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ABSTRACT. We prove that the existence of a selective ultrafilter on w implies
the existence of a countably compact group without non-trivial convergent
sequences all of whose powers are countably compact. Hence, by using a selec-
tive ultrafilter on w, it is possible to construct two countably compact groups
without non-trivial convergent sequences whose product is not countably com-
pact.

1. INTRODUCTION

The first example of a countably compact group without non-trivial convergent
sequences was constructed, assuming CH, by A. Hajnal and I. Juhdsz [7]. A sec-
ond example was discovered by E. K. van Douwen [3] under the assumption of
M A, and one of the most recent examples lies in [10]. All known examples of such
a topological group use some form of M A. A similar situation holds in the problem
of the existence, in ZFC, of two countably compact groups whose product is not
countably compact (see, for instance, [3], [8], [9] and [10]). In this paper, we will
construct two countably compact groups without non-trivial convergent sequences
whose product is not countably compact from a selective ultrafilter. We also con-
struct a countably compact group without non-trivial convergent sequences all of
whose powers are countably compact from a selective ultrafilter on w.

We shall use standard notation. If {z¢ : & < ¢} C {0,1} and F € [¢c]<¥,
then zp = 3 . cpa¢. The type of a point p € B(w) \w = w* is denoted by
T(p) = {q € w* : 3 abijection f : w — w(f(p) = )}, where f : B(w) — B(w)
denotes the Stone-Cech extension of f. An ultrafilter p € w* is called selective if
for every f : w — w there is A € p such that f|4 is either constant or one-to-one
(the reader may find other combinatorial statements equivalent to selectivity in the
book [2]).

The following concept has been very useful in the construction of countably
compact spaces with certain properties.
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Definition 1.1 (A. R. Bernstein [1]). Let p € w*, and let (2, )n<w be a sequence in
a space X. We say that z is a p-limit point of (2, )n<w, we write z = p-lim,_,, =,
if for every neighborhood V of z, {n < w: z, € V} € p.

It is not difficult to prove that a space X is countably compact iff every sequence
of points in X has a p-limit point in X, for some p € w*. The following class of
spaces was introduced by A. R. Bernstein [I].

Definition 1.2. Let p € w*. A space X is said to be p-compact if for every
sequence (Zy, )n<w of points of X there is € X such that « = p-lim,_,, .

We know that p-compactness is preserved under arbitrary products, for each
p € w*. Hence, we can find countably compact spaces that are not p-compact for
any p € w* (see [5]). J. Ginsburg and V. Saks [6] showed that all powers of a space
X are countably compact iff there is p € w* such that X is p-compact.

For p € w*, we shall use the properties of the ultrapower ([c]<“)¥/p consid-
ered as a vector space over the field {0,1} with the symmetric difference AAB =
(A\ B)U(B\ A) as addition. For p € w*, an element of the ultrapower ([¢]<*)“/p
will be denoted by [f]p, where f : w — []<% is a function. For F € [c]<¥, the
constant function whose domain is w and takes only the value F' will be denoted
by F. If a < ¢ is an ordinal, then {c;} will be denoted by a&.

2. THE EXAMPLES

Our group G will be generated by a linearly independent subset of {0,1}°.
For every selective ultrafilter p € w*, it is evident that

(%) /p = {[f]p : | € ([]=*) is one-to-one } U{[F], : F € [¢]<*}.

Lemma 2.1. Let p € w* be selective. Then, there exists a family of one-to-one
functions {fe : & < ¢} C ([¢]<¥)“ such that:

1) Upew fe(n) € maz{w, &}, for every § < c.

2) {[felp : € <} U{[B]p: B < c} is a base for ([c]<*)* /p.
3) For every one-to-one function g € ([¢]<¥)%, there are distinct (y,(1 < ¢ and
two increasing sequences of positive integers (n)y<w and (ny)k<w such that

fe: (k) = g(nk), for every k <w and i € {0,1}.

Proof. Let {ge : £ < ¢} be an enumeration of all one-to-one functions of ([¢]<“)“
in such a way that each element is listed two times, and (J, ., g¢(n) € maz{w, ¢},
for every £ < ¢. We proceed by transfinite induction. Let a < ¢ and suppose that,
for each & < «, we have defined a one-to-one function f¢ : w — [c]< such that:

i) For every m < w there is n < w such that f¢(m) = g¢(n), for every £ < a.

-

i) {[felp: ¢ <& U{[B]p: B < ¢} is linearly independent, for every £ < a.

i) If {[felp : ¢ < &} U{lgelp} U {18, : B < ¢} is linearly independent, then
fe = ge, for every € < a.

-

If {[felp : € < a} U{[galp} U{[Blp : B < ¢} is linearly independent, then we
define fo, = go. Let us assume that {[fe], : & < a} U{[galp} U {[B]p c 0 < «c}is
not linearly independent. Now, let {4, : p < ¢} be an almost disjoint family of
infinite subsets of w. For each p < ¢, let h, : w — A, be a bijection. Then, we
define hq,p 0w — [¢]<Y by ha,u(n) = ga(hu(n)), for each n < w. It is evident that
{n < w: houn) = hap(n)} is finite for p < v < ¢. Hence, {[hapulp : 1 < ¢}
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are pairwise distinct. So, we can find p, < ¢ such that [ha,u.lp & {[felp 1 ¢ <

-

Etu{lsl, : B < maz{w,a}t}). Put fo = ha,u,. Clearly, conditions ¢) and %ii)

are satisfled. We know that {[fe], : £ < a} U{[f], : B < maz{w,a}} is linearly
independent. Since (J,,., fe(n) € maz{w, a}, for every £ < a, we also have that

-

{lfelp : € < a} U{[F]p : B < ¢} is linearly independent. This shows that condition
i) holds. We claim that the family {f¢ : £ < ¢} satisfies all the conditions. Indeed,

-

by the construction, {[fe], : & < ¢} U{[B]p : B < ¢} is a base for ([¢]<“)“/p. Let
us prove that condition 3) is satisfied. For this, take (o,{1 < ¢ so that & < &
and g = g¢, = g¢,- From condition ¢) we can find two increasing sequences of
positive integers (n?)r<, and (n})g<o such that f¢, (k) = g(nt), for every k < w
and 7 € {0, 1}. O

In what follows, we fix a family {f¢ : £ < ¢} C ([]<¥) satisfying the three
properties stated in Lemma 2], and enumerate [¢]<¢ \ {0} as {F,, : a < c}.

Lemma 2.2. Let p € w* be selective. Suppose that for every a < ¢ we have a
non-trivial homomorphism @, : [c]<¥ — {0,1} such that

i) ®a({&}) = p-lim, ., Pu(fe(n)), for every & < ¢; and

i) ®,(F,) = 1.
For & < ¢, we define x¢ € {0,1}° by z¢(a) = o ({£}), for every a < c. Then, the
set X = {x¢ : £ < ¢} is linearly independent in {0,1}° and G = (X) is a p-compact
group without non-trivial convergent sequences.

Proof. Let {&,....,&k} € []<¥. Choose a < ¢ such that F, = {&o,....,&}. Then,
by i),

(Tgo + oo+ 2 ) (@) = Pa({&0}) + oo + Pa({k}) = Pa(Fu) = 1.
This shows that {x¢ : £ < ¢} is linearly independent in {0,1}¢. Now we will show
that G is p-compact. Before proving this, notice from clause i) that

¢ = p- lim Z xy =p- Im zy, (0,

ne fe(n)

for every £ < ¢. Let (an)n<w be a sequence in G. Choose g € ([c]<“)“ such that
an = Zg(n), for every n < w. Since p is selective, there is A € p such that g|a
is either constant or one-to-one. If g|4 is constant, then there is F € [¢]<“ such
that {n < w: 244 = 2r} € pand so xp = p-lim,, ., Ty(,). Let us assume that
there is a one-to-one function h € ([¢]<“)* such that h|a = g|a. Since {[f¢], :
€< G U{Fl,: B < c}isa base for ([J<)¥/p, there are &, ....,& < ¢ and
E € [c]<¢ such that [h], = (Aj<k[fe,]p) A(Auceli]y). Hence, we can find B € p
such that B C A and h(n) = (Ai<k fe,(n))AE, for every n € B. It then follows
that xp,(,) = Zigk Tfe (n) T TE, for all n € B. So,

Z Te, +TE =D- T}g{lﬂ Th(n)-

i<k
This shows that G is p-compact. Let (Y, )n<w be a non-trivial sequence in G, and
assume that there is a one-to-one function g € ([¢]<*)“ such that y, = z4,). By
clause 3) of Lemma 2] there are distinct (p, (1 < ¢ and two increasing sequences
of positive integers (n9)r<w, and (n})r<w such that fe, (k) = g(n}), for every k < w
and i € {0,1}. Since z¢, = p-limg—o Zf, (k) = P-liMpe Ty(ni) = P-liMpe Ypus
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for each ¢ € {0,1}, we must have that z¢, and z., are both cluster points of
{Yn :n < w}. O

Lemma 2.3. Let p € w* be selective. For every Ey € [c]<“ \ {0}, there are
{biri<w}epand {E;:0<i<w} C[c]<¥ such that

1) w g Ui<w Ei’.

2) EiU[Ugep, fe(bi)] € Eiqa, for every i <w; and

3) {fe(bi) : £ € E;}U{{u}: np € E;} is linearly independent, for every i < w.
Proof. Put Fy = Ep, and let Fry1 = nU Fy U [Ugep, Uz, fe(m)], for every

-,

1 <n<w. Since {[fe]p : £ € S}U{[B], : B < ¢} is linearly independent, we have
that
An ={k <w:{fe(k): € Fo} U{{n}: p € Fn}
is linearly independent} € p,

for every n < w. By the selectivity of p, we can find A = {a, : n < w} € p such
that m < a.,, < a, and a, € A,, for every m < n < w. Let us define a coloring
Py and P; on [w]? as {a,b} € Py iff a < b, a,b € A, a = am, b= a, and a,, < n,
and {a,b} € P; otherwise. Since p is selective, there is B € p such that B C A and
either [B]2 C Py or [B]?2 C P;. Choose I € [w]“ such that B = {a,, : n € I}. Let
{ir : k < w} be the enumeration of I in increasing order. Suppose that [B]? C P;.
Since {a;,,ai, } € Py, then a;, > iy, for every 1 < k < w, but this is a contradiction.
Therefore, [B]? C P,. Hence, we have that iy < a;, < ix41, for every k < w. By
using this, we obtain that

FikU[ U ff(aik)]gFik+1U[ U U fﬁ(m)]gFik+1v
§EF;, EEF;, m<ig41

for all k¥ < w. Notice that, for every k < w,

{fﬁ(aik) HES Fik} U {{:U} pE Ek}
is linearly independent, since a;, € A;,. Then, for every 1 < k < w, we define
E, = F;, and, for every k < w, we put by = a;,. It is evident that 2) and 3) are
satisfied. We remark that £y C F;, and
wC|JF=U F. = Es
n<w k<w k<w

and B = {b; : k <w} € p. O

Example 2.4. If p € w* is selective, then there is a p-compact subgroup of size ¢
without non-trivial convergent sequences.

Proof. According to Lemmal[2.2] it suffices to construct, for each o < ¢, a non-trivial
homomorphism ®,, : [¢]<* — {0,1} such that

i) ®o({£}) = p-limy—o, ®o(fe(n)), for every £ < ¢; and

i) ®o(F,) = 1.
Fix o < ¢. By applying Lemma 2.3 to Fy = F,, we get {b; : i < w} € p and
{E;:0<i<w} C[e<* such that

1) wC e Bi = E;

2) B U[Ueep, fe(bi)] C Eiya, for every i < w; and

3) {fe(bi): £ € E;}U{{u} : u € E;} is linearly independent, for every i < w.
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Now, suppose that for i < w, we have defined ®,, on [F;]<* so that ®,(F,) =1
and ®q(fe(b;)) = @a({p}), for every &, u € E;. Since {fe(bit1) : € € B JU{{u}:
€ E;yq1} is linearly independent, and E; U UgeE,; fe(b;) € Eitq, we may extend
D, : [E]<¥ — {0,1} to a homomorphism from [E;41]<* to {0,1} in such a way
that @ (fe(bit1)) = Pa({£}), for every £ € E;jq. Thus, we have defined ®, on
[E]<¢“. Observe that ®n(fe(b;)) = ®a({&}), for every £ € E; and i < w. Hence,
{n<w:®u(fe(n)) = a({&})} € p, for every £ € E. Our next task is to extend
D, to [c]<“. We will do this by transfinite induction on ¢\ E. Let v € ¢\ F and
suppose that ®, has been defined on [E U~]<“. Since f(n) C v, for every n < w,
&, ({p}) has been defined for each p < v and {{v}} U {{i} : p < v} is linearly
independent, ®,, can be extended to [E'U (y + 1)]<* in such a way that

@u({7)) = p- lim @, (n).
It is evident that ®, satisfies the required properties. ([

The following example follows from E. K. van Douwen’s construction [3, 6.1]
applied to Example 2.4]

Example 2.5. If there is a selective ultrafilter on w, then there are two countably
compact groups without non-trivial convergent sequences whose product is not
countably compact.

3. ONE MORE EXAMPLE

In this section, we will improve a little bit Example

For p € w*, we say that a space is almost p-compact if for every sequence (zp,)n<q
in X there is a function ¢ : w — w such that 7(p) € w* and T(p)- limp— n, € X
(this concept was introduced in [4]). It is evident that every p-compact space is
almost p-compact, and every almost p-compact space is countably compact. All
these notions are different from each other.

The following lemma is a generalization of Lemma 211

Lemma 3.1. Let p € w* be a selective ultrafilter. Then, there exists a family
of one-to-one functions {fe : w < & < ¢} C ([¢(]<%)* and pairwise disjoint sets
Iy, I1, I, I5 € [c \ W] such that:

a) Upey fe(n) C& for every w <€ < c.

b) b.0) U, <, fe(n) Cw, for every £ € Ip.
b.1) U,co fe(n) Cw, for every § € I.
b.2) U, <o fe(n) € Io U Is, for every § € Io.
b.3) U,co fe(n) € It U I3, for every § € I3.

-

c) {[felp :w < &<t U{[B]p: B <<} is linearly independent.
d) For every j € {0,1} and for every one-to-one function g € ([w]<¥)*, there
exists a bijection 0 : w — w and & € I; such that [go o], = [fe]p-

e) For every j € {0,1}, {[felp: € € Ijy2} U {[ﬁ]p 1B el Ulja} is a base for
(5 U Lj2] <)% /p.
Proof. Let Iy, I, I and I3 be a partition of ¢\ w in subsets of size ¢, and let
{ge : w < & < ¢} be such that:

i) For each j € {0,1}, we have that {g¢ : £ € I;} is an enumeration of all
one-to-one functions in ([w]<*)%.
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ii) For each j € {0,1}, we have that {ge : £ € I;12} is an enumeration of all
one-to-one functions in ([/; Ul;12]<“)* in such a way that | J,, ., ge(n) C &,
for every € € Ijia.

By applying the proof of Lemma 2] to {ge : £ € I;}, for j € 2,3, we get a set
of one-to-one functions {fe : £ € I;} satisfying a), b.2), b.3), and e). On the
other hand, we apply the proof of Lemma 2] to {ge : £ € Ip U1} to obtain a
family of one-to-one functions {f¢ : £ € I;} satisfying b.0) and b.1). Furthermore,
{[felp : £ € IyULL } U{[7], : n < w} is linearly independent. Thus, condition c) also
holds. Let us see how we get condition d). Following the notation of the proof of
Lemma[2T] at stage a < ¢, we choose 1o < ¢ such that {[ha, . ]p @ < c}U{[felp:
E<atu {[B]p : B < ¢} is linearly independent. We know that h,, :w — A,, is
a bijection. Now, pick B C A, such that |B| = |A,, \ B| = w and h;!(B) € p.
Choose a bijection ¢ : w — w for which o(n) = hy, (n) for every n € h;'(B) and
olw\ h,'(B)] = w\ B. So, we define fo(n) = ga(c(n)), for every n < w. Then,
we have that fo = ga(0(n)) = ga(hu,(n)) = hau,(n), for every n € h;,'(B).
Therefore, [falp = [ga © 0lp = [ha,pa]p- This shows condition d). O

In the next example, we fix a family {fe : w < { < ¢} C ([¢(/<%)* and sets
Iy, I, I, I3 € [c\ w]° satisfying all the properties of Lemma [3.1]

Example 3.2. If there is a selective ultrafilter on w, then there are two almost
p-compact groups whose product is not countably compact.

Proof. By using clause ¢), Lemma[23] and the proof of Example[2:4] we can define,
for every « < ¢, a non-trivial homomorphism @, : [c(]<“ — {0, 1} so that
i) ®a({£}) = p-limy— Pa(fe(n)), for every w < € < ¢; and
i) ®o(F,)=1.

Hence, for each { < ¢ we define z¢(a) = ®o({{}), for every o < ¢. Then, we
have that {z¢ : £ < ¢} is a linearly independent subset of {0,1}° and z¢ =
p-limy o T, (n), for every w < & <. We put

E = ({zn:n <w}),

Hy = <{.23§ €€y UIQ}>,

H, = <{.23§ :fely UIg}},

Go=FE+Hy={{ze:{ cwUIyUI}) and

Gi=F+H = <{{E§ ZwaUIlLJIg}).
It is evident that Go NG = E. Hence, we deduce that Gy x G1 is not countably
compact. As in Lemma[22] both Hy and H; are p-compact groups. We shall show
that G; is almost p-compact, for j € {0,1}. For this, fix a sequence (ay)n<. in
G;. Choose two sequences (e, )n<w in E and (hy)n<w in H; so that a, = e, + hy,
for every n < w. By the selectivity of p, there is A € p such that either e, = e,
for all n € A, for some e € E, or the function n — e,, for n € A, is one-to-
one. In the former case, e + h = p-lim,_.,(e, + h,) € E + H; = G;, where
h = p-lim,_, h,. In the latter case, we can find a one-to-one function g € ([w]<*)“
such that e, = 4y, for every n € A. According to clause e) of Lemma[3.1] there
are a bijection ¢ : w — w and & € I; such that [g o o], = [fe]p. Pick B € p so that
B C A and g(o(n)) = fe(n), for every n € B. Hence, €5(n) = Tg(o(n)) = T, (n)> fOT
every n € B. This implies that

p—%igbea(n) :p_%il%;xf{(") =T¢ € Hj.
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So, z¢ = 7(p)-lim,_ne, and ¢ = &(p) € T(p) . Since H; is p-compact, it is
also g-compact. Thus, ¢-lim,_, h, = h € H;. Hence, ¢-lim, ., a, = z¢ + h €
H; + H; C G;. Therefore, G; is almost p-compact. O

Finally, we list some open problems that the authors were unable to solve.

Question 3.3. For an arbitrary p € w*, is there a p-compact group without non-
trivial convergent sequences?

Question 3.4. Does the existence of a P-point in w* imply the existence of two
countably compact groups whose product is not countably compact?

Question 3.5. Does the existence of a selective ultrafilter on w imply the existence
of a countably compact group whose square is not countably compact?
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