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In this paper, we study the Krylov complexity (K) from the planar/inflationary patch of the de
Sitter space using the two mode squeezed state formalism in the presence of an effective field having
sound speed cs. From our analysis, we obtain the explicit behavior of Krylov complexity (K) and
lancoz coefficients (bn) with respect to the conformal time scale and scale factor in the presence of
effective sound speed cs. Since lancoz coefficients (bn) grow linearly with integer n, this suggests that
universe acts like a chaotic system during this period. We also obtain the corresponding Lyapunov
exponent λ in presence of effective sound speed cs. We show that the Krylov complexity (K) for this
system is equal to average particle numbers suggesting it’s relation to the volume. Finally, we give a
comparison of Krylov complexity (K) with entanglement entropy (Von-Neumann) where we found
that there is a large difference between Krylov complexity (K) and entanglement entropy for large
values of squeezing amplitude. This suggests that Krylov complexity (K) can be a significant probe
for studying the dynamics of the cosmological system even after the saturation of entanglement
entropy.

I. Introduction

Recent years have seen a fair amount of applications
coming from quantum information theory into high en-
ergy physics and cosmology. [1–6]. One such concept is
complexity and chaos [7–10]. Complexity characterizes
the notion of difficulty of preparing a state or applying a
certain unitary operator while chaos quantifies the sen-
sitivity of the system to the initial condition. While in
classical mechanics chaos is a very well-defined quantity,
it is not so in quantum mechanics. So, one resorts to var-
ious kinds of probes and measures. One recent tool that
has been proposed to study operator growth and charac-
terize quantum chaos is Krylov/K complexity [11–19].

In this framework, one tries to understand the Heisen-
berg evolution of some initial Hermitian operators. De-
pending on the Hamiltonian and initial operator, the evo-
lution can become extremely complicated. Krylov com-
plexity can capture this growth of the operator. While
obtaining Krylov complexity, one also has to obtain the
so-called Krylov basis using the Lancoz algorithm. Lan-
coz algorithm also gives us Lancoz coefficients which are
conjectured to be maximum for chaotic systems [12]. In
recent years, Krylov complexity has been studied exten-
sively from black hole physics to conformal field theories.

The main motivation to study complexity in high en-
ergy physics comes from holographic conjectures of com-
plexity. In particular, Susskind et al [8, 9] conjectured
that complexity can be used to probe the physics be-
hind the black hole horizons via “complexity = volume”
and “complexity = action” proposals. Following these
works, circuit complexity has been computed using dif-
ferent techniques and even computed in the context of
quantum field theory and cosmology [1, 20–22]. How-

ever, one issue with these calculations is that the notion
of complexity is very ambiguous depending on the choices
of gates, reference and target gates, and arbitrary toler-
ance. Fortunately, Krylov’s complexity is free of such
choices, therefore, making it an ideal candidate to study
in holographic and QFT settings.

Our goal in this paper is to study Krylov complexity
and chaos in de Sitter Cosmology with effective sound
speed, and gain quantum information theoretic insights
about cosmological evolution and structure formation.
The reason to include the sound speed is to make our
calculations as general as possible. While holography is
mostly studied on the Anti de Sitter background, we seem
to live in a de Sitter one. This also gives us a strong mo-
tivation to see if those holographic conjectures holds for
de Sitter case too [2, 23, 24]. Particularly, we study the
Krylov complexity and chaos on the scalar cosmologi-
cal perturbations on an expanding Friedmann-Lemaitre-
Robertson-Walker (FLRW) background. Scalar pertur-
bations on an expanding background can naturally be
described by the two mode squeezing operator. Modes
inside the horizon are frozen while mode exiting the hori-
zon are highly squeezed. After obtaining expressions for
K-complexity and chaos for general perturbations, we ap-
ply to a simple model of de Sitter expansion where we
obtain explicit expressions.

Squeezed states and squeezing operator is an extremely
important subject in quantum optics with applications
from quantum computing, quantum cryptography and
even in gravitational physics [25–45]. For review on the
fundamentals of squeezed states, we refer to vast lit-
erautres on [46–56]. From the cosmological point, the
concept of squeezed states was introduced by Grishchuk
and Sidorov [57, 58] on the inflationary cosmology where
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they analysed the features of relic gravitons and phe-
nomena such as particle creation and black-hole evapora-
tion. Andreas Albrecht et al. [59] also used the two-mode
squeezed state formalism to understand the inflationary
cosmology and the amplification process of quantum fluc-
tuations during the inflation period. For applications of
squeezed state formalism in High energy physics and in
cosmology see [21, 22, 60–80].

The structure of the paper is as follows:
• In Section II, we give a review of Krylov complexity.

We review how Krylov complexity and Lancoz coef-
ficients can be computed using Lancoz algorithms.
Furthermore, we will see that Lancoz coefficients
can characterize the chaotic properties of the sys-
tem. For systems with symmetry, the computations
of Lancoz coefficients and Krylov complexity can be
simplified significantly.

• In Section III, we give a review of cosmological per-
turbations and obtain the quadratic Hamiltonian.
In order to make the calculations as general as pos-
sible, we also include the effective sound speed cs.
With this quadratic hamiltonian, we obtain two-
mode squeezed state formalism in section III A. We
obtain a set of differential equations for squeezing
parameters rk and ϕk. In Section III B, we obtain
the expression for Krylov complexity and Chaos
for two-mode squeezing operator. We obtain the
Krylov complexity to be sinh2 rk and lancoz coeffi-
cients αn. Lancoz coefficients grow linearly with n
showing that the system is chaotic in nature.

• In Section IV, we apply these calculations to the
de Sitter background for diferent effective sound
speed.

• In Section V, we give the conclusion of our work
and give up future prospects.

II. Review of Krylov complexity

In this section, we will give a brief overview of operator
growth and Krylov complexity. There are different no-
tions of complexity in literature. One approach getting
popular in the high energy physics section is Nielsen’s ge-
ometric approach of complexity [81–84]. The interest in
Krylov complexity has its origins in the certain short-
comings of Nielsen’s measure. Particularly, Nielsen’s
complexity measure is dependent on the choice of gates,
choice of reference, and target states and tolerance. This
makes it very difficult to define it properly in the context
of QFT or holography. In contrast, Krylov complexity is
well defined and is independent of these choices. These
features make it well suited for application to QFTs and
holography. Furthermore, Krylov complexity and Lan-
coz coefficients obtained from Krylov complexity can be

used to characterize the chaotic systems. For a detailed
overview of Krylov complexity, we would like to refer to
[11].

Consider a quantum Hamiltonian H and time-
dependent Heisenberg operator O(t). The time evolved
operator is described by the Heisenberg equation:

∂tO(t) = i[H,O(t)] (1)

where, [A,B] = AB − BA is the commutator. Denoting
O(0) = O, the formal solution of Heisenberg equation is
given by

O(t) = eiHtOe−iHt (2)

Using the Baker-Campbell-Hausdorff (BCH) formula

eXY e−X =
∞∑

n=0

Ln
XY

n! (3)

where LX is the Liouvillian super-operator defined as
LXY = [X,Y ], we can obtain the time evolution series
for O(t) as:

O(t) =
∞∑

n=0

(it)n

n! Ln
HO

= O + it[H,O] + (it)2

2! [H, [H,O]]

+ (it)3

3! [H, [H, [H,O]]] + . . .

(4)

With the time evolution the spreading of initial opera-
tors occurs and this means more complicated nested com-
mutators need to be accounted. This gives a notion of
complexity of the Heisenberg operator as a function of
time. Krylov complexity quantifies this growth in a pre-
cise manner. In general, if the Hamiltonian is chaotic,
the nested commutators for the operator O will be given
by increasingly complex operators.

In following, we will drop the subscript on Liouvil-
lian super-operator LH as we will be only focusing on
hamiltonian H and represent the repeated action of L as
Õn = LnO. Then, the time evolution series for O(t) can
be written as:

O(t) = eiLtO =
∞∑

n=0

(it)n

n! LnO =
∞∑

n=0

(it)n

n! Õn (5)

We can now interpret (5) as the Schrodinger’s time evo-
lution where O(t) plays the role of "operator’s wave func-
tions", and the Liouvillian L as the Hamiltonian. Then
we associate |O) with the Hilbert space vectors corre-
sponding to the operator O as:

O == |Õ),L1O == |Õ1),L2O == |Õ2),L3O == |Õ3), . . . (6)

It is not necessary that these operators form an orthonor-
mal basis a prior. However, starting from these basis
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|Õn), we can use a version of Gram–Schmidt orthogonal-
ization procedure called Lanczos algorithm to construct
orthonormal basis, known as Krylov basis |On). For this,
we need a choice of inner product of these operators. One
natural choice is Wightman norm:

(A|B) = ⟨eHβ/2A†e−Hβ/2B⟩β (7)

where ⟨. . . ⟩β = Tr
{
e−βH . . .

}
/Tr

{
e−βH

}
is the thermal

expectation value at temperature 1/β.
In order to obtain the Krylov basis using the Lancoz

algorithm, we can use the fact that first two operators
in |Õn) are orthogonal with respect to (7). So, we can
include them in Krylov basis as:

|O0) := |Õ0) = |O), |O1) := b−1
1 L|Õ0) (8)

where b1 =
√

(Õ0L|LÕ0) normalized the vector. Then,
we can construct the next states iteratively as:

|An) = L|On−1) − bn−1|On−2) (9)

followed by normalization:

|On) = b−1
n |An), bn =

√
(An|An) (10)

We need to run this algorithm until bn hits zero, then in
additon to a full orthonomal basis called Krylov basis as
well coefficients bn which are called Lancoz coefficients.
These lancoz coefficients are extremely useful and char-
acterize the chaos of the system.

Once we obtain the Krylov basis, we can represent the
time evolved operator O(t) as:

|O(t)) = eiLt|O) =
∑

n

inϕn(t)|On) (11)

where the amplitudes ϕn(t) are real, and |ϕn|2 can be
thought up of probablities which sums up to one.∑

n

|ϕn|2 =
∑

n

pn = 1 (12)

In order to obtain these amplitudes, we can think of (11)
as a form of Schrodinger equation. Then, we take the
partial derivative on (11) to obtain

∂t|O(t)) = iL|O(t)) =
∑

n

in∂tϕn(t)|On) (13)

Applying the action of Liouvillian on Krylov basis

L|On) = bn|On−1) + bn+1|On+1) (14)

on (13), we obtain

∂t|O(t)) =
∑

n

in(bnϕn−1 − bn+1ϕn+1)|On) (15)

Now, matching the coefficients appropriately on (13), we
obtain the time evolution of amplitude as

∂tϕn(t) = bnϕn−1 − bn+1ϕn+1 (16)

This equation can be solved with the knowledge of Lanc-
zos coefficients bn and with initial condition ϕn(0) = δn0.
Once we have obtained the expression for amplitudes ϕn,
we can then finally give the expression for Krylov com-
plexity.

Krylov complexity/K-complexity is given by:

K =
∑

n

n|ϕn|2 (17)

One crucial advantage of the Lancoz algorithm we dis-
cussed above is that it also has a potential to capute
the chaotic properties of the system. It was conjecture
that Lancoz coefficients in a quantum system is bounded
linearly as

bn ≤ αn+ γ (18)

where α is the operator growth rate and γ is the con-
stant depending on the operator. These two parameters
are usally obtained from the Hamiltonian of the system.
For extremely chaotic system, Krylov complexity grows
exponentially fast with an exponent γ given by:

γ = 2α (19)

In literature, this exponent has also been associated with
Lyapunov exponent. For example, at finite temperature
T = 1/β, one obtains α = π/β. In [10], it was conjec-
tured that this bound the lyapunov exponent, i.e. maxi-
mal chaotic system.

In a certain class of systems which enjoys symmetry,
Krylov complexity can be computed analytically using
the techniques developed in [11]. For these systems with
symmetry group, action of Liouvillian L on the Krylov
basis can be seen as an action of raising and lowering
operators

L = α(L+ + L−) (20)

The parameter α is dependent on the system we are con-
sidering, and influence the chaotic properties of the sys-
tem. Furthermore, we can read off the Lancoz coefficients
immediately with this approach from the action of ladder
operators on Krylov basis.

αL+|On) = bn+1|On+1), αL−|On) = bn|On−1) (21)

There are several examples of symmetries explored in [11]
such as SL(2, R), SU(2). For us, SL(2, R) will be the
most relevant.

III. Krylov complexity of
Cosmological perturbations

Now that we have explored the concept of Krylov com-
plexity and lancoz coefficients, we will now apply it to the
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scalar cosmological perturbations. The operator of inter-
est for our case is two mode squeezing operator. For a de-
tailed review of cosmological quantum perturbations and
quantum fields in curved space time, we refer to [85, 86].

We consider a spatially flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric:

ds2 = −dt2 + a(t)2dx⃗2 = a(τ)2(−dτ2 + dx⃗2) (22)

We will consider linear scalar field fluctuation φ(x) =
φ0(t) + δφ(x) on this background metric to obtain the
metric

ds2 = a(τ)2(−(1+2ψ(x, τ))dτ2+(1−2ψ(x, τ))dx⃗2) (23)

We will define a curvature perturbation term R = ψ +
H
φ̇0
δφ. Here, dot indicates derivative with respect to cos-

mic time t, and H = ȧ
a . If we insert these conditions into

the total action and expand to second order, the action
becomes [85]:

S = 1
2

∫
dtd3xa3 φ2

0
c2

sH
2

[
Ṙ2 − c2

s

1
a2 (∂iR)2

]
(24)

where cs =
√
ṗ/ρ̇ the effective sound speed of the ef-

fective fluid. Here, p and ρ corresponds to the effective
pressure and density of the effective fluid. For more de-
tails on effective sound speed, we refer to the literature
on [59]. The effective sound speed is bounded by one
to maintain the causality. Cosmological observations re-
strict the lower bound at cs = 0.024 [79]. So, we obtain
the bound to be 0.024 ≤ cs ≤ 1. Physically, cs = 1 de-
scribes a single scalar field slow roll model while cs < 1
describes a wide class of non-canonical scalar field theo-
ries.

If we instead expand up to the third order, we will get
non-gaussian terms [87] too, which are also very interest-
ing to study. For our purpose, we will restrict to second
order i.e. only up to gaussian states.

We will define Mukhanov variable ν ≡ zR, where z ≡
a

√
2ϵ

cs
, with ϵ = − Ḣ

H2 = 1− H′

H2 . Here, the prime ′ indicates
derivative with respect to conformal time. With this, the
action (24) becomes:

S = 1
2

∫
dτd3x

[
ν′2 − c2

s

a2 (∂iν)2 + z′′

z
ν2

]
(25)

Each mode will evolves independently. These modes sat-
isfy the harmonic oscillator equation with time dependent
effective mass from time dependence of the background.
We can then quantize this harmonic oscillator according
to the standard quantization technique of the harmonic
oscillator. So, we will promote these perturbations to
quantum fields and expand them to fourier series.

ν̂(τ, x⃗) =
∫

d3k

(2π)3 ν̂k(τ) exp
(
ik⃗.x⃗

)
(26)

We then define the usual creation and annihilation oper-
ators:

v̂k = 1√
2k

(âk + â−k) , v̂′
k = −ik2 (âk + â−k) (27)

With this, the quadratic hamiltonian becomes:

Ĥ = 1
2

∫
d3kĤk

= 1
2

∫
d3k

[
Ωk(âkâ

†
k + â†

−kâ−k) − iβk(âkâ−k − â†
kâ

†
−k)

]
(28)

where,

Ωk = k

2 (1 + c2
s)

βk =

√(
k

2 (1 − c2
s)

)2
+

(
z′

z

)2
(29)

A. Squeezed states formalism

The first term in the hamiltonian (28) represents free
particle hamiltonian. The second term shows the inter-
action between the quantum perturbation and the ex-
panding background. Given this quadratic hamiltonian
Ĥk, the unitary evolution Uk can be factorized into prod-
uct of two mode rotation operator R̂k(βk) and two mode
squeezing operator Ŝk(rk, ϕk) [59]:

Uk = Ŝk(rk, ϕk)R̂k(βk) (30)

The two mode rotation operator R̂k(βk) in terms of ro-
tational parameter is given by:

R̂k(βk) = exp
[
−iβk(τ)(âkâ

†
k + â†

−kâ−k)
]

(31)

while two-mode squeeze operator Ŝk(rk, ϕk) in terms of
squeezing parameter rk(τ) and squeezing angle ϕk is
given by:

Ŝk(rk, ϕk) = exp
[
rk(τ)

2

(
e−2iϕk(τ)âkâ−k − e2iϕk(τ)â†

−kâk†
)]

(32)

Since the rotation operator only changes the phase, we
will ignore the rotation operator hereon as it doesn’t have
much consequences. When the two-mode squeezing oper-
ator acts on the vacuum, it gives squeezed vacuum states

|SQ(k, τ)⟩ = Ŝk(rk, ϕk) |0k, 0−k⟩

= 1
cosh rk

∞∑
n=0

e−2inϕk tanhn rk |nk, n−k⟩

(33)
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where,

|nk, n−k⟩ =
[

1
n! (a

†
ka

†
−k)n

]
|0k, 0−k⟩ (34)

The two-mode squeezed vacuum is normalized:

⟨SQ(k, τ)|SQ(k, τ)⟩

= 1
cosh2 rk

∞∑
n=0

∞∑
m=0

e−2i(n−m)ϕk tanhm+n rkδm,n

= 1
cosh2 rk

∞∑
n=0

tanh2n rk = 1 (35)

The full wave function corresponding to all modes can be
obtained straightforwardly as a tensor product of each k:

|SQ(τ)⟩ = ⊗k |SQ(k, τ)⟩ (36)

One can obtain the time evolution of the squeezing pa-
rameters rk(τ), ϕk(τ) via Schrödinger equation:

i
d

dτ
|SQ(k, τ)⟩ = H⃗ |SQ(k, τ)⟩ (37)

This gives us a set of differential equations:

drk

dτ
= −βk cos

(
2(ϕ̃k − ϕk)

)
(38)

dϕk

dτ
= Ωk + βk coth(2rk) sin

(
2(ϕ̃k − ϕk)

)
(39)

where,

ϕ̃k = −π

2 + 1
2 tan−1

[
Ωk

2

(
z′

z

) (
1 − c2

s

1 + c2
s

)]
(40)

For a stationary background where z is constant, no
squeezing occurs at r = 0. These set of differential
equations (38) can be solved for particular scale factor
a(τ) and obtain the solution for squeezing parameters
rk(τ), ϕk(τ). However, it is not always the case that nice
analytical expression can be obtained, and one will have
to rely on numerical methods. For an exponentially ex-
panding de Sitter background with cs = 1, such analyt-
ical expression exists and this makes it easier to study
concepts like Krylov complexity and chaos. We will look
at it in detail on section IV. For other sound speed, we
will rely on numerical tools.

B. Complexity and chaos

The hamiltonian of interest from (28) is

Ĥk = −βk

2 (âkâ−k − â†
kâ

†
−k) (41)

Comparing with the SL(2, R) Liouvillian operator
(20), L = α(L+ + L−), we can associate

α = −βk

2 , L+ = â†
kâ

†
−k, L− = âkâ−k (42)

For the two mode squeezing operator, the Krylov basis
is the standard two-oscillator Fock space

|On) = |nk, n−k⟩ =
[

1
n! (a

†
ka

†
−k)n

]
|0k, 0−k⟩ (43)

The Lancoz coefficients can be computed by the ac-
tion of ladder operators on Krylov basis as αL−|On) =
bn|On−1). Since âk |nk⟩ =

√
n |(n− 1)k⟩ we obtain lan-

coz coefficients as

bn = αn (44)

These lancoz coefficients grow linearly with n showing
that this system is chaotic in nature. Exact chaotic na-
ture depends also on the coefficient α coming from the
Hamiltonian (28).

Then in the Krylov basis, we can write the Heisenberg’s
operator state as

|O(t)) =
∑

n

inϕn(t)|On)

= 1
cosh rk

∞∑
n=0

e−2inϕk tanhn rk |nk, n−k⟩ (45)

So the operators wave function are given by

ϕn = e−2inϕk tanhn rk

cosh rk
(46)

and they sum to 1 as:
∞∑

n=0
|ϕn|2 = 1

cosh2 rk

∞∑
n=0

tanh2n rk = 1 (47)

Using the operator wave function, we can now compute
the Krylov complexity

K =
∑

n

|ϕn|2

=
∞∑

n=0
n

tanh2n rk

cosh2 rk

= sinh2 rk (48)

where, we used the identity
∞∑

m=0
mzm = z/(1 − z)2 (49)

for |z| ≤ 0. Indeed, Krylov complexity for our model sat-
urates the bound of maximum complexity growth pro-
posed in [88]. The reason for this is two mode squeezed
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states satisfies the SL(2, R) symmetry group structure,
and it is argued in [88] that this group structure belong-
ing to generalized coherent states has maximal complex-
ity growth.

Finally for the two mode squeezed formalism of cosmo-
logical perturbations, we can give an explicit expression
of Lancoz coefficients bn and Krylov complexity K as:

bn =
∣∣∣∣−βk

2

∣∣∣∣n,K = sinh2 rk (50)

The Krylov complexity depending on the squeezing pa-
rameters rk can now be obtained by solving the differ-
ential equations (38). For low amount of squeezing i.e.
r ≪ 1, we see that the Krylov complexity K ≈ 0. This
makes sense as for low amount of squeezing, the evolved
operator would be similar to the initial operator thus
demonstrating an operational reasoning to the concept
of Krylov complexity.

For this type of Lanczos coefficients growing linearly
with n in (50), the Krylov complexity grows exponen-
tially fast in rk with an exponent, which can also be
interpreted as a Lyapunov exponent,

λ = 2α = |βk| =

√(
k

2 (1 − c2
s)

)2
+

(
z′

z

)2
, (51)

The lyapunov exponent has a interesting structure.
For cs = 1, the lyapunov exponent is just λ =

∣∣∣ z′

z

∣∣∣, and
is independent of mode vectors k. However for different
effective sound speed cs than 1, the lyapunov exponent
is dependent on the mode vectors k too.

The linear growth of Lancoz coefficients in (50) indi-
cates that this system is chaotic in nature. The origin
of chaos comes from the fact that scalar cosmological
perturbation behaves like an inverted harmonic oscilla-
tor at large scales. Since inverted harmonic oscillator
are chaotic in nature, this feature is reflected on the ex-
pression for Lancoz coefficients and Krylov complexity in
(50).

Interestingly, the expression for Krylov complexity ob-
tained in (50) is equal to the average particle number in
each mode:

⟨n̂k⟩ = ⟨n̂−k⟩ = sinh2 rk = K (52)

Since volume of a system, V , is proportional to number of
particles n, we can see that the Krylov complexity is also
proportional to volume. This matches to the complexity
equals volume conjecture in the context of AdS/CFT.

We can also easily obtain the expression for K-entropy

SK defined in [15] as

SK = −
∞∑

n=0
|ϕn|2 ln|ϕn|2

= −
∞∑

n=0

tanh2nrk

cosh2rk

lntanh2nrk

cosh2rk

= −
∞∑

n=0

tanh2nrk

cosh2rk

(
ln(tanh2nrk) − ln(cosh2rk)

)
= ln(cosh2

rk)cosh2rk − ln(sinh2
rk)sinh2rk

(53)

IV. Application to de Sitter
Cosmology

Now that we have studied the Krylov complexity and
chaos for the general cosmolgical perturbations, we will
apply it in the context of exponentially expanding de Sit-
ter background. There are several motivations in choos-
ing the de Sitter background in particular. Usually ob-
taining analytical solutions for (38) is a difficult task and
have to rely on numerical techniques, however for de
Sitter background, there exists an exact expression for
squeezing parameters rk and ϕk which makes it easier to
study chaos and complexity. While this is one reason for
this choice, the more important reason is that original
motivation to study complexity and chaos comes from
various conjectures in AdS/CFT. Since the universe we
live in is de Sitter in naure rather than Anti- de Sitter,
checking these conjectures for the de Sitter background
is also an equally important task. This has motivated us
to study complexity and chaos in this space.

For an exponentially expanding de Sitter background,
the scale factor a(τ) is given by

a(τ) = −1
Hτ

(54)

where −∞ < τ < 0 so that z′/z = −1/τ . For effective
sound speed cs = 1, we can obtain the exact solution to
squeezing parameters to the differential equations (38).
However, for other effective sound speeds, we will rely on
the numerical methods.

A. Effective sound speed: cs = 1

For cs = 1, the exact solutions to squeezing parameters
to the differential equations (38) are

rk(τ) = − sinh−1
(

1
2kτ

)
ϕk(τ) = −π

4 − 1
2 tan−1

(
1

2kτ

)
(55)
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During early times k|τ | ≫ 1, so the modes are inside
the horizon and squeezing parameters rk is almost zero
rk ≈ −1/(2kτ) ≪ 1. During this limit, squeezing angle
is also constant at ϕk ≈ −π/4. At late times k|τ | ≪ 1,
the modes are outside the horizon. During this limit, the
system behaves like an inverted harmonic oscillator and
the squeezing grows with time rk ≈ |ln(−kτ)| ≫ 1

Given the expression for the squeezing parameters, we
can now obtain an exact expressions of Krylov complexity
K, Lancoz coefficients bn, and Lyapunov exponents for
de Sitter space with cs = 1 as

K = sinh2 rk = 1
4k2τ2 (56)

bn = −z′

2z n = n

2τ (57)

λ = −z′

z
= 1
τ

(58)

During early times k|τ | ≫ 1, Krylov complexity is almost
zero, K ≈ 0, as expected. Similarly, Lyapunov exponent
also has a very low value λ ≪ 1 during this limit. For late
times, k|τ | ≪ 1 Krylov complexity grows exponentially
K ≫ 1 and Lyapunov exponent is also much larger λ ≫
1. This is a strong feature of a chaotic system. It is
interesting to see that Krylov complexity doesn’t saturate
in time, and rather keeps on increasing. This has to do
with the fact that the expression for scale factor (54) is
time dependent. So, the increase in chaotic nature of
the de-Sitter background is primarily due to the time
dependence of scale factor.

In figure 1, we have plotted the Krylov complexity for
different wave numbers as a function of conformal time τ
for cs = 1. Krylov complexity grows exponentially with
τ showing that the system is chaotic in nature. During
early times, complexity is inversely proportional to the
wave number while for late times the difference due to
wave number is less. This exponential growth in com-
plexity signifies chaos which is captured by lyapunov ex-
ponent in figure 2.

We can also make an comparision of the Krylov com-
plexity with Nielsen’s geometric complexity. In [21], the
geometric complexity for cosmological perturbations was
obtained to be

C =
∣∣∣∣ln ∣∣∣∣1 + exp(−2iϕk(τ))tanhrk(τ)

1 − exp(−2iϕk(τ))tanhrk(τ)

∣∣∣∣∣∣∣∣
+

∣∣tanh−1(sin(2ϕk(τ))sinh(2rk(τ)))
∣∣ (59)

From hindsight, it looks like this measure of complex-
ity captures the physics of the system in more detail
than Krylov’s complexity. In particular, geometric com-
plexity is dependent on the squeezing angle too while
Krylov’s complexity is not. But one has to understand
that Nielsen’s geometric complexity has lots of ambigui-
ties such as arbitrary choices of gates, reference and tar-
get states. This makes it very difficult to study in the

context of cosmological evolution. Nielsen’s measure is a
good approach while constructing optimal quantum cir-
cuit in lab, but a difficult choice for cosmology and holog-
raphy.

In [10], quantum chaos was conjectured to be bounded
from above by the temperature of the system. We can
also relate the lyapunov exponent we have obtained with
the temperatue. In particular, temperature of the ex-
panding universe T , is related to Hubble constant by

T ≈ H/2π. (60)

For de-Sitter background at time τ0

|τ0| = 1/HdS (61)

Then, we obtain the Lyapunov exponent at τ0 as

λτ0 = 2πT (62)

Therefore, chaos in de-Sitter space saturates the bound
conjectured in [10]. Interestingly this bound on cosmo-
logical complexity also matches with previous results ob-
tained via other complexity measures [21, 22].

Finally, we can also give an expression for K-entropy
(53)

SK = ln
(

1 + 1
4k2τ2

) (
1 + 1

4k2τ2

)
−ln

(
1

4k2τ2

)
1

4k2τ2

(63)
During early times, the difference between complexity
and K− entropy is less but for late times, the difference
is huge. This shows that, complexity can grow even after
system has achieved saturation.

B. Effective sound speed:
0.024 ≤ cs ≤ 1

For other effective sound speed, we can give an exact
expression Lancoz coefficients bn, and Lyapunov expo-
nents:

bn = n

2

√(
k

2 (1 − c2
s)

)2
+

(
1
τ

)2
 (64)

λ =

√(
k

2 (1 − c2
s)

)2
+

(
1
τ

)2
(65)

Interestingly unlike the case for cs = 1, the lyapunov
exponent is also dependent on the mode vectors k. Since
Lancoz coefficients grows linearly with n, the system is
chaotic too. In 2, we have plotted Lyapunov exponent
for values of k = 1, 0.1, 0.01 and cs = 1.0, 0.1, 0.024. The
lyapunov exponent is bounded from below by cs = 1. For
other cs, we can see that lyapunov exponent is strongly
dependent on k. For example, lyapunov exponent for
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FIG. 1. Krylov complexity as a function of conformal time τ for exponentially expanding de Sitter universe with different wave
numbers k. Krylov complexity grows exponentially with τ which is a sign of chaotic system
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FIG. 2. Lyapunov exponent as function of conformal time τ for different values of cs and k. For each color, solid line belongs
to k = 1, dashed line to k = 0.1 and dashed medium to k = 0.01.

cs = 0.1 with k = 1 is significantly higher than for cs = 0.024 with k = 0.01.
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FIG. 3. Krylov complexity as function of scale factor a for different values of cs

For computing Krylov complexity, we will rely on the
numerical tools to obtain the solutions to squeezing pa-
rameters for differential equations (38). In order to make
the numerical solution easier, instead of using the con-
formal time τ as the dynamical variable as in (38), we
will perform the change in variable from τ to a(τ)

τ −→ a(τ) : d

dτ
= d

da(τ)
da(τ)
dτ

= a′(τ) d

da(τ) (66)

Consequently, differential equations (38) can be recast in
terms of a(τ) as:

drk(a)
da

= −βk(a)
a′ cos

(
2( ˜ϕk(a) − ϕk(a))

)
, (67)

dϕk(a)
da

= Ωk

a′ − βk(a)
a′ coth 2rk(a) sin

(
2( ˜ϕk(a) − ϕk(a))

)
(68)

For numerical solutions, we will also fix the boundary
conditions at late time scale τ = τ0 where a(τ0) = 1,
and the squeezing parameters are fixed to be rk(a(τ0)) =
ϕk(a(τ0)) = 1. In Fig. 3, we have plotted Krylov com-
plexity as a function of scale factor for different values
of effective sound speed with the solutions of squeezing
parameters obtained numerically. The mode vector k is
fixed to be 1 for all sound speeds. Like Lyapunov expo-
nent, we can see that complexity is bounded from below
by cs = 1.0.

V. Conclusion

In our work, we studied Krylov complexity and chaos
for cosmological perturbations using squeezed states for-
malism and applied it to the de Sitter background. The
main conclusions are as follows:

• We have obtained an explicit relation for Krylov
complexity and chaos for cosmological perturba-
tions

K = sinh2 rk, λ =

√(
k

2 (1 − c2
s)

)2
+

(
1
τ

)2

Interesting, Krylov complexity is equal to averal
particle number in each mode. Since volume is
propotional to number of particles, the Krylov com-
plexity is also propotional to volume.

• For de Sitter background with cs = 1, the expres-
sions for complexity and chaos are

K = sinh2 rk = 1
4k2τ2

bn = −z′

2z n = n

2τ

λ = −z′

z
= 1
τ

This lyapunov exponent can also be written as
λ = 2πT which saturates the bound conjectured
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in [10]. For other sound speed, we rely on numer-
ical tools and found that both Krylov complexity
and lyapunov exponent are bounded from below by
values for cs = 1.

In this work, we mainly focused on de Sitter background
because of it’s simplicity as well as it’s wide applications.
There are several other interesting and realistic cosmolog-
ical backgrounds such as inflation, radiation dominated
models, cosmological islands where these concepts can be
further explored. Our work can also be seen as studying
complexity and chaos on quantum fields in curved back-
ground. These concepts can be further explored in quan-
tum fields and in holography. We saw that for squeezed
states formalism, Krylov complexity is proportional to
volume of the system. It would be interesting to see if it
has any relevance to "Complexity = Volume" conjectures
in hologrphy.
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