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Abstract We further investigate the dark energy model
based on the Finsler geometry inspired osculating Barthel–
Kropina cosmology. The Barthel–Kropina cosmological
approach is based on the introduction of a Barthel connection
in an osculating Finsler geometry, with the connection having
the property that it is the Levi-Civita connection of a Rieman-
nian metric. From the generalized Friedmann equations of the
Barthel–Kropina model, obtained by assuming that the back-
ground Riemannian metric is of the Friedmann–Lemaitre–
Robertson–Walker type, an effective geometric dark energy
component can be generated, with the effective, geomet-
ric type pressure, satisfying a linear barotropic type equa-
tion of state. The cosmological tests, and comparisons with
observational data of this dark energy model are considered
in detail. To constrain the Barthel–Kropina model param-
eters, and the parameter of the equation of state, we use
57 Hubble data points, and the Pantheon Supernovae Type
Ia data sample. The st statistical analysis is performed by
using Markov Chain Monte Carlo (MCMC) simulations. A
detailed comparison with the standard �CDM model is also
performed, with the Akaike information criterion (AIC), and
the Bayesian information criterion (BIC) used as the two

a e-mail: a1.bouali@ump.ac.ma
b e-mail: himanshuch1729@gmail.com
c e-mail: rattanasak.h@psu.ac.th
d e-mail: tiberiu.harko@aira.astro.ro (corresponding author)
e e-mail: sorin@tokai.ac.jp
f e-mail: mlsanmartin@uc.cl

model selection tools. The statefinder diagnostics consisting
of jerk and snap parameters, and the Om(z) diagnostics are
also considered for the comparative study of the Barthel–
Kropina and �CDM cosmologies. Our results indicate that
the Barthel–Kropina dark energy model gives a good descrip-
tion of the observational data, and thus it can be considered
a viable alternative of the �CDM model.
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1 Introduction

Finsler geometry [1] is an interesting and important extension
of Riemannian geometry [2]. The relationship between the
two geometries was best described by Chern, who described
it as “Finsler Geometry is just Riemannian geometry without
the quadratic restriction” [3]. Indeed, in his Habilitationsvor-
trag [2] Riemann has already introduced a metric struc-
ture in a general space based on the invariant distance ele-
ment ds = F

(
x1, x2, ..., xn; dx1, dx2, ..., dxn

) = F(x, y),
where for y �= 0, F is a positive definite function defined on
the tangent bundle T M . Moreover, F is assumed to be homo-
geneous of degree one in y. Riemannian geometry is a special
case of the general metric, with F2 = gi j (x)dxidx j . Hence,
in a proper sense, Finsler geometry is not a generalization of
the Riemannian geometry, but it is the Riemannian geometry
without the quadratic restriction [3]. However, it is custom-
ary in both mathematical and physical literature to make a
clear distinction between Riemann and Finsler geometries,
and in the present work we will adopt the standard termi-
nology. In a physically more intuitive way we may consider
Finsler geometry as a geometry in which the metric tensor is
a function of both coordinates defined on the base manifold,
and of the tangent vectors, gi j = gi j (x, y), or, as a geometry
in which the metric tensor is a function of both coordinates
and velocities. For in depth presentations and discussions of
Finsler geometry see [4–8].

Despite its systematic and rigorous nature, and its many
attractive features, the physical applications of the Finsler
geometry were shadowed by the immense successes of the
theory of general relativity, which is essentially based on Rie-
mannian geometry [9–11]. The advent of general relativity
also led to important developments in mathematics, like Weyl

geometry [12], geometries with torsion [13,14], or geome-
tries with absolute parallelism [15]. All these geometries
have found important applications in physics, and opened
new perspectives in the understanding of the gravitational
interaction. On the other hand, the applications of the Finsler
geometry to physics did appear relatively late. One impor-
tant step in this direction was taken in the work by Ran-
ders [16], initially still formulated in a higher dimensional
Riemannian context, with the goal of obtaining a unified
theory of gravity and electromagnetism. However, Randers
geometry is a typical example of a Finsler geometry, with

F(x, y) = (
ai j (x)dxidx j

)1/2 + Ak(x)yk , where Ak(x) is an
arbitrary vector field. Recently, Randers geometry was exten-
sively applied in the study of various gravitational phenom-
ena in [17–24]. Finsler geometry has also important appli-
cations in the geometric description of quantum mechanics
[25–28]. General relativistic kinetic gas theory was investi-
gated by using methods from Finsler geometry in [29].

The first attempts at formulating a Finslerian theory of
gravitation belonged to Horváth [30], and Horváth and Moór
[31]. Early Finslerian type gravitational theories were also
formulated in [32,33], respectively. The set of the Finslerian
type gravitational field equations proposed in these works are
given by

Rμν − 1

2
gμνR + λgμν = χTμν, (1)

Kμν − 1

2
gμνK + λgμν = χTμν, (2)

and

Sμν − 1

2
gμνS − λ(i)gμν = −χ(i)T i

μν, (3)

respectively, where χ is the gravitational constant, λ is the
cosmological constant, while λ(i) and χ(i) denote the internal
cosmological and gravitational constants, respectively. The
geometrical quantities Rμν , R, Kμν , K are the contracted
third curvatures, while Sμν and S are the v-Ricci curvature
tensors, and the v-scalar curvature, respectively. Moreover,
Tμν denotes the ordinary matter energy–momentum tensor,
while T i

μν is the internal energy–momentum tensor.
An interesting Finslerian approach to gravity was intro-

duced in [34], with the main focus on the Finslerian inter-
pretation of the particle motion in a gravitational field. For
detailed presentations of the Finslerian type extensions of
general relativity see [35]. The Schwarzschild type Finsle-
rian metrics were considered in [36,37].

The vector bundle point of view was adopted to propose a
system of Einstein type gravitational field equations in [38].
The basic idea of this approach is to consider the field y as
a fibre at the point x of the base x manifold. For this vector
bundle the total space is constructed as a unification of the
x and y fields [39]. The adapted frame is defined for these
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unified fields as

XA =
(

δ

δxλ
= ∂

∂xλ
− Ni

λ

∂

∂yi
,

∂

∂yi

)
,

X A =
(

dxκ , δyi = dyi + Ni
λdxλ

)
, (4)

where XA is the adapted basis of the tangent space TxM ,
while X A is the adapted cobasis in the cotangent space
T ∗
x M . In Eq. (4) the indices A, B take the values A, B =

(κ, i) ∈ {0, 1, 2, 3, ..., 7}, while λ, κ = 0, 1, 2, 3. More-
over, Ni

λ denotes the nonlinear connection. The frame (4)
is adapted to the metric G = (GAB), given by G =
gλκ(x, y)dxκdxλ + gi j (x, y)δyiδy j . On the total space the
gravitational field equations are postulated to have the stan-
dard form, RAB − (1/2)RGAB = τAB , where τAB is the
matter energy–momentum tensor, and they can be decom-
posed to take the form [38]

Rλν − 1

2
(R + S)gλν = τλν,

1
Piλ = τiλ,

2
Pλi = −τλi , (5)

Si j − 1

2
(R + S)gi j = τi j . (6)

An alternative approach to the Finslerian geometric type
gravity was proposed in [40], by assuming that the Einstein
vacuum equations are given by H = Hi

i = 0, with Hi
k con-

structed from the first and second derivatives of the quantity
Gl = γ l

jk ẋ
j ẋ k/2. For a Riemannian metric, the gravitational

field equation reduce to the general relativistic Einstein grav-
itational field equations. Finslerian type solutions of the field
equations can also be obtained.

An interesting and important class of Finsler space are
the Berwald–Finsler spaces. In these geometries a particular
set of gravitational field equations was introduced and dis-
cussed in [41]. To obtain the gravitational field equations in
the Berwald–Finsler space the Bianchi identities satisfied by
the Chern curvature have been used. The geometric part of
the gravitational field equation is nonsymmetric in general,
indicating that the principle of the local Lorentz invariance
is not satisfied.

Finsler type gravitational field equations have been
obtained from a Finsler–Lagrange function L in [42], with the
use of a variational principle, The field equations are given
by

2R − L

3
gLi j R·i · j + 2L

3
gLi j

[
(∇Pi )· j + Pi | j − Pi Pj

] = 0,

(7)

where gLi j = 1
2

∂2L
∂ ẋ i ∂ ẋ j = 1

2 L ·i · j , R.i. j is the geodesic devi-
ation operator, R is its trace, and P is the Landsberg ten-
sor. The action from which the above field equations can
be derived is given by S[L] = ∫

⊂T M vol()R| , where
 = {(x, ẋ) ∈ T M |F(x, ẋ) = 1} is the unit tangent bundle,

and vol() is the volume form on , constructed with the
use of the Finsler metric.

In its Riemannian formulation the theory of General Rel-
ativity was extremely successful in explaining the gravi-
tational phenomenology at the level of the Solar System,
where it passes all high precision observational tests, includ-
ing the light deflection, the perihelion advance of Mercury,
the Shapiro time delay, the Nordtvedt effect in lunar motion,
and frame-dragging, respectively [43]. An important confir-
mation of the predictions of general relativity is represented
by the experimental detection of the gravitational waves [44],
which opened a deep view on the Universe, also leading, for
example, to a new perspective on the mass distribution of
the neutron stars [45]. However, when extended to gravita-
tional systems far bigger than the Solar System, namely, at
the galactic and cosmological scales, General Relativity is
facing a number of very serious difficulties, whose solutions
may require a fundamental change in our view of the gravi-
tational interaction.

The precise measurements of the temperature fluctuations
of the Cosmic Microwave Background Radiation (CMBR)
by the Planck satellite [46,47], together with the astrophys-
ical observations of the distant supernovae, extending up to
a redshift of z ≈ 2 [48–55] have firmly indicated that the
present-day Universe is in a phase of accelerating expan-
sion. Moreover, the amazing result that its matter content
consists of only 5% baryonic matter has also been confirmed.
Hence, these observations strongly point out that 95% of the
matter-energy content of the Universe consists of two main
(and mysterious) components, dark energy and dark matter,
respectively.

An explanation of these cosmological observations can be
obtained if one reintroduces in the Einstein gravitational field
equations of the cosmological constant �, first introduced by
Einstein in 1917 [56]. For discussions about the history of the
cosmological constant, and its possible interpretations see
[57–59]. The corresponding cosmological model, obtained
by also adding a cold dark matter component in the Einstein
field equations is called the �CDM model, and it has become
one of the main theoretical tool for the understanding of the
cosmic dynamics.

The �CDM paradigm can give excellent fits to the obser-
vational data. However, due to the lack of a convincing the-
oretical basis, and of the many problems raised by the cos-
mological constant itself, the physical basis of the �CDM
model is (at least) uncertain. Therefore, to obtain a mathe-
matically, physically and observationally consistent descrip-
tion of the Universe, three major, and distinct, theoretical
approaches have been proposed, called the dark components
model, the dark gravity model, and the geometry-matter cou-
pling model, respectively [60]. The dark components model
[61–65] postulates that the basic constituents of Universe are
dark energy, and dark matter, respectively, of (yet) unknown
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physical origin. There are many proposals for the nature of
these dark constituents. A simple dark energy model can be
obtained in the framework of the quintessence models [66–
70], in which the dynamics of the Universe is determined by
a single self-interacting scalar field φ, in the presence of a
potential V (φ). For the quintessence models the gravitational
action is given by

S =
∫ [

M2
p

2
R − ∂μφ∂μ − V (φ)

]
√−gd4x, (8)

where R is the Ricci scalar, and Mp denotes the Planck mass.
In the dark gravity approach it is proposed that to explain

the gravitational interaction that changes on astrophysical
(galactic) and cosmological scales, one must go beyond the
Riemannian geometry of general relativity, and that more
general geometries must be used for a theoretical description
of gravity. In this direction theories in the presence of tor-
sion [71–74], of nonmetricity [75–80], or in the Weitzenböck
geometry [81,82] have been intensively investigated. The
third theoretical approach to the gravitational phenomenol-
ogy assumes that ordinary matter may play a dominant role
in the cosmological dynamics due to its coupling with geom-
etry, via a curvature – matter coupling that could explain the
observed gravitational phenomenology [83–87]. For reviews
of modified gravity models see [88–92]. For a detailed anal-
ysis of theories with geometry-matter coupling see [93].

In the dark gravity approach, which goes beyond the
mathematical formalism of the Riemann spaces, Finsler type
cosmological models represent an interesting alternative to
the standard �CDM model, as geometric explanations, or
replacements, of dark energy, and perhaps even of dark mat-
ter. Many studies have been devoted to the applications of
the Finsler geometry in cosmology, with the goal of under-
standing from a new point of view the dynamical evolution
of the cosmic structures [94–121].

In particular, in [121], the cosmological implications of the
Kropina geometry have been investigated in detail, by using
the mathematical formalism of the osculating Finsler spaces,
in which the internal variable is a function of the base man-
ifold coordinates only. Moreover, in order to describe grav-
itational phenomena, the Barthel connection was adopted,
which has the remarkable property that it is the Levi-Civita
connection of a Riemannian metric. To describe the gravita-
tional phenomena it was assumed that in the Barthel–Kropina
geometry the Ricci type curvatures are related to the mat-
ter energy–momentum tensor by the standard Einstein equa-
tions. The generalized Friedmann equations in the Barthel–
Kropina geometry have been derived by considering that the
background Riemannian metric is of Friedmann–Lemaitre–
Robertson–Walker (FLRW) type. The model admits a de Sit-
ter type solution, and an effective fluid type dark energy com-
ponent, described by an effective energy density and ther-

modynamic pressure, related by a linear equation of state,
can also be obtained. A preliminary comparison of the dark
energy model with the observational data and with the stan-
dard �CDM model was also performed, and it was found that
the Barthel–Kropina-FLRW type models give a satisfactory
description of the observations.

It is the goal of the present paper to perform a detailed com-
parison between the theoretical predictions of the Barthel–
Kropina dark energy model, and the cosmological observa-
tions. The Barthel–Kropina dark energy model contains three
free parameters, the coefficient of the equation of state ω, and
the present day values of the coefficient of the one form β,
and of its derivative, respectively. To find the values, and
the constraints, on these parameters, we used the statistical
MCMC approach, with the Bayesian technique. Moreover,
we fit the theoretical predictions with two different obser-
vational samples, containing Hubble data, and the Pantheon
data. Hence, we can obtain in this way the best fit values of
the model parameters. With the fitted values of the param-
eters we perform a cosmographic (statefinder) analysis of
the model, by investigating the behaviors of the deceleration
parameter, and of the jerk and snap parameters, respectively.
The Om(z) diagnostic is also considered. In all cases, by
using the fitted values of the model parameters, we compare
the Barthel–Kropina model with the standard �CDM model.

The present paper is organized as follows. In Sect. 2 we
briefly review the basic Finsler geometric concepts used in
the construction of the gravitational model, including the
definitions of the Barthel connection, and of the osculat-
ing Finsler geometry. The basic principles of the Barthel–
Kropina cosmology are introduced in Sect. 3, where the
generalized Friedmann equations are also written down. We
present the Barthel–Kropina dark energy model, and discuss
its properties in Sect. 4. A detailed comparison of the theo-
retical predictions of the model and the observational data is
performed in Sect. 5. We discuss and conclude our results in
Sect. 6.

2 Quick introduction to Finsler geometry, (α, β)

metrics, and the Barthel connection

In the present Section we will briefly review the basic con-
cepts of the Finsler geometry to be used in the cosmolog-
ical applications. Specifically, we focus on the concept of
Finsler and (α, β)-metrics. In our approach the Kropina met-
ric plays a central role, and therefore we will consider it in
some detail. Our investigations are essentially based on the
concept of osculating Finsler spaces, and of the Barthel con-
nection, respectively, which makes necessary a brief presen-
tation of the basics of the Barthel–Kropina geometry. For in
depth presentations of the Finsler geometry, and of some of
its applications, see [4–8].
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Finsler geometry has many applications in classical New-
tonian physics, especially in the description of the dissipa-
tive effects. In classical mechanics the equations of motion
of a system of particles in the presence of external forces
Fi , i = 1, 2, ..., n, which cannot be derived from a poten-
tial, can be obtained from a regular Lagrangian L , defined
on an n-dimensional differentiable manifold M , by using the
Euler–Lagrange equations, given by

d

dt

∂L

∂yi
− ∂L

∂xi
= Fi , i ∈ {1, 2, ..., I } , (9)

The Euler–Lagrange equations (9) are equivalent to a system
of second-order differential equations,

d2xi

dt2 + 2Gi (x, y, t) = 0, i ∈ {1, 2, ..., n} . (10)

From a mathematical point of view, Eq. (10) describe
geodesic motion in a Finsler space.

2.1 Finsler geometry, and particular Finsler spaces

In the present day approach to the basic laws describing nat-
ural phenomena a basic assumption is that time and space
form together a single structure, called the space-time. Math-
ematically, the space-time is described as a four dimensional
differentiable manifold M , on which a pseudo-Riemannian
metric tensor gI J , I, J, K ... = 0, 1, 2, 3, can be defined.
According to the chronological hypothesis, the space-time
distance (interval) between two events x I and x I + dx I is
obtained according to the prescription ds = (

gI Jdx I dx J
)1/2

[122,123]. In Riemannian geometry, the metric tensor gI J is
a function of the coordinates x I of the space-time manifold
only, so that gI J = gI J (x). But more general geometries
than the Riemannian one can also be constructed. One of the
important metrical generalizations of the Riemann geometry
is the Finsler geometry [1,4–8].

Finsler spaces are a class of metric spaces, in which the
distance ds between two neighbouring points x = (x I ) and
x + dx = (x I + dx I ) is obtained according to the relation,

dŝ = F (x, dx) . (11)

The Finsler metric function F , introduced in the above def-
inition, is a positively homogeneous of degree one function
in dx , with the basic property

F (x, λdx) = λF (x, dx) , forλ > 0. (12)

The Finsler metric function F is usually expressed by
using the canonical coordinates (x, y) = (x I , y I ) of the tan-

gent bundle TM, where y = y I
∂

∂x I
, is a tangent vector at x .

By using the canonical coordinates, the Finsler metric tensor

ĝI J is defined according to

ĝI J (x, y) = 1

2

∂2F2 (x, y)

∂y I ∂y J
, (13)

on the tangent bundle TM=TM\0. Hence, we can write
Eq. (11) as dŝ2 = ĝI J (x, y) y I y J . Riemann spaces can
be considered as particular cases of Finsler spaces, obtained
when ĝI J (x, y) = gI J (x), y I = dx I , leading to ds2 =
gI J (x)dx I dx J , respectively. For a discussion on the relation
between Riemann and Finsler geometries see [3,7].

One can also introduce an important additional geometric
quantity, the Cartan tensor Ĉ(x, y), which is defined as

ĈI J K = 1

2

∂ ĝI J (x, y)

∂yK
. (14)

The Cartan tensor gives an estimation of the deviation of
a Finsler geometry from a Riemannian one.

2.1.1 Particular Fisnler geometries - Randers, Kropina and
general (α, β) metrics

There are a large number of special Finsler geometries,
obtained by specifying the functional form of the metric
tensor ĝI J (x, y). One of the first considered Finsler geome-
tries, which has many applications in physics, are the Randers
spaces [16], representing a special type of Finsler structures,
with the Finsler metric function defined as

F =
[
gI J (x)dx

I dx J
]1/2 + AI (x)dx

I = α + β, (15)

where gI J (x) is the metric tensor of a Riemann space, and
AI (x)dx I is a linear 1-form, defined on the tangent bundle
T M .

Another important class of Finsler geometries are the
Kropina spaces [124,125], which are special Finsler spaces
with metrics given by

F (x, y) = gI J (x)y I y J

AI (x)y I
. (16)

A generalization of the above geometries was done by
Matsumoto [126,127], by introducing the concept of the
(α, β) metrics. An (α, β) metric is obtained when the
Finsler metric function F is a positively homogeneous func-
tion F(α, β) of first degree in two variables α (x, y) =[
gI J (x)dx I dx J

]1/2
and β (x, y) = AI (x)y I , respectively.

As for α, we assume that it is a non-degenerate (regular),
and positive-definiteRiemannian metric. Both the Randers
and the Kropina metrics belong to the class of the (α, β)

metrics. In the case of the Randers metric F = α + β, while

F = α2

β
for the Kropina metric. One can also define gen-

eral (α, β) metrics, with the Finsler metric function given
by F(α, β) = αφ (β/α) = αφ (s), where s = β/α, and
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φ = φ(s) is a C∞ positive function, defined on an open
interval (−bo, bo) [121].

For the fundamental metric tensor of the (α, β) metric we
obtain the expression

ĝI J (x, y) = Lα

α
hI J + Lαα

α2 yI yJ + Lαβ

α
(yI AJ + yJ AI )

+Lββ AI AJ , (17)

where we have denoted L = F2/2, and

hI J = α
∂2α(x, y)

∂y I ∂y J
= gI J − yI yJ

α2 . (18)

As usual, the indices α, β of L denote partial differentiation
with respect to α and β, respectively.

2.2 From the Barthel connection to the Y -osculating
Riemann spaces

We now briefly present the two basic mathematical concepts
on which the cosmological applications of the Kropina met-
rics, considered in the present study, are based, namely, the
Barthel connection, and the osculating Finsler spaces.

2.2.1 The Barthel connection

Let’s consider now that (Mn, F) is a Finsler space, defined
on a base manifold Mn . On Mn a vector field Y (x) �= 0 is
also defined. We can define now a particular mathematical
structure (Mn, F(x, y),Y (x)), representing a Finsler space
(Mn, F(x, y)) which has a tangent vector field Y (x). For
a vector Y that does not vanish in any point on M , the
Finslerian metric ĝ(x, y) generates the Y -Riemann metric
ĝY (x) = ĝ(x,Y ).

Point Finsler spaces represent an important class of Finsler
spaces. A point Finsler space is an n-dimensional space,
which is locally Minkowskian, and, in general, not locally
Euclidean [128,129]. A general Finsler geometry is inhomo-
geneous and anisotropic, while a Minkowski space is flat,
homogeneous, but still anisotropic. The Finsler n-space can
be called a Barthel–Finsler space, or a point Finsler space.

Let’s assume that a point vector field Y I (x) and a Finsler
metric tensor ĝ(x, y) are given. Then, we define the absolute
differential of the vector Y as [130]

DY I = dY I + Y KbIK H (x,Y )dxH , (19)

where bIK H (x,Y ) denotes the coefficients of the Barthel con-
nection. The coefficients bIK H (x,Y ) are obtained with the
help of the generalized Christoffel symbols γ̂J I H , defined,
as in Riemann geometry, according to the relation

γ̂I J H := 1

2

(
∂ ĝJ I
∂xH

+ ∂ ĝI H
∂x J

− ∂ ĝH J

∂x I

)
. (20)

To obtain the explicit expression of the Barthel connection
bIK H (x,Y ) we write the expressions in the second term of
Eq. (19) as

Y KbIK H = Y K
(
γ̂ I
K H − γ̂ R

K SY
SĈ I

RH

)
, (21)

which allows us to obtain the Barthel connection as [130]

bIK H = γ̂ I
K H − γ̂ R

K SY
SĈ I

RH . (22)

The Barthel connection has several interesting properties.
First of all, it depends on the vector field on which it acts, a
property that does not appear in Riemann geometry. Hence,
the Barthel connection is very different, as compared to the
connections in Riemann geometry. Generally, for anisotropic
metrics, all geometric properties do depend on the direc-
tion. However, for the Barthel connection, the dependence
is only on the direction of the vector field, and not on its
magnitude. Moreover, the Barthel connection is the simplest
connection that keeps the metric function unchanged by the
parallel transport. In the case of Finsler vector fields, which
are functions of both x and y, the Barthel connection permits
a natural transition to the Cartan geometry of the Finsler
spaces. Hence, in the following, we consider the connection
of a point Finsler space as the Barthel connection.

The Barthel connections, unlike the usual Levi-Civita con-
nection of a Riemannian metric, or, more general affine con-
nections, do not live on the base manifold M , but on the total
space of the tangent bundle [7,8]. This important character-
istic may lead to major differences between the geometrical
theories of Finsler and Riemann manifolds.

2.2.2 The Y -osculating Riemann geometry

The concept of osculating Riemann spaces of Finsler geome-
tries was developed by Nazim [131], and it was later studied
in great detail in [132,133]. The osculating approach asso-
ciates to a complex geometric structure, like, for example, a
Finsler geometry, and a Finsler connection, a simpler mathe-
matical format, like a Riemann metric, or an affine or a linear
connection. In doing this one assumes that the simpler, oscu-
lating structure, approximates, in some sense, the most com-
plicated one. Hence, by using the osculation approach, one
can obtain mathematical results that allow the understanding
of the properties of the mathematically more complicated
geometries.

Let’s consider now a local sectionY of πM : T M → M . It
is a basic mathematical result that geometric objects defined
on T M can be pulled back to M . By taking into account that
ĝI J ◦ Y is a function defined on U , we can introduce a new
metric, defined as

ĝI J (x) := ĝI J (x, y)|y=Y (x), x ∈ U. (23)
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The pair (U, ĝI J ) correspond to a Riemannian manifold,
while ĝI J (x) represents the Y -osculating Riemannianmetric
corresponding to (M, F).

The Christoffel symbols of the first kind are defined for
the osculating Riemannian metric (23) as,

γ̂I J K (x) := 1

2

{
∂

∂x J

[
ĝI K (x, Y (x))

] + ∂

∂xK
[
ĝI J (x, Y (x))

]

− ∂

∂x I
[
ĝJ K (x, Y (x))

]}
. (24)

Explicitly, after using the law of the derivative of the com-
posed functions, we find

γ̂I J K (x) = γ̂I J K (x, y)
∣∣
y=Y (x)

+2

(
ĈI J L

∂Y L

∂xK
+ ĈI K L

∂Y L

∂x J
− ĈJ K L

∂Y L

∂x I

)∣∣∣∣
y=Y (x)

,

(25)

where ĈI J L is the Cartan tensor. Therefore, if a non-
vanishing global section Y of T M does exist, with the prop-
ertyY (x) �= 0, ∀x ∈ M , the osculating Riemannian manifold
(M, ĝi j ) can always be defined.

Let’s now consider the case of an (α, β) metric. For this
geometry we choose the vector field Y = A, with AI =
gI J AJ . By taking into account that the vector field A is non-
vanishing globally on M , it follows that β has no zero points.
Therefore, for (α, β) metrics we can define the A-osculating
Riemannian manifold (M, ĝI J ), where the Riemann metric
is given by ĝI J (x) := ĝI J (x, A).

For the length ã of A with respect to α we immediately
obtain ã2 = AI AI = α2 (x, A) and YI (x, A) = AI , respec-
tively.

Explicitly, the A-osculating Riemannian metric can be
written as

ĝI J (x) = Lα

ã

∣∣∣∣
y=A(x)

gI J

+
(
Lαα

ã2 + 2
Lαβ

ã
+ Lββ − Lα

ã3

)∣∣
∣∣
y=A(x)

AI AJ .

(26)

Furthermore, we have the relations β (x, A) = ã2, and
pI (x, A) = 0, Therefore, from the definition of the Cartan
tensor, and its expression for an (α, β) metric, we obtain the
basic result that ĈI J K (x, A) = 0. On the other hand, for
Y = A, we obtain

γ̂I J K (x) = γ̂I J K (x, y)
∣∣
y=A(x) . (27)

Hence, we obtain the fundamental result that for an (α, β)-
metric, theBarthel connection – the linear A-connectionwith
AI = (

gI J AJ
)
, is nothing but the Levi-Civita connection of

the A-Riemannian metric. After evaluating the fundamental

tensor gi j (x, y) of (M, F) at (x,Y (x)), one obtains a Rie-
mannian metric gY on M , having its own Levi-Civita con-
nection.

2.3 The generalized curvature tensor

As we have already seen, the Barthel connection, having local
coefficients

(
bABC (x)

)
, is an affine connection. The curva-

ture tensor of an affine connection, with local coefficients(
�A
BC (x)

)
, is generally given by

RA
BCD = ∂�A

BD

∂xC
− ∂�A

BC

∂xD
+ �E

BD�A
EC − �E

BC�A
ED. (28)

Hence, the curvature of the Barthel connection can be
obtained from the above equation by taking

(
�A
BC (x)

) =(
bABC (x)

)
. In the case of the Kropina metric F = α2/β, on

which we will focus in the following, the Barthel connection
is identical with the Levi-Civita connection of the osculating
metric ĝAB(x) = gAB (x, A(x)), where AI (x) are the com-
ponents of the one-form β, and gAB is the fundamental ten-
sor of F . Therefore, by taking into account that bABC = γ̂ A

BC ,
where γ̂ A

BC are the Levi-Civita connection coefficients, we
obtain for the curvature tensors of the Kropina metric the
expressions

R̂ A
BCD = ∂γ̂ A

BD

∂xC
− ∂γ̂ A

BC

∂xD
+ γ̂ E

BD γ̂ A
EC − γ̂ E

BC γ̂ A
ED, (29)

and

R̂BD =
∑

A

[
∂γ̂ A

BD

∂x A
− ∂γ̂ A

BA

∂xD
+

∑

E

(
γ̂ E
BD γ̂ A

E A − γ̂ E
BAγ̂ A

ED

)]

,

(30)

respectively, where the indices A, B,C, D, E takes values
in the set {0, 1, 2, 3}, R̂BD = R̂ A

BAD , and R̂B
D = ĝBC R̂CD ,

respectively [120]. Finally, the generalized Ricci scalar is
defined as R̂ = R̂B

B .

3 Review of the Barthel–Kropina cosmological model

In the present Section we will review the basics and the
background evolution of the Barthel–Kropina cosmologi-
cal model, as introduced in [121]. The generalized Barthel–
Kropina–Friedmann equations will represent the theoretical
basis for the detailed comparison of this cosmological model
with the observations. Moreover, they offer a deeper insight
into the mathematical and physical structure of the model,
and into the possible relevance of the Finsler geometric struc-
ture for the understanding and description of the cosmolog-
ical dynamics.
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3.1 Metric and thermodynamic quantities

The Barthel–Kropina cosmological model is based on a
Finsler type (α, β) geometry, in which the fundamental met-
ric function of the geometry is defined as F = α2/β, with
α a positive non-degenerate Riemann metric, and β an one
form. In the following we adopt a coordinate system with(
x0 = ct, x1 = x, x2 = y, x3 = z

)
.

To build-up consistently a cosmological model based on
the Kropina metric function, we need to supplement the
Finsler framework with several mathematical and physical
assumptions [121], which we list below:

a. The Riemann metric gI J (x) is Friedmann–Lemaitre–
Robertson–Walker. We postulate that the metric in α is given
by the Friedmann–Lemaitre–Robertson–Walker (FLRW)
metric,

ds2 =
(

dx0
)2 − a2

(
x0

) [(
dx1

)2 +
(

dx2
)2 +

(
dx3

)2
]

,

(31)

that the Universe is homogeneous and isotropic, with a uni-
form flow of the cosmological time t .

b. Validity of the Cosmological Principle. We assume the
validity of the Cosmological Principle throughout the large
scale Universe, by requiring that all geometrical and physical
quantities depend on the cosmological time only. Thus, in the
one-form β, the components of the vector A depend on the
cosmological time only, AI = AI

(
x0

)
.

c. The vector A has only one time-like independent compo-
nent, A0

(
x0

)
. We assume that the space-like components of

A vanish, so that A1 = A2 = A3 = 0. The non-satisfaction
of this condition leads to the violation of the Cosmological
Principle, and to the existence of a preferred direction in the
Universe. But this would contradict the observationally well
confirmed large scale spatial isotropy of the Universe. There-
fore, in the following we consider that the 1-form field β has
the form

(AI ) = (a
(
x0

)
η

(
x0

)
, 0, 0, 0) = (AI ), (32)

where by η
(
x0

)
we have denoted an arbitrary function of the

cosmological time.
d. Matter comoves with the cosmological expansion. We

assume that in the Barthel–Kropina geometry a comoving
frame, in which all observers move together with the Hubble
flow in the Riemannian geometry described by the metric
gI J (x).

e. Matter and thermodynamics. We assume that the mat-
ter content of the Universe can be described as a perfect
fluid, characterized by two thermodynamic quantities only,
the energy density ρc2, and the thermodynamic pressure p,
respectively. Since the matter is comoving with the cosmo-

logical expansion, and the Universe is homogeneous and
isotropic, the only non-vanishing components of the matter
energy–momentum tensor T̂AB are

T̂ 0
0 = ρc2, T̂00 = ĝ00T̂

0
0 , T̂ k

k = −p, T̂ii = −ĝik T̂
k
i . (33)

f. Gravity from geometry. We postulate that the Einstein
gravitational field equations are given in the Barthel–Kropina
geometry by

R̂BD − 1

2
ĝBD R̂ = κ2T̂BD, (34)

where G and c are the Newtonian gravitational constant,
and the speed of light, respectively, and κ2 = 8πG/c4 is
the gravitational coupling constant. T̂BD denotes the matter
energy–momentum tensor, obtained in the usual way from
the standard thermodynamic quantities, with the help of the
Finslerian metric tensor ĝBD .

Therefore, from the previous assumptions, we can sum-
marize the mathematical structure of the Barthel–Kropina-
FLRW cosmological model as follows [121],

(i) (AI ) = (
a

(
x0

)
η

(
x0

)
, 0, 0, 0

) = (
AI

)
;

(ii) (gI J ) =

⎛

⎜⎜
⎝

1 0 0 0
0 −a2(x0) 0 0
0 0 −a2(x0) 0
0 0 0 −a2(x0)

⎞

⎟⎟
⎠ ;

(iii) α|y=A(x) = a(x0)η(x0);
(iv) β|y=A(x) = [a(x0)η(x0)]2.

3.2 The generalized Friedmann equations for the
background cosmological evolution

The Einstein gravitational field equations in the Barthel–
Kropina-FLRW geometry,

Ĝ00 = 8πG

c4 ĝ00ρ, Ĝii = −8πG

c4 ĝi i p, (35)

gives the generalized Friedmann equations for the back-
ground cosmological evolution, which take the form [121],

3(η′)2

η2 = 8πG

c2

1

a2η2 ρ, (36)

and

2
η′′

η
+ 2Hη′

η
− 3

(η′)2

η2 = 8πG

c4

p

a2η2 , (37)

respectively, where we have denoted H = (
1/a

(
x0

))

(
da

(
x0

)
/dx0

)
. By eliminating the term −3

(
η′)2 by using

Eq. (36), Eq. (37) takes the simple form

aη
d

dx0

(
η′a

) = 4πG

c4

(
ρc2 + p

)
. (38)

The set of the generalized Friedmann equations in the
Barthel–Kropina geometry consists of two equations with
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four unknowns (a, η, ρ, p). Even after imposing an equation
of state for the ordinary matter, p = p(ρ), the system of
generalized Friedmann equations is still underdetermined.
Hence, to close it, we need to impose an independent relation
between two of the model parameters.

a. Conservation of matter and energy. In standard Fried-
mann cosmology the matter energy-density is conserved.
This is not the case in the Barthel–Kropina-FLRW model.
The matter energy–momentum balance equation can be
obtained easily by multiplying Eq. (36) with a3, and tak-
ing the derivative of the result with respect to x0. By com-
bining this relation with the second generalized Friedmann
equation, we find the energy balance equation in the Barthel–
Kropina-FLRW cosmology as given by [121],

8πG

c4

[
d

dx0

(
ρc2a3

)
+ p

d

dx0 a
3
]

= 6a5
[
H (

η′)2

+ (
η′ + Hη

)
η′′ + H2ηη′]. (39)

We can also rewrite the energy balance equation in a form
that is closer to the standard general relativistic result as

4πG

c4

[
d

dx0

(
ρc2a3

)
+ p

d

dx0 a
3
]

= 3a5
[

8πG

2c4

(
5

3
ρc2 + p

) H
a2 + η′η′′

]
. (40)

b. Recovering standard General Relativistic cosmology.
An important characteristics of the cosmological equations
of the Barthel–Kropina-FLRW model, Eqs. (36) and (37),
respectively, is that they reduce to the standard Friedmann
equations of general relativity in the limit η → ±1/a, β =
(1, 0, 0, 0),

3(a′)2

a2 = 8πG

c2 ρ, 2
a′′

a
+ (a′)2

a2 = −8πG

c4 p. (41)

The Friedmann equations of standard general relativistic
cosmology lead to the conservation of the energy density
ρ, which takes the form, ρ̇ + 3H

(
ρ + p/c2

) = 0, where
by a dot we have denoted the derivative with respect to the
cosmological time t , and we have introduced the standard
Hubble function defined as H = cH.

4 The Barthel–Kropina dark energy model

In the present Section we will introduce the Barthel–Kropina
dark energy model, which is based on an appropriate split-
ting of the generalized Friedmann equations (36) and (37).
More exactly, after introducing an appropriate representa-
tion for the coefficient η of the one-form β, which brings the
cosmological field equations to a form similar to the stan-
dard Friedmann equations, we will interpret the extra terms
in these equations as describing a dynamical cosmological

dark energy, whose effective energy density and pressure can
be related by a linear equation of state.

4.1 Alternative representation of the generalized
Friedmann equation

In order to bring the Barthel–Kropina-FLRW cosmological
equations to a form as close as possible to the Friedmann
equations of general relativity, we represent the function η in
a general form as

η
(
x0

)
= 1

a
(
x0

)
[
1 + ψ

(
x0

)]
, (42)

where ψ
(
x0

)
is a time dependent arbitrary function, which

must be determined from the field equations. For this form
of η, the generalized Friedmann equations of the Barthel–
Kropina-FLRW model take the form [121],

3

(
a′)2

a2 = 8πG

c2 ρ + 6(1 + ψ)ψ ′H − 3
(
ψ ′)2

−3(2 + ψ)ψH2

= 8πG

c2 ρ + ρDE, (43)

and

2a′′

a
+

(
a′)2

a2 = −8πG

c4

p

(1 + ψ)2 + 4
ψ ′

1 + ψ
H − 3

(
ψ ′)2

(1 + ψ)2

+2
ψ ′′

1 + ψ
= −8πG

c4

p

(1 + ψ)2 + pDE, (44)

respectively, where we have denoted

ρDE = 6(1 + ψ)ψ ′H − 3
(
ψ ′)2 − 3(2 + ψ)ψH2, (45)

and

pDE = 4
ψ ′

1 + ψ
H − 3

(
ψ ′)2

(1 + ψ)2 + 2
ψ ′′

1 + ψ
, (46)

respectively. For ψ → 0, and η → 1/a, we reobtain the
Friedmann equations of standard cosmology. The general-
ized Friedmann equations describe the evolution of the Uni-
verse with the standard general relativistic evolution modi-
fied by the presence of extra terms generated by the Finsler
geometric effects in the cosmological space-time.

4.2 Dark energy, and its equation of state

We interpret the extra terms in Eqs. (43) and (44) as describ-
ing an effective, dynamical geometrical fluid type dark
energy, with energy density ρDE, and pressure pDE, respec-
tively. To obtain an effective dark energy term, we impose
on the geometric fluid the equation of state

pDE = ωρDE, ω = constant, (47)
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which gives for the function ψ the following differential
equation,

2ψ ′′

1 + ψ
+ 2H

[
−3ω(1 + ψ) + 2

1 + ψ

]
ψ ′

+3

[
ω − 1

(1 + ψ)2

] (
ψ ′)2 + 3ωψ(2 + ψ)H2 = 0. (48)

The energy density and the pressure of the dynamical cos-
mological dark energy are dependent on the scale factor, and
on the properties of coefficient η of the one form β.

In the limit of small values of ψ
(
x0

)
, ψ

(
x0

)
<< 1, corre-

sponding to small deviations from standard general relativity,
and in the de Sitter limit, with H = H0 = constant, Eq. (48)
can be written as

ψ ′′ + H0(2 − 3ω)ψ ′ + 3H0ωψ = 0, (49)

where we have also neglected the small term containing(
psi ′

)2. Equation (49) has the general solution

ψ
(
x0

)
= e(3ω−2)H0x0

(
C1e

√
δH0x0 + C2e

−√
δH0x0

)
, (50)

where C1 and C2 are arbitrary constants of integration, and
δ = 9ω2 − 24ω + 4. delta is negative for ω in the range
ω ∈ (0.1, 2.5), and hence for these values of the equation
of state parameter, and in the de Sitter regime, psi has an
oscillatory behavior. For small values ofω, so thatω << 2/3,
ψ becomes a constant, ψ = C1.

We will consider in the following only the late time cosmo-
logical evolution of the Universe, and hence we will assume
that the ordinary matter pressure vanishes, p = 0.

4.3 Cosmological evolution in the redshift space

In order to simplify the mathematical formalism, and to
bring it closer to the observational data, we introduce the
dimensionless time parameter τ , defined as τ = H0x0,
as well as the normalized Hubble function h, defined as
H = H0h, with H0 = H0/c, and H0 denoting the present
day value of the Hubble function. Furthermore, we denote
σ(τ) = dψ(τ)/dτ .

Hence, the basic equations describing the time dynam-
ics of the generalized Friedmann equations of the Barthel–
Kropina-FLRW cosmological model take the form

dψ

dτ
= σ, (51)

2
dh

dτ
+ 3h2 = 4h

σ

1 + ψ
− 3

σ 2

(1 + ψ)2 + 2

1 + ψ

dσ

dτ
, (52)

2

1 + ψ

dσ

dτ
+ 2h

[
2

1 + ψ
− 3ω(1 + ψ)

]
σ

+3

[
ω − 1

(1 + ψ)2

]
σ 2 + 3ωψ(2 + ψ)h2 = 0. (53)

We also introduce the critical matter density ρc =
3H2

0 /8πG, as well as the matter density parameter defined
according to �m = ρ/ρc. Then, from the first generalized
Friedmann equation we obtain the matter density parameter
in the form

�m = h2 + σ 2 + (2 + ψ)ψh2 − 2(1 + ψ)hσ. (54)

To allow a direct confrontation of the theoretical model
with the observations, we will reformulate the cosmological
Barthel–Kropina-FLRW evolution equations in terms of the
redshift variable z, defined as 1 + z = 1/a. Hence, in the
redshift space the system of equations (51)–(53) take the form

−(1 + z)h
dψ

dz
= σ, (55)

−2(1 + z)h
dh

dz
+ 3h2 = 4h

σ

1 + ψ
− 3

σ 2

(1 + ψ)2

−2(1 + z)
h

1 + ψ

dσ

dz
, (56)

−2(1 + z)
h

1 + ψ

dσ

dz
+ 2h

[
2

1 + ψ
− 3ω(1 + ψ)

]
σ

+3

[
ω − 1

(1 + ψ)2

]
σ 2 + 3ωψ(2 + ψ)h2 = 0. (57)

The matter density parameter is obtained in the redshift
space as

�m = h2
[

1 + (1 + z)2
(

dψ

dz

)2

+ (2 + ψ)ψ

+2(1 + z)(1 + ψ)
dψ

dz

]
. (58)

The general properties of a cosmological model can be
extracted from the study of a number of specific observational
quantities. The first such quantity we will consider is the
deceleration parameter, defined as

q = d

dτ

1

H
− 1 = −1

a

d2a

dτ 2

[
1

a

da

dτ

]−2

. (59)

The deceleration parameter of the Barthel–Kropina-FLRW
cosmological model can be obtained explicitly in the form

q = 1

2
+ 3

2

8πG
c4

p
(1+ψ)2 − pDE

8πG
c2 ρ + ρDE

. (60)

We will also investigate the behavior of the jerk and snap
parameters j and s, defined according to

j = 1

a

d3a

dτ 3

[
1

a

da

dτ

]−3

= q(2q + 1) + (1 + z)
dq

dz
, (61)

and

s = 1

a

d4a

dτ 4

[
1

a

da

dτ

]−4

= j − 1

3
(
q − 1

2

) , (62)

respectively.
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5 Cosmological tests of the Barthel–Kropina dark
energy model

In the present Section we will perform a detailed compari-
son between the predictions of the Barthel–Kropina-FLRW
dark energy model, and we will also investigate the obser-
vational constraints on the model. In our analysis we are
going to use two observational datasets, the H(z) data, and
the Pantheon data set, which contain 57, and 1048 points,
respectively. From the comparison with the cosmological
data we find the best fit ranges of the four free parameters of
the Barthel–Kropina dark energy model, (ω, σ0, ψ0), which
must be considered together with the present day value of
the Hubble function h. To constrain the cosmological model
parameters, we use the standard Bayesian technique, and
likelihood function approach, along with the Markov Chain
Monte Carlo (MCMC) method. Once the best fit values of the
model parameters are known, we will investigate the model
from a cosmographic point of view, by analysing the evo-
lution of the deceleration, jerk, and snap parameters. In all
cases we compare the model predictions with the standard
�CDM cosmological model.

5.1 Methodology

Presently, a large amount of observational data, obtained
from different cosmological observations, such as Super-
novae type Ia, Baryon Acoustic oscillations (BAO), Cos-
mic Microwave Background (CMB), and Hubble rate mea-
surements, respectively, can be used to test cosmological
theories. This comparison between observation and theory
allows to clearly discriminate between observationally sup-
ported models, and the unsupported ones. Due to the presence
of a large amount of data, statistical analysis and methods
are necessary to confront theoretical models and observa-
tional data. The estimation of the cosmological parameters
is performed in the framework of the Bayesian inference
[134,135]. In this approach the model parameters are con-
sidered as random variables, described by probability dis-
tributions. In the Bayesians interpretation probabilities are
considered as a degree of belief in a hypothesis. Mathemati-
cally, this is expressed by Bayes’ theorem,

P(H |D) = L(D|H)P(H)

P(D)
, (63)

where D denotes the observational/experimental data, while
H denotes the hypothesis to be tested, which usually can be
considered as the parameters of the model, or the model itself.
Moreover, P(H |D), P(H), and P(D), respectively, denote
the posterior distribution, the prior distribution, and the evi-
dence. The later is a normalization factor, often omitted, since
it is model independent. On the other hand, P(H) is taken
mainly from previous experiments, and acquired information

about the parameters. For a flat prior, i.e., for P(H) = 1,
Bayes’ theorem takes the form,

P(H |D) ∝ L(D|H). (64)

Although Bayes’ theorem seems very simple, it relates
the posterior distribution P(H |D) to the easily computable
quantity, L(D|H), which expresses the probability of the
hypothesis being true. In the case where the errors follow a
Gaussian distribution, the likelihood function takes the form,

χ2(θ) = −2 lnL(θ). (65)

To estimate the model parameters, we look for the param-
eters vector maximizing the posterior distribution, i.e., θ̂b.f.1

From Eq. (65), one can see that maximizing the posterior
distribution is practically the same as minimizing the Chi-
squared function. The above results indicate the theoretical
framework of the parameters inference.

In order to infer the best fit values of the cosmological
parameters we use the Markov Chains Monte Carlo (MCMC)
method [136]. In what follows, we give a short description
to the basic concepts of the MCMC approach, taking as an
example the Metropolis-Hasting algorithm [137]. We sum-
marize the MCMC algorithm used in the present study in five
steps:

(a) Choose a starting point, which could be just a guess,
or it could be based on a previous estimates, or theoretical
inferences.

(b) Generate a new point from a proposed initial distribu-
tion, which is in general a multivariate normal distribution.

(c) Compare the posterior height of the new proposal to
the posterior height of the current points. If the new proposal
has a higher posterior value than the most current state, then
accept the new proposal. If not, choose to accept, or reject
randomly, the new proposal.

(d) Attribute the new proposal to the next sample, if it is
accepted, otherwise copy the most recent sample to the next
sample.

(e) Repeat the above steps, except initialization, until run-
ning all the iterations.

To graphically present the errors in two dimensions, as
well as the correlations between the estimated model param-
eters, it is convenient to plot the iso-probability contours,

χ2 = χ2
min + �χ2(ν, nσ), (66)

where χ2
min = χ2(θ̂b.f) is the minimal Chi-square value, and

�χ2 is the desired confidence level, calculated as follows,

�χ2(ν, nσ) = 2G
(

ν

2
, 1 − erf

(
nσ√

2

))
, (67)

where μ and nσ denote the number of free parameters, and
the confidence interval, respectively, while G is the inverse of

1 We denote the best fit parameters, or the best fit vector, by b. f .
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the regularized �(x) function. Moreover, erf(x) is the error
function, given by,

erf(x) = 2√
π

∫ x

0
e−t2 dt. (68)

To figure out which model gives the best description of the
observational data we use the corrected Akaike’s Information
Criterion (AICc), given by [138],

AICc = χ2
min + 2Nf + 2Nf(Nf + 1)

NTot − Nf − 1
, (69)

whereNf andNTot denote the number of free parameters, and
the total data points used in the observational confrontation,
respectively.

The AICc is a very powerful tool when it comes to classify
a set of models according to their statistical significance.
By definition, the model with the minimal AICc is the most
supported, and taken to be a reference. In practice, we are
interested in the quantity

�AICc = AICc,model − AICc,reference, (70)

which reveals how much each model is statistically close
to the reference model. If 0 < �AICc < 2, the model is
substantially supported, and if 4 < �AICc < 7, the model
has less observational support. Models with �AICc > 10
are not supported with respect to the reference model.

5.2 Data description

In the present Section we briefly present the observational
datasets used for the tests of the Barthel–Kropina cosmolog-
ical model.

5.2.1 H(z) dataset

In order to obtain strong constraints on the cosmological
model parameters one must confront it with several observa-
tional datasets. In our analysis of the Barthel–Kropina dark
energy model, to constrain the model parameters, we make
use of the H(z) measurements, together with the Pantheon
sample. In general, Hubble data can be derived by measuring
the BAO in the radial direction of galaxy clustering [139], or
by the differential age approach, in which the redshift depen-
dence of the Hubble function is given by,

H(z) = − 1

1 + z

dz

dt
,

where dz/ dt is inferred from two passively evolving galaxies.
In our analysis, 57 data points for H(z), distributed in the
redshift range 0.07 � z � 2.42.

To estimate the model parameters ω, σ0, ψ0 and h, we
compare the theoretical expectations of the Barthel–Kropina
model with the uncorrelated Hubble measurements, using the

Chi-square function, defined as

χ2
H (ω, σ0, ψ0, h)

=
57∑

i=1

[Hth (zi , ω, σ0, ψ0, h) − Hobs (zi )]2

σ 2
H(zi )

, (71)

where Hth , Hobs and σH(zi ) represent the model prediction,
the observed value of Hubble rate, and the standard error
at the redshift zi , respectively. The numerical values of the
Hubble function at the corresponding redshifts are presented
in Table 1.

5.2.2 Pantheon dataset

The observation of type Ia supernova (SN Ia) had played a
key role in the discovery of the comic accelerating expansion.
Thus far, SN Ia are one of the most effective tools for investi-
gating the nature of the dark energy. During the recent years,
various supernova data compilations have been released. We
cite for instance Union [140] , Union2 [141] and Union2.1
[142] from the Supernova Cosmology Project, Joint Light-
cure Analysis (JLA) [143] and the Pantheon data2 [144]. The
later, contains 1048 spectroscopically confirmed SN Ia cov-
ering the redshift range 0 < z < 2.3. Besides, SN Ia are
astrophysical objects, considered as standard candles, which
measure relative distances. Therefore, SN Ia sample are used
via the distance modulus μ = m − M , where m denotes the
apparent magnitude of a given SN Ia.

The Chi-square of the SN Ia dataset is given by

χ2
SN = �μT . C−1

SN . �μ. (72)

Here CSN is the covariance matrix, and �μ = μobs − μth,
where μobs denotes the observed distance modulus of a given
SN Ia, while μth is the theoretical distance modulus, given
by

μth(z) = 5 log10
DL(z)

(H0/c)Mpc
+ 25, (73)

where H0 is the Hubble rate at the present time, and c is
the speed of light. For the flat, homogeneous and isotropic
Friedmann–Lemaître–Robertson–Walker (FLRW) Universe,
the luminosity distance, DL , is expressed as follows,

DL(z) = (1 + z)H0

∫ z

0

dz′

H (z′)
. (74)

Since we also constrain the free parameters of the model,
i.e., ω, σ0, ψ0, h by using the Pantheon sample, and there-
fore,

χ2
SN(ω, σ0, ψ0, h) = �μT (ω, σ0, ψ0, h) × C−1

Pantheon

×�μ(ω, σ0, ψ0, h). (75)

2 An update of the Pantheon sample was recently released [145].
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Table 1 The 57 data points of the Hubble parameter considered in the present paper

Observational Hubble parameter data

z H(z) σH References z H(z) σH References

0.070 69 19.6 [146] 0.51 90.4 1.9 [152]

0.120 68.6 26.2 [146] 0.52 94.35 2.64 [149]

0.170 83 8 [147] 0.56 93.34 2.3 [149]

0.1791 75 5 [150] 0.57 87.6 7.8 [155]

0.1993 75 5 [150] 0.57 96.8 3.4 [156]

0.200 72.9 29.6 [154] 0.59 98.48 3.18 [149]

0.240 79.69 2.99 [139] 0.593 104 13 [150]

0.270 77 14 [147] 0.60 87.9 6.1 [153]

0.280 88.8 26.6 [154] 0.61 97.3 2.1 [152]

0.300 81.7 6.22 [148] 0.64 98.82 2.98 [149]

0.310 78.18 4.74 [149] 0.6797 92 8 [150]

0.340 83.8 3.66 [139] 0.73 97.3 7 [153]

0.350 82.7 9.1 [151] 0.7812 105 12 [150]

0.3519 83 4 [150] 0.8754 125 17 [150]

0.360 79.94 3.38 [149] 0.880 90 40 [146]

0.380 81.5 1.9 [152] 0.900 69 12 [147]

0.3802 83 13.5 [157] 0.900 117 23 [147]

0.400 95 17 [147] 1.037 154 20 [150]

0.400 82.04 2.03 [149] 1.300 168 17 [147]

0.4004 77 10.2 [157] 1.363 160 33.6 [156]

0.4247 87.1 11 [157] 1.430 177 18 [147]

0.43 86.45 3.97 [139] 1.530 140 14 [147]

0.44 82.6 7.8 [153] 1.750 202 40 [147]

0.44 84.81 1.83 [149] 1.965 186.5 50.4 [156]

0.4497 92.8 12.9 [157] 2.30 224 8.6 [158]

0.470 89 34 [161] 2.33 224 8 [159]

0.4783 80 99 [157] 2.34 222 8.5 [158]

0.480 87.79 2.30 [149] 2.36 226 9.3 [160]

0.480 97 62 [146]

The total Chi-square of the Barthel–Kropina dark energy
model is therefore given by,

χ2
tot(ω, σ0, ψ0, h) = χ2

H + χ2
SN. (76)

5.3 Results

To figure out if the Barthel–Kropina dark energy model is
observationally supported, and to determine the level of this
support, we confront the model with the cosmological obser-
vations by minimizing the χ2 function. Since from the model
we do not have an explicit form of the Hubble parame-
ter, H(z), the system of differential equations defining the
Barthel–Kropina dark energy model, Eqs. ((51)–(53)), is
solved numerically. In practice, to solve a given differential
equation one must define a set of initial conditions. For the
Barthel–Kropina dark energy model, the initial conditions

themselves are free parameters, to be obtained from obser-
vations.

Therefore, the system of differential equations must be
solved for each MCMC iteration, thus obtaining a numeri-
cal solution for H(z) for each MCMC state. Once we have
the numerical solution, we compute the total Chi-square
χ2

tot(ω, σ0, ψ0, h).

5.3.1 Constraining the Barthel–Kropina dark energy model
parameters

In Table 2, we present the best fit, and the mean values of the
Barthel–Kropina dark energy model parameters, with their
corresponding errors. The prior used in this analysis is also
shown.
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Table 2 Summary of the best fit and of the mean values of the free cosmological parameters of the Barthel–Kropina dark energy model

Model Parameter Prior Best fit Mean

�CDM �m [0.001, 1] 0.27859+0.0139588
−0.0139588 0.279249+0.0139493

−0.0139493

h [0.4, 1] 0.691892+0.008881
−0.0088881 0.691857+0.0088838

−0.00888348

Barthel–Kropina ω [0, 6] 2.02382+0.819655
−0.819655 2.53314+0.817497

−0.817497

σ0 [−3, 3] 0.619373+0.0939505
−0.0939505 0.652573+0.0936745

−0.0936745

ψ0 [−3, 3] 0.40882+0.141627
−0.141627 0.458615+0.141176

−0.141176

h [0.4, 1] 0.684579+0.0108078
−0.0108078 0.683052+0.0108017

−0.0108017

Table 3 Summary of the χ2
tot

min
, χ2

red , AICc and �AICc

Model χ2
tot

min
χ2

red A I Cc �AICc

�CDM 1081.5479 0.978776 1085.56 0

Barthel–Kropina 1078.0028 0.975568 1086.04 0.48

5.3.2 Comparison with the �CDM model

To test statistically the Barthel–Kropina dark energy model,
we compare it with the standard �CDM cosmological model.
For that purpose, we use the AICc criterion, which takes into
account the number of free parameters, and the total number
of data points. To obtain a reliable result, we constrain the
�CDM and the Barthel–Kropina dark energy model with the
same data type, i.e., H(z) + Pantheon. The analysis shows
that even that the Barthel–Kropina dark energy model is not
the most favoured (AIC�CDM

c < AICBarthel−−Kropina
c ), it

is still very well supported by observations (�AICc = 0.48)
with respect to the most accepted �CDM model, making the
Barthel–Kropina dark energy model extremely competitive
to the standard model of cosmology. The statistical details
of the comparison of the �CDM model and of the Barthel–
Kropina dark energy model are presented in Table 3.

a. Confidence levels. In Fig. 1, the 1D and 2D posterior
distributions at 68.3% (1σ ) and 95.4% (2σ ) confidence levels
are shown, obtained after constraining the Barthel–Kropina
dark energy model with the Pantheon+H(z) observational
data. Besides, the MCMC contour plots show a positive cor-
relation between (ω, σ0), (ω,ψ0) and (σ0, ψ0), while they
shows a negative correlation between (h, ω) and (h, ψ0),
respectively.

5.3.3 Observational, and theoretical comparisons of the
Hubble functions

Now, once the free parameters of the Barthel–Kropina dark
energy model are obtained, we can proceed to compare the
model predictions with the observational data, and with the
�CDM model, respectively.

a. Comparison with the Hubble data points. First, we con-
sider the comparison of the Barthel–Kropina dark energy
model with the Hubble 57 data points, and with the �CDM
model. The results of the comparison are presented in Fig. 2.
We observe from the Figure that the Barthel–Kropina dark
energy model describes very well the Hubble data.

b. Comparisonwith the Pantheon data.We proceed now to
compare the μ(z) distance modulus function of the Barthel–
Kropina dark energy model with the Pantheon data. From
Fig. 3, one can see that Barthel–Kropina model fits the Pan-
theon distance modulus, based on 1048 observation points,
very well.

c.Relative differencebetweenBarthel–Kropinaand�CDM.
Finally, in Fig. 4, we plot the relative difference between the
Barthel–Kropina dark energy model, and �CDM standard
paradigm. The Figure shows that for z < 1.4, the Barthel–
Kropina dark energy model and the standard �CDM model
behave almost similarly. However, some differences between
the two models do appear for z > 1.4, and these differ-
ences do increase with the redshift. Hence, in order to make
the Barthel–Kropina model consistent with the observations,
high redshift corrections may be necessary, which would
involve, for example, a redshift dependent parameter of the
equation of state of the dark energy. The consideration of
the matter pressure, and of the radiation component, may
also alleviate the differences between the two models at high
redshifts. On the other hand, the precise determination of the
Hubble function at high redshifts may provide a powerful test
for discriminating between these two cosmological models.

5.4 Cosmographic analysis

Cosmographic analysis provides an universal and effective
way to compare the solutions of the theoretical models with
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Fig. 1 MCMC confidence
contours at 1σ and 2σ , obtained
after constraining the
Barthel–Kropina dark energy
model with SNIa+H(z) data

Fig. 2 The evolution of the Hubble parameter H(z) of the Barthel–
Kropina and �CDM models as a function of the redshift z against the
Hubble measurements

the cosmological observations. From the observational data
we obtain a set of cosmological parameters, which must be
compared with the predicted values of the same parameters,
obtained from a given model. The result of the comparison
allows us to conclude on the acceptability of the considered
model. Thus, for a complete comparison of the Barthel–
Kropina dark energy model with the observations, and the

Fig. 3 The evolution of the distance modulus μ(z) of the Barthel–
Kropina dark energy model, and of the �CDM model in terms of the
redshift z against the Pantheon data

�CDM model, we will consider an extended set of parame-
ters, constructed from the higher order time derivatives of the
scale factor. More exactly, we will concentrate on the compar-
ative behavior of the deceleration, jerk and snap parameters
in the Barthel–Kropina and �CDM models.

a. The deceleration parameter. The redshift dependence
of the deceleration parameter q is represented compara-
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Fig. 4 The variation of the difference between the Barthel–Kropina
dark energy model, and the �CDM model as a function of the redshift
z against the Hubble measurements

Fig. 5 Evolution of the deceleration parameter as a function of the
redshift z for the Barthel–Kropina and �CDM cosmologies

tively for the Barthel–Kropina and for the �CDM models,
in Fig. 5. The behavior of this parameter in the two models
is almost identical in the redshift range z ∈ (0, 10), includ-
ing the numerical value of the transition redshift ztr from the
decelerating to the accelerating phase. However, the large
time behavior of the two models is very different: while in
the �CDM model the Universe ends in a de Sitter phase,
with q = −1, in the Barthel–Kropina cosmology a super-
accelerated evolution does occur, with q(−1) ≈ −2.7.

b. The jerk parameter, The redshift evolution of the jerk
parameter j (z) is represented in Fig. 6. At high redshifts
z > 6 the predictions of the two models basically coincide.
However, important differences do exist at lower redshifts,
with a very significant difference appearing at z = 1, where
the Barthel–Kropina model predicts a value twice as high
as the �CDM value. The observational determination of the
present day value of j may thus provide an important test of
the Barthel–Kropina cosmological model.

c. The snap parameter. The variation with redshift of the
snap parameter s(z) is represented in Fig. 7. In this case there
is a systematic difference between the numerical values of

Fig. 6 Evolution of the jerk parameter as a function of the redshift z
for the Barthel–Kropina and �CDM cosmological models

Fig. 7 The evolution of the snap parameter s as a function of the red-
shift z in the Barthel–Kropina and �CDM models

s in the Barthel–Kropina and the �CDM models, extending
from low to high redshifts. Similarly to the �CDM model,
s is a constant in the Barthel–Kropina cosmology for z > 2,
but becomes a slightly increasing function for z in the range
z ∈ (0, 2), with the value of s(0) having some differences in
the two models.

However, the differences between the predictions of the
two models are highlighted more strongly when consider-
ing the parametric dependence of the snap parameter on the
jerk parameter, and of the jerk parameter on the decelera-
tion parameter, respectively. The functions s = s( j) and
j = j (q) are represented in Figs. 8 and 9, respectively, indi-
cating a significant difference between the Barthel–Kropina
and �CDM models. Thus, the observational determination
of these cosmographic relations could offer a strong test of
the validity of Finsler geometrical cosmological models.

5.4.1 Cosmological quantities

a. Matter densities.We consider now the comparative behav-
ior of the relevant physical parameters of the Barthel–
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Fig. 8 The evolution of the snap parameter s as a function of the jerk
parameter j in the Barthel–Kropina and �CDM models

Fig. 9 The evolution of the jerk parameter j as a function of the decel-
eration parameter q in the Barthel–Kropina and �CDM models

Kropina and �CDM models. The evolution of the matter
density parameters �m are presented in Fig. 10. Up to red-
shift of around z ≈ 2 the matter densities in the two mod-
els almost coincide. However, at higher redshifts, significant
differences begin to appear in the baryonic matter distribu-
tions, with the Barthel–Kropina model predicting a higher
value of the matter density parameter. The comparisons of
the reduced matter and dark energy density parameters in the

Fig. 10 The evolution of the matter density parameter as a function of
the redshift z

Fig. 11 The reduced matter density parameters as a function of the
redshift z in the Barthel–Kropina and �CDM cosmological models

two models are presented in Fig. 11. There is a good concor-
dance between the theoretical predictions of both models for
redshifts z > 2. However, at low redshifts, significant differ-
ences in the behaviors of the reduced matter and dark energy
density parameters can be seen, leading, at least in principle,
to another possibility of observationally testing the Bearthel-
Kropina dark energy model.

b. Dark energy properties. When introducing the Barthel–
Kropina dark energy model we have defined formally a geo-
metric energy density, and a geometric pressure, related by
a linear barotropic equation of state. However, in order to
interpret physically these quantities, we need to take into
account the energy conditions, that requires that the energy
density must be positive. Hence, ion order to obtain from the
geometric quantities physical quantities, we redefine them,
in order to obtain a positive physical dark energy density, so
that ρDEphy = −ρDE, and pDEphy = −pDE, respectively.

The variation of the physical dark energy density is repre-
sented in Fig. 12. The physical Finsler type dark energy den-
sity is positive for all redshift values, and increases almost
linearly for large redshift values. On the other hand, the effec-
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Fig. 12 The evolution of the physical energy density ρDEphy in the
Barthel–Kropina dark energy model, as a function of the redshift z

Fig. 13 The evolution of the physical pressure pDEphy in the Barthel–
Kropina dark energy model as a function of the redshift z

tive physical pressure pDEphy, depicted in Fig. 13, is negative,
and it is a monotonically decreasing function of the redshift.
This situation is similar to most of the dark energy models,
in which the energy density is positive, and the accelerating
evolution of the Universe is triggered by a negative pressure.
The properties of the physical dark energy density and pres-
sure may have important implications for the further obser-
vational testing of the Finsler geometry based cosmological
models.

The comparison between the dark energy equation of state
parameters in the �CDM and the Barthel–Kropina models is
represented in Fig. 14. While in the �CDM model ω = −1,
in the Barthel–Kropina model ω = −2, double the value of
the standard cosmological model (Fig. 15).

c. The coefficient of the one form β. The variation of the
coefficient β of the Kropina cosmological metric is depicted
in Fig. 16. η is a linearly monotonically increasing function
of z, which takes a finite value at the present time.

d. Om(z) diagnostic The Om(z) diagnostic [162] is a
powerful tool used to distinguish alternative cosmological
models from the �CDM model. The Om(z) function is

Fig. 14 The evolution of the equation of state parameter ωphys as a
function of the redshift z

Fig. 15 The evolution of the coefficient η(z) = (1 + z)(1 + ψ(z)) of
the one form β of the Kropina metric

defined as

Om(z) = (H(z)/H0)
2 − 1

(1 + z)3 − 1
. (77)

For the �CDM model, the function Om(z) is always con-
stant and equal to the present matter density �m0. Moreover,
for models having a constant EoS, i.e. ω = constant, a pos-
itive slope of Om(z) indicate a phantom behaviour, while a
negative slope corresponds to a quintessence like behaviour.
In the case of the standard general relativistic cosmology,
and in the presence of a dark energy term obeying a linear
barotropic equation of state, with the equation of state param-
eter denoted by ω, the first Friedmann equation can be written
as

(
H(z)

H0

)2

= �m0(1 + z)3 + (1 − �m0)

× Exp

[

3
∫ z

0

1 + ω
(
z′

)

1 + z′
dz′

]

. (78)
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Fig. 16 The evolution of the Om(z) function in the Barthel–Kropina
and �CDM models

For a constant ω, we obtain

(
H(z)

H0

)2

= �m0(1 + z)3 + (1 − �m0) (1 + z)3(1+ω).

(79)

Hence, it follows that,

Om(z) = �m0(1 + z)3 + (1 − �m0) (1 + z)3(1+ω) − 1

(1 + z)3 − 1
.

(80)

For the �CDM model we have ω = −1, and thus,

Om(z) = �m0. (81)

By assuming that the Hubble function of the Barthel–
Kropina model differs little from the �CDM one, so that
HBK(z) = H�CDM(z) + �H(z), with �H(z)/H�CDM(z)
<< 1, from Eq. (77) we obtain, by neglecting the second
order terms in �H , the approximate expression

OmBK(z) ≈ Om�CDM(z)

+ 2

(1 + z)3 − 1

H�CDM(z)

H2
0

�H(z)

= Om�CDM(z) + �OmBK (z). (82)

The variations with respect of the redshift of the Om(z)
functions on both Barthel–Kropina and �CDM cosmologi-
cal models are represented in Fig. 16.

The Om(z) functions are rather different for the two con-
sidered cosmological models. While for �CDM Om(z) is an
absolute constant, for redshifts in the range z < 2, Om(z) for
the Barthel–Kropina model is an increasing function, reach-
ing a constant value for z > 2. In the constant region range,
the numerical value of Om(z) for the Barthel–Kropina cos-
mology is around two times higher than the corresponding
�CDM value.

6 Discussions and final remarks

In the present paper we have considered a detailed compari-
son of the theoretical predictions of a Finsler geometric type
cosmological model, and the observations. More exactly, we
have adopted as the basic metric function of our model the
Kropina metric, which is a particular form of the general
(α, β) metrics. Kropina spaces have many applications in
physics, like, for example, quantum mechanics [27], dissi-
pative classical mechanics [163], liquid crystal under the
influence of an external electromagnetic field [164], nonequi-
librium thermodynamic systems [165], and in the study of
nonlinear path of fluids flow through inhomogeneous media
[166]. However, the first investigations of the possible rele-
vance of the Kropina geometry for the description of the grav-
itational phenomena were initiated in [121], where the gen-
eralized Friedmann equations, describing the cosmological
evolution, were obtained. In this Finslerian type approach it is
assumed that the gravitational field is described by a Rieman-
nian metric g(x), which satisfies the Einstein gravitational
field equations. However, the standard Einstein theory can be
extended by nonlocalizing (anisotropizing) the background
Riemann geometry, by attaching to each point x = x I ,
I = 0, 1, 2, 3, an internal variable y = y J , J = 0, 1, 2, 3.
By further assuming that the internal variable y is a vec-
tor, the nonlocalized Riemann geometry becomes a Finsler
type geometry, leading to a Finsler type description of the
gravitational interaction. Alternatively, one can describe the
geometric properties of the Fisnlerian gravity by using the
geometry of a general vector bundle.

In the nonlocal standard Finsler geometry the metric ten-
sor ĝ is a function of both local coordinates x and of the
internal vector y, so that ĝ = ĝ(x, y). But in many realistic
physical situations one can assume that the internal variable y
depends explicitly on the position, so that y = Y (x). There-
fore, the Finslerian metric becomes ĝ = ĝ(x,Y (x))). Thus,
in this type of geometric and physical models, the Finsler
metric tensor ĝ becomes a function of x only. The corre-
sponding geometric structure is called the osculating Finsler
manifold. In this particular osculating Finsler space one can
introduce a specific connection, which is called the Barthel
connection, which has the remarkable property that in the
case of the Kropina geometry, and in all (α, β) type geome-
tries) it is the Levi-Civita connection of the Riemannian met-
ric ĝ(x) = ĝ (x,Y (x))).

By adopting for the background Riemann metric the
Friedmann–Lemaitre–Robertson–Walker (FLRW) form, one
can obtain the generalized Friedmann equations of Barthel–
Kropina cosmological model. These equations are mathe-
matically simple, and, after an appropriate choice of the coef-
ficient of the one-form β, they closely resemble the Fried-
mann equations of standard general relativity, but also con-
tain extra terms generated by the Finsler geometric effects. In
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the present approach, for simplicity, we interpret these geo-
metric terms as describing dark energy only, even that the
possibility they describe both dark matter and dark energy
could be also considered. In order to close the system of
cosmological equations we have imposed a linear relation
between the geometric dark energy and dark pressure terms.
Hence, with this choice the system of generalized field equa-
tions can be closed, and it can be formulated as a dynamical
system in the redshift space. However, the solution of the
system can be obtained only numerically, and it depends on
three model parameters: the present day values of one form
component η and of its derivative, and of the parameter of
the geometric equation of state ω.

In the present work we have performed a systematic and
rigorous analysis of the cosmological implications of the
Barthel–Kropina dark energy model, by comparing it with
the cosmological observations for 57 Hubble function values,
and for the Pantheon dataset. To obtain the best fit values of
the model parameters we have used the MCMC method, from
which one can infer the optimal fits for the model parameters.
The parameter of the geometric dark energy equation of state
turns out to be of the order ω ≈ 2.5, while the present day
values of η are obtained as η(0) ≈ 1.45, and η′(0) ≈ 1.65,
respectively. Hence, our results indicate the presence of sig-
nificant Finsler geometric effects in the z = 0 Universe. By
using the optimal fits values, the fittings of the Hubble func-
tion data give very good results, for both the Hubble and the
Pantheon data. Moreover, there is a very close relationship
between the Barthel–Kropina and the �CDM cosmologies,
with both overlapping for small (z < 1.5) redshift values.
The comparison of the two models has also been performed
in a more quantitative way by studying the Akaike Infor-
mation Criterion, which indicates that the Barthel–Kropina
cosmology is rather closed to the standard general relativistic
description in the presence of a cosmological constant.

In order to obtain a better estimate of the strengths and
weaknesses of the Barthel–Kropina cosmology we have
also performed a detailed comparison of the cosmographic
parameters, and of other relevant cosmological quantities. If
the behavior of the deceleration parameter agrees well with
that of the standard �CDM, significant differences do appear
between models when one considers the jerk and snap param-
eters. Hence, the cosmographic approach can offer the possi-
bility of discriminating between Riemann and Finsler geom-
etry based cosmological models. The variations of the matter
and density parameters of the two models are also relatively
similar, and even coincide on some redshift ranges.

There are several possibilities for explaining the recent
cosmological observational data, which can be described as
the dark components approach, the dark geometry approach,
and the dark couplings approach, respectively [60]. The
present investigation of the evolution and dynamics of the
Universe, including the study of the accelerating expan-

sion, has been done in the framework of the dark geometry
approach, by assuming that the true geometry of the Universe
goes far beyond the Riemann geometry of general relativity,
and that the extra geometric terms coming from the post-
Riemannian mathematical structures may be responsible for
the presence of dark matter and dark energy in the Universe.
In the present work we have investigated in detail, from
the point of view of the consistency with observations, an
example of a dark geometric model, the osculating Barthel–
Kropina-FLRW geometry, which has its roots in the Finsler
geometry. In this model, an effective fluid type dark energy
can be generated from the geometric structures underlying
the dark Barthel–Kropina geometry. An interesting property
of this model is the close relation between the general rela-
tivistic Friedmann cosmological evolution equations, and the
Barthel–Kropina ones, with this relation allowing to intro-
duce in a natural way a fluid type geometric dark energy
term for the description of the gravitational dynamics. The
model also gives a very good description of the observational
data in terms of only three free parameters, the present day
values of the coefficients of the one form β, and the parameter
of the equation of state. It also almost exactly reproduces the
�CDM model predictions, but significant differences still
exist for high redshifts, and in the values of some cosmo-
graphic parameters. Therefore, the Barthel–Kropina-FLRW
cosmological model could become an appealing geometric
alternative to the standard �CDM model in terms of the
explanations of the observational data. It could also provide
some new insights, and a better understanding of the complex
interaction between abstract mathematical structures, and the
physical reality.
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