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Abstract: The recuperative heat exchangers are an important part of the industrial plants. There are a number of 

such heat exchangers that differ in the arrangement of the streams. The knowledge of the flow arrangement of 

the streams is very important from a point of view of the heat exchangers calculations. There are various 

calculation methods, but only one takes into account the flow arrangement of the streams directly. The quantity 

that takes this into account is called the countercurrent index. The article deals with the determination of this 

quantity for a given recuperative heat exchanger.  
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1 Introduction 

There are various calculation methods of the recuperative heat exchangers with two inlet      

and two outlet streams. Methods LMTD 1, -NTU 2, and -NTU 3 belong                       

to the standard methods. All these methods use dimensionless quantities to describe heat 

exchangers. Each of the mentioned methods defines one key variable. In the case of LMTD 

method it is the quantity F, in the case of -NTU method it is the quantity , and in the case       

of -NTU method it is the quantity NTU. Without the knowledge of the key variable, it is        

not possible to perform the calculation of the heat exchanger.  

There are also other methods but these do not define a new key variable. The interesting 

method is Roetzel-Spang method 4. The novelty of this method lies in the graphical 

interpretation of the dimensionless quantities. This method also makes it possible to show         

in one diagram the recuperative heat exchanger which is characterized by the asymmetrical 

flow arrangement of the streams. 

-NTU method is considered to be the most preferred calculation method of the 

recuperative heat exchangers. The reason is the fact that the heat exchanger calculation can be 

done without the need for iteration. This applies not only to the design calculation but also               

to the checking calculation of the heat exchanger. -NTU method works with the functional 

dependence ε𝑖=𝑃𝑖=f(NTU𝑖, 𝑅𝑖) by means of which the experimental data are evaluated.      

These are then presented in the literature by the graphs or by the analytical dependencies,       

e.g., 5-11. 

Each heat exchanger is generally characterized by a different functional dependence 

𝑃𝑖=f(NTU𝑖, 𝑅𝑖). This is due to the fact that the heat exchangers differ from each other             

in the configuration – flow arrangement. This fact takes into account the countercurrent        

index (𝑝𝑝) 12. The aim of this paper is to point out that the heat exchanger can also             

be characterized by the variable pp, including how to determine the value of this variable          

for a given recuperative heat exchanger.  
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2 Analytical dependencies for determining the countercurrent index  

The dimensionless variables (including the key variables) used to describe the heat 

exchangers are clearly interrelated. This relationship according to 13 expresses                   

the following equations: 

θ =
𝑃𝑖

NTU𝑖
=

𝐹𝑃𝑖

NTU𝑖𝐶
 , (1) 

  
𝑃ℎ

𝑃𝑐
=

NTUℎ

NTU𝑐
=

1

𝑅ℎ
= 𝑅𝑐 , (2) 

  
1

NTU𝑖𝐶
=

(1 − 𝑅𝑖)

ln[(1 − 𝑅𝑖𝑃𝑖)/(1 − 𝑃𝑖)]
 . (3) 

The above equations are valid provided that the heat exchanger with two inlet and two 

outlet streams operates in the stationary operation. The index i in these equations corresponds           

to either the index h or c.  

However, it should be noted that the behavior of the heat exchanger is mainly determined           

by the weaker stream. It is a stream whose heat capacity (𝐶𝑝̅) has a smaller value. This is         

then denoted by the subscript min (or 1), i.e., 𝐶𝑝̅min = 𝐶𝑝̅1 = min{𝐶𝑝̅ℎ, 𝐶𝑝̅𝑐}. The second 

stream, whose heat capacity is larger, has then the subscript max (or 2). For these reasons,      

in the literature, it can be seen that the index i in Eqs. (1) to (3) corresponds to either the index 

min or max (1 or 2). 

By combining the Eqs. (1) and (2), the general equation can be obtained: 

1

NTU𝑖
=

𝐹(1 − 𝑅𝑖)

ln[(1 − 𝑅𝑖𝑃𝑖)/(1 − 𝑃𝑖)]
 . (4) 

Any recuperative heat exchanger with two inlet and two outlet streams must comply             

with this equation.  

According to 13, 14, the stationary operation of a recuperative heat exchanger with two 

inlet and two outlet streams is usually described by any combination of the three variables 

(except for variable NTU𝑖𝐶) appearing in the Eq. (1). The variable NTU𝑖𝐶 is used less often       

in the description. This represents a limit case, because for each heat exchanger, according      

to 5, 14, the following equation applies: NTU𝑖𝐶 = 𝐹. NTU𝑖. It is, therefore, possible           

to write: 

f(NTU𝑖, 𝑃𝑖 , 𝑅𝑖) = 0. (5) 

This equation represents the functional dependence used within the -NTU method,                

on the basis of which the graphical and analytical dependencies are constructed describing        

the stationary operation of the heat exchanger. An example is the equations given                   

in the Tab. 1, as well as Fig. 1, or data given in the form of tables – Tab. 2. Fig. 2 shows         

the functional dependence 𝑃𝑖 = f(NTU𝑖, 𝑅𝑖)  constructed on the basis of the data given            

in Tab. 2. These figures document the fact that each heat exchanger can be presented              

by a different method, each of which has its own advantages and disadvantages. 
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Tab. 1 Dimensionless temperature change of a given heat exchanger () 7. 
  

  

Heat exchanger with parallel flow 
ε =

1 − exp[−NTU(1 + 𝑅)]

1 + 𝑅
 

  

Heat exchanger with countercurrent 

flow ε =
1 − exp[−NTU(1 − 𝑅)]

1 − 𝑅exp[−NTU(1 − 𝑅)]
 

  

1-2 heat exchanger (one shell-side pass, 

even number of tube-side passes) ε =
2

(1 + 𝑅) + √𝑅2 + 1
1+exp(−NTU√𝑅2+1)

1−exp(−NTU√𝑅2+1)

 

  

n-2n heat exchanger (n shell-side 

passes, 2n, 2n + 2, 2n + 4, etc. tube-side 

passes) 

ε =
(1 − ε𝑎𝑅)𝑛 − (1 − ε𝑎)𝑛

(1 − ε𝑎𝑅)𝑛 − 𝑅(1 − ε𝑎)𝑛
 

 
 

where a is calculated as in 1-2 heat exchanger  

with NTU = NTU/n 
  

 

 

 
Fig. 1 Shell and tube heat exchanger with one shell-side and two tube-side passes 5. 
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Tab. 2 Dimensionless temperature change (Pmin) of 1-2 shell and tube heat exchanger with fluid 

mixing on the shell-side 6. 
  

Rmin 

NTUmin 

1.000 0.900 0.800 0.700 0.600 0.500 0.400 0.300 0.200 0.100 0.000 

0.500 0.324 0.331 0.337 0.343 0.350 0.357 0.364 0.371 0.378 0.386 0.394 

1.000 0.463 0.477 0.492 0.507 0.523 0.540 0.557 0.575 0.593 0.612 0,632 

1.500 0.526 0.547 0.568 0.591 0.614 0.638 0.664 0.691 0.718 0.747 0.777 

2.000 0.557 0.581 0.607 0.634 0.663 0.693 0.725 0.758 0.792 0.828 0.865 

2.500 0.572 0.598 0.627 0.658 0.690 0.724 0.760 0.797 0.836 0.876 0.918 

3.000 0.579 0.607 0.638 0.670 0.704 0.741 0.780 0.820 0.862 0.906 0.950 

3.500 0.582 0.612 0.643 0.677 0.713 0.751 0.791 0.834 0.878 0.923 0.970 

4.000 0.584 0.614 0.646 0.680 0.717 0.756 0.798 0.842 0.887 0.934 0.982 

 

 

 
Fig. 2 The dependence of Pmin on NTUmin for 1-2 shell and tube heat exchanger 

with fluid mixing on the shell-side, the parameter of the curves is Rmin. 

By comparing some analytical dependencies compiled in accordance with the Eq. (5),              

it can be found that these are strikingly similar. The scientific community 15, 16 17             

has responded to this fact resulting in the following equation: 

NTU1 =
1

𝑍
ln [

2 − (1 + 𝑅1 − 𝑍)𝑃1

2 − (1 + 𝑅1 + 𝑍)𝑃1
], 

in which 

𝑍 = √(1 + 𝑅1)2 − 4𝑝𝑝𝑅1. 

(6) 

In this equation, the subscript 1 pertains to variables representing a weaker flow                   

(i.e., NTU1=NTUmin, 𝑅1 = 𝑅min, and 𝑃1 = 𝑃min) 18. It follows from the previous one         

(see Eq. (5)) that the stationary operation of any recuperative heat exchanger can be described 
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by the variables NTUi, Pi, and Ri. This then means that pp in Eq. (6) is the variable               

that distinguishes the type of heat exchanger - the flow arrangement of the streams. The value 

of this variable is in the range from 0.0 to 1.0 (i.e., 𝑝𝑝 ∈ 〈0.0; 1.0〉). The limit values represent 

the double-tube heat exchanger with cocurrent flow (pp = 0.0) and the double-tube heat 

exchanger with countercurrent flow (pp = 1.0) . If pp = 0.5, then in this case it is 1-2 shell          

and tube heat exchanger with fluid mixing on the shell-side. 

The specific value of the variable pp is determined by the Eq. (6) and by the variables 

values NTUi, Pi, and Ri representing the given operating state of the heat exchanger. If the 

operating states are expressed by other variables, then these must be converted to the values                    

of the variables NTUi, Pi, and Ri. The relationships mentioned above, or mentioned                  

e.g., in 5, 13, 14, 19, can be used for conversion. 

3 The determination of the countercurrent index value  

The determination of the countercurrent index value (pp) is relatively simple. The value           

of the variable pp based on Eq. (6) can be assigned to each operating state which                      

is characterized by the variables NTUi, Pi, and Ri. The set of pp values which is necessary         

to analyze is thus obtained. If the set of pp shows no signs of the functional dependence       

and the pp values are not very different from each other, the values obtained in this way         

are simply averaged to obtain the mean value of the countercurrent index. On the other hand, 

it is necessary to look for the functional dependence by which the influence of the given 

dimensionless variables on the value of the countercurrent index is described. 

The procedure for determining the value of countercurrent index (pp) for a given recuperative 

heat exchanger is as follows: 

1. The values of the variables representing the given operating states of the heat exchanger 

are obtained. In this case, it will be data given in Tab. 2. 

2. Based on Eq. 6, the values of the variable pp will be determined separately for each 

operating state of the heat exchanger (i.e., for each i-th triplet of the values Pmin, Rmin,     

and NTUmin listed in Tab. 2, the i-th value of the variable pp is obtained, see Tab. 3).       

The pp value is determined so that the condition ∆𝑃𝑚𝑖𝑛 = 𝑃min𝑐 − 𝑃min𝑙 ≤ 3. 10−4           

is fulfilled (i.e., Pmin is determined with precision to three decimal places). The relative 

error for Pmin is identified based on the values showed in Tab. 3 (i.e., for each i-th value 

of pp, a relative error is determined in terms of the relation δ =
𝑃min𝑐−𝑃min𝑙

𝑃min𝑙
). Next,           

the overall value of the absolute values of the relative errors (i.e., δ𝑜= ∑ |δ𝑖|
𝑖=𝑛
𝑖=1 ,         

where n = 88.0) is determined. This is represented by the value 1.348  (δ𝑜=1.348 ). 

3. The mean value of the countercurrent index is determined as the arithmetic mean             

of the n-th values of pp obtained in step 2 (i.e., 𝑝𝑝 =
∑ 𝑝𝑝𝑖

𝑖=𝑛
𝑖=1

𝑛
). In this case,                       

pp = 0.499  0.50. The graphical dependence pp = f(NTUmin) (Fig. 3) can also                 

be constructed to better assess the constancy of the countercurrent index (see also            

the values listed in Tab. 3).  

4.  For completeness, the relative error (δ) is also determined for the case where Pmin               

is determined for each operating state of the heat exchanger on the basis of the mean 

value of pp given in step 3. The overall value of the absolute values of the relative        

errors (i.e.,  δ𝑜= ∑ |(
𝑃min𝑐−𝑃min𝑙

𝑃min𝑙
)

𝑖
|𝑖=𝑛

𝑖=1 , n = 88.0) is in this case represented by the value 

3.454 . Fig. 4 documents that this is a negligible value. In this figure, the data obtained 

from the literature (i.e., Pminl) are compared with the data (i.e., Pminc) determined              
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by calculation using Eq. 6, in which pp = 0.50. It follows from the above in this case,      

that pp  0.50 can be considered as a constant in a given range of values. 

Tab. 3 Countercurrent index (pp) for individual operating states of 1-2 shell and tube heat exchanger 

with fluid mixing on the shell-side. 
  

Rmin 

NTUmin 

1.000 0.900 0.800 0.700 0.600 0.500 0.400 0.300 0.200 0.100 0.000 

0.500 0.481 0.531 0.508 0.470 0.495 0.511 0.515 0.498 0.460 0.550 0.502 

1.000 0.504 0.500 0.500 0.492 0.495 0.500 0.495 0.501 0.486 0.464 0.494 

1.500 0.496 0.501 0.497 0.503 0.499 0.494 0.498 0.502 0.492 0.497 0.497 

2.000 0.500 0.499 0.500 0.498 0.500 0.499 0.501 0.502 0.500 0.501 0.499 

2.500 0.502 0.498 0.499 0.502 0.501 0.501 0.503 0.500 0.501 0.500 0.500 

3.000 0.501 0.499 0.502 0.500 0.498 0.500 0.502 0.500 0.499 0.506 0.500 

3.500 0.498 0.501 0.499 0.501 0.501 0.500 0.499 0.503 0.502 0.499 0.500 

4.000 0.499 0.500 0.500 0.498 0.499 0.498 0.500 0.502 0.499 0.501 0.499 

Tab. 3 is a key output of the above procedure for determining pp. It provides the data 

without which it would not be possible to calculate a given recuperative heat exchanger. 

Having such a table for a given heat exchanger is the same as having data about the key 

variables F, NTUmin, or . Therefore, it can be stated that pp is also the key variable without 

which the Eq. 6 would be inapplicable. If the values of pp are known, this equation is a 

convenient alternative to the common methods used to describe the heat exchangers. 

 

 
Fig. 3 The dependence of pp on NTUmin for 1-2 shell and tube 

heat exchanger with fluid mixing on the shell-side. 
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Fig. 4 The dependence Pminl on Pminc for 1-2 shell and tube 

heat exchanger with fluid mixing on the shell-side. 

 

The last thing that can be said, the functional dependence δ𝑜 = f(pp) can be used for a quick 

assessment of whether the countercurrent index (pp) will show signs of functional 

dependence. In this functional dependence, the overall value of the absolute values                 

of the relative errors (i.e., δ𝑜= ∑ |δ𝑖|𝑖=𝑛
𝑖=1 , where n = 88.0) is determined for any possible      

value of the countercurrent index. If such a functional dependence is constructed,                

then it will have a local minimum (Fig. 5). This minimum characterizes the certain values       

of the variables pp and δ𝑜. If δ𝑜 approaches zero, pp can be considered as a constant value      

for a given heat exchanger. The value thus determined should not differ significantly         

from the mean value specified in step 3 of the procedure for determining the value                  

of the countercurrent index. Fig. 5 confirms this fact that in the case of this heat exchanger,     

pp = 0.5. 
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a) The overall behavior of the function δ𝑜 = f(pp). 

 

b) The detail of the local minimum. 

Fig. 5 The dependence δ𝑜 on pp for 1-2 shell and tube heat 

exchanger with fluid mixing on the shell-side. 

CONCLUSION 

The main purpose of the article is to point out the fact that there is a general functional 

dependence which can be used to describe the individual operating states of a given heat 

exchanger. This dependence differs from other operating characteristics in that it works        

with the variable pp. Countercurrent index (pp) can also be considered as a key variable 

because without it the heat exchanger calculation would not be possible to perform. 

Determining the value of this variable is relatively simple, as is documented in this article. 

Therefore, if possible, it is suitable to try to assign this variable to a given heat exchanger. 

This variable can be presented either in the form of tabular data or by a certain average      

value with which the calculation can be performed with reasonable accuracy. However,        

the relevant data of the variables NTUi, Pi, and Ri describing the given operating states            

of the recuperative heat exchanger must be available for the correct determination                   

of the countercurrent index (pp). The description of the heat exchanger by means                    
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of the variable pp has the advantage that the functional dependence, which makes it possible 

to describe the operation of the heat exchanger with sufficient accuracy, is known in advance. 

ACKNOWLEDGEMENTS  

This research did not receive any specific grant from funding agencies in the public, 

commercial, or not-for-profit sectors.  

NOMENCLATURE 

Latin Letters 

𝐶𝑝 – heat capacity flow rate at constant 

pressure W/K 

𝑃 – dimensionless temperature  

change 1 

NTU – number of transfer units 1 𝑝𝑝 – countercurrent index 1 

𝐹 – logarithmic mean temperature 

difference correction factor 1 

𝑅 

𝑍 
– heat capacity rate ratio 1 

– auxiliary parameter 1 

Greek Letters 

δ – relative error   – heat efficiency 1 

ε – dimensionless temperature  

change 1 

θ – dimensionless mean temperature 

difference 1 

Subscripts 

𝑐 – cold medium, calculated value min – weaker stream, minimum 

𝐶 – pure countercurrent flow n – number of data 

ℎ – hot medium 𝑜 – total 

𝑖 – i-th medium, i-th operating state   ̅ – mean value 

𝑙 – value from the literature 1 – weaker stream 

max – stronger stream, maximum 2 – stronger stream 
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