
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(a) (b)

Figure 3. Numerical evaluation of the growth rates of Weibel instability described by Equation (5). In (a) the transverse temperature with respect to the streaming
direction approaches the average temperature of IGP, so that vth ≃ 107 m s−1, and the temperature along the streaming direction is smaller: vth,y/vth = 0.1; 0.2; 0.4.

In (b) we change and assume vth,y ≃ 107 m s−1, and vth much larger as given by vth/vth,y = 5; 8; 10.

(a) (b)

Figure 4. Numerical evaluation of the growth rates for the filamentation unstable mode described by Equation (11). In (a) the parallel temperature with respect to the
streaming direction is considered close to the average temperature of IGP, so that vth,y ≃ 107 m s−1, but it is larger than the transverse temperature, so that vth/vth,y =
0.1; 0.2; 0.5; 1. In (b) we change and assume vth ≃ 107 m s−1, and less than vth,y , given by vth,y/vth = 2; 5; 10.

3.3. Counterstreaming Plasmas with vth,y > vth

The growth rates of the FI are shown in Figure 4. They are the
purely growing solutions of Equation (11), Imω(k) = Γ(k) > 0
(and Reω = 0), which cumulate the Weibel effect produced by
the temperature anisotropy, A �= 0.

The two cases considered here are similar to those from
Figure 3. In Figure 4(a) the temperature parallel to the streaming
direction is assumed to be close to the temperature measured in
the IGP, vth,y ≃ 107 m s−1, and we calculate numerically the
growth rates for smaller values of the transverse temperature,
vth/vth,y = 0.1; 0.2; 0.5; 1.0. In Figure 4(b) we keep the

transverse temperature constant at vth = 107 m s−1, and the
growth rates are plotted for larger values of the parallel thermal
velocity vth,y > vth.

We resume only the investigation of the cumulative
filamentation/Weibel instability of two symmetric counter-
streaming plasmas with positive temperature anisotropies,
vth,y > vth. In the opposite case of vth,y < vth and
where the anisotropy is less effective and the FI propa-
gating perpendicular to the streaming direction is reduced
and even suppressed (Lazar et al. 2006; Stockem & Lazar
2008), only the Weibel emission along the streaming direc-

tion has relevance. This is the Weibel-like mode discussed
above.

3.4. Comparison of the Relaxation Mechanisms

Let us now compare the maximum growth rates of these
different instabilities for the same conditions imposed on the
temperature anisotropy and the streaming velocity.

Assuming first that the plasma is hotter along the streaming
direction so that vth,y > vth and the temperature anisotropy is

positive, i.e., A = (vth,y/vth)2 − 1 > 0, only the FI competes
with the TSI and their growth rates are compared in Figure
4, with dashed and solid lines, respectively. The maximum
growth rate of the TSI can be larger than that of the FI, but
only for a very small anisotropy, A → 0. In this case, the
TSI will be the primary relaxation mechanism for the initial
counterstreaming plasma configuration, and this scenario is
quite similar to that presented by Schlickeiser & Shukla (2003)
for a beam–plasma system. Due to the electrostatic instability
the beam–plasma distribution quickly relaxes to a plateaued
distribution in the initial direction of the beam, and after
some nonresonant energy exchanges between the background
plasma and the plateaued distribution, the plasma distribution
can be characterized as anisotropic bi-Maxwellian with two
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characteristic thermal velocities, one is given by the bulk
velocity of the beam, and the other one perpendicular to the beam
direction is given by the temperature of the background plasma.
Finally, this temperature anisotropy is capable to generate
Weibel magnetic fields which are evaluated in Schlickeiser &
Shukla (2003). When the temperature anisotropy is negligible,
the FI could become faster than the TSI only for very large,
fully relativistic streaming velocities, and therefore, the FI will
certainly play an important role in the more violent astrophysical
phenomena like jets and shock waves in Gamma-Ray Burst
sources, etc.

We now consider the effects of a large temperature anisotropy,
and remember first that thermal spread along the streaming di-
rection will reduce or evenly suppress the electrostatic instabil-
ity (TSI), which, otherwise, is very competitive. The numerical
solutions displayed in Figure 4, are obtained for temperatures
comparable to the average temperature of the IGP, and if we
consider large temperature anisotropies, the FI becomes faster
(see Figure 4(a)) or even much faster (Figure 4(b)) than the TSI.
With the thermal parameters chosen in Figure 4(b), there is no
electrostatic instability, the two-stream modes are completely
stabilized. But even so, if we consider both sides, (a) and (b),
of Figure 4, we should observe that the growth rates of FI are
significantly larger than those obtained for the counterstreaming
plasmas with isotropic distributions (A = 0). This is explained
by an enhancing effect due to the temperature anisotropy, which
gives rise to the Weibel instability along the same direction,
x-axis in Figure 1, with the FI. We deal in this case with a cu-
mulative Weibel/FI (Lazar et al. 2006; Stockem & Lazar 2008)
that must be more effective in the process of magnetization and
relaxation of a plasma system. Therefore, now we should be
more explicit and specify that in Figure 4, the growth rates of
this cumulative Weibel/FI are shown (with dashed lines).

On the other hand, if the anisotropy is negative, A =
(vth,y/vth)2 − 1 < 0, the transverse temperature is higher, so
that vth > vth,y , and the WI propagating along the streaming
direction can develop faster than the TSI, but only for small
streaming velocities and/or for sufficiently large transverse
temperatures. This is the case in Figure 3(b), where the growth
rates of the WI shown with dotted lines are markedly larger than
those of the TSI (solid line). Otherwise, the TSI is fast enough
to develop, see in Figure 3(a), relaxing the counterstreaming
plasma and heating resonantly the plasma particles to a thermal
velocity along the y-axis comparable to v0 (Schlickeiser &
Shukla 2003). The anisotropy is therefore suppressed and any
WI has no chance to arise efficiently. The streaming velocity
was assumed initially to be comparable to the average thermal
velocity of the IGP (∼ 107 m s−1).

Even when they are both propagating along the same direc-
tion, these two instabilities are not necessarily in competition,
because they perturb the plasma on different (perpendicular)
directions, and, in fact, they have different origins. The temper-
ature anisotropy is the origin of WI, while the TSI is generated
by the relative motion of counterstreaming plasmas. This case
seems to describe only a particular situation because it is condi-
tioned by a negative temperature anisotropy, vth > vth,y , of the
plasma particles. But we should remember that such a condition
can be naturally provided as long as the transverse tempera-
ture of the plasma streams is increased by the self-generated
magnetic field.

The interplay of these instabilities is summarized in Table 1.
For slow nonrelativistic plasma flows corresponding to v0 =
nonrelativistic in Table 1, and which are relevant for the

cosmological scenarios, we have shown the dominance of the
magnetic instabilities (FI and WI) against the electrostatic TSI
in two specific situations, WI1 > TSI and FI/WI2 > TSI. For
relativistic streams (v0 = relativistic), we have only inserted
some estimates from the previous works but these cases deserve
further and more detailed investigation elsewhere.

4. SATURATED MAGNETIC FIELD

We now have a complete overview on how these plasma
instabilities are able to relax the anisotropic structures of cos-
mological plasmas. At least one of the Weibel or filamentation
instabilities can be fast enough and more efficient than the elec-
trostatic TSI in the process of relaxation. We must state that
each of these two instabilities of Weibel type could become
the primary mechanism of the relaxation only in the presence
of internal temperature anisotropies, while the TSI is inhib-
ited by thermal effects. Otherwise, for a low temperature of the
counterstreaming plasma, the TSI will be markedly faster ther-
malizing the counterstreaming plasma system, which relaxes to
a thermally anisotropic structure and finally, it is the Weibel
instability that arises as a secondary mechanism and releases
the temperature anisotropy. In this case, the maximum mag-
netic field reached at the saturation of the Weibel instability was
calculated in Schlickeiser & Shukla (2003), and it is in good
agreement with the observations.

In this section, we calculate the magnitudes of the saturated
magnetic field obtained for the cases where at least one of the
Weibel or filamentation instabilities is faster than the TSI. Then,
we compare the results to the observations of cosmological
plasma emissions.

The magnetic perturbation grows to large amplitudes and
saturates due to the magnetic trapping of plasma particles. The
saturation occurs when the magnetic bounce frequency, ωB ,
increases to a value comparable to the linear growth rate prior
to the saturation (Davidson et al. 1972; Califano et al. 1998),

Γmax ≃ Ωe,max ≡
(

ekmax

m

V Bmax

c

)1/2

, (13)

where V is the largest characteristic particle velocity perpen-
dicular to the direction of emission of the magnetic instability
(Weibel or filamentation). Moreover, as the magnetic field am-
plitude grows, the transverse deflection of particles becomes
stronger (Medvedev & Loeb 1999) and they are magnetically
trapped. In this case, the particle’s gyro-radius in the excited
magnetic field, namely ρ = V/Ωe,max = eBmax/(mc), becomes
comparable to the characteristic length scale of the unstable
modes, k−1

max, yielding (Medvedev & Loeb 1999; Schlickeiser &
Shukla 2003)

Bmax ≃
mV ckmax

e
. (14)

Combining now Equations (13) and (14) we find the maximum
value of the excited magnetic field,

Bmax =
mc

e
Γmax. (15)

The maximum values of the growth rates, Γmax, can be evaluated
exactly only numerically, see, for example, the formalism from
Lazar (2008). In the following section, we use the appropriate
asymptotic approximations of the plasma dispersion function to
simplify the dispersion relations (5) and (11), and to derive ana-
lytical expressions of the aperiodic solutions and their maxima.
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Table 1
The Interplay of the TSI and the Weibel-type Instabilities: The FI, the Weibel Instability (WI1) Generated Along the Streams by a Higher Transverse Temperature

(vth,y < vth), and the Cumulative Filamentation/Weibel Instability (FI/WI2) Generated Perpendicular to the Streams for vth,y > vth

Counterstreaming Plasmas −1 < A < 0 A > 0

With Thermal Anisotropies vth,y < vth vth,y � vth vth,y � vth vth,y > vth

v0 = nonrelativistic WI1 > TSI TSI > FI TSI > FI FI/WI2 > TSI

FI < TSI TSI > WI1

v0 = relativistic WI1 > TSI FI > TSI FI > TSI FI/WI2 > TSI

(?) (?) (?) (?)

4.1. Original Weibel Instability (v0 = 0)

When the streaming velocities are small enough to be ne-
glected, v0 → 0, and the transverse temperature is sufficiently
large, vth > vth,y , so that ω > kyvth,y , the aperiodic solution of
Equation (5) will simplify to

Γ ≃
kyvth√

2

(

1 +
k2
yc

2

ω2
p,e

)−1/2

. (16)

This coincides to that obtained by Weibel (1959) for a simple
thermally anisotropic plasmas with a bi-Maxwellian distribution
function. The maximum growth rate is found for ky → ∞ in
Equation (16),

Γmax ≃
vthωp,e√

2 c
. (17)

By inserting Equation (17) into Equation (15) we obtain the
saturated magnetic field

B0
max =

m vth ωp,e√
2 e

=
√

4πn

(

mv2
th

2

)1/2

(18)

in terms of the plasma density, n, and the transverse kinetic
energy of the electrons E = W/n = mv2

th/2. Expression
(18) describes the maximum of efficiency in the conversion
of the particle kinetic energy into magnetic field energy, ηB =
B2/(4πWc) = 1, i.e., the equipartition values of B. But this
is only an ideal case and we will show in the next that even
theoretically, for the Weibel-like mode (v0 �= 0) this efficiency
is lower. Moreover, in numerical simulations of the FI (see, e.g.,
Califano et al. 1998), which is similar to the Weibel instability,
the saturation occurs at subequipartition values of B, ηB ≃
0.01–0.1.

4.2. Weibel Instability in Counterstreaming Plasmas:
vth > vth,y

Due to the internal temperature anisotropies, vth > vth,y ,
the Weibel unstable modes arise independently of the TSI. For
plasmas with very large anisotropies, vth ≫ vth,y , we use in
Equation (5) the asymptotic approximation of plasma dispersion
function for large arguments f1,2 ≫ 1, and find the aperiodic
solutions

Imω = Γ ≃ ky

[

v2
th

2
(

1 + k2
yc

2/ω2
p,e

) − v2
0

]1/2

, (19)

as long as the wavenumber is less than a cutoff value

ky � kc,1 ≃
ωp,e

c

(

v2
th

2v2
0

− 1

)1/2

, (20)

and

vth �
√

2 v0. (21)

For wavenumbers greater than kc,1, the modes are stabilized by
the resonant Landau damping with the rate given by the same
relation (19). Otherwise, for low wavenumbers 0 < k � kc,1,
the Weibel modes reaches a maximum growth rate

Γmax = Γ(ky,max) =
ωp,e

c

(

vth√
2

− v0

)

, (22)

for

ky,max =
ωp,e

c

(

vth√
2 v0

− 1

)1/2

< kc,1. (23)

But, if we look carefully to the assumption of large arguments
of the plasma dispersion function, Γ/kyvth � 1, from above, we
find that the wavenumber must be less than

ky � kc,2 =
ωp,e

c

{

v2
th

2
[

(vth,y + v0)2 + v2
0

] − 1

}1/2

< kc,1,

(24)
as long as

vth �
√

2
[

(vth,y + v0)2 + v2
0

]1/2
. (25)

This is the new minimum limit of the transverse thermal velocity,

which is greater than
√

2 v0 and much greater than vth,y , so that
both conditions vth > vth,y and (21) are fulfilled at the same
time. But the new maximum limit for the wavenumber, given
by Equation (24), will limit the Weibel growth rate to

Γmax = Γ(kc,2) = kc,2 (vth,y + v0). (26)

With Equation (26) substituted into Equation (15), the saturated
magnetic field reads

Bmax = B0
max (vth,y + v0)

[

1

(vth,y + v0)2 + v2
0

−
2

v2
th

]1/2

. (27)

In order to see how important the “correction” found in Equation
(27) with respect to Equation (18) is, we consider a particular
situation but close to our case here, when the plasma has
a very large internal anisotropy so that it is (much) hotter
transversally to the streaming direction, vth,y ∼ v0 < vth.
With this assumption and taking condition (25) with v0/vth ≡
μ <

√
10/10, the magnetic field saturation occurs at slightly

subequipartition values

√
η = Bmax/B

0
max

=
2

√
5

(

1 − 10 μ2
)1/2 ≃ 0.89–4.47 μ2 < 0.89. (28)
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4.3. Cumulative Weibel/FI

When the plasma is hotter along the streaming direction
(vth,y > vth), the FI is enhanced by the Weibel effect leading to
significantly large growth rates. For sufficiently large tempera-
ture anisotropies, A ≫ 1, we use the asymptotic approximation
for large arguments of the plasma dispersion function in Equa-
tion (11), and find the analytical expression of the growth rate

Γ ≃ kxvth

[

A + 2(v0/vth)2

1 + (kxc/ωp,e)2

]1/2

≃
ωp,e

c

[

v2
th + 2v2

0

1 + (ωp,e/kxc)2

]1/2

.

(29)
The maximum is reached for very large wavenumbers

Γmax ≃
ωp,e

c

(

v2
th + 2v2

0

)1/2
, (30)

and the saturated magnetic field

Bmax =
√

8πn

[

m
(

v2
th,y + 2v2

0

)

2

]1/2

. (31)

Otherwise, if the cumulative Weibel/FI is still not so fast, then
the TSI develops first relaxing the counterstreams to a thermally
anisotropic distribution, which is unstable against the excitation
of the simple Weibel instability. In this case, the magnetic field
at saturation was calculated by Schlickeiser & Shukla (2003).

4.4. Comparison with the Intergalactic Magnetic Field

Medium-density (n ∼ 10−4 cm−3) and relatively hot plasmas
may be found in intergalactic space, and the high-resolution ob-
servations of the synchrotron intergalactic sources have proved
the existence of a diffuse universal intergalactic magnetic field
(Donahue et al. 2003). Whatever the origin of the cosmologi-
cal magnetic field is (either it is primordial or it was amplified
to its present strength by diverse mechanisms driven by cos-
mic plasma turbulence), we are presently capable to detect and
measure these fields even for extremely distant radio-galaxies
of a large red-shift, z > 5 (van Breugel et al. 1999). There
are micro-Gauss-level fields which are common in spiral galaxy
disks and halos, and which appear to be a common property
of the extragalactic or intra-cluster medium as well (Kronberg
1994; Widrow 2002). Moreover, recent advances in observa-
tional methods have revealed large-scale structures with rever-
sals of the direction of magnetic fields (Han et al. 2006) quite
similar to those created by the instabilities of the Weibel type.
Indeed, it was already shown by Schlickeiser (2005) that the
Weibel mechanism is capable of generating magnetic fields from
the plasma Debye scale up to cosmological scales.

Here, we estimate the saturated magnetic field that scales by
the maximum growth rate of the instability, as given in Equation
(15), and compare to the values known as representative for the
cosmic space. The maximum growth rate value reached by the
instability at the saturation, is provided exactly (numerically) in
the Figures 3 and 4 for each case apart, or it can be determined
approximatively using the analytical formalism from above.

If we give initial conditions to the Weibel instability to arise
along the streaming direction, so that, vth,y ∼ v0 ≃ 107 m s−1,
and the thermal anisotropy is moderately large, vth/vth,y = 5,
this corresponds to the lowest growth rate of the WI in Figure 3,
but still higher than the TSI growth rate. Using Equation (27), the
saturated magnetic field is found as Bmax ≃ 3 × 10−6 G. Even
when the saturation occurs at slightly subequipartition values of

B, ηB ≃ 0.01–0.1, the saturated magnetic fields generated by
the Weibel instability in this case, will reach values not less than
10−7 G.

For the opposite case, when an internal temperature
anisotropy is present but it is favorable to the formation of a
cumulative filamentation/Weibel instability, we consider two
representative situations corresponding to those presented in
Figure 4(a) and (b). If we consider Figure 4(a), and take, for ex-
ample, vth,y ∼ v0 ≃ 107 m s−1, and the anisotropy vth,y/vth = 5,
the saturated magnetic field obtained from Equation (31) is
Bmax ≃ 2 × 10−6 G. For the second case, in Figure 4(b), we
take vth ∼ v0 ≃ 107 m s−1, the anisotropy vth,y/vth = 5,

and from Equation (31) we find Bmax ≃ 6 × 10−6 G. Both of
these two values corresponding to the cumulative filamentation/
Weibel instability are comparable to the first value obtained for
the WI, because their growth rates are comparable. However, in
the last case, when the filamentation and Weibel effects cumu-
late, the saturated magnetic field is several times larger, and even
for a conversion efficiency ηB ≃ 0.01–0.1 it can easily reach

micro-Gauss levels, B = η
1/2

B Bmax ≃ (0.6–1.9) × 10−6 G.

5. DISCUSSIONS AND CONCLUSIONS

The idea that the WI, provoked by a plasma temperature
anisotropy, could explain the origin of the cosmological mag-
netic field has been launched relatively recently. There were
several scenarios, either the instability is generated as a sec-
ondary mechanism of relaxation (after the TSI) of the high
Mach number flows in intergalactic medium (Schlickeiser &
Shukla 2003), or in the steep temperature gradients associated
with the cold fronts discovered in cluster of galaxies (Okabe
& Hattori 2003), or it is expected to develop at shock waves
associated with the formation of galaxies or cluster of galaxies
(Fujita & Kato 2006).

In the present paper, we have extended the investigations to
any form of the Weibel-type instability, including WI and FI,
and which are capable to develop in more complex plasma sys-
tems. Therefore, we have chosen to investigate a more complex
structure of a counterstreaming plasma with intrinsic temper-
ature anisotropies, and with physical parameters derived from
the observations of the IGP. Two types of plasma instabilities
have been identified as possible mechanisms for releasing the
excess of free energy stored in such anisotropic plasma. The first
are the electromagnetic instabilities of Weibel type, which are
represented by either the Weibel modes generated by an excess
of transverse temperature with respect to the streaming direc-
tion, or by the cumulative filamentation/Weibel modes when
the plasma is hotter along the streaming direction. They com-
pete with the two-stream electrostatic instability, which seems
to be very fast under the presumptive conditions fixed for the
plasma system (Schlickeiser & Shukla 2003).

We have preserved some of the parameters and conditions
used by Schlickeiser & Shukla (2003), but here we have
shown for the first time, that, as long we admit the existence
of internal temperature anisotropies of the interpenetrating
plasmas, the instabilities of Weibel type could be easily faster
than the principal competitor, which is the TSI, and thus become
the primary relaxation mechanism of the plasma anisotropy. For
each of these cases, we have calculated the growth rates and
the maximum magnetic field produced at the saturation. These
magnetic field values are consistent with the magnetic field
values, in the range 10−7–10−5 G, derived from the Faraday
rotation measure of the linearly polarized emission of galactic
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or extragalactic sources (Widrow 2002; Wielebinski & Beck
2005). Thus, the robustness and the occurrence of the magnetic
instabilities of the Weibel type for the generation of the seed
magnetic field in the early Universe is guaranteed.
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