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Abstract

In this paper we consider point processes N/ (1), ¢ > 0, with independent increments and
integer-valued jumps whose distribution is expressed in terms of Bern$tein functions f
with Lévy measure v. We obtain the general expression of the probability generating
functions G/ of N/, the equations governing the state probabilities p,{ of N7, and their
corresponding exphcnt forms. We also give the distribution of the first-passage times Tf
of N/, and the related governing equation. We study in detail the cases of the fractlonal
P01sson process, the relativistic Poisson process, and the gamma-Poisson process whose
state probabilities have the form of a negative binomial. The distribution of the times © jj
of jumps with height /; (ES-:l lj = k) under the condition N (¢) = k for all these special
processes is investigated in detail.
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1. Introduction

In this paper we consider a class of point processes with stationary independent integer-
valued increments of arbitrary range. These processes can be regarded as generalizations of the
Poisson process where jumps can take any positive value. Furthermore, we shall show that these
processes N f (t), t > 0, can also be viewed as time-changed Poisson processes N(H f ),
where H/(¢) are subordinators associated with the Bernitein function f and independent
from the homogeneous Poisson process N with rate A > 0. The probabilistic behavior of
the processes £/ (¢), with related counting processes N7 (), is described by the following
properties:

i) £7() has independent and stationary increments;

(ii) the probability of jumps in an infinitesimal interval is given by

dt——/ e sku(ds) + o(dr), k>1,
P{Nf[t,r +dr) =k} = (1.1

l—dt/ (1 —e™)u(ds) +o(dr), k=0,
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where

fo = / (1 —e™)u(ds) (1.2)
1]

is the integral representation of the BernStein functions.

The Bernitein functions are C, nonnegative, and such that (—1)¥ (d* /dx¥) f (x) < 0,k > 1
(see, for example, Schilling et al. (2010)). By v we denote a nonnegative Lévy measure on the
positive half-line such that

/oo(s A Dv(ds) < oo.
0

We often speak of N/ (¢), t > 0, as a generalized Poisson process performing integer-valued
jumps of arbitrary height.

These processes can be used to model many different concrete and real phenomena. For
example, if we consider car accidents in the time interval [0, ¢), the number of injured people in
each crash can take any positive number. The number of clients appearing at any commercial
center and arriving on different transport vehicles can also be modeled by a suitable counting
process N (¢),¢ > 0. Analogously, in floods or earthquakes, the number of destroyed buildings
in each event can be clearly of arbitrary magnitude and thus can be represented by N/ (¢),¢ > 0,
with suitably chosen Bernstein function f and Lévy measure v.

The subordinators H/ have Laplace transforms

Eexp(—uHY (1)) = exp(—tf(n)) = exp(—t /00(1 — e"s”)v(ds)). (1.3)
0

We observe that for
as—9~ 1

ds) = ———ds, € (0, 1),

V) = Fr s ds @e @D
we obtain the space-fractional Poisson process studied in Orsingher and Polito (2012b), where
fu) = u*, o € (0, 1). In this case, the subordinator corresponding to the space-fractional
Poisson is a positively skewed stable process of order «. If the Lévy measure is the Dirac point

mass at 1, then the corresponding subordinated Poisson process is
Ni(N2(t)), r>0,

where N;, i = 1, 2, are independent homogeneous Poisson processes with rates A; > 0. Such
a process was investigated in Orsingher and Polito (2012a) and also recently in Di Crescenzo
et al. (2015).

The state probabilities p,{ (1) = P{NF(t) = k) are governed by difference-differential
equations of the form

k
d ¢ f A" g ® am
5P (0 =~ f P (t>+mZ=l — Pit-m® fo e *s"u(ds),  k>0,t>0, (14)

with the usual initial conditions. From (1.4), we extract the probability generating function
(PGF) G/ (u, t) of N/ (t) as

G (u, 1) = exp(—=tf(A(1 — u))) = exp(—t/ (1- e_““_“)))v(ds).
0
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We prove also that
EuNH @) _ o~tf(A(1-u)

and, thus, we show that
Nf@®) 2 NEHS@).
By means of the shift operator B’"p,{(t) = p,{_m (), 0 <m < k, we can write (1.4) as
7y = —fd = BY)pi. 0, k>0 15
dtpk(t)— F( Np; (1), t>0,k>0, (1.5)

which for f(x) = x* coincides with Orsingher and Polito (2012b, Equation 2.4). We also
present a further representation of the generalized Poisson process P/ (1), t > 0, as the scale
limit of a continuous-time random walk with steps X ; having distribution

1 o0
P{Xj =k} = —-f P{N(s) = k}v(ds), k>neN, (1.6)
u(n) Jo
where u(n) = f0°° P{N(s) = n}v(ds). For example, for the space-fractional Poisson process

the distribution (1.6) becomes

PIX, = k) = Tk —a)/k! ‘>
D S VTS y ST

We also consider the hitting-times
T/ = inf{r > 0: N/ (t) > k)
and we show that
P(T edsy a3 () &

_4 —sf )
ds s &7 ant (0

We note that for f(A) = A (the case of the homogeneous Poisson process), (1.7) yields the
Erlang distribution
sk—1
P{T} € ds} = Ake—“(—kz—l)!ds, k>1,5>0.

The last part of the paper is devoted to three special cases, that is,

u®, a € (0,1) (space-fractional Poisson process),
Sf) = J(u+6)*—-0% ae(0,1) (tempered Poisson process),
log(1 4+ 1) (negative binomial process).

We obtain explicitly the probability distribution p,{ (t), k > 0, in the three cases above.
Furthermore, we are able to obtain the conditional distributions, for0 < #; < --- < t, < f,

r

P{ﬂ{zj.’ € dtj)

j=1

N @ =k]
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(where tI/ are the instants of occurrence of the jth Poisson event with size /;) for f(u) =
ne, f(u) = log(1 + p). The tempered Poisson process has finite moments (unlike the
space-fractional Poisson process) as well as the negative binomial of which many particular
distributions can be explicitly evaluated.

The Poisson process and the negative binomial processes have been generalized in many dir-
ections; see, for example, Beghin (2013), Brix (1999), Cahoy and Polito (2012), Di Crescenzo et
al. (2015), and Vellaisamy and Maheshwari (2014). The processes analyzed here include some
processes which have appeared recently in the literature, but not the time-fractional Poisson
process (which is a renewal process with nonindependent increments; see Kreer et al. (2014),
Kumar er al. (2011), Laskin (2013), and Meerschaert et al. (2011)).

2. General results

We now examine in detail the main properties of the process N F(),r > 0, with independent
increments outlined in the introduction. Our first result is the difference-differential equations
governing their state probabilities

pl@)y=P(N@t)y =k}, k=0

Theorem 2.1. The probabilities p,{ (1) = P{NS (1) = k}, k > 0, are solutions to the equation

k
d Am o0
—pl 0 =-fRpf )+ :—p,{_m(t)/ e~smuds), k>0,1>0, (2.1)
dt et m! 0

with initial condition

foy o | k=0,
P ©) lo, k> 1.

The PGF G/ (u, t) = EuN'®), |u| < 1, satisfies the linear, homogeneous equation
d
56l =—fa0 -6 wn,  Gwo=1

and has the form
Gf(u, 1) = e F 1), (22)

Proof. Since N/ (z) has independent increments and the distribution of jumps is given
by (1.1), we can write

pl(t +d) =PINI[t +dr) =k}

k
=]P’{U{Nf(t)=j,Nf[t,t+dt)=k—j}}

=0
k—1 A.k—j 00 i

= YRV 0 = fhar g [ ek uas)
= k=N'Jo

+P{Nf () = k}(l —dt /oo(l - e—“)v(ds)).
0
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A simple expansion permits us to obtain, in the limit, (2.1). From (2.1), we have

3 67 t)=iuk5pf(t)
at A T

—f(A)Zu"pkf (t)+2u —pk () / e™*s™v(ds)
k=1 m=1
- i+ / esmuds) 3 wpl 0
m=1 " J0 k=m

=—fMWGT w0 +6 @, t)/ (e~sM1=1) _ e~y p(ds)
0

=-Gf(u,r1) /oo(l — e M-y, ds)
0
=~G(u, 1) f (A1 — ).

In the last step, we take into account the representation (1.2) of the Bernstein functions.

Remark 2.1. The appearance of py—;(t), k = j > 1,in (2.1) makes the master equation of the

state probabilities p; (t) substantially different from the case of the classical Poisson process.
This fact is related to the possibility of jumps of arbitrary height. We also observe that

Nf@) 2 NHT @), 2.3)

where H/ is the subordinator with Laplace transform (1.3). This can be ascertained by
evaluating the PGF of N(H f ), t>0,as

o 00
EuNHT ) Zukf P{N(s) = k}P{H' (1) € ds}
k=0 V0
o0

= / e~ M-Wp(HS (1) € ds}
0

=G, n.

In view of (2.3) we can write the distribution of N/ (¢) as
PN/ (t) = k) = P(N(H' (1)) = k)

- f el (AS) P(H/ (1) € ds)
0

(=DF d* / ® asu
= — e M“P{HS (1) € ds}
k! duk Jy el
(=1)k dk _
= A e k>0. (2.4)

Remark 2.2. Equation (2.1) can alternatively be written as

pl® =—faU - Bypl o), t>0,k=>0,
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where B is the shift operator such that Bp,{ @)= p,{_l (#). This can be shown as follows:

—fOd - B)pl @) =— fo (1 —eMT=Byy@ds)pl ()

o0 s e (AsBY™
=—/O <1—e A 'g)T)v(ds)p,{(t)

k
oo A m
= —/ (P/{(t) —e™H G s)' p,{_m (t))v(ds)
0 m!

m=0

o0 k m e o)
= / (1 —e*w@s)pf O+ L' Pl ® f e M 5™y (ds)
0 me1 m: 0

k
_ f AT f ® as.m
=—f(M)p; (z‘)+mX=:1 ka_m(z)]; e s (ds). (2.5)

Clearly, (2.5) coincides with the right-hand side of (2.1).

A further representation of N/ (z), 1 > 0, can be obtained as the limit of a suitable compound
Poisson process.

Theorem 2.2. Let o
u(n) = / P{N(s) > n}v(ds), neN,
0

where N(s), s > 0, is a homogeneous Poisson process with rate . > 0. The compound Poisson

process
N((t/A)u(n))
Z,(ty= Y. X; t>0,
j=1
where X;, j = 1,2, ..., are discrete independent and identically distributed (i.i.d.) random

variables (RVs) with probability law
PX; =k} = ﬁ /OOOIP{N(S) = k}v(ds), k>neN forallj=1,2,..., (2.6)
converges in distribution to the subordinated Poisson process N (t) asn — 0. In other words,
NI @) = N(HY (1) = lim Z,(1).
Proof. The PGF of Z, () can be written as

EyuZn® — o—tum)(1~Eu¥)

= exp{—tu(n) > -uhPX = k}]

k=n

= exp{-—-tu(n) I;(l — uk)u—(% 000 P{N(s) = k}v(ds)] (by (2.6))

= exp[—t foo > (1 —uhP(N(s) = k}v(ds)]. 2.7
0 k=n
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By taking the limit for n — 0 of (2.7), we have
oo &
lim Eu ) = exp[—t [ a - e = k}v(ds)}
0 k=0

n—0
= exp{—t /w(l - e”’\‘(l_"))v(ds)]
0

— o~ (1w

Remark 2.3. If we take into account processes whose state probabilities satisfy the time-
fractional equation

k
A‘m o0
—plo=-ropfn+ Y Wp,{_m(t)fo e~ts™u(ds),  k=0,:>0 (28)
m=1

for v € (0, 1), the corresponding PGF has the form

Glu, 1= EM(—:“[ a —e_“(l'“))v(ds)), (2.9)
0

where E, 1(x) is the Mittag-Leffler function and the fractional derivative appearing in (2.8)
must be understood in the Caputo sense. For the space-fractional Poisson process f (1) = A%,
0 < a < 1, the distribution of the process related to (2.9) is explicitly given by Orsingher and
Polito (2012b, Equation 2.29). The processes whose distribution is governed by (2.8) admits
the following representation:

NHAL®), >0,
where LV and the stable subordinator HV are related by
P{L'(t) > x} = P{H"(x) < t}.
3. Hitting-times of the subordinated Poisson process
In this section we study the hitting-times
T/ =inf{t > 0: N (t) > k}

of the subordinated Poisson processes. The fact that N/ (¢) performs jumps of random height
makes ka substantially different from the Erlang process related to the homogeneous Poisson
process. Indeed, the law of ka can be written as

P(T/ eds) PSS (INI () =k —j, N/ [s,s +ds) = j})
ds - ds
1111’{1vf(s) =k— j} Y PIN s, s +ds) =m}
ds

k 0 X am
= Z/ P{N(z) = k — jIP{H/ (s) € dz} Z %f e Mumy(du)
=170 m=j " 70
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o0 k—j 00
/ (A2 —rp(pf (5) € dz) f PING) > j}v(du)
o k=D A

]
.M’*

j=1

(—A )k ]/oo dk—j —)»Z]P; Hf q /oo]PN( ) } q
< G= D1 Jo 7S PH'(s) € z}O {N@) = j}v(du)

I
M» "[\’J»

AT dT oy [ .
< (k — )! dAk 7€ /0 P{N (u) > j}v(du)
-2 k<=l )
Z( ') (W —sf()\))/ ( )3 ( u.) )v(du) an

r=0

The distribution of ka can also be obtained by observing that
o0 [o%s) i
az)d
P(T/ <s)=P(N'(s) 2k} = Z/ e P piH T (5) € dzy
Pty J!
and, thus,

P(T;/ eds) d

ds  ds Z/ e (AZ) — P () € dz)

_4 / P(N(2) > kIP{H” (s) € dz)
ds 0

k—1 1
_4 c>o(1 - %e‘“)ﬂ”{Hf (s) € dz}
0 =0

1 !
=~diz =) /0 i e MP{H/ (s) € dz}
1=
k—

1
d Z( ' &g
=—— 7€ , s > 0. 3.2)
ds = It da

For f(A) = A from (3.2), we extract the Erlang distribution for the first-passage time of the
Poisson process.

Remark 3.1. In particular, we observe that, from (3.1) and (3.2), we have
P(T eds} = e Nds, s>0. (3.3)

This proves that the waiting time of the first event for all subordinated Poisson processes is
exponential. Instead,

P{T) e ds} = e D (fh) — Af'(A) + Asf' (W) fF (1) ds, s >0, (3.4)

and for (1) = X (ordinary Poisson case) we recover the gamma distribution with parameters
(2, A). Equation (3.4) can also be obtained from (3.1). For f (1) = A* (space-fractional Poisson
process), we have

P{TS € ds} = dsa%e ™" (1 — a + asA%), s> 0.
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Clearly, (3.4) cannot be the distribution of the sum of exponential RVs (3.3) because the second
event can also be obtained as a jump of magnitude equal to 2. Finally, we observe that

k-1 k—1

(k — 1)! ds dak-1 s € (0, c),

P(T] cds) =P(T/ | e ds} -

so that the distributions of ka can be derived successively.

Here we derive the equation governing the distribution of ka . First, we note that

i IP’T ed
& (u,s) = Z (Pl st _ FO(—w)e A=) o0 |y <1.
1—u

This can be proved as follows:

®  P1) eds)
f — kZlk =770
&/ (u, s) Zu I
k=1
py
ZZ / -Az( ") P{H’ (s) € dz)
1 =1 k=1
J+1 _
_d5 uf e—*z(“) P{H (s) € dz)
ds = u—-1 Jp Jj!
d o0
=% ML_I(e—““‘")—1)]P>{Hf(s)edz}
= iuf()‘(l — w))e=sfOa-u), (3.5)

Theorem 3.1. The probability density q;, (t) = {ka € dt}/dt solves the following equation:

fea - B))q (= ~—qk L.
Proof. Because

k—1 00 ( )
fOU =Bngl @ = fgf - fo e v(ds)g_, (1)
m=1

we can write, since go(¢) = 0, fort > 0,

SOt FOU = Bal @) = FOI8 Gty — 3wk / e gl )

k=1 k=1 m=1

= f& 1) — Z Z(/ oo B9 v(ds))u al .

m=1k=m
= f6 w0 —esf(u,z)/ e M — u(ds)
0
= fO (1 = u)&/ (u,1).
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From (3.5), we obtain
FO —u)® (u,t) = —%ef u, 1),

which completes the proof.

4. Some particular cases

In this section we specialize the function f in order to analyze some particular cases of

Nf@),t > 0.
4.1. The space-fractional Poisson process
If |
as™4”
= = T < ) ’ 1 ’
v(ds) - ds aec(0,1)

we obtain the space-fractional Poisson process N*(¢), ¢t > 0, studied in Orsingher and Polito
(2012b). The distributions of jumps (1.1) and (1.2) specialize to

(_l)k-H)\'a
_——aa_llh. _k+1dt+ dtv k>01
P(N®[t,t +dt) = k} = A @—1)--(a ydr + o(dr)
1 — A%ds + o(dt), k=0,
(DT @+ 1)
=224 |
Ta+i-k 70 @1

since f(A) = A%. The distribution of N* can be written in three different ways as
pr () =P{N%(@t) =k}

_ ¢ 1)'c i (=22 T(ar+1)
k! r' T(r+1-k)

k ay\r
(kl') 2( Ar’) @ar—1)-(ar —k+1)

r=0
_ D e
k! duk
and we note that the probabilities (4.1) can be obtained directly from (4.2).

4.2

u=1

Remark 4.1. In light of (4.2) the distribution of the space-fractional Poisson process has the
following alternative form:

e—A%t B
Py = X lekit® + crmt N+ + o pt? + crat], 4.3)
where the coefficients c; ¢, j = 1, ..., k, can be computed by means of successive derivatives.
In particular, we have
k(k
hi = @), T (L O
k—2 k-1
k(k—1)
— a2 .2 N — o .
c2k = 0’ ,-Ul(] )=,  ax=ok ,UI(J @). (4.4)
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For @ = 1 all the coefficients ¢j«, j = 1,...,k — 1, are equal to 0 and from (4.3) we recover
the distribution of the homogeneous Poisson process. The coefficients (4.4) are sufficient to
obtain p;‘.‘(t), l<j<4as

e—A"t
p5@) = [(A%an)? +a(l — a)a®],
—A2%t
P = [(A%ar)® + 30 %) (1 — &) + (W2ar)(1 — a)(2 — a)],
A%
pe(t) = < . [@A%0)* + 6(A%ar)> (1 — &) 4 6(ar®1)*(1 — a)(2 — @)

+ 2 %at(l —a)2 —a)(3 —a)l.

Remark 4.2. In light of the independence of increments for the space-fractional Poisson
process, we have, forO <r <kand0 <s <1,

P{N%(s) =r}P{N*(t = s) =k —r}

P{N*(t) = k}

k (dr/dur)e—s)t"u" (dk—r/duk—r)e-(t—s)kuu“
- <r) (dk /du")e"‘"’“"
(k)zj 1ers Z an At — )"

izt cLit!

where we used (4.3). Fora = 1, weobtainc,,r, ck—r,k—r, Ck b F0andc;, = cpp—r = ¢ =0
for j <r,n <k —r,l <k and, thus, from (4.5) we recover the binomial distribution.

P{N%(s) =r | N*(t) =k} =

, 4.5)

r

I.In the time interval [0, ¢] the instants of occurrences of the upward jumps are denoted by
rj’, 1< j <r,l;j =1, where r is the number of jumps in [0, ¢] and /; is the height of the jth
jump. We can write the following distribution for r < k:

,
P{ﬂ{rjl.j € dr;}
j=1
_KLOST (@ + DY (=DM [T5, dty/1) 0@ + 1 = 1)
Zf,=|cn,ktn

N®(t) = k}

forO <ty <--- <t <t.

(4.6)

The distribution (4.6) can be evaluated by considering

[ﬂ{r” € dt;}

N*(t) --k]

1 r+l . .
= WP{Q{N [tj-1,2;) =0, N¥[t;, t; + dr;) =1,-}},

where #p = 0 and #,41 = ¢. Since the space-fractional Poisson process has independent
increments and in view of the transition probabilities (4.1), we arrive at (4.6). If N¥(t) = k,
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and{; = 1, for all j, we have

k k
k! (aA® k
P{ﬂ{z} edy} [ N*() =k} Lery ]‘[ @)
j=1 Z, 16kt Gy
on the simplex S; = {t;,i = 1,...,k: 0 <t <t < --- < f < t}. Clearly, fora = 1,

from (4.7) we retrieve the uniform distribution on the set S;. Since the coefficients ¢ ; can
be calculated in some specific cases, the distribution can be written down explicitly for small
values of k. For example, for k = 2, we have

2
{ﬂ T; € dtj}

P{t? edr | N*(t) =2} =

(@r®)2dr, dry
(@r21)? + a(l — a)rot’
(1/2)a(l — a)A* dn
(@x*D)? + a(l —a)rer’

O0<t < <t,

Ne(2) _2]

0<n <t

4.2. Poisson process with a relativistic (tempered) stable subordinator

In the case where the Lévy measure has the form

as— 9 le —0s
v(ds) = —— ds, 0>0,0<a<l,
rd-ow)
we obtain an extension of the space-fractional Poisson process. This new Poisson process has
the form N*® (1) 2 N(H*? (1)), where H*? is the relativistic or tempered stable subordinator.

Such a process is called relativistic since it appeared in the study of the stability of relativistic
matter (see Lieb (1990)). From (2.2), we obtain the PGF as

oo —a—1,—0s
G*(u,1) = —t/ 1—eM-wn®__ ° g
(u,t) exp{ A ( e ) rd—a) s

— e—t[[9+k( 1-u)]*—6%}

e i [—£(0 + A(1 — u)]*

= k!
ouri[—t(9+k)°‘]k R
pard k! 6+

o0

01 e (—1(8 + A)F ok + 1) (_ Au )’"
g k! ZI‘(otk-i—l—m)m! 0+

[o.¢] o
—1ym Amed™t 6+ 1)K Tk +1
=Zum[( ) Z[ 1@ +2°F D@k +1) ] @8
= m! @+ )" k! Mak+1—m)
From (4.8) we extract the distribution of N®?(¢), ¢ > 0, as
—_1ym am 6%t © A @k ok 1

m! (6+A)" pard k! Fk+1—m)’
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For 6 = 0, (4.9) yields the distribution of the space-fractional Poisson process (see Orsingher
and Polito (2012b, Equation 1.2)). An alternative form of (4.9) can be written as

«,0 _ _ (—l)m A m oatﬂ —tu® (41
P{N®"(t) =m} = el e du"’e (4.10)

u=1
and can be derived either from (4.9) or from (2.4). From (4.10) (and also from (1.1)), we have,
form>1,

P(N*®[z, t + dr) = m)

=DM O+ o)
- m!

A+0)ax@—1)---(@—m+ 1)de 4.11)
and this represents the distribution of the jumps during [z, £ +dt¢). From (4.11) we see that high
jumps have less probability of occurring than in the space-fractional Poisson process.
Remark 4.3. We note that

EN*?(t) = ar0®" s, var[N%? (1)] = ax0* 2 (A (1 — a) + O)t, (4.12)
cov[N*P()N®O(5)] = ar0*2(A(1 — @) + 0)(s A T). 4.13)

From (4.12) and (4.13), it is apparent that in the space-fractional Poisson process (6 = 0) the
mean values diverge.

4.3. Poisson process with gamma subordinator

For the Lévy measure
-5
v(ds) = c ds, s>0,
N

the distribution of the related Poisson process has a particularly simple and interesting form,

since it is the negative binomial. We note that the BernStein function corresponding to the Lévy
measure v(ds) = (e7°/s)ds is

o0 e—S
fx) =f (1 _e—sx)_s_ds = log(1 + x).
0
Therefore, the PGF (2.2) reduces to the form
G (u, 1) = 7 1BUTAA=) — (1 4 3 (1 — )™’ (4.14)

and, thus, the intertime T between successive clusters of events has law

P(T >t} = T

Equation (4.14) is clearly the PGF of N T() Z N (HT (t)), where HT is the gamma subordinator
with Laplace transform

Ee—u.Hf(t) — (1 + //L)-t-

The distribution of NT(¢), t > 0, can be extracted from (4.14).
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Proposition 4.1. The process NT (t), t > 0, has the following distribution:

Mg+ 1) @+k—1) 1

| t+k’ kZ 1,
PINT (1) =k} = . k! (A+1)
- k=0,
14+ Ay
ATk
(k+1) k> 0. (4.15)

T TOk ( + DFE =

Proof. The distribution of N(HT (¢)), t > 0, is the negative binomial (see, for example,
Kozubowski and Podgérski (2009)). Its PGF is

Glau,=0+r1-u)~"!

= (1 - A—“)_tu 1)
- 14X

_ s 20 C(—=t+1) R )k
=(1+21) gk!r(—t+1_k)< T
S 3Py AN

—k=0u K@) Q41|

Remark 4.4. The distribution (4.15) of N (¢) is written as

M Tk+10)1

P{Nr(t)zk}=(1+x)k+t T() k!

=EP{N(T) =k},

where 7 is gamma distributed with parameters (1, ¢) (that is the distribution of H T'yand N is
a homogeneous Poisson process with parameter A, independent from 7. Furthermore, (4.15)
can be regarded as an extension of the negative binomial B*, where

, FG+k) ;&
P{B =k}= —————p'
{ ) r@rk+ l)p
fori=¢t,p=1/(14+21),q = A/(l + 1) (see also Kozubowski and Podgérski (2009)).
Corollary 4.1. The distribution of jumps in this case has the form
A\
r (——) —dt, k>1,
P{N [t,t +dt) =k} = A+1/ k 4.16)
1 —log(l + A)de, k=0,
as can be inferred from (1.1) and also from (4.15). The jumps follow logarithmic distribution.

Remark 4.5. We observe that, fors < ¢, r <k,

PIN'(s) =r | NT(t) =k} = (k) ') TE+nNr@e—s+k-r)

r)T(t—sI(s) 'k+1)
z(k)B(s+r,t—s+k—r). @.17)
r B(s,t — )
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Furthermore, from (4.17) we can write, for 0 < r <k,

) B i _ fo xS+Hr— 1(1 x)t—5+""“1dx
PING)=r | N @t)=k}= () B(s,t —s)

IE[( )X’(l - Xk ] (4.18)

where X is an RV with beta distribution with parameters s and ¢t — s, that is

s—1 t—s—1
1—
P(X edr)= 0= " 4.
B(s,t — s)
Equation (4.18) shows that in the gamma-Poisson process the conditional number of events at
time s < ¢ is a randomized binomial if N () = k.

Remark 4.6. In view of (4.15), (4.16), and of the independence of the increments of the
gamma-Poisson process, we have

[ﬂ{r” € dij)

j=1

Kr L d
o=y T e

on the simplex 0 < 1 <t < --- < t, <t and ijl {j = k. Some special cases of (4.19)
are

(i) Ij =1,forall j =1,...,r and, thus, r = k. In this case, we have

k
P[ﬂ{r} € dn)
j=1

(ii) I} = k and, thus, r = 1 (unique jump of height k). Here, we obtain
dry K'T(2)
Pirf edh INF() =k} = —=——=, O<n <t
{n 1| N (1) =k} K TGt h <t <

(iii) k =2m,1; =2, for all j and, therefore, r = m. We have

P{ﬂ{r} € dtj}

j=1

k

kT (2

Nr(t)=k}= mi;)ndt,-, O<ty<---<tp<t
j=1

m

_@2m)'T @)
2’"1"(t + 2m) I_I

N =2m] =
=1

forO<t <--- <ty <t
Remark 4.7. From (4.14) we obtain the rth factorial moment of NI (¢), ¢t > 0, as
EINTOOWNT@OH =D - (NTO = r+ D=2t +1) - +r—1).
When ENT (¢) = At, the variance becomes var N () = Ar(A + 1) and
cov[NT(1), NT(s)] = A(A + D(s A D).

Furthermore, we have

t 2 3
E[/ NF(S)dS] = &E—’ [/ NF( )ds :l AL+ 1)t
0 2 0 3
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Remark 4.8. We can also write the following conditional mean values:

k
E[Nr(s)lNr(t)-_—k]:Tsv 0<S<t,

EIN"(s)N"(w) | NT (1) = k]
ks s(s+1) s(w —s)

k( )I(t+1)+k(k—1)_t_zt-+-—l) f0r0<s<w<t,
cov[NT (s), N'(w) | N* () = k] = (til)(u k)mm(s w)min(t — s, t — w). (4.20)

As a special case, from (4.20) we extract the conditional variance as

r PR sk(t —s)
var[N (S)IN(t)_]_t(t+l)<1 ) 0<s <t,
and from (4.8),
EINT(5))° | N7 = K1 = S+ ke - 1)<S>jj::

As a check, we observe that

var NT(s) = E[var[NT (s) | NT(®)]] + var[E[N" (s) | NT(9)]]

2
_ %ENFO)+ sz((t )lE(Nr(t))z varNr(t)
= (f)’_sxw (i) (m+ Dt + A% 2)+ m+ 1t
t/t+1
= AL+ 1)s.

Remark 4.9. We consider here the distribution of N { t)— Nzr 1), t > 0, where N{, j=1,2,
are independent gamma-Poisson processes. This leads to a generalization of the Skellam law
of the difference of independent homogeneous Poisson processes. We have

P(N] (t) = NI (t) = r}

_ i ATk + OMFT(k + 7 +1)
T (L WFHT @K (L+ MR+ (ke + )T ()

1 — Akt i ®© ktt—1 _kbrte—1
= d dze W2 - r+i—
L+ DPT2(0) £ Z I+ Rk + 1)l /o wfo wowm

A1+ 2 Jwz) T
- dw dge—P—Zyt—/D=1,(r/2+1-1 (¢ v
(1+A)2'1"2(1)/ / wdze Z

k' (k+r)!
= —_——f / e~ W2yt =(/D=1,(r/D+1—1 [ (ZAJ—)
A+02120) Jo Jo Y

00 OO t—1
_ Y (1) = pre—tutym )" dudy
= [7 [ vt - mpaay = e O

=EP(NY (1) = N (1) =1},
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where U and Y are independent gamma RVs with parameters 1 and ¢, and Ip(x) is a Bessel
function. For the reader’s convenience, we recall that the Skellam distribution reads

PN} () — N§(6) = r} = "B )02 1, 20/0B),  r e,
for independent Poisson processes N7, Nf , with rate A and B, respectively.
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