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COUNTING ROOTED SPANNING FORESTS FOR

CIRCULANT FOLIATION OVER A GRAPH

L. A. Grunwald, Y. S. Kwon and I. A. Mednykh

Abstract

In this paper, we present a new method to produce explicit formulas for the

number of rooted spanning forests f(n) for the infinite family of graphs Hn =

Hn(G1, G2, . . . , Gm) obtained as a circulant foliation over a graph H on m vertices

with fibersG1, G2, . . . , Gm. Each fiber Gi = Cn(si,1, si,2, . . . , si,ki) of this foliation is

the circulant graph on n vertices with jumps si,1, si,2, . . . , si,ki . This family includes

the family of generalized Petersen graphs, I-graphs, sandwiches of circulant graphs,

discrete torus graphs and others.

The formulas are expressed through Chebyshev polynomials. We prove that

the number of rooted spanning forests can be represented in the form f(n) =

p f(H)a(n)2, where a(n) is an integer sequence and p is a prescribed natural num-

ber depending on the number of odd elements in the set of si,j. Finally, we find an

asymptotic formula for f(n) through the Mahler measure of the associated Laurent

polynomial.

Introduction

Let G be a finite connected graph. One of the most characteristic of the graph is its

complexity. This notion can be defined in a few different ways. It can be just the

number of edges or vertices, the number of spanning trees or rooted spanning forests,
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the Kirchhoff index defined as the sum of resistance distances between vertices or some

other important geometrical characteristic. All the above mentioned characteristics can

be expressed in terms of Laplacian eigenvalues of a graph or more precisely, through

coefficients of its Laplacian characteristic polynomials. The structure of these coefficients

is given by the Chelnokov-Kelmans theorem [14] which states that each coefficient, up to

sign, is the number of rooted spanning forests in the graph with prescribed number of the

trees. The complexity of a graph plays an important role in statistic physics, where the

graphs with arbitrary large number of vertices are considered ([28], [13]). In this case, the

structure of the Laplacian characteristic polynomial becomes quite complicated and the

most interesting invariants are given by its asymptotic.

Recently, it was discovered in paper [22], that the number of spanning forests in

circulant graph coincides with the order of homology group for some manifold arising as

a cyclic coverings of the three dimensional sphere branched over a knot or link.

A tree is a connected undirected graph without cycles. A spanning tree in a graph G is

a subgraph that is a tree containing all the vertices of G. A rooted tree is a tree with one

marked vertex called root. A rooted forest is a graph whose connected components are

rooted trees. A rooted spanning forest F in a graph G is a subgraph that is a rooted forest

containing all the vertices of G. According to [14] (see also papers [5], [15]) this value can

be found as det(I + L), where L is the Laplacian matrix of the graph. This leads to the

question: how to find the product of eigenvalues of the matrix I+L ? If the size (number

of vertices) of a graph is small, it is easy to do. However, the most interesting cases deal

with the family of graphs with increasing number of vertices. The direct calculation of

this product became quite complicated problem, when the number of vertices n of the

graph is going to the infinity. To solve this problem, we use the technique developed in

our previous papers [16] and [23].

As a result, we find a closed formula which is the product of a bounded number of

factors, each given by the n-th Chebyshev polynomial of the first kind evaluated at the

roots of some polynomial of prescribed degree. This gives a possibility to investigate

arithmetical properties of the number of rooted spanning forests and find its asymptotic.

Up to our knowledge, the obtained results are new and never appeared before in the

literature.

There are enormous number of papers devoted to counting of the number of spanning

trees. See survey papers [3] and [31]. At the same time it is known very little about

analytic formulas for the number of spanning forests. One of the first results was obtained

by O. Knill [15] who proved that the number of rooted spanning forests in the complete

graph Kn on n vertices is equal to (n+1)n−1. Explicit formulas for the number of rooted

spanning forests in cycle, star, line graph and some other graphs were given in ([26], [15]).
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The number of rooted forests in circulant graphs has been calculated in [11]. As for the

number of unrooted forests, it has much more complicated structure [4], [27].

The aim of the present paper is to investigate analytical, arithmetical and asymptotic

properties of function counting the number of rooted spanning forests in circulant foliation

over a given graph. This notion was introduced in paper [17]. We note that this family

of such graphs is quite rich. It includes circulant graphs, generalized Petersen graphs, I-,

Y -, H-graphs, discrete tori and others.

The structure of the paper is as follows. Some preliminary results and basic definitions

are given in Section 1. In Section 2 we define the notion of circulant foliation over a graph.

In Section 3, we present explicit formulas for the number f(n) of rooted spanning forests

in graphs Hn = Hn(G1, G2, . . . , Gm) obtained as a circulant foliation over a graph H onm

vertices with fibers G1, G2, . . . , Gm. Each fiber Gi = Cn(si,1, si,2, . . . , si,ki) of this foliation

is the circulant graph on n vertices with jumps si,1, si,2, . . . , si,ki. The formulas will be given

in terms of Chebyshev polynomials. In Section 4, we provide some arithmetical properties

of function f(n) for the family Hn. More precisely, we show that the number of rooted

spanning forests in the graph Hn can be represented in the form f(n) = p f(H) a(n)2,

where a(n) is an integer sequence and p is a prescribed natural number depending on

jumps and the parity of n. In Section 5, we use explicit formulas for the complexity in

order to produce its asymptotic. In the last section, we illustrate the obtained results by

a series of examples.

Acknowlegments. The authors are grateful to anonymous referees for thorough review

and helpful suggestions.

1 Basic definitions and preliminary facts

Consider a connected finite graphG, allowed to have multiple edges but without loops. We

denote the vertex and edge set of G by V (G) and E(G), respectively. Given u, v ∈ V (G),

we set auv to be the number of edges between vertices u and v. The matrix A = A(G) =

{auv}u,v∈V (G) is called the adjacency matrix of the graph G. The degree dv of a vertex

v ∈ V (G) is defined by dv =
∑

u∈V (G) auv. Let D = D(G) be the diagonal matrix indexed

by the elements of V (G) with dvv = dv. The matrix L = L(G) = D(G)− A(G) is called

the Laplacian matrix, or simply Laplacian, of the graph G.

In this paper we prefer to deal with more general definition of Laplacian. Let X =

{xv, v ∈ V (G)} be the set of variables and let X(G) be the diagonal matrix indexed by

the elements of V (G) with diagonal elements xv. The generalized Laplacian matrix of G,

denoted by L(G,X), is given by L(G,X) = X(G)−A(G). In the particular case xv = dv,

we have L(G,X) = L(G).
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We call an n× n matrix circulant, and denote it by circ(a0, a1, . . . , an−1) if it is of the

form

circ(a0, a1, . . . , an−1) =




a0 a1 a2 . . . an−1

an−1 a0 a1 . . . an−2

...
...

a1 a2 a3 . . . a0




.

Recall [6] that the eigenvalues of matrix C = circ(a0, a1, . . . , an−1) are given by the

following simple formulas λj = p(εjn), j = 0, 1, . . . , n − 1 where p(x) = a0 + a1x + · · · +
an−1x

n−1 and εn is an order n primitive root of the unity. Moreover, the circulant matrix

C = p(Tn), where Tn = circ(0, 1, 0, . . . , 0) is the matrix representation of the shift operator

Tn : (x0, x1, . . . , xn−2, xn−1) → (x1, x2, . . . , xn−1, x0). We note that all n × n circulant

matrices share the same set of eigenvectors. Hence, any set of n × n circulant matrices

can be simultaneously diagonalizable.

Let s1, s2, . . . , sk be integers such that 1 ≤ s1 < s2 < · · · < sk < n
2
. The graph

Cn(s1, s2, . . . , sk) with n vertices 0, 1, 2, . . . , n − 1 is called circulant graph if the vertex

i, 0 ≤ i ≤ n− 1 is adjacent to the vertices i± s1, i± s2, . . . , i± sk (mod n). All vertices of

the graph are of even degree 2k. In this paper, we also allow the empty circulant graph

Cn(∅) consisting of n isolated vertices.

2 Circulant foliation over a graph

Let H be a finite graph with vertices v1, v2, . . . , vm, allowed to have multiple edges but

without loops. Denote by ai j the number of edges between vertices vi and vj . Since H

has no loops, we have ai i = 0. To define the circulant foliation Hn = Hn(G1, G2, . . . , Gm)

we prescribe to each vertex vi a circulant graph Gi = Cn(si,1, si,2, . . . , si,ki). In the case

Gi = Cn(∅) we set ki = 1 and si,1 = 0. The circulant foliation Hn = Hn(G1, G2, . . . , Gm)

over H with fibers G1, G2, . . . , Gm is a graph with the vertex set V (Hn) = {(k, vi) | k =

1, 2, . . . n, i = 1, 2, . . . , m}, where for a fixed k the vertices (k, vi) and (k, vj) are con-

nected by ai j edges, while for a fixed i, the vertices (k, vi), k = 1, 2, . . . n form a graph

Cn(si,1, si,2, . . . , si,ki) in which the vertex (k, vi) is adjacent to the vertices (k±si,1, vi), (k±
si,2, vi), . . . , (k ± si,ki, vi) (mod n). Along the text we will refer to H as a base graph for

the circulant foliation Hn.

There is a projection ϕ : Hn → H sending the vertices (k, vi), k = 1, . . . , n and edges

between them to the vertex vi and for given k each edge between the vertices (k, vi) and

(k, vj), i 6= j bijectively to an edge between vi and vj . For each vertex vi of graph H we

have ϕ−1(vi) = Gi, i = 1, 2, . . . , m.

Consider an action of the cyclic group Zn on the graphHn defined by the rule (k, vi) →
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(k + 1, vi), k mod n. Then the group Zn acts free on the set of vertices and the set of

edges and the factor graph Hn/Zn is an equipped graph Ĥ obtained from the graph H by

attaching ki loops to each i-th vertex of H.

By making use of the voltage technique [10], one can construct the graph Hn in the

following way. We put an orientation to all edges of Ĥ including loops. Then we prescribe

the voltage 0 to all edges of subgraph H of Ĥ and the voltage si,j mod n to the j-th

loop attached to i-th vertex of H. The respective voltage covering is the graph Hn.

Recall that the adjacency matrix of the non-empty circulant graph Cn(s1, s2, . . . , sk)

on the vertices 1, 2, . . . , n has the form
k∑

p=1

(T
sp
n + T

−sp
n ). Empty circulant graph has zero

matrix as its adjacency matrix. Suppose that the adjacency matrix of the graph H is

A(H) =




0 a1,2 a1,3 . . . a1,m

a2,1 0 a2,3 . . . a2,m
...

...

am,1 am,2 am,3 . . . 0




.

Then, the adjacency matrix of the circulant foliation Hn = Hn(G1, G2, . . . , Gm) over a

graph H with fibers Gi = Cn(si,1, si,2, . . . , si,ki), i = 1, 2, . . . , n is given by

A(Hn) =




k1∑
p=1

(T
s1,p
n + T

−s1,p
n ) a1,2In a1,3In . . . a1,mIn

a2,1In
k2∑
p=1

(T
s2,p
n + T

−s2,p
n ) a2,3In . . . a2,mIn

...
...

am,1In am,2In am,3In . . .
km∑
p=1

(T
sm,p
n + T

−sm,p
n )




.

As the first example, we consider the sandwich graph SWn = Hn(G1, G2, . . . , Gm).

The graph SWn has the path graph on m vertices v1, v2, . . . , vm as its base graph H, with

prescribed circulant graphs Gi, i = 1, 2, . . . , m. A very particular case of this construction,

known as I-graph I(n, k, l), occurs by taking m = 2, G1 = Cn(k) and G2 = Cn(l). Also,

the generalized Petersen graph [25] arises as GP (n, k) = I(n, k, 1). The sandwich of two

circulant graphs Hn(G1, G2) was investigated in [1].

As the second example, we consider the generalized Y -graph Yn = Yn(G1, G2, G3),

where G1, G2, G3 are given circulant graphs on n vertices. To construct Yn, we consider a

Y -shape graph H consisting of four vertices v1, v2, v3, v4 and three edges v1v4, v2v4, v3v4.

Let G4 = Cn(∅) be the empty graph of n on vertices. Then, by definition, we put

Yn = Hn(G1, G2, G3, G4). In a particular case, G1 = Cn(k), G2 = Cn(l), and G3 = Cn(m),

the graph Yn coincides with the Y -graph Y (n; k, l,m) defined earlier in [2, 12].
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The third example is the generalizedH-graph Hn(G1, G2, G3, G4, G5, G6),whereG1, G2,

G3, G4 are given circulant graphs and G5 = G6 = Cn(∅) are the empty graphs on n ver-

tices. In this case, we take H to be the graph with vertices v1, v2, v3, v4, v5, v6 and edges

v1v5, v5v3, v2v6, v6v4, v5v6. In the case G1 = Cn(i), G2 = Cn(j), G3 = Cn(k), G4 = Cn(l),

we get the graph H(n; i, j, k, l) investigated in the paper [12]. Shortly, we will write

Hn(G1, G2, G3, G4) ignoring the last two empty graph entries.

3 Counting the number of spanning rooted forests in

the graph Hn

Let H be a finite connected graph with the vertex set V (H) = {v1, v2, . . . , vm}. Consider
the circulant foliation Hn = Hn(G1, G2, . . . , Gm), where Gi = Cn(si,1, si,2, . . . , si,ki), i =

1, 2, . . . , m. Let L(H, X) be the generalized Laplacian of graph H with the set of variables

X = (x1, x2, . . . , xm). We specify X by setting xi = 2ki + di +1−
ki∑
j=1

(zsi,j + z−si,j ), where

di is the degree of vi in H. By definition of circulant graphs, if Gi 6= Cn(∅) we have

1 ≤ si,1 < si,2 < · · · < si,ki. In this case, xi is a Laurent polynomial with leading term

−zsi,ki . For Gi = Cn(∅) we have xi = di + 1. We set P (z) = det(L(H, X)). We note that

P (z) is an integer Laurent polynomial.

For further considerations, we need to investigate the structure of leading term of the

polynomial P (z). This term comes from the product of polynomials xi = 2ki + di + 1 −
ki∑
j=1

(zsi,j + z−si,j ) with si,ki > 0 and determinant of the matrix, obtained from L(H, X)

removing all rows and columns corresponding to the non-empty circulant fibers. One can

use the following lemma to calculate the leading term explicitly.

Lemma 3.1. Let V ′ = (v1, v2, . . . , vm′) be the subset (possibly empty) of vertices of

the graph H with trivial circulant fibers Cn(∅). Define H ′ as a vertex-induced subgraph

of graph H formed by V ′. Then leading term of the polynomial P (z) is given by the

following formula (−1)m−m′

η zs, where η = det(L(H ′, X ′)), s =
m∑
j=1

sj,kj , X
′ = (d1 +

1, d2 + 1, . . . , dm′ + 1), and dj is a valency of vertex vj in graph H.

Proof. By definition, P (z) = det(L(H,X)), where X = (x1, x2, . . . , xm), xj = 2ki +

di + 1 −
ki∑
j=1

(zsi,j + z−si,j ). For j = 1, 2, . . . , m′ we have xj = dj + 1 as kj = 1, sj,1 = 0. If

j = m′ + 1, . . . , m, the leading terms of the polynomial xj is the −zsj,kj . Since all other

entries of matrix L(H,W ) are integer constants, by making use of basic properties of

determinants, we get the statement of lemma. We note that L(H ′, X ′) is a symmetric
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and strictly diagonally dominant matrix. By [8] we always have η > 0. In the case of

m′ = 0, we set η = 1.

Now, we consider one more specification L(H, W ) for generalized Laplacian of H with

the set W = (w1, w2, . . . , wm), where wi = 2ki + di + 1 −
ki∑
j=1

2 Tsi,j(w) and Tk(w) =

cos(k arccosw) is the Chebyshev polynomial of the first kind. See [19] for the basic

properties of the Chebyshev polynomials. We set Q(w) = det(L(H, W )). Then Q(w)

is an integer polynomial of degree s = s1,k1 + s2,k2 + · · · + sm,km. Since
1
2
(zn + z−n) =

Tn(
1
2
(z + z−1)), we have P (z) = Q(w), where w = 1

2
(z + z−1). By definition of Q(w) we

have

(1) Q(w) = det




w1 −a1,2 −a1,3 . . . −a1,m

−a2,1 w2 −a2,3 . . . −a2,m
...

...

−am,1 −am,2 −am,3 . . . wm




,

where wi = 2ki + di + 1−
ki∑
j=1

2Tsi,j (w), i = 1, 2, . . . , m.

Remark 3.2. In notation of Lemma 3.1, the leading term of the polynomial Q(w) is

(−1)m−m′

2sη ws.

The main result of this section is the following theorem.

Theorem 3.3. The number of spanning rooted forests f(n) in the graphHn(G1, G2, . . . , Gm)

is given by the formula

f(n) = ηn
s∏

p=1

|2Tn(wp)− 2|,

where s = s1,k1 + s2,k2 + · · ·+ sm,km, wp, p = 1, 2, . . . , s are all the roots of the equation

Q(w) = 0 and η is the same as in Lemma 3.1.

Proof. By ([14], [5]), the number of rooted spanning forests f(n) of a graphHn(G1, G2,

. . . , Gm) is equal to the product of eigenvalues of I + L where L is the Laplacian of a

graph Hn. To investigate the spectrum of matrix I + L, we consider the shift operator

Tn = circ(0, 1, . . . , 0). Then the matrix I + L is given by the formula

I + L =




A1(Tn) −a1,2In −a1,3In . . . −a1,mIn

−a2,1In A2(Tn) −a2,3In . . . −a2,mIn
...

...

−am,1In −am,2In −am,3In . . . Am(Tn)




,
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where Ai(z) = 2ki + di + 1−
ki∑
j=1

(zsi,j + z−si,j ), i = 1, . . . , m.

The eigenvalues of circulant matrix Tn are εjn, j = 0, 1, . . . , n − 1, where εn = e
2πi
n .

Since all of them are distinct, the matrix Tn is conjugate to the diagonal matrix Tn =

diag(1, εn, . . . , ε
n−1
n ) with diagonal entries 1, εn, . . . , ε

n−1
n . To find spectrum of I + L,

without loss of generality, one can replace Tn with Tn. Then all n × n blocks of I + L

are diagonal matrices. This essentially simplifies the problem of finding eigenvalues of the

block matrix I + L. Indeed, let λ be an eigenvalue of I + L and let (u1, u2, . . . , um) with

ui = (ui,1, ui,2 . . . , ui,n)
t, i = 1, . . . , m be the respective eigenvector. Then we have the

following system of equations

(2)




A1(Tn)− λ In −a1,2In −a1,3In . . . −a1,mIn

−a2,1In A2(Tn)− λ In −a2,3In . . . −a2,mIn
...

...

−am,1In −am,2In −am,3In . . . Am(Tn)− λ In







u1

u2

...

um




= 0.

Recall that all blocks in the matrix under consideration are diagonal n× n-matrices and

the (j, j)-th entry of Tn is equal to εj−1
n .

Hence, the equation (2) splits into n equations

(3)




A1(ε
j
n)− λ −a1,2 −a1,3 . . . −a1,m

−a2,1 A2(ε
j
n)− λ −a2,3 . . . −a2,m
...

...

−am,1 −am,2 −am,3 . . . Am(ε
j
n)− λ







u1,j+1

u2,j+1

...

um,j+1




= 0,

j = 0, 1, . . . , n− 1. Each equation gives m eigenvalues of I +L, say λ1,j, λ2,j, . . . , λm,j. To

find these eigenvalues we set

(4) P (z, λ) = det




A1(z)− λ −a1,2 −a1,3 . . . −a1,m

−a2,1 A2(z)− λ −a2,3 . . . −a2,m
...

...

−am,1 −am,2 −am,3 . . . Am(z)− λ




.

Then λ1,j, λ1,j, . . . , λm,j are roots of the equation

(5) P (εjn, λ) = 0.

In particular, by Vieta’s theorem, the product pj = λ1,jλ2,j · · ·λm,j is given by the formula

pj = P (εjn, 0) = P (εjn), where P (z) = Q(1
2
(z + z−1)) is defined at the beginning of this

section.
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Now, for any j = 0, . . . , n − 1, matrix I + L has m eigenvalues λ1,j , λ2,j, . . . , λm,j

satisfying the order m algebraic equation P (εjn, λ) = 0. One can see that the polynomial

P (1, λ) is the characteristic polynomial for I+L(H), where L(H) is the Laplacian matrix

of graph H and its roots are eigenvalues of H.

Now we have

(6) f(n) =
n−1∏

j=0

λ1,jλ2,j · · ·λm,j =
n−1∏

j=0

pj =
n−1∏

j=0

P (εjn).

Note that the product of eigenvalues p0 = P (1) = λ1,0λ2,0 · · ·λm,0 is equal to f(H),

where f(H) is the number of rooted spanning forests in graph H. Hence

(7) f(n) = f(H)
n−1∏

j=1

P (εjn).

To continue the proof we replace the Laurent polynomial P (z) by P̃ (z) = (−1)m−m′ zs

η
P (z),

where m, m′ and η are given by Lemma 3.1. Then P̃ (z) is a monic polynomial of the

degree 2s with the same roots as P (z). We note that

(8) ηn
n−1∏

j=0

P̃ (εjn) = (−1)(m−m′)nε
(n−1)n

2
s

n

n−1∏

j=0

P (εjn) = (−1)(m−m′)n+s(n−1)

n−1∏

j=0

P (εjn).

All roots of polynomials P̃ (z) and Q(w) are z1, 1/z1, z2, 1/z2, . . . , zs, 1/zs and wj =
1
2
(zj + z−1

j ), j = 1, . . . , s, respectively. Also, we can recognize the complex numbers

εjn, j = 0, . . . , n−1 as the roots of polynomial zn−1. By the basic properties of resultant

([24], Ch. 1.3) we have

n−1∏

j=0

P̃ (εjn) = Res(P̃ (z), zn − 1) = Res(zn − 1, P̃ (z))

=
∏

z:P̃ (z)=0

(zn − 1) =
s∏

j=1

(znj − 1)(z−n
j − 1)(9)

=
s∏

j=1

(2− znj − z−n
j ) = (−1)s

s∏

j=1

(2Tn(wj)− 2).

Combine (6), (8) and (9) we have the following formula for the number of spanning trees

(10) f(n) = (−1)(m−m′)n+s nηn
s∏

j=1

(2Tn(wj)− 2).

Since f(n) is a positive number, by (10) we obtain
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(11) f(n) = ηn
s∏

j=1

|2Tn(wj)− 2|.

We finish the proof of the theorem.

Claim 3.4. The number of rooted spanning forests f(n) is a multiple of f(H).

Proof. Indeed, by formula (7) we have to show that the number R =
n−1∏
j=1

P (εjn)

is an integer. This value can be found as a resultant of two polynomials with integer

coefficients, namely zn−1
z−1

and η P̃ (z). So R is an integer.

4 Arithmetical properties of f(n) for the graph Hn

Let H be a finite connected graph on m vertices. Consider the circulant foliation Hn =

Hn(G1, G2, . . . , Gm), where Gi = Cn(si,1, si,2, . . . , si,ki), i = 1, 2, . . . , m. Recall that any

positive integer s can be uniquely represented in the form s = p r2, where p and r are

positive integers and p is square-free. We will call p the square-free part of s.

Theorem 4.1. Let f(n) be the number of rooted spanning forests in the graph Hn.

Denoted by p is the square free parts of Q(−1). Then there exists an integer sequence a(n)

such that

1◦ f(n) = f(H) a(n)2, if n is odd,

2◦ f(n) = p f(H) a(n)2, if n is even.

Proof. Recall that f(H) = λ1,0λ2,0 · · ·λm,0, where λi,j are eigenvalues of I + L.

By formula (7) we have f(n) = f(H)
∏n−1

j=1 λ1,jλ2,j · · ·λm,j. Here, λi,j, i = 1, 2, . . . , m, j =

1, 2, . . . , n−1 are all the roots of the quotient of characteristic polynomials for Imn+L(Hn)

and Im + L(H).

Note that λ1,jλ2,j . . . λm,j = P (εjn) = P (εn−j
n ) = λ1,n−jλ2,n−j · · ·λm,n−j. Define c(n) =

n−1
2∏

j=1

λ1,jλ2,j · · ·λm,j , if n is odd and d(n) =

n
2
−1∏

j=1

λ1,jλ2,j · · ·λm,j, if n is even. Each λi,j is an

algebraic number. The product of an algebraic number λ and all its Galois conjugate is

called a norm of λ. Up to a sign, it coincides with the constant term of minimal polynomial

for λ. Therefore, the norm is always integer. By [18], each algebraic number λi,j comes

into the products
∏(n−1)/2

j=1 λ1,jλ2,j · · ·λm,j and
∏n/2−1

j=1 λ1,jλ2,j · · ·λm,j with all of its Galois
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conjugate elements. Hence, both products c(n) and d(n) are integers. Moreover, if n is

even we get λ1,n
2
λ2,n

2
· · ·λm,n

2
= P (−1) = Q(−1). We note that Q(−1) is always a positive

integer. The precise formula for it is given in Remark 4.2.

Now, we have f(n) = f(H) c(n)2 if n is odd, and f(n) = f(H)Q(−1) d(n)2 if n is

even. Let Q(−1) = p r2, where p is a square free number. Then

1◦ f(n)
f(H)

= c(n)2 if n is odd,

2◦ f(n)
f(H)

= p(r d(n))2 if n is even.

By Claim after the proof of Theorem 3.3, the quotient f(n)
f(H)

is an integer. Since p is

square free, the squared rational numbers in 1◦ and 2◦ are integer. Setting a(n) = c(n) in

the first case, and a(n) = r d(n) in the second we finish the proof of the theorem.

Remark 4.2. Denoted by ti the number of odd elements in the sequence si,1, si,2, . . . , si,ki.

Then Q(−1) = detL(H,W ), whereW = (d1+4t1+1, d2+4t2+1, . . . , dm+4tm+1). Indeed,

Q(w) = detL(H,W ), where W = (w1, w2, . . . , wm) and wi = 2ki + di + 1 −
ki∑
j=1

2Tsi,j(w).

We have Tsi,j (−1) = cos(si,j arccos(−1)) = cos(si,jπ) = (−1)si,j and wi = di + 1 +

4
ki∑
j=1

1−(−1)si,j

2
= di + 4ti + 1.

5 Asymptotic formulas for the number f(n) of rooted

spanning forests

In this section we obtain the following result.

Theorem 5.1. The asymptotic behavior for the number of rooted spanning forests

f(n) in the graph Hn is given by the formula

f(n) ∼ An, n → ∞,

where A = exp(
1∫
0

log |Q(cos 2πt)|dt).

To prove the theorem we need the following lemma.

Lemma 5.2. Let z be a root of the Laurent polynomial P (z) then |z| 6= 1.

Proof. Suppose that P (z) = 0 and |z| = 1. Then z = eiϕ, ϕ ∈ R. Since P (z) = Q(w),

where w = 1
2
(z + z−1) by formula (1) we have
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P (eiϕ) = det




x1 −a1,2 −a1,3 . . . −a1,m

−a2,1 x2 −a2,3 . . . −a2,m
...

...

−am,1 −am,2 −am,3 . . . xm




,

where

xi = 2ki+di+1−
ki∑

j=1

(zsi,j+z−si,j ) = 2ki+di+1−
ki∑

j=1

(ei si,j ϕ+e−i si,j ϕ) = di+1+

ki∑

j=1

(2−2 cos(si,j ϕ))

and di =
m∑

j=1, j 6=i

ai,j . Hence xi ≥ di+1 > di, i = 1, . . . , m. So, the matrix above is a strictly

diagonally dominant. By the Gershgorin circle theorem [8] it is non-singular. That is,

P (z) 6= 0, which is a contradiction.

Now we come to the proof of the Theorem 5.1.

Proof. By Theorem 3.3 we have f(n) = ηn
s∏

j=1

|2Tn(wj)− 2|,where wj, j = 1, 2, . . . , s

are all the roots of the polynomial Q(w). Since P (z) = Q(1
2
(z + z−1)) we have wj =

1
2
(zj + z−1

j ), where zj and 1/zj , j = 1, . . . , s are all the roots of the polynomial P (z). By

Lemma 5.2 we get |zj| 6= 1, j = 1, 2, . . . , s.

We have Tn(wj) = 1
2
(znj + z−n

j ). Replacing zj by 1/zj, if necessary, we always can

assume that |zj| > 1 for all j = 1, 2, . . . , s. Then Tn(wj) ∼ 1
2
znj and |2Tn(wj)− 2| ∼ |zj |n

as n → ∞. Hence

ηn
s∏

j=1

|2Tn(wj)− 2| ∼ ηn
s∏

j=1

|zj |n = ηn
∏

P (z)=0, |z|>1

|z|n = An.

By Lemma 3.1, η is the absolute value of the leading coefficient of the polynomial

P (z). So A = η
∏

P (z)=0, |z|>1

|z| is the Mahler measure of the polynomial P (z). By ([7],

p. 67), we have A = exp

(
1∫
0

log |P (e2πit)|dt
)
. By P (z) = Q(1

2
(z + z−1)) we obtain

A = exp(
1∫
0

log |Q(cos 2πt)|dt). The theorem is proved.

6 Examples

6.1 Circulant graph Cn(s1, s2, . . . , sk)

We consider the classical circulant graph Cn(s1, s2, . . . , sk) as a foliation Hn(G1) on the

one vertex graph H = {v1} with the fiber G1 = Cn(s1, s2, . . . , sk). In this case, d1 =
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0, L(H,X) = (x1), P (z) = 2k + 1 −
k∑

p=1

(zsp + z−sp) and its Chebyshev transform is

Q(w) = 2k + 1 −
k∑

p=1

2Tsp(w). Different aspects of complexity for circulant graphs were

investigated in the papers [29, 30, 9, 21, 20]. The number of rooted spanning forests for

circulant graphs is investigated in [11].

6.2 I-graph I(n, k, l) and the generalized Petersen graph GP (n, k)

Let H be a path graph on two vertices, G1 = Cn(k) and G2 = Cn(l). Then I(n, k, l) =

Hn(G1, G2) and GP (n, k) = I(n, k, 1). We get P (z) = (4− zk − z−k)(4− zl − z−l)− 1 and

Q(w) = (4 − 2Tk(w))(4 − 2Tl(w)) − 1. The arithmetical and asymptotical properties of

complexity for I-graphs were studied in [23, 1].

6.3 Sandwich of m circulant graphs

Consider a path graph H on m vertices. Then Hn(G1, G2, . . . , Gm) is a sandwich graph of

circulant graphs G1, G2, . . . , Gm. Here d1 = dm = 1 and di = 2, i = 2, . . . , m− 1. We set

D(x1, x2, . . . , xm) = det




x1 −1 0 . . . 0 0 0

−1 x2 −1 . . . 0 0 0
...

...

0 0 0 . . . −1 xm−1 −1

0 0 0 . . . 0 −1 xm




.

By direct calculation we obtain

D(x1, x2, . . . , xm) = x1D(x2, . . . , xm)−D(x3, . . . , xm), D(x1) = x1, D(x1, x2) = x1x2 − 1.

Then Q(w) = D(w1, w2, . . . , wm) and Q(−1) = D(d1+4t1+1, d2+4t2+1, . . . , dm+4tm+1),

where wi and ti are the same as in Remark 3.2. The particular case Hn(G1, G2) is studied

in recent paper [1].

6.4 Generalized Y -graph

Consider the generalized Y -graph Yn(G1, G2, G3) where Gi = Cn(si,1, si,2, . . . , si,ki), i =

1, 2, 3. Here

Q(w) = 4A1(w)A2(w)A3(w)− A1(w)A2(w)−A1(w)A3(w)− A2(w)A3(w),

where Ai(w) = 2ki + 2−
ki∑
j=1

2Tsi,j (w).
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In the particular case G1 = G2 = G3 = Cn(1) we have Y -graph Y (n; 1, 1, 1). Then

Q(w) = 208− 336w + 180w2 − 32w3, η = 4 and the number of rooted spanning forests is

given by the formula

f(n) = 4n(2Tn(13/8)− 2)(2Tn(2)− 2)2.

Also, by Theorem 4.1 there exists an integer sequence a(n) such that f(n) = f(1)a(n)2

if n is odd and f(n) = 21f(1)a(n)2 if n is even. Here the multiple 21 is a square-free

part of Q(−1) and f(1) = 20 is the number of rooted spanning forests in the base Y -

graph. By Theorem 5.1 we have the following asymptotic behavior f(n) ∼
n→∞

An, where

A = 1
2
(7 + 4

√
3)(13 +

√
105).

6.5 Generalized H-graph

Consider the generalizedH-graphHn(G1, G2, G3, G4), whereGi = Cn(si,1, si,2, . . . , si,ki), i =

1, 2, 3, 4. Now we have

Q(w) = A1(w)A2(w)A3(w)A4(w)

(
(4− 1

A1(w)
− 1

A2(w)
)(4− 1

A3(w)
− 1

A4(w)
)− 1

)

where Ai(w) are the same as above.

In case G1 = G2 = G3 = G4 = Cn(1) we have H-graph H(n; 1, 1; 1, 1). Then Q(w) =

16(−2 + w)2(−5 + 3w)(−9 + 5w) and η = 15. So, the number of rooted spanning forests

in graph H(n; 1, 1; 1, 1) is given by the formula

f(n) = 15n(2Tn(5/3)− 2)(2Tn(9/5)− 2)(2Tn(2)− 2)2.

Also, for some integer sequence a(n), we have f(n) = f(1)a(n)2 for odd n and f(n) =

7f(1)a(n)2 for even n. Here 7 is square-free part of Q(−1) and f(1) = 128 is the number

of rooted spanning forests in the base H-graph. Asymptotic behavior is given by the

formula f(n) ∼
n→∞

An, where A = 9(7 + 4
√
3)(9 + 2

√
14).

6.6 Discrete torus Tn,m = Cn × Cm

We have Tn,m = Hn(Cn(1), . . . , Cn(1)︸ ︷︷ ︸
m times

), whereH = Cm(1) is a cycle with n vertices. So, the

generalized Laplacian matrix with respect to the set of variables X = (x, . . . , x︸ ︷︷ ︸
m times

) has the

form L(H,X) =




x −1 0 . . . 0 −1

−1 x −1 . . . 0 0
...

...

−1 0 0 . . . −1 x




. Then L(H,X) is an m×m circulant
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matrix with eigenvalues µj = x − e
2πij

m − e−
2πij

m = x − 2 cos(2πj
m
), j = 1, . . . , m. Hence,

detL(H,X) =
m∏
j=1

µj = 2Tm(
x
2
)− 2. Substituting x = 5− z − z−1 and w = 1

2
(z + z−1), we

get Q(w) = 2Tm(
5
2
− w)− 2. So the number of rooted spanning forests in discrete torus

Tn,m is

f(n) =

m∏

j=1

(2Tn(wj)− 2),

where wj =
5
2
− cos(2πj

m
), j = 1, 2, . . . , m.

6.7 Cartesian product H × Cn(s1, s2, . . . , sk)

Let H be an arbitrary d-regular graph on m vertices. The Cartesian product of a graph

H and circulant graph G = Cn(s1, s2, . . . , sk) is exactly Hn(G, . . . , G︸ ︷︷ ︸
m times

). Let A(H) be an

adjacency matrix of H. Consider generalized Laplacian of H : L(H,W ) = u Im − A(H),

where W = (u, u, . . . , u) and set u = 2k+1+d−
k∑

j=1

2Tsj (w). Then Q(w) = det(L(H,W )).

One can conclude that Q(w) = χH(2k+1+ d−
k∑

j=1

2Tsj (w)). Here χH(x) is characteristic

polynomial of graph H. In particular, Q(−1) = χH(d+ 4t+ 1), where t is the number of

odd elements in the set of jumps {sj, j = 1, . . . , k}.
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