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ABSTRACT 

 In aerosol and dusty plasma systems, the behavior of suspended particles (grains) is often 

strongly influenced by collisions occurring between ions and particles, as well as between 

particles themselves.  In determining the collision kernel/collision rate coefficient for such 

charged entities, complications arise in that the collision process can be completely described 

neither by continuum transport mechanics nor by free molecular (ballistic) mechanics, i.e. 

collisions are transition regime processes.  Further, both the thermal energy and the potential 

energy between colliding entities can strongly influence the collision rate and must be 

considered.  Flux matching theory, originally developed by Fuchs, is frequently applied for 

calculation of collision rate coefficients under these circumstances.  However, recent work 

suggests that crucial assumptions in flux matching theory are not appropriate to describe 

transition regime collisions in the presence of potential interactions.  Here, we combine 

dimensional analysis and mean first passage time calculations to infer the collision kernel 

between dilute charged entities suspended in a light background gas at thermal equilibrium.  The 

motion of colliding entities is described by a Langevin equation, and Coulombic interactions are 

considered.  It is found that the dimensionless collision kernel for these conditions, H, is a 

function of the diffusive Knudsen number, KnD (in contrast to the traditional Knudsen number), 

and the potential energy to thermal energy ratio, ΨΕ.  For small and large KnD, it is found that the 

dimensionless collision kernels inferred from mean first passage time calculations collapse to the 

appropriate continuum and free molecular limiting forms, respectively.  Further, for repulsive 

collisions (ΨΕ negative) or attractive collisions with ΨΕ < 0.5, calculated results are in excellent 

agreement with flux matching theory predictions, and the dimensionless collision kernel can be 

determined conveniently via use of the H(KnD) relationship found for hard-sphere collisions with 
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modified definitions of H and KnD to account for potential energy.  However, for ΨΕ > 0.5, it is 

found that flux matching theory predictions substantially underestimate the collision kernel.  We 

find that the collision process in this regime is governed by the minimum of KnD and KnΨ (KnΨ 

= 3KnD/2ΨΕ), and based on calculations, propose a function H(KnD, KnΨ) for collision kernel 

evaluation.  The situations for which ΨΕ > 0.5 apply to singly charged nanoparticles and 

multiply charged submicrometer and supermicrometer particles, and are thus prevalent in both 

aerosol and dusty plasma environments.   
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I.  INTRODUCTION 

 Gas phase collisions of charged particles with ions as well as with other charged particles 

play an important role in governing the behavior of aerosols
1-8

 and dusty plasmas
9-17

, with 

particle charge distributions in these systems dependent on the rates at which these collisions 

occur.  Determination of the collision rates of charged entities is therefore essential in 

characterizing the properties and behavior of aerosol and dusty plasma particles.  Under most 

circumstances, colliding entities are sufficiently dilute such that the collision rate, R (the number 

of collisions per unit volume per unit time), can be described by the following equation: 

  R = βninj         (1) 

where ni and nj denote the number concentrations of colliding entities of type i and j, 

respectively, and β is the collision kernel, which is determined by the physics governing the 

collision process and is the key parameter governing the behavior of a dilute, collision-controlled 

system.  Collisions are influenced by both the thermal energy and the potential energy between 

colliding entities; thus, both energies need to be considered in evaluating collision kernels.  

Along these lines, a number of approaches have been adopted to derive collision kernel 

expressions.  For collisions involving at least one entity which is large in size relative to the 

collision persistence distance (the average straight line distance an entity in the gas phase travels 

due to thermal motion
18-19

), continuum approximations are valid and the influence of both the 

thermal energy and the potential energy can be accounted for using the approach of Fuchs
20-22

, in 

which the collision kernel is evaluated as the product of the Smoluchowki hard-sphere collision 

kernel
23

 and an enhancement factor, determined by the variation in potential energy with distance 

between colliding entities.  Conversely, when both entities are extremely small relative to the 

collision persistence distance, free molecular mechanics best describe collisions.  Under these 
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circumstances as well, the collision kernel can be expressed as the product of the hard sphere 

collision kernel and a potential energy-determined enhancement factor (different than the 

continuum enhancement factor)
24

.  More specifically, for free molecular colliding entities 

interacting via a monotonic potential function which is finite at contact (e.g. the Coulomb 

potential), the collision kernel can be evaluated using orbital motion limited (OML) theory
25

, 

while more involved analysis is required for singular contact potentials
24, 26-27

.    

 Invariably, circumstances arise (e.g. systems with nanoparticles and submicrometer 

particles at atmospheric pressure) in which the sizes of the colliding entities are neither 

substantially larger nor substantially smaller than the persistence distance.  In this regime, termed 

the transition regime, both continuum and free molecular approaches fail to correctly predict 

collision kernels.  The first and most prevalently used method to determine collision kernels in 

this intermediate range is the flux matching theory, also proposed by Fuchs
1, 20, 28

, primarily for 

the analysis of aerosol systems.  In flux matching, when the colliding entities are far from one 

another, their motion is described by continuum mechanics (inertialess motion with diffusion), 

while, when the radial distance between the entities is less than a critical “limiting sphere 

radius”
29-30

, motion obeys free molecular mechanics (ballistic motion).  On the surface of the 

limiting sphere (centered on one of the colliding partners), the flux of incoming entities from the 

outer continuum is equated with their flux into the inner free molecular region, which allows for 

calculation of the collision kernel.  The first incarnations of flux matching theory were applied in 

the absence of potential interactions (hard sphere collisions).  With an appropriate definition of 

the limiting sphere radius
1, 29-30

, hard sphere flux matching predictions are in good agreement 

with more rigorous theoretical analysis of hard sphere collisions
31

, involving solution to the 

Boltzmann equation
32-33

, the Fokker-Plank equation
34-35

, and Brownian dynamics calculations
19, 
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36-37
.  Further, flux matching predicted hard sphere collision kernels are in reasonable agreement 

with experimentally measured transition regime collision rates for uncharged particles
38-39

, vapor 

molecule uptake rates by particles
4
, as well as with measurements of transition regime 

evaporation rates of vapor molecules from liquid drops
40

.  The convergence of nearly all 

theoretical and experimental approaches to a single collision kernel expression suggests that at 

present, there is high confidence in the flux-matching derived collision kernel in the transition 

regime for non-interacting entities
19, 31

. 

 Several researchers (again beginning with Fuchs
1
) have further applied flux matching 

theory to transition regime collisions in the presence of both thermal energy and potential 

energy
24, 41-42

.  Most examinations along these lines focus on collisions between particles and 

ions, in which the combined Coulomb-image potential is considered
3
, or between oppositely 

charged particles, considering the simple Coulomb potential
43

.  As with hard-sphere collisions, 

predictions from alternative approaches to examine particle-ion interactions
35, 44-45

 and the results 

of experimental studies of charged entity collisions in aerosols
3, 43, 46-49

 are in good agreement 

with flux matching predictions.  Because of its success in these instances, flux matching theory is 

widely accepted in aerosol science as an appropriate method for the calculation of transition 

regime collision rates.  Moreover, quantitative size distribution measurements of submicrometer 

and nanometer sized particles (via electrical mobility based instruments), which are crucial in 

atmospheric sciences, currently depend upon flux-matching predictions of particle-ion collision 

kernels
50

, further amplifying the importance of correct collision kernel calculation.   

 Unlike the study of aerosols, in the study of dusty plasmas, flux-matching has only 

recently been used to describe collisions between ions and charged particles (referred to in most 

works in dusty plasmas as grains).  Apparently unaware of the precedent of Fuchs
1
 and the 
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subsequent efforts of others
3, 24, 41-42, 51

, to determine the collision rate between ions and dusty 

plasma grains, D’yachkov et al
52

 redeveloped flux-matching theory for collisions in the presence 

of thermal energy and potential interactions, only differing from the original theory slightly in 

that D’yachkov et al: (1) assumed a slightly different limiting sphere radius, (2) considered the 

Coulomb potential between colliding entities as opposed to a Coulomb-image potential, and (3) 

considered entities crossing the limiting-sphere to be moving with a Maxwell-Boltzmann 

velocity distribution, as opposed to Fuchs’s assumption that all entities travel at the mean 

thermal speed.  Contrary to the conclusions found in examinations of aerosols, Gatti and 

Kortshagen
53

 report that flux-matching predictions of the steady-state charge level of plasma 

grains consistently overpredict the negative charge on plasma grains, which in turn implies that 

flux matching theory underpredicts the (positive) ion- (negatively) charged particle collision 

kernel.  As a simple alternative, they have proposed an analytical model in which a linear 

combination of continuum, free molecular, and transition regime collisions (i.e. three body 

trapping
42

, not considered in the standard flux matching approach) are accounted for.  This 

model, however, fails to recover the correct collision kernel for hard-spheres, and in its 

derivation the influence of thermal energy in the continuum regime was omitted.   

In addition to the evidence provided by Gatti and Kortshagen, a closer examination of 

reported measurements
3, 46-49

 of charged particle-ion collisions in aerosol systems reveals that 

although most prior works conclude that the flux matching predictions agree well with 

measurements, it would be more appropriate to conclude that the predictions of flux matching 

theory “can be fit” to experimental data.  Essential to calculating the collision kernel is a priori 

knowledge of the mass and friction factor (inverse mobility or thermal energy/diffusion 

coefficient) of both colliding entities.  In the case of aerosol particle-ion collisions, there are 
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distributions of ions mass and friction factor
54

, and these ion properties have not thus far been 

measured directly; rather, for a set of experimental data, a single ion mass and friction factor 

have been inferred from simple correlations and used for comparison to theoretical predictions
3, 

46
.  Further, the good agreement of experimental measurements as well as alternative theoretical 

predictions
35

 with flux matching predictions in aerosols is generally found only when the ratio of 

the potential energy between colliding entities to the thermal energy (ΨΕ) is less than unity.  In 

dusty plasmas, where disagreement is found, ΨΕ is often in the 2-4 range
13

.  Therefore, while 

flux-matching permits calculation of the transition regime collision kernel reliably when 

ΨΕ = 0, its validity for collisions in the presence of potential interactions is in question. 

 Given the importance of charged entity collisions in gas phase systems, there is a clear 

need for further examination of the transition regime collision kernel with potential interactions 

between colliding entities by alternative means to flux matching theory.  Recently, our group has 

utilized a combination of mean first passage time calculations
55

 and dimensional analysis to 

develop a non-dimensionalized functional form for the hard-sphere transition regime collision 

kernel
19, 56

.  Here, we utilize this approach to examine collisions between spherical entities 

suspended in a light background gas (relative to the masses of the spheres), which are interacting 

with one another via a Coulombic potential.  Results of our analysis are compared to the 

predictions of flux matching theory
52

 and to a modified form of the analytical expression of Gatti 

and Kortshagen
53

.  In the subsequent sections, the dimensional analysis is outlined, first for 

determining the hard-sphere collision kernel and second for the collision kernel accounting for 

both thermal and Coulombic energy.  Next, the mean first passage time approach is outlined for 

determination of transition regime collision kernels and results are presented from these 

calculations.  It is then shown that flux matching theory does not correctly predict collision 
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kernels for sufficiently large ΨΕ, and that collisions in the transition regime can be subdivided 

into three regimes: (1) the near-hard sphere regime, (2) the potential-enhanced, near continuum 

regime, and (3) the potential-enhanced near free molecular regime.  Simple closed-form 

expressions for evaluating the collision kernel are given for the former two regimes. 

  

II.  THEORETICAL FRAMEWORK FOR TRANSITION REGIME COLLISIONS 

A.  Dimensional Analysis 

 In the continuum (hydrodynamic) limit, the collision kernel, βij, for hard-sphere collisions 

between two entities i and j is expressed as
21

: 

( )
ji

ij

ij aa
f

kT
+= πβ 4           (2a) 

where k is Boltzmann’s constant, T is system temperature, ai and aj are the radii of entities i and 

j, respectively, and fij is the reduced friction factor
19

, i.e. fij = fifj/(fi+fj) (where fi and fj are the 

friction factors of entities i and j, respectively).  Conversely, in the free molecular (collisionless) 

limit, the collision kernel for hard-sphere entities is expressed as
57

: 

 ( )2

2/1

8
ji

ij

ij aa
m

kT
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

π
β         (2b) 

where mij is the reduced mass, defined as mij = mimj/(mi+mj) where mi and mj are the masses of 

entities i and j, respectively.  From equations (2a) and (2b) it is clear that βij depends upon kT, 

ai+aj, fij, and mij.  Standard dimensional analysis of the non-repeating variables βij and kT (the 

energy which drives collisions) gives the dimensionless collision kernel, H as
19, 56

: 

 
( )3

jiij

ijij

aaf

m
H

+
=

β
         (3a) 
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and the diffusive Knudsen number, KnD (ratio of the collision persistence distance, which scales 

with [kTmij)
1/2

/fij, to the collision length scale)
18, 58-59

, as: 

  
( )

( )
jiij

ij

aaf

kTm

+
=

2/1

DKn          (3b) 

KnD, also referred to previously as a dimensionless system temperature
60

, governs mass transfer 

processes in the transition regime (such as collisions), and is distinct from traditional Knudsen 

number
61

 (the ratio of the hard sphere mean free path of gas molecules to an appropriate length 

scale for a particle), which governs transition regime momentum transfer from gas molecules to 

suspended entities.  The relationship H(KnD) thus describes the collision kernel in the transition 

regime.  In the continuum (KnD 0) and free molecular limits (KnD ∞), H(KnD) takes the 

functional forms given in equations (4a) and (4b), respectively: 

 2

DKn4π=H    as 0Kn D →      (4a) 

 ( ) D

2/1
Kn8π=H   as ∞→DKn      (4b) 

In the transition regime, a number of methods
18-20, 28, 31, 33, 56, 62

, including the flux-matching 

approach, lead to prediction of the H(KnD) relationship, with all H(KnD) predictions within 5% 

of one another across the entire KnD range.  For example, from prior Langevin equation-based 

mean first passage time calculations
19, 56

, H(KnD) is given as: 

 
( )

3

D2

2

D4D3

4

D2

2/13

D1

2

D

KnKnKn1

Kn8KnKn4

CCC

CC
H

+++

++
=

ππ
      (5) 

where C1 =25.836, C2 = 11.211, C3 = 3.502, and C4 = 7.211. 

 We now consider collisions in the presence of both thermal energy and Coulombic 

potential energy, and similarly attempt to develop appropriate independent and dependent 

dimensionless ratios to describe the collision kernel in the transition regime under such 
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conditions.  In the continuum limit, the collision kernel in presence of potential interactions is 

expressed as: 

 ( ) cji

ij

ij aa
f

kT
ηπβ += 4         (6a) 

where ηc is the continuum limit enhancement factor, which, for the Coulombic potential, is 

expressed as
21

: 

   
( )E

E
c

ψ

ψ
η

−−
=

exp1
         (6b) 

Similarly, in the free molecular limit, the collision kernel, when modified to account for potential 

energy, is expressed as: 

  ( )
FMji

ij

ij aa
m

kT
η

π
β

2

2/1

8
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
=        (6c) 

where the free molecular limit enhancement factor, ηFM, is given as
25

: 

 EFM ψη += 1           (6d) 

for attractive Coulombic interactions and as
63

: 

  ( )EFM ψη exp=          (6e) 

for repulsive Coulombic interactions.  The potential energy to thermal energy ratio for the 

Coulombic potential, ΨΕ, is expressed as: 

 ( )kTaa

ezz

ji

ji

E
+

−
=

0

2

4πε
ψ         (6f) 

where zi and zj are the integer charge levels of entities i and j, respectively, ε0 is the permittivity 

of the background gas, and e is the unit charge.  As ΨE is positive for collisions between 
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attracting entities and negative for collisions between repelling entities, ηc and ηFM are greater 

than 1.0 for attractive collisions, and less than 1.0 for repulsive collisions. 

 Unlike the collision kernel in the presence of thermal energy alone, 

nondimensionalization of the collision kernel in the presence of both thermal and potential 

energy requires that the dimensionless collision kernel be expressed as a function of two 

independent dimensionless variables.  The first of the independent variables is ΨΕ.  To arrive at 

the remaining dimensionless ratios (H and KnD), we require that dimensionally, equations (6a) 

and (6c) hold valid in their corresponding limits, and dimensionlessly, as KnD 0 and KnD ∞, 

equations (4a) and (4b), respectively, hold valid.  These conditions lead to H expressed by the 

equation: 

 
( ) 23

FMjiij

Cijij

aaf

m
H

η

ηβ

+
=          (8a) 

and KnD expressed by the equation: 

 
( )

( )
FMjiij

Cij

aaf

kTm

η

η

+
=

2/1

DKn         (8b) 

 

B.  Mean First Passage Time Calculations 

 With the above dimensional analysis, the challenge becomes the inference of H at 

specified values of KnD and ΨE, which is accomplished here via mean first passage time 

calculations.  Related calculations have been used previously not only to examine gas-phase 

collisions
19, 36, 56

, but also in the continuum limit to examine macromolecular reaction rates
22, 64-65

 

and, using the Hubbard-Douglas approximation, the continuum regime friction factor for 

arbitrarily shaped bodies
65-67

. For the calculations performed here we assume that the relative 
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motion between the colliding entities can be described by monitoring the trajectory of a point 

mass with mass mij and friction factor fij within a simulation domain of prescribed dimensions 

until it collides with a stationary spherical entity of radius ai+aj.  Motion of the point mass within 

the domain is described by a Langevin equation
36

, i.e. a force balance accounting for the drag 

(viscous) force, stochastic diffusion force, and the electrostatic force between the two entities.  In 

utilizing a single Langevin equation for this calculation, two assumptions must hold valid (in 

addition to the assumed negligible mass of the background gas).  First, the ratios θm = mi/(mi+mj) 

and θf = fi/(fi+fj) must be equivalent, as is the case for two equal sized particles of the same 

material, or for an ion-particle collision wherein the particle is significantly larger and more 

massive than the ion.  Between these two limiting cases, for spherical particles of similar density, 

θm and θf are in close proximity, to the point where the errors brought about by their assumed 

equality are small
19

.  Second, in all Langevin equation based approaches, it is assumed that the 

process under examination occurs on a time scale for which the drag force and stochastic 

diffusive force, which both arise from collisions with the bath gas molecules, may be treated as 

distinguishable quantities.  This assumption is also reasonable for entities in dilute gas-phase 

systems.  Dimensionally, the Langevin equation for the point mass is written as: 

( )tFvf
dt

vd
m Coulijij

→→→
→

Μ++−=         (9a) 

where 
→

v  is the relative velocity between the two colliding entities (the velocity of the point 

mass), t is time, CoulF
→

 is the Coulombic force vector between colliding entities, and ( )t
→

Μ is the 

diffusive force vector for a point mass with mass mij and friction factor fij, with equal magnitude 

in all principal directions
19

.  With 
→

x  as the position vector of the point mass, and with 
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( )jiij

ij

aaf

vm
v

+
=

→

→

*  as well as ( )
ji aa

x
x

+
=

→
→

* , the solution of the Langevin equation for the point 

mass can be written dimensionlessly as
68

: 
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where τ is the nondimensionalized time (τ = (fij/mij)t) and Δτ is small change in τ; thus 

( )ττ Δ+
→

*v , ( )ττ Δ+
→

*x , ( )τ
→

*v , and ( )τ
→

*x  denote the point mass dimensionless velocities and 

positions at dimensionless times τ and τ +Δτ ,respectively.  The vector 
^

r and the scalar r* denote 

a unit vector in radial direction and the dimensionless distance of the point mass from the origin 

in the simulation domain, respectively.  Finally, 1

→

A and 2

→

A are both Gaussian distributed random 

vectors with zero mean and variances given in equations (9d) and (9e), respectively: 

( )( )τ
η

η
Δ−−=

→

2exp1Kn3
2

2
2

D

2
1

C

FMA        (9d) 

( )
( ) ⎟⎟
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⎛
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η

η
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2

2
2

D

2
2

C

FMA      (9e) 

 A cubical simulation domain is used with periodic boundary conditions employed on the 

domain surface.  Calculations are performed with prescribed KnD, ΨE, Δτ, and dimensionless 

box side length, s (all dimensions are normalized by ai+aj), with no other inputs required.  At the 

start of each calculation, the point mass is placed at a random location on the box surface, with a 

velocity sampled from equation (9d), while the stationary particle is placed in the center of the 
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domain.  The motion of the point mass is monitored with equations (9b-9e) until it collides with 

the fixed central sphere, at which point the dimensionless time required for collision τi is 

recorded, a new point mass is placed on the domain surface, and calculation of the collision time 

is again repeated.  After N collisions have been monitored, the mean first passage time, τmean is 

calculated as: 

N

N

i

i

mean

∑
== 1

τ

τ           (10) 

For each set of KnD, ΨE, Δτ, and s values, a value of N in the range 500-1500 is chosen, such that 

the relative standard deviation of τmean is less than 1% over the most recent 200 collisions.  The 

dimensionless collision kernel is subsequently determined from τmean as: 

  
2

3

FMmean

Cs
H

ητ

η
=           (11) 

Equation (11) follows directly from the definition of H in equation (8a), as well as the definitions 

of the dimensionless parameters s and τmean.  Although Δτ and s are inputs for each calculation, 

we are interested in results where the mean first passage time is insensitive to both Δτ and s, i.e. 

as Δτ 0 and s ∞.  The criteria Δτ = 0.005KnD
-2 when 1<Eψ and Δτ = 0.005KnD

-2ΨΕ
−1

 when 

1≥Eψ  are found satisfactory to mitigate the influence of timestep on calculation results.  To 

mitigate the effects of domain size, dimensionless side lengths ranging from 50-200 are used, 

increasing with increasing ΨΕ such that at the domain surface, the influence of the electrostatic 

force on the change in point mass velocity and position is substantially less than the influence of 

diffusion ( 2

→

A  and 1

→

A ) for the prescribed Δτ.  While the aforementioned values are found 

appropriate for mean first passage time calculations, smaller timesteps and larger domain side 
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lengths are also used to ensure that results are insensitive to both these values, and to further 

ensure convergence, calculations of H for a given KnD and ΨE are repeated 10 times, with 

reported values as the average of these 10 calculations.  H values are thus determined for 

attractive collisions with ΨE = 0.01 to 30 (at 300 K this corresponds to singly charged particles 

with ai+aj ranging from 5.56 µm down to 1.85 nm)  and for repulsive collisions with ΨE = -0.01 

to -3.  Finally, as extremely small timesteps are required to probe situations of large KnD and ΨE, 

computations are limited to KnD values below 30 for most ΨE.   

The inferred H values apply for entities which are sufficiently dilute such that the time 

for collision is much less than the mixing time for the system, and concentration gradients do not 

develop as a result of collisions.  While this condition is in conflict with the original theory of 

Smoluchowski in the analysis of thermally driven collisions
23

, Veshchunov
31, 69

 has recently 

shown that the dilute limit assumption leads to similar results as does the Smoluchowski 

approach, at least in the case of hard sphere collisions in three dimensions.  Described in the 

results and discussion section, by the convergence of mean first passage time inferred collision 

kernels to the appropriate continuum and free molecular limits, we show that this holds true in 

the presence of potential interactions between colliding entities as well.  

 

III.  MEAN FIRST PASSAGE TIME RESULTS AND INTERPRETATION 

A.  Influence of KnD and ΨΕ  

 Attractive potential calculation results are shown as functions of KnD for 0.01 ≤ ΨE ≤ 0.5 

in figure 1a and for 0.7 ≤ ΨE ≤ 30 in figure 1b, respectively.  Results are represented in terms of 

the percent deviation between the calculation and the expected H(KnD) for hard sphere collisions 

(equation 5) in figure 1a, while in figure 1b H(KnD) curves at fixed ΨE are shown directly.  For 
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further comparison, also shown in both figures are the continuum and free molecular limiting 

curves (equations 4a and 4b), the H(KnD, ΨE) taken from the flux matching theory put forth by 

D’yachkov et al
52

, which, when the Coulomb potential is considered, only differs from the 

predictions of Fuchs’s original theory
1
 by several percent across the entire KnD range, and is 

expressed as: 
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and finally the proposed equation of Gatti and Kortshagen
53

, expressed as: 
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In equations (12) and (13), ηFM and ηC are defined in equations (6b) and (6d), respectively, and 

α = 1.22.  Although equation (13) is adapted from Gatti and Kortshagen, it has been 

reformulated following their approach such that as KnD 0, the expression approaches the 

expected value of 4πKnD
2
; in the original work the influence of thermal energy on the collision 

process in the continuum regime was neglected.  As noted in the introduction section, the Gatti 
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and Kortshagen proposed H(KnD, ΨE) curve results from the assumption that the collision rate 

can be calculated as a linear combination of the collision rate for entities moving via  continuum 

transport, the collision rate for entities moving via free molecular transport, and the collision rate 

for entities where a single gas molecule collision occurs prior to the charged entity collision.  For 

this reason we henceforth refer to the Gatti and Kortshagen proposed curve as linear combination 

theory, while referring to the curve from D’yachkov et al as flux matching theory. 

Focusing first on H(KnD) curves for ΨE ≤ 0.5, with the exception of calculations at high 

KnD (5-10) with ΨE = 0.5, all calculated Η values are within 6% of the expected H(KnD) values 

determined for hard spheres.  Variations of +/- 6% are well within the bounds of expected 

statistical variation for mean first passage time calculations
19

, and we thus conclude that for 

attractive Coulombic potentials with ΨE ≤ 0.5, H(KnD) may be calculated using equation (5), 

with the definitions of H and KnD adjusted (equations (8a) and (8b)) for convergence to the 

correct low KnD and high KnD limiting expressions.  Flux matching theory predictions of H(KnD) 

are also within +/- 6% of both the hard sphere curve and calculated values, in line with prior 

comparisons made to limiting sphere theory in this ΨE range
3-4, 46, 49

.  Conversely, even with the 

aforementioned corrections made, the H(KnD, ΨE) curve from linear combination theory is in 

sharp contrast with our calculations and limiting sphere predictions, suggesting it is not 

appropriate for collision rate calculations in these circumstances.   

For ΨE in the 0.7 to 30 range, clear deviations of H(KnD) from the hard sphere curve are 

evident.  As ΨE increases, the KnD value at which H(KnD) departs from the continuum curve also 

increases greatly.  For example, the continuum limit H value (4πKnD
2
) at KnD = 2 is 5.5 times 

larger than the calculated H(KnD) at ΨΕ = 0, while for ΨΕ = 30 at this KnD the continuum limit 

prediction differs from the calculated value by less than 5%.  Similarly, the KnD value at which 
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H(KnD) approaches the free molecular limit also increases drastically with ΨΕ, with differences 

between the free molecular curve and H(KnD) persisting beyond KnD = 30 at ΨE = 1.  These two 

influences combined lead to a shift in the KnD range corresponding to the transition regime 

(where neither limiting expression applies).  Along with this shift, unlike the hard sphere curve, 

in the presence of potential energy H(KnD) is not bounded below both the predicted continuum 

and free molecular limits; a collision rate faster the free molecular limit prediction is achievable.  

The shift in the transition regime KnD range with increasing ΨE is expected from both flux 

matching and linear combination theories.  Neither of these approaches, however, appears to 

correctly predict the dimensionless collision kernel in the transition regime.  Flux matching 

theory consistently underestimates the collision kernel outside the continuum regime at large ΨE, 

in line with conclusions of comparisons of flux matching predictions to experimental examined 

collision rates in the ΨE = 2-4 range
53

.  The agreement between mean first passage time 

calculations and linear combination theory improves in the ΨΕ > 0.7 range and is quite 

reasonable for ΨΕ = 1 −3, the range for which it was originally developed.  Nonetheless, linear 

combination theory leads to a consistent overestimation of H(KnD) in the transition regime across 

all ΨΕ.   

 Possible origins of the discrepancies between mean first passage time calculation results, 

flux matching theory, and other approaches to determine the collision kernel are discussed in 

detail in the subsequent section.  Prior to this discussion, however, we report results of mean first 

passage time calculations for collisions in the presence of repulsive potentials.  Figure 2 shows 

H(KnD) calculated in the presence of repulsive Coulombic energy, with ΨE = -0.03  to -3, along 

with the continuum and free molecular limiting expressions, the hard sphere curve, and the 



 20

predictions of D’yachkov et al
52

 for collisions between repelling entities, for which H(KnD, ΨE) 

is expressed as: 
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Contrary to results with attractive potentials, all calculated collision kernels for repulsive 

potentials remain close (most results within 12%) to the hard sphere curve, even at 1≥Eψ .  

Further, irrespective of ΨE, for repulsive Coulombic potentials, equation (14) is within 5% of the 

hard sphere curve across the entire KnD range.  The convergence of mean first passage time 

calculations and flux matching theory predictions in this instance suggests that for repulsive 

potentials, equation (5), equation (14), or equivalently, any collision kernel expression derived 

for hard spheres
19, 31

 with correctly modified definitions of the dimensionless collision kernel and 

diffusive Knudsen number can be used reliably to predict collision rates in the presence of 

repulsive potentials.   

 

B.  Limitations of Flux Matching Theory 

 It is clear from mean first passage time calculations that although flux match theory 

appears to correctly predict the collision kernel for repulsive potentials as well as attractive 

potentials with low values of ΨE, both flux matching and linear combination theory fail to 

predict the collision kernel in the transition regime at large positive ΨE.  While prior work does 

indeed suggest that flux matching theory may fail under these circumstances
44

, we believe the 
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calculations performed here provide the most direct evidence to-date that application of flux 

matching theory to large ΨE situations is problematic.   

 We thus compare flux matching theory to mean first passage time calculations in terms of 

the process by which calculations are carried out in each approach.  In both, the collision 

rate/kernel is inferred via examination of the collision of a point mass with an absorbing sphere.  

In all incarnations of flux matching theory
1, 24, 41-42, 51-52

,  the flow rate/current of point masses to 

the surface of a limiting sphere, which has a dimensionless radius
24, 29-30

 of approximately 

1+(ηFM/ηC)KnD  and surrounds an immobile sphere of unit radius, is first calculated.  The point 

masses move to the limiting sphere via continuum transport; thus, a modified form of Fick’s law 

is used in evaluating the point mass flow rate
20

.  The fraction of point masses that enter the 

limiting sphere and subsequently collide with the central sphere is next calculated.  This 

ultimately enables the collision kernel calculation as the product of the point mass flow rate and 

the fraction of point masses that collide with the central sphere, divided by the number 

concentration of point masses.  In determining the fraction of point masses which collide with 

the central sphere, free molecular trajectory calculations are typically carried out, and to initialize 

these calculations, the point masses are assumed to have either the mean thermal speed
1
 or 

follow a Maxwell-Boltzmann distribution
52

.   On the contrary, with large ΨE, point masses are 

exposed to a strong attractive force, and flux matching theory may fail if the resulting increase in 

speed beyond the mean thermal speed is not correctly accounted for.  Mean first passage time 

calculations do account for this change in speed by construction, and Figure 3 shows the average 

point mass speed (dimensionless) as a function of dimensionless radial coordinate in the 

calculation domain for selected KnD and ΨE, from our calculations.  In the dimensionless system 

employed, the dimensionless mean thermal speed, *

thv , is given as: 
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Therefore, in Figure 3, a value of 1.0 denotes that the point mass mean speed is equal to the 

mean thermal speed.  Also noted on the graphs in Figure 3 are the approximate limiting sphere 

radii for each KnD (which varies slightly with ΨE).  As expected for ΨΕ = 0, at all KnD, the 

average speed of the point mass in calculations is equal to the mean thermal speed.  This also 

appears to hold approximately true for ΨE = ± 1.  However, for ΨΕ = 3, 10, and 30 with KnD ≥ 

0.1, as the point mass approaches the central sphere, the average speed of the point mass 

increases.  Larger increases in speed are evident at higher KnD, such that the point mass speed 

can be several multiples of the mean thermal speed close to the sphere surface.  In addition, for 

these high ΨΕ cases, at the surface of a constructed limiting sphere (with dimensionless radial 

coordinates noted by dashed gray vertical lines in each graph), the point mass speed is larger 

than the thermal speed, with the maximum speed increase at the limiting sphere surface found for 

KnD = 1.    

 Coupled with an initial speed distribution in flux matching theory calculations is the 

initial distribution of point masses on the limiting sphere surface, i.e. the distribution of point 

mass impact parameters
1, 70

.  At any point in space, the ratio of the impact parameter for a point 

mass to its radial coordinate, b/r, can be calculated as the sine of the angle formed between the 

point masses velocity vector and position vector.    For uniformly distributed impact parameters, 

which would be expected in the absence of potential interactions and which are assumed on the 

limiting sphere surface in flux matching theory, the average value of b/r, (b/r)ave, is π/4 (0.7854).  

However, associated with the change in speed, at high ΨE, (b/r)ave is expected to decrease, with 

the direction of the point mass velocity vectors biased towards the center of the collecting sphere.  
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As with changes in speed, the change in impact factor distribution due to potential energy is 

accounted for in mean first passage time calculations, with (b/r)ave as a function of the 

dimensionless radial position in calculations displayed in Figure 4.  Under most conditions, 

(b/r)ave fluctuates about its expected hard sphere value, with the fluctuations attributable to the 

statistical nature of mean first passage time calculations.  However, at intermediate KnD (0.1-1.0) 

and large ΨE, a decrease in (b/r)ave is indeed evident, further demonstrating that flux matching 

theory makes use of inappropriate boundary conditions on the constructed limiting sphere 

surface. 

 Although certain (KnD ,ΨΕ) pairs are readily found for which flux matching theory fails 

to account for the correct speed and impact parameter distributions on the limiting sphere surface, 

it nonetheless gives rise to a near identical collision kernel to mean first passage time 

calculations under many of these conditions.  For example, at KnD = 1 and ΨΕ = 10, where the 

point mass speed is well above the mean thermal speed and the impact parameter distribution is 

skewed towards the collecting sphere center, the collision kernels predicted by both approaches 

differ by only 5%.  In such instances, it is readily observed that (1) the predicted collision kernel 

is in good agreement with continuum predictions, and (2) in flux matching theory calculations all 

point masses entering the limiting sphere are collected, hence little to no error is introduced by 

the incorrect boundary conditions.  It thus appears that it is only for sufficiently high KnD 

(outside the continuum regime) and high ΨΕ (e.g. ΨΕ = 30) where the inappropriate boundary 

conditions have consequences in collision kernel calculation.  Conversely, there are a number of 

(KnD ,ΨΕ) pairs for which the mean first passage time determined point mass speeds and impact 

parameters are near identical to expected values for hard spheres, and yet flux matching theory 

predicts a much lower collision kernel value than is found in mean first passage time calculations 
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(e.g. 61.4% different at KnD = 10, ΨΕ = 3).  While not evident from speed or impact parameter 

calculations, the low collision kernel values in these instances, which are for ΨΕ≥0.5 and outside 

the continuum limit, arise because of the failure of flux matching theory to account for point 

mass-gas molecule collisions occurring close to the collecting sphere surface and inducing 

collision with the central sphere.  Such collisions may result in a reduced speed for the charge 

carrying point mass, such that the point mass can be captured by the central collecting sphere.  

This type of occurrence, termed three-body trapping
42

 or a charge-exchange collision
53

, can 

become the dominant mechanism by which collisions occur at high KnD and ΨΕ.  By use of the 

Langevin equation to describe point mass motion, three body trapping is considered in mean first 

passage time calculations.  It is also accounted for in linear combination theory; however, based 

on mean first passage time results (and our presumption that these calculations correctly lead to 

determination of the collision kernel to +/-5%), it appears that outside the ΨΕ = 0.1 – 2.0 range 

the increase in collision rate due to three body trapping is overestimated with this approach.  

Aware that three body trapping is not considered in the original derivation of flux matching 

theory, Hoppel and Frick
42

 attempted to modify Fuchs’s approach specifically for particle-ion 

collisions by noting that a calculation of the collision rate between a particle and a point mass ion 

for positive ΨΕ should converge to the positive ion-negative ion recombination rate when the 

particle is of similar size to the ions themselves.  Requiring an experimentally-determined ion 

recombination rate as an input, they incorporated Natanson’s method
71

 to determine the rate of 

three body trapping based collisions into Fuchs’s original approach.  While this model perhaps 

allows for more reasonable approximation of the collision kernel than the original flux matching 

theory, there are several possible issues with utilizing Hoppel and Frick’s approach.  First, it 

requires a “tuning constant” input from experiments and is therefore not a complete theory for 
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describing collisions.  Second, while the ion recombination rate may be inferred from 

experiments correctly, collisions between two ions may be subject to different potentials than the 

ion-particle potential, and further the molecular structures of ions may have a strong influence on 

the collision rate between oppositely charged ions (i.e. while modeling particles as spheres be 

may acceptable, it is often inaccurate to model ions as spheres in ion-ion collisions)
72-74

.  When 

the influences of ion structure and the ion-ion potential interaction are considered, there is no 

reason to expect that the particle-ion collision kernel function should collapse to the ion-ion 

collision kernel at large KnD.  Finally, as is customary in flux matching theory, Hoppel and 

Frick’s approach does not address the issues of incorrect speed and impact parameter 

distributions, which become important in conjunction with three body trapping. 

 

C.  Coulombic Capture Radii 

 Overall, based on mean first passage time calculations, we find that neither any existing 

incarnation of flux matching theory nor linear combination theory satisfactorily describes 

collisions in the gas phase in the presence of attractive Coulombic energy across a wide range of 

KnD and ΨΕ.  Moreover, in the instances where flux matching theory does agree with 

calculations, the hard sphere inferred H(KnD) expression with adjusted definitions of H and KnD 

for the Coulombic potential is also in excellent agreement with calculations.  We therefore 

propose that the modified hard sphere H(KnD) curve be used for collision kernel calculation 

under these conditions, and additionally now attempt to use mean first passage time results to fit 

an appropriate functional form for H(KnD, ΨΕ) in the ΨΕ ≥ 0.5 range. 

 Although our results are typically in poor agreement with linear combination theory 

predictions, there are some important features to this theory which can be used in the analysis of 
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mean first passage time calculations.  Central to linear combination theory development is the 

definition of a capture radius, i.e. the radial distance at with the thermal energy is equal to the 

potential energy, such that for a monotonic attractive potential, a point mass is highly likely to 

collide with the absorbing sphere upon arriving at the capture radius.  For the Coulomb potential, 

the capture radius, RC, is defined as: 

( )⎥⎦
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and with ΨΕ > 1.5, the capture radius is larger than the absorbing sphere radius.  The influence 

of a capture radius at high ΨΕ can be observed in mean first passage time calculations. Figure 5 

shows the probability, P(r*), that a point mass at a given dimensionless radial distance from the 

domain origin will collide with the central absorbing sphere for selected KnD and ΨΕ.  

Calculation for these curves proceeds as follows: for each value of r
*
, it is determined whether a 

point mass, having reached a dimensionless distance r
*
 from the domain center, will collide with 

the central sphere rather than return to the domain boundary.  If the point mass reaches the 

absorbing sphere, then a collision is counted for all r
*
 up to s, as point masses are initiated at 

least a distance s from the domain center.  However, if a point mass returns to the domain 

surface, a miss is counted for all values of r
*
 ranging from s down to the minimum r

*
 value the 

point mass reached.  P(r
*
) is then calculated as collisions / (misses + collisions) for each r

*
.  

While this calculation approach leads to inaccuracies (underestimation) for r
*
 close to s, P(r

*
) 

near s is close to zero and otherwise the probability that a point mass will collide with the central 

sphere is accurately determined for all other r
*
.  For ΨΕ < 1.5 and including repulsive potentials, 

P(r*) curves are similar to one another, with little shift in P(r*) curves even when comparing 

those with positive and negative ΨΕ.  Conversely, for the examined cases with ΨΕ = 3, 10, and 
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30 at all examined KnD, P(r*) curves are clearly shifted, such that at the dimensionless capture 

radius (2ΨΕ/3), probability of collision is typically ≥0.80.   

Gatti and Kortshagen
53

 show that when the Knudsen number is defined using the capture 

radius as the normalizing length scale in lieu of the sum of colliding entity radii, the shift in 

Knudsen number range for which the collision kernel approaches its expected continuum value is 

not apparent, implying that the collision radius is the correct normalizing length for the Knudsen 

number.  Lushnikov and Kumala
41

 also propose that the Knudsen number for charged entity 

collisions at large ΨΕ should be defined based upon Coulombic length scale, as opposed to 

colliding entity radii.  Moreover, the physics of the collision process suggests that an 

appropriately defined capture radius is the correct normalizing length scale for collisions in the 

presence of potential energy; at the surface of the collision radius, the capture probability is close 

to 1.0, and similarly the probability of avoiding collision is close to 0.  Therefore, if transport to 

the capture radius surface (at which point collision occurs) can be described solely as a 

continuum regime process, then it follows that the entire collision process can be described by 

continuum transport relations.  Only under circumstances where colliding entities can move in 

close proximity to one another on time scales where (1) motion is not described by continuum 

transport and (2) a collision can be avoided, will the collision kernel deviate from the expected 

continuum value.  Given these arguments and the suggestions of prior work, we define the 

potential Knudsen number, KnΨ as: 
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and also propose that the governing parameter for collisions in the presence of thermal and 

Coulombic energy will be the minimum of KnD and KnΨ.  Considering all calculations for which 
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ΨΕ ≥ 0.5, the ratio of inferred H to the expected continuum limit value, i.e. H/4πKnD
2
, is plotted 

as a function of the minimum of KnD, KnΨ  in Figure 6.  Across the entire examined ΨΕ range, 

these results collapse remarkably well to a single curve, giving further credence to the concept of 

a capture radius for attractive collisions.   

Also plotted as a dashed line in Figure 6 is the function:  
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where B1 = 1.598 and B2 = 1.1709, which are determined via fitting calculation results.  For 

scenarios for which min[KnD, KnΨ] ≤ 2.5, equation (18) better agrees with calculation results 

than does a modification to the hard sphere H(KnD) curve, with equation (18) predictions within 

+/- 10% of most calculated points.  We thus propose that when ΨE ≥ 0.5, equation (18) can 

predict the dimensionless collision kernel in the near-continuum regime with reasonable 

accuracy.  We note, however, equation (18) does not converge to the correct free molecular 

limiting result, and even with the definition of KnΨ, we are not able find a collapsed function 

which can predict the collision kernel in the near free molecular regime with any degree of 

accuracy.  Fortunately, considering charged entities, high KnD is correlated with high ΨE, in the 

majority of aerosol systems and a number of dusty plasma systems.  Therefore, most high ΨE 

collisions occur with a KnΨ associated with the near continuum collision regime (with the 

exception of highly charged, supermicrometer particles in a low pressure environment).  

 

D.  Collision Kernel Calculation for Population Balance Models 

 Often, the underlying purpose of calculating collision kernels is for their use in 

particle/plasma grain population balance models, i.e. systems of ordinary or partial differential 
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equations used to monitor the changes in number concentrations of particles of a given size and 

charge state over space and time dimensions
11, 15, 75-76

.  For this reason, we develop a “phase 

space diagram” which denotes the appropriate collision kernel expression for use in charged 

entity collision rate calculations at a given KnD and KnΨ (Figure 7).  In the phase space diagram, 

KnΨ and KnD are plotted on the principal axes in the range where ΨΕ is positive.  The line KnD = 

KnΨ/3 is noted, which corresponds to ΨΕ = 0.5 and below which are (KnD, KnΨ) pairs where the 

modified hard sphere H(KnD) curve applies in collision kernel calculation.  Above this curve, the 

region bound to the left and below the lines KnD = 2.5 and KnΨ = 2.5 is termed the high 

potential, near continuum regime, for which equation (18) is reasonably accurate.  Outside these 

two regions lies the high potential, near free molecular regime, for which mean first passage time 

calculations can be used for collision kernel calculation, yet a single curve to calculate H is not 

yet determined.  As mentioned in the previous section, however, collisions in the high potential, 

near free molecular regime are less frequent than the other two regimes, due to the correlation 

between high KnD and high ΨΕ.  

 

IV.  CONCLUSIONS 

 Dimensional analysis and mean first passage time calculations are used to infer the 

dimensionless collision kernel H as a function of both KnD and ΨE for colliding entities which 

interact via the Coulombic potential.  Based on this study we draw the following conclusions: 

1. For ΨΕ < 0.5 (repelling entities or weakly attracting entities), the H and KnD modified 

hard sphere curve inferred from Gopalakrishnan and Hogan
19

 is excellent agreement with 

calculations, as are the predictions of flux matching theory
1
.  At 300 K, ΨΕ < 0.5 

corresponds to singly charged entities with a colliding radius (ai+aj) greater than 111 nm. 
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2.  For cases where ΨΕ > 0.5, we find that the inappropriate speed and impact parameter 

distributions typically utilized in flux matching theory, combined with difficulties in 

accounting for three body trapping, lead to underprediction of the collision kernel outside 

the continuum limit.  The alternative linear combination theory, conversely, 

overestimates the calculation inferred collision kernel.  To determine the collision kernel 

under these conditions, following Gatti and Kortshagen
53

 we define a potential energy 

based Knudsen number, KnΨ, and show that for cases where the smaller of KnD and KnΨ 

is less than ~2.5, H can be determined as the product of 4πKnD
2
 and a function of the 

smaller of KnD and KnΨ.  This enables collision kernel calculation for colliding entities in 

a wide size range in atmospheric pressure environments (virtually any sized singly 

charged particle).     

3. In future work it will be necessary to find a suitable functional form to calculate collision 

kernels in the large ΨE, large KnD range, termed the high potential, near free molecular 

regime.  Further, more sophisticated potential functions, and non-spherical colliding 

entities need to be considered.  Such instances are also amenable to dimensional analysis 

and mean first passage time calculations
56

, allowing for an appropriately defined H to be 

expressed as a function of KnD and the dimensionless parameters required to define the 

functional form of the potential. 
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Figure 1 (a.)  Results of mean first passage time calculations for attractive collisions in the ΨΕ = 0.01 to 0.5 range, 

represented by the percent deviation of calculation inferred H values from the expected hard sphere curve (equation 

5).  Also shown are the predictions from D’yachkov et al52 and Gatti and Kortshagen53.  (b.)  H(KnD) curves from 

mean first passage time calculations for attractive collisions in the ΨΕ = 0.7 to 30 range.  Also plotted are the 
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predictions from D’yachkov et al52 (red curve), Gatti and Kortshagen53 (gold curve), and the previously developed 

hard sphere curve19.  Dashed gray lines denote the continuum (long dash) and free molecular (short dash) expected 

H(KnD) curves.  
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Figure 2.  H(KnD) curves from mean first passage time calculations for repulsive collisions in the ΨΕ = -0.03 to -3 

range.  Also plotted are the predictions from D’yachkov et al52 (red curve), and the previously developed hard sphere 

curve (blue)19.  Dashed gray lines denote the continuum (long dash) and free molecular (short dash) expected 

H(KnD) curves.  
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Figure 3.  Normalized mean speeds of point masses in mean first passage time calculations for selected KnD and 

ΨΕ as functions of the dimensionless radial coordinate.  Dashed gray lines in each graph denote the approximate 

dimensionless location of the limiting sphere in flux matching theory, where incoming point masses are typically 

assumed to have the mean thermal speed or follow a Maxwell-Boltzmann distribution.  
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Figure 4.  Mean nondimensionalized impact parameters in mean first passage time calculations for selected KnD and 

ΨΕ as functions of the dimensionless radial coordinate.  Dashed gray lines in each graph denote the approximate 

dimensionless location of the limiting sphere in flux matching theory, where incoming point masses are typically 

assumed to have uniformly distributed impact parameters (mean value 0.78). 
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Figure 5.  P(r*), the probability that an incoming point mass will collide with the central sphere, as a function of  

the dimensionless radial coordinate, as determined from mean first passage time calculations at selected KnD and 

ΨΕ. 
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Figure 6.  The ratio H/4πKnD

2 as a function of the minimum Knudsen number for a collision, either KnD (equation 

8b) or KnΨ (equation 17).  The plotted dashed line denotes the regression determined curve from ΨΕ ≥ 0.5 

calculations (equation 18).  
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Figure 7.  Phase space diagram for the calculation of the dimensionless collision kernel, dividing (KnD, KnΨ) into 

three separate regimes. 
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