Coupled-Cluster in Real Space:

CC2 Correlation and Excitation Energies using
Multiresolution Analysis

Dissertation zur Erlangung des akademischen Grades
doctor rerum naturalium
(Dr. rer. nat.)

Im Fach: Chemie
Spezialisierung: Physikalische und Theoretische Chemie

eingereicht an der
Mathematisch-Naturwissenschaftlichen Fakultit
Der Humboldt-Universitit zu Berlin

von

M. Sc. Jakob Siegfried Kottmann

Préasidentin der Humboldt-Universitit zu Berlin

Prof. Dr.-Ing. habil. Dr. Sabine Kunst

Dekan der Mathematisch-Naturwissenschaftlichen Fakultit

Prof. Dr. Elmar Kulke

Gutachter: 1. PD Dr. Denis Usvyat

2. Prof. Robert J. Harrison

3. Prof. Dr. Willem M. Klopper

Tag der miindlichen Priifung: 25.7.2018






Parts of this work (parts of Ch. 5 and Ch. 6 ) have already been published in Ref. 1 and
Ref. 2 which are explicitly stated on this page.

Specifically Tabs. 5.1, 5.2, 6.1, 6.3, 6.4, 6.7 where adapted with permission from

[1] Coupled-Cluster in Real Space. 1.

CC2 Ground State Energies Using Multiresolution Analysis
Jakob S. Kottmann and Florian A. Bischoff

Journal of Chemical Theory and Computation 2017 13 (12) 5945-5955
DOI:10.1021/acs.jctc.7b00694

Copyright 2017 American Chemical Society.

as well as Tabs. 5.3, 6.11, 6.12, 6.13, 6.15 which were adapted which permission from

[2] Coupled-Cluster in Real Space. 2.

CC2 Excited States Using Multiresolution Analysis

Jakob S. Kottmann and Florian A. Bischoff

Journal of Chemical Theory and Computation 2017 13 (12), 5956-5965
DOI: 10.1021/acs.jctc.7b00695

Copyright 2017 American Chemical Society.

Sec. 5.2 and the discussion of the corresponding tables in Sec. 6.2 follows mostly Ref. 1 while
Sec. 5.3 and the discussion of the corresponding tables in Sec. 6.3 follows mostly Ref. 2.


http://dx.doi.org/10.1021/acs.jctc.7b00694
http://dx.doi.org/10.1021/acs.jctc.7b00695




Zusammenfassung

In dieser Arbeit werden Algorithmen fiir die Berechnung elektronischer Korrelations- und
Anregungsenergien mittels der Coupled-Cluster Methode auf adaptiven Gittern entwickelt
und implementiert. Die jeweiligen Funktionen und Operatoren werden adaptiv durch Mul-
tiskalenanalyse dargestellt, was eine Basissatz unabangige Beschreibung mit kontrollierter
numerischer Genauigkeit ermoglicht. Gleichungen fiir die Coupled-Cluster Methode werden
in einem verallgemeinerten Rahmen, unabhéngig von virtuellen Orbitalen und globalen Ba-
sissétzen, neu formuliert. Hierzu werden die amplitudengewichteten Anregungen in virtuelle
Orbitale ersetzt durch Anregungen in n-Elektronenfunktionen, welche durch Gleichungen im
n-Elektronen Ortsraum bestimmt sind. Die erhaltenen Gleichungen konnen, analog zur Ba-
sissatz abhangigen Form, mit leicht angepasster Interpretation diagrammatisch dargestellt
werden. Aufgrund des singuldren Coulomb Potentials werden die Arbeitsgleichungen mit
einem explizit korrelierten Ansatz regularisiert. Coupled-Cluster singles mit gendherten dou-
bles (CC2) und dhnliche Modelle werden, fiir geschlossenschalige Systeme und in regular-
isierter Form, in die MADNESS Bibliothek (eine allgemeine Bibliothek zur Darstellung von
Funktionen und Operatoren mittels Multiskalenanalyse) implementiert. Mit der vorgestell-
ten Methode konnen elektronische CC2 Paarkorrelationsenergien und Anregungsenergien mit
bestimmter numerischer Genauigkeit unabhéngig von globalen Basissétzen berechnet werden,
was anhand von kleinen Molekiilen verifiziert wird.

Summary

In this work algorithms for the computation of electronic correlation and excitation energies
with the Coupled-Cluster method on adaptive grids are developed and implemented. The cor-
responding functions and operators are adaptively represented with multiresolution analysis
allowing a basis-set independent description with controlled numerical accuracy. Equations
for the coupled-cluster model are reformulated in a generalized framework independent of
virtual orbitals and global basis-sets. For this, the amplitude weighted excitations into virtu-
als are replaced by excitations into n-electron functions which are determined by projected
equations in the m-electron position space. The resulting equations can be represented di-
agrammatically analogous to basis-set dependent approaches with slightly adjusted rules of
interpretation. Due to the singular Coulomb potential, the working equations are regularized
with an explicitly correlated ansatz. Coupled-cluster singles with approximate doubles (CC2)
and similar models are implemented for closed-shell systems and in regularized form into the
MADNESS library (a general library for the representation of functions and operators with
multiresolution analysis). With the presented approach electronic CC2 pair-correlation ener-
gies and excitation energies can be computed with definite numerical accuracy and without
dependence on global basis sets, which is verified on small molecules.
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1 Introduction

The solution of the quantum mechanical equations which describe the physical properties of
molecules and other small particles is, with a few exceptions, unknown in closed analytical
form and numerically hard to compute. Usually the full molecular Hamiltonian is approxi-
mated by some quantum chemical model for which the Schrédinger equation is solved numer-
ically. Numerical solutions include a further approximation by the introduction of a finite
basis in which the solution of the underlying equations are formally expanded. The most com-
mon basis for molecular systems is a linear combination of atomic orbitals (LCAO), in most
cases realized by atom centred Gaussian functions. LCAO basis-sets are pre-parametrized
sets of functions used to represent all involved functions of a given calculation. Although it
is in principle possible to construct basis-sets which are generally applicable, the large size
and the resulting linear dependencies of such sets makes their usage impractical. This results
in a vast amount of available basis-sets for each atom® specialized for specific models and
properties. The error resulting from the incompleteness of the basis set depends on the un-
derlying quantum chemical model as well as on the system of interest and can usually not be
accessed in a general way. Apart from many advantages like the rapid evaluation of integrals,
major drawbacks of LCAO based approaches are the inaccessible numerical error and the
non-universality of most sets. An alternative approach is multiresolution analysis (MRA):
A general framework to represent arbitrary functions adaptively and with given numerical
precision on a spatial grid. Instead of expanding every function into the same globally defined
basis-set, adaptive local refinement of the grid results in an optimized representation with
controlled accuracy for each individual function making MRA a general black-box framework
when it comes to numerical representation. MRA based solvers have been developed for sev-
eral applications like total ground state energies® and properties,®? as well as for excitation
energies ' 2 and magnetic properties.

Quantum chemical models which describe correlated electrons show slow convergence with
respect to the size of the underlying basis-sets which is mostly due to the electronic cusp. 1
The development of explicitly correlated methods (see Refs. 16, 17 for an introduction), where
the electronic cusp is represented explicitly, improved the basis set convergence significantly
for ground state correlation energies. Due to the singular Coulomb potential, explicitly cor-
related ansétze are unavoidable for practical implementations of correlated models based on
MRA. 618

In order to compute accurate electronic excitation energies, the underlying basis (-set) has to
represent the functions associated with the ground and the excited state in a balanced way.

2the EMSL Basis Set Library lists for example 394 different basis-sets for the carbon atom. 34
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This especially affects explicitly correlated models for excitation energies making the devel-
opment of those approaches more difficult than for ground state energies. 92! Approaches
based on MRA have the potential to describe all functions with accuracy and balance. In
currently developed approaches for electronic excitation energies, electron correlation is taken
into account either in an averaged way'!' or via density functionals!'%!? but not with corre-
lated electron pairs as it is done in (truncated) coupled-cluster models. This motivates the
following work in which an MRA based framework for the computation of coupled-cluster
ground state correlation energies and excitation energies is developed and implemented for
closed shell coupled-cluster singles with approximate doubles (CC2)?? and related models.

1.1 Quantum Mechanics and Hilbert Spaces

In quantum mechanics the state of a physical system is described in terms of wavefunc-
tions and the time evolution of the corresponding state is determined by the time-dependent
Schrédinger equation

.0 A
zaW (r,t) = HY (r,t), (1.1)

with the time-dependent wave function ¥ and the Hamiltonian H. The explicit form of
the Hamiltonian depends on the physical system. In many cases it is sufficient to solve for
the stationary solutions of the time-dependent Schrédinger equations which is equivalent to
solving the time-independent Schrodinger equation

HY (r) = BV (r). (1.2)

Wavefunctions which describe quantum mechanical systems are elements of a complete inner
product vector space, called Hilbert space. In real-space representation (meaning that the
wave function is a function of the particle coordinates) this Hilbert space is the Lebesgue space
L? () which is the space of square-integrable functions on the domain Q C R.? Functions
of L? () will be denoted either in braket form |f) € L? (Q2) or explicitly as functions f ()
with z € Q. The inner product on L? (Q) is given by

(ol) = (o) 12 = /Q drg* () (r) (1.3)

L? (Q) is separable meaning that one can always find a countable subset which is dense in
L? () so that every function of L? () can be approximated by a sequence of functions of
this subset. The continuous functions of L? (2) or the set of all polynomials on the domain €
are for example such dense subsets.?? A set of functions {¢;} is called a basis (or a complete

2Strictly speaking L? (Q) is the space of equivalence classes of functions whose values only differ on a null
set of their support (See for example Ref. 23). For two functions f1 and f2 of such an equivalence class it holds
that ||fi — fz2llz2(q) = 0. Often the phrasing fi = f2 a.e. (equality almost everywhere) is used to emphasis
this. In order to simplify notation the a.e. statement will be dropped in this work.



1.2 The Electronic Schrédinger Equation

orthonormal system) of L? (2) if the following relations hold?®

Z!%)(wlzl and  (pilej) = dij, (1.4)

stating that the set is complete and orthonormal. L? () functions can then be represented
as

1) =D aled), = (pilf). (1.5)

i

The coefficients ¢; are elements of the Hilbert space ¢? (E) with the discrete domain E C Z
and the inner product

(ld)e =Y cid;. (1.6)

i€l

For finite F, the canonical basis for £? (E) are the usual unit vectors and the inner product is
the usual Euclidean inner product. For N-dimensional domains Qv the corresponding space
is L2 (QV).

1.2 The Electronic Schrodinger Equation

The Hamiltonian for molecules contains the kinetic energy operators for all electrons and
all nuclei as well as the corresponding Coulomb potentials. If the Born-Oppenheimer ap-
proximation is applied the molecular Schrédinger equation can be separated resulting into
two equations, one describing the electronic and one the nuclear wave function. In the elec-
tronic Schrodinger equation the nuclei are represented as fixed points and the corresponding
electronic wave function only depends parametrically on those points. The electronic Hamil-
tonian contains the kinetic energy operator (T) of the electrons and the Coulomb potential
of the electron-electron (G) as well as electron-nuclei (V;,) interaction®

H=T+G+ Ve, (1.7)

if the Hamiltonian describes an Ne-electron system with N, nuclei the corresponding opera-
tors are sums of one- and -two-electron operators

~ 1 9
T:—§Zvi, (1.8)

2|f)(g| with f,g € L? (Q) denotes an operator which acts on any h € L? (Q) as |f)(g]|h) = |f) - (g]h).
®The constant expression for the Coulomb repulsion of the nuclei is not included here and should be added
to the total electronic energy after its calculation.
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Qe 1
G=> gy 9j=7——— (1.9)
i =
N, N,
€ n Z
Vie=> Une(Ti), ne(r)=—)_ ||Ria—r|]’ (1.10)
i=1 a=1"""9

with the electronic and nuclear coordinates r, R € R?.

1.3 One-Electron Wavefunctions

Electrons have an intrinsic degree of freedom called spin. The spin degree of freedom is
described by a two-dimensional Hilbert space and the basis functions are usually chosen as
the eigenfunctions of the §, operator?®

. 1

S:| £s) = +£s| £3), §=5 (1.11)
The Hilbert space for the electron spin is /¢ ({:l:%})b and the Hilbert space for the electron is
constructed from the spatial and spin domains as®

£2=12(R%) @ <{j:;}> . (1.12)

Orthonormal bases for £ can be constructed as tensor products between the spatial and
spin bases

) =169 ®ls) e {5} (1.13)

Such functions are generally referred to as spin orbitals while the spatial parts ¢, are referred
to as orbitals. In the canonical case the spin orbitals are eigenfunctions of some one-electron
Hamiltonian which is in most cases the Hartree-Fock Hamiltonian introduced in the next
section.d In this work the common short notation for spin orbitals is used

Xp) = p)- (1.14)

*There are various notations for the spin eigenfunctions like [3) = | 1) = |a) and | — 3) = | |) = |8).

Y Any two distinct points could be chosen as domain. The convenient choice E = {:I:%} follows Refs. 24
and 25.

“This is often written in short notation as L2 (R3 x {£1}) (see for example Refs. 24 and 25). Let it also
be noted here, that electrons are actually elements of the Sobolev space H' which is a Hilbert space with
the inner product (f|g)g: = (flg)r2 + (V|Vg) 2. Restricting the wave function to H* ensures the kinetic
energy Eiin = 1 (VVU|VU) to be finite. Further details can be found for example in Refs. 26 and 24.) In the
scope of this work it is not necessary to explicitly use this restriction.

4In other approaches the spin orbitals are not exactly eigenfunctions of the corresponding one-electron
Hamiltonian, but can be constructed from them by a unitary transformation (e.g. localized orbitals). In this
work canonical orbitals are used.
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1.4 Multi-Electron Wavefunctions

Wavefunctions of many electrons have to fulfil the Pauli principle and are therefore antisym-
metric with respect to the permutation of electrons. The Hilbert space for N-electron wave
functions can be constructed by the antisymmetric product of the one-electron space®

/\ L2 = { fe £V fis antisymmetric under particle permutatlons} (1.15)

Correspondingly a basis of the ﬁ?\, space can be constructed by normalized antisymmetric
products of the one-electron basis. Such basis functions are called Slater determinants since
they can be written as formal determinants over the one-particle basis functions. If the
electronic wave function is approximated by a single determinant a variational optimization
of the involved one-electron spin orbitals leads to the Hartree-Fock equations (see Ref. 27 for
a detailed introduction)

Bi) = eili), (1.16)
where the Fock operator f is an effective one-electron operator given by
f=—— 4% Vf=tne+)—k (1.17)

The Coulomb operatorj and exchange operator k are defined by

i= Z<k|gl2|k> kel (1.18)
k|f) = Z (klgalf), VfeL} kel (1.19)
k

with the notation for convolutions as
Wgnla) = 3 [ drax, (r2,9) 12 (ra.). (1.20)
S

The index set Z indexes the spin orbitals which form the Hartree-Fock determinant (also
referred to as occupied spin orbitals). In addition to the occupied spin orbitals the Fock
operator has additional eigenfunctions which are called virtual (or unoccupied) spin orbitals.
Occupied and virtual spin orbitals together form a orthonormal basis for the one-electron
space £?. The usual labelling convention in quantum chemistry is 4, j, k,! for occupied,
a, b, c,d for virtual and p, g, r, s for general spin orbitals. Virtual and occupied orbitals span
closed subspaces and the projectors from £2? onto those spaces are

ozme, Q=) la){a|=1-0. (1.21)

2The multi-electron wave function also has finite kinetic energy. The corresponding antisymmetric Sobolev

space is?° Hy = (H1 ((Rd X {i%})N)> n (/\2]:1 L? (R® x {i%})) .
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In order to accurately describe a multi-electronic system the representation of its wave func-
tion with just one determinant is insufficient since the Coulomb interaction between the
electrons can only be taken into account in an averaged way. A correlated wave function can
be constructed by using more than one determinant. Additional determinants are usually
constructed from the Hartree-Fock determinant by formally exciting electrons into virtual
spin orbitals. The Hartree-Fock determinant is then denoted as |0) and is called the refer-
ence determinant. Excited determinants constructed are denoted relative to the reference
determinant so that |§‘Jb) denotes the determinant where the occupied orbitals i, 7,... are
replaced by the virtual orbitals a,b,. ...

The difference between the Hartree-Fock energy and the true eigenvalue of the electronic
Schrodinger equation is called correlation energy. Various methods which use excited deter-
minants to calculate the full or approximated correlation energy exist like for example the
configuration interaction (CI) and the coupled-cluster (CC) expansion

ICT) = (1 + T) 10, (1.22)
1) = 7o), (1.23)

where the cluster operator 7 = Z creates all types of weighted excited determinants

Z ZZ Zﬁﬁ%@% (1.24)

CC and CI expansion are formally exact but their computational complexity scales expo-
nentially with system size. In order to reduce the complexity, approximations to the full
CC (and CI) expansions are introduced where the cluster operator is truncated after some
excitation level. The resulting truncated models are then called CCS, CCSD, CCSDT,
(or CIS, CISD, CISDT, ...) where S, D, T stand for singles, doubles, triples etc.. Perturba-
tive approaches using the Fock operator as zeroth order Hamiltonian are also in wide use.
Prominent examples are Mgller-Plesset perturbation theory of second order (MP2) and CC2
(see Ch. 5).
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1.5 Adaptive-Real-Space and Fixed-Basis-Set Methods

One- and multi-electron function spaces can be approximated by countable infinite bases
where in numerical applications the basis is truncated at some point. In quantum chemistry
atomic orbitals are most frequently used as basis for the spatial part of the one-electron
space. This approach is referred to as linear combination of atomic orbitals (LCAO) and the
most prominent realization is by Gaussian functions which mimic the properties of atomic
orbitals. LCAO based methods profit from the fast and efficient evaluation of Gaussian inte-
grals but are often hard to converge systematically towards the basis-set limit. Furthermore
they are not universal since most basis sets are constructed for specific types of proper-
ties. Alternatively the wave function can be represented on a grid in real-space. Grid based
representation of functions with locally adaptive resolution can be constructed with multires-
olution analysis (MRA) where one of the main differences to LCAO is that MRA represents
each function in a different optimized basis while LCAO represents all functions with the
same fixed basis-set. Real-space methods are not necessarily adaptive (see for example the
BIGDFT project?®2?Y) but in this work the term real-space will refer to adaptive methods
like MRA. In the following the Hartree-Fock equations (1.16) are used to give an instructive
example of the adaptive real-space and fixed-basis (LCAQO) approach.

In a fixed global basis like LCAO with Gaussians, the Hartree-Fock equations are called
Roothaan-Hall equations®

FC = SCe, (1.25)

with the Fock matrix F, overlap matrix S and the LCAO coefficient matrix C (see Ref. 27 for
details). Through the LCAO basis the Hartree-Fock equations are transferred into a standard
linear algebra problem which is solved self-consistently resulting in N, occupied and Ny, — N,
virtual spin orbitals where NV}, is the number of LCAO basis functions and N, the number of
electrons.

The real-space Hartree-Fock equations (1.17) were already given in the last section. For MRA
based applications it is beneficial to rearrange the equations to®

(=V2+ p?) i) = =20¢li), p=+v—26, (1.26)
so that an equation to determine the Hartree-Fock orbitals can be obtained by
. —1. . Ny
iy = =2 (=V*+ p?) " Vi) = —2G,, (¥]i)) - (1.27)

For bound states (¢; < 0), the Green’s operator G, is a convolution operator with the bound-
state Helmholtz (BSH) Green’s function as kernel

Guf (r) = /dr’Gu (||r — r'||) f (r/) . (1.28)

#The name Roothaan-Hall equations refers usually to restricted Hartree-Fock equations (closed-shell) while
for unrestricted Hartree-Fock the equations are often called Pople-Nesbet equations.
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The BSH Green’s function is in d dimensions generally given by’

o K
a alpr) 4y (1.29)
(27T)o¢+1 ro

Gy (r) = 9

where K|, is the modified Bessel function of second kind (see the appendix A1l for details).
For d = 3 the BSH Green’s function has the simple form?®
e HT

Gy (r) = (1.30)

The real-space Hartree-Fock orbitals are solved self consistently by iterative application of
Eq. (1.27) resulting in optimized multiresolution representations of the different occupied
orbitals. The formulation as integral equation and the resulting restriction to bound-states
can be seen as preconditioner because of its smoothing properties and since it restricts the
vast number of unbound states from the solution space.® While virtual orbitals are a simple
by-product of the Roothan-Hall equations (1.25) they are not calculated in the real-space
equations (1.27).

The working equations derived in this work are implemented into MADNESS?3%33, a software
environment to represent general functions (with currently up to 6 spatial dimensions) and
operators with MRA. In Ch. 2 the basic concept of MRA is introduced. A coupled-cluster
formulation suitable for adaptive real-space methods is given in Ch. 3 (general framework
for ground state correlation energies) and Ch. 4 (linear response). The working equations for
closed-shell CC2 and related models are derived in Ch. 5.

#This follows from the identity K 1 (r) =4 /g (see for example Ref. 31).
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1.6 Notation and Conventions

Sum Convention The Einstein sum convention will be used through the whole work (i.e.
repeated indices are summed over). In some cases the sum convention is not used, but this
will be clear from the structure of the corresponding equations (e.g. if the corresponding
indices are on left and right hand side of the equation).

Index Sets Occupied Reference spin orbitals are indexed by the set Z = {1,2,..., N.}.
The standard convention that elements of Z are denoted as 1, j, k,l is used here. Virtual
(spin) orbitals (i.e. X, with a ¢ Z) are indexed by a,b,¢,d and general (spin) orbitals by
p,q,7,s. In the real-space formulation all indices refer to occupied orbitals. Up to Ch. 5 the
corresponding indices refer to spin orbitals while from Ch. 5 they will refer to closed-shell
spatial orbitals indexed by the set |Z| = {1,2,..., N./2}.

Multi-Index Notation Bold letters denote multi-indices and the same conventions as for
single indices apply. Take for example the multi-index i representing all indices i1, ...,i,
which are all part of the index set Z over the occupied reference spin orbitals. A general
n-fold determinant for arbitrary n and the corresponding amplitude are then denoted as

B =@, =g (131)

T1yenesbn 1] 4eeeyln

Take for example Eq. (1.24) which can be compactly written with multi-index notation and
sum convention

TalO) =D - D ) Dt = 7). (1.32)
11 iy Q1 an

It will also be convenient to use multi-index notation for arguments of functions e.g.

f(N)Ef(MlaMQw-an)- (133)

The given notation holds for arbitrary dimension n of the multi-index. If a specific n has to
be denoted explicitly this will be done by i,. A specific n-fold excited determinant can for
example be written as |f‘n”> Usually this notation will be used in combination with the sum
convention e.g.

TI0) = 7a0) = £ 12). (1.34)

n

Whether the sum convention is used or not is again always clear from the context.






2 Multiresolution Analysis

In this section, a framework for systematic construction of orthonormal L? (QN ) bases called
multiresolution analysis (MRA) is introduced. The domains Q¥ are finite hypercubes con-
structed from a one-dimensional real interval. The spatial parts of the molecular orbitals are
for example approximated on the finite cube Q3. Without loss of generality, the domain {2
can be set to the unit interval.

A good starting point to construct systematic bases on L?(2) are polynomials where in
this work the Legendre polynomials Py (z) will be used. They can be constructed by the
Rodriguez formula 34

1t a
2k k!l dak

Legendre Polynomials which are orthonormal on the unit interval can be constructed by
rescaling and shifting the original polynomials

Py (z) =V2k + 1P, (22— 1). (2.2)

Py (z) = [(1 - xz)ﬂ , kel (2.1)

In Fig. 2.1 the Legendre polynomials P, (x) up to k = 4 are plotted and in Fig. 2.2 an
explicit example is given where a combination of two exponential functions is approximated
with polynomials of increasing order. The function in the example shows typical features
of molecular orbitals like cusps and asymptotic exponential decay. Globally defined polyno-
mials on the other hand neither decrease towards the boundary nor have cusps leading to
slow convergence when representing a function like the one given in Fig. 2.2. Asymptotic
exponential decay of the function can only be represented by destructive interference of the
polynomials resulting in high-frequency oscillations at the boundaries. A representation by
piecewise defined polynomials is superior since the boundary intervals and the cusps could be
represented independently. Consider a splitting of the domain in Fig. 2.2 into four domains

of equal size
1 11 13 3

and a basis of piecewise polynomials supported on those four subdomains. In such a basis the
exponentially decreasing tails and the cusps of the function from Fig. 2.2 can be represented
independently. For the representation of the cusps a further subdivision of the inner domains
would increase the accuracy in this region further. MRA offers a way to systematically con-
struct such bases.

11



2 Multiresolution Analysis

|
©
T

Figure 2.1: Scaling functions of the parent space Vj (top), as well as the shifted and scaled
scaling functions which span V? (bottom left) and V! (bottom right). The scaling
functions are the shifted and scaled Legendre polynomials Py () (shown for k =
0, k=4)

In the following sections the basic ideas of MRA are introduced. A general introduction to
MRA and related concepts can be found in Ref. 35. Further detailed information about MRA
as it is introduced in this work can be found for example in Refs. 5, 36-38.

2.1 One-Dimensional Functions

Following Alpert et al.>® a multiresolution analysis of L? (2) is a telescoping series of sub-
spaces V,

VocVic---CV,C---CL*(), (2.4)

where the union of those spaces V;, is dense in L?(€2). The parameter n is referred to as
length scale and the functions which span Vj are called scaling functions and are for this
work the first & Legendre polynomials of Eq. (2.2)

P, Q
i) = {OEHEER (2.5)
0, else

The spaces V,, can be decomposed into direct sums
2n—1

=0

12



2.1 One-Dimensional Functions

-0.5- -0.5+-

Figure 2.2: Function representation with global polynomials: The function f (z) = e~*(®=#) 4
e~==7) (in black, with a = 40,8 = 0.4,7 = 0.6) approximated by the shifted
and rescaled Legendre polynomials (in red) and the difference (in blue) where
the first 20 (top left), 30 (top right), 40 (bottom left) and 50 (bottom right)
polynomials are used to approximate f ().

05+

0.0

08 1.0
'

' '
—o0s5L LI T N | ' 05l

Figure 2.3: Function representation with MRA: The function f (z) = @A) 4 ¢=@=7) (in
black, with o = 40, = 0.4, = 0.6) approximated by a multiresolution analysis
of the first 5 normalized Legendre polynomials (in red). The difference is plotted
in blue and the dashed lines indicate the subdivision scheme.
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2 Multiresolution Analysis

and the spaces Vé are spanned by the translated and dilated basis functions of Vj i.e.

Vo=span{p ()} < Vi =span{el (z) = 25 (2"z — )}, (2.7)

where a vector notation was introduced in order to keep the notation readable

(Piz = (905107 e 790£Lk—1)T' (2.8)

The support of the V! functions are the dyadic intervals Q!, which are constructed by dividing
the original domain € into 2" equal sized subdomains (see again Eq. (2.3)). The resolution
on the domain €2 which is approximated by the “parent”? scaling functions of V can be
increased by its “children” V¥ and Vi!. This procedure can be repeated to locally increase
the resolution on the domains QY and Q1 of V}? or Vi!. In Fig. 2.1 this is illustrated for the
spaces V and V}! which originate from Vj.

To estimate the error between child and parent spaces so called wavelet spaces are introduced.
The wavelet spaces W,ll are defined as the orthogonal complement between the child and
parent spaces. Consider for example the space V) and the scaling space on the next length
scale V; = V? @ V1. Since Vi C V3 the k functions that span V{ can be represented by linear
combinations of the 2k functions which span V. In order to span the whole space Vi with
the functions of V, k additional functions are needed. The k orthonormal functions which
fulfil this requirement are called wavelets and are part of the wavelet space Wy defined by

VveWo=WeV, (2.9)
or in general

Viewl=vZ eviil (2.10)

n

Like the scaling spaces, the wavelet spaces W! are spanned by the rescaled and translated
wavelets of W

Wo = span{e (z)} <«  W! =span{ep, (z) = 224 (2" — 1)}. (2.11)

By recursive application of Eq. (2.10) one gets for an arbitrary V;,

n—1 n—1 2m—1
Vnzw@wmzvo@<@wgl>, (2.12)
=0

where W, is defined analogue to Eq.(2.6). The wavelets are not unique and can be con-
structed with additional requirements like additional vanishing moments. In MADNESS the
so called Alpert wavelets®” are used.

#*Sometimes the scaling functions of Vp are referred to as “father wavelets” in analogy to the functions of
Wo which are called “mother wavelets”.

14



2.1 One-Dimensional Functions

Vo Vo ® Wy
vy Vi wi
Vi v w3
[\ [\
v

Figure 2.4: Adaptive tree structure in the reconstructed (left) and compressed (right) repre-
sentation. The corresponding L? ([0, 1]) function is approximated by the spaces
in the coloured nodes.

The approximation of an arbitrary function on L? () can be represented as a tree-structure
with Vp as root?®, and the V! or W! spaces as inner nodes and leafs. If the scaling spaces V!
are used, only the leaves of the tree contribute to the approximation and the tree is referred
to as reconstructed tree. Alternatively the tree can be represented by the scaling functions
and wavelets of the root, and the wavelets of all inner nodes. In this representation the leaves
are empty and the tree is referred to as compressed tree. A schematic example for an adap-
tive tree in reconstructed and compressed representation is given in Fig. 2.4. The number of
basis function in both representation is the same and both representations are orthonormal.
Orthonormality of the reconstructed representation results from the non-overlapping support
of the spaces which contribute to the representation. For the compressed representation the
support of the basis functions can overlap and the orthonormality is assured by the orthonor-
mality of the wavelet spaces between all scales.

The relation between the scaling functions and wavelets of parent and child nodes is given
by the two-scale difference equations

l 0 1 n+1,21
¥ H" H\ ("
(¢?> = (GO Gl) <‘pn+1,2l+1 ) (2-13)
n
with the k x k filter matrices H?, H', G, G!. Since the scaling functions are already given,
the H filter matrices can be constructed straightforwardly. Once the wavelets v are deter-
mined, the G filter matrices can be constructed, and vice versa. Originally Alpert et al.
constructed the wavelets explicitly and computed the G matrix from them.373® Recently an

alternative approach to construct the G matrices without explicit construction of the wavelets
was published.?? Note that the explicit analytical form of the wavelets is usually not needed

?Instead of choosing V; as root it is also possible to choose a different length scale n which leads to a tree
structure with multiple roots.

15
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Figure 2.5:

16

A function with a sharp cusp at the origin (gray) evaluated at the Gauss-Legendre
quadrature nodes (red points) for the length scales n = 1 (top left), n = 2 (top
right), n = 3 (bottom left) and n = 4 (bottom right). Every refined interval
contains 4 quadrature points (i.e. k =4). Up to n = 2 the cusp at the origin is
undersampled.



2.1 One-Dimensional Functions

since function evaluation and projection can be done in the reconstructed representation.

For the representation of functions (and later operators) it is convenient to introduce the
projectors onto the scaling and wavelet spaces

Pl 2 (Q) = v, (2.14)
O L2 (Q) — W, (2.15)

From the definition of the wavelet spaces (2.10) it follows for the projectors

~ 2] A21+1>
Y

Piz + Qiz = (PnJrl + Pn+1 (2'16)

and the corresponding projectors onto V,, and W,, follow from Eq. (2.6)

2m—1 2"—1

A A1 A Al
Po=> P, Q.=> Q. (2.17)
=0 =0
With those projectors, the compressed representation of a function is given by

1f) =Polf) +>_Qulf)

= s)ll) + db[ph), (2.18)

with the notation s|¢) = s;|¢;) for the sum of coefficients and functions. The scaling and
wavelet coefficients are computed as s, = (! |f) and d!, = (3! |f), and an adaptive repre-
sentation is constructed by truncating small wavelet coefficients in this expansion. In Fig. 2.3
the function from the preceding chapter (see Fig. 2.2) is adaptively represented with multires-
olution analysis leading to strong refinement in the vicinity of the cusps and lower refinement
at the borders. In order to compare the two examples, the total number of basis functions
was chosen to be equal for each plot of Figs. 2.3 and 2.2. The representation with MRA
clearly shows better convergence with increasing number of basis functions. Also the unde-
sired oscillations observed in Fig. 2.3 are not present any more.

In the MADNESS code, the multiresolution representation for a given function is constructed
by leveling down the tree from the root or an arbitrary initial length scale (usually set to two).
Between the refinement levels the wavelet coefficients are computed by the two-scale relations
(2.13) and their norm is used as a criterium for further refinement. The wavelet coefficients
of a given node are computed from the scaling coefficients of its children while the scaling
coefficients are computed via projection of the original function. For the projection, the
Gauss-Legendre quadrature is applied. With this procedure it can happen that the function
of interest is undersampled (see Fig. 2.5 for an illustration) especially at domains where the
function changes fast or is not smooth. To avoid undersampling, local refinement around
specific domains or points can be enforced. For the example in Fig. 2.5, it is sufficient to

17



2 Multiresolution Analysis

enforce local refinement up to the third length scale on all domains which include the origin

. Multi-dimensional functions with cusps, like for example
1 — e_HX_yH
_— (2.19)
[x =yl

occur in regularized potentials of electronic structure theory. 4" Here the refinement up to
a given resolution is enforced at all domains close to the diagonal (||x —y|| = 0).

2.2 Multi-Dimensional Functions

Locally refined bases for higher dimensional domains Q¢ can be constructed with tensor
products of the scaling spaces on €2

d
Vél,lg,...,ld — ®Vrf,l (220)
=1

resulting in spaces whose functions are supported on dyadic hypercubes. The corresponding
wavelet spaces are constructed from all combinations of one-dimensional wavelet and scaling
spaces of a given length scale

d
W}th%--wld — ® (V# ® W#) =) Vélyl%“"ld' (2.21)
=1

For the two dimensional case the corresponding spaces are for example given by

vivl: —yit gyl (2.22)

whiz = (V,ﬁl ® W}f) ® (W}; ® V#) @ (Wf; ® Wff) . (2.23)
The wavelet and scaling spaces adopt a similar tree structure to the one-dimensional case
where the number of children of each node is 2¢. The number of basis functions needed for
the compressed and reconstructed representations stays the same, regardless of the dimension
d. In Fig. 2.6 an example for the tree structure of a two dimensional domain is given. If k
Legendre functions are used the individual scaling spaces Vil are spanned by k? functions

and the wavelet spaces W2 by 3 - k2 functions (see Eq. (2.22) and Eq. (2.23)). In the
particular example in Fig. 2.6, both representations are spanned by 10 - k? functions.

For high dimensional domains, the coefficients which expand a given function in a multires-
olution basis are d-fold indexed quantities

Cky,ka,....kq> Vi k; = 07 SR k— 17 (224)

where k — 1 denotes the highest polynomial order of the multiresolution analysis. The size
of each coefficient tensor increases exponentially with the dimension, which is known as the

18



2.2 Multi-Dimensional Functions

Vo Vo ® Wo
0,0 0,1
Vi Vi Wt
1,0 1,1
0,2 | v,0,3
23N %
1,2 1,3
Vo |V,
2,0 2,1
Vo |V,
3,0 3,1
Vo | Vs

Figure 2.6: Reconstructed (left) and compressed (right) tree structure of an L? (Q?) function.
The function is represented by the spaces in the coloured nodes. Note that the
wavelet spaces contain three times more functions than the scaling spaces (see
Eq. (2.23)) so that the overall number of functions which contribute the the two
representation is the same.
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2 Multiresolution Analysis

curse of dimensionality.*! For d > 3 it is crucial to use low rank tensor formats like the singu-
lar value decomposition (SVD) to reduce the number of coefficients. 842 For d = 3 and lower
the use of low-rank formats is possible but the savings in memory are not as significant.*?
The implementation in this work uses SVD format for d = 6 and full tensors for d = 3 similar
to Ref. 18.

The construction of multidimensional functions which was introduced here can also be used
to construct operators. This is called the non-standard form of operators**#* which will be
introduced in the next section.?

2.3 Operators

This section gives a short introduction about the multiresolution representation of operators
in non-standard form*3 which is related to the representation of functions introduced in the
last section. The operators of interest act on L2 (2) functions and also give back L?(Q)
functions, i.e.

0:L2(Q) — L2(Q), Olf) =lg), frg € L*(Q). (2.25)
Using the projectors of Eq. (2.17) an operator in non-standard form is represented as
O =Po0Pg + (PnC)Qn +Q, 0P, + QnOQn)

where each of the four introduced operators Tn, An, Bn, Cn can be decomposed into An =
~ A~
Zl,l’ A, according to Eq. (2.17). If applied to a function f the operator O in non-standard

form acts on wavelet and scaling coefficients on all length scales and the resulting function f
is also represented with scaling and wavelet functions of all length scales

) = OLf) = PoOPo|f) + (PaOQu 1) + Q,0Pulf) + Q,0Q, 1))
=8l leh) + 6. (2:27)

The coefficients of the resulting function f are determined as

59 = TPs) + Chdy, (2.28)
s =cWd", n>o, (2.29)
d, =BYs + A"al n>o0, (2.30)

2The representation for multidimensional functions introduced here could also be referred to as non-
standard representation of functions. In the standard representation, the wavelet spaces are constructed by
simple tensor products over all length scales which leads to mixed length scales between dimensions, and basis
functions which are supported on rectangles instead of squares. As a consequence, local refinement is not
possible for the standard form.
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2.3 Operators

with the matrices

T = (L 10]h), AL = (h|O|h), (2.31)
B! = (4! |0]eh),  Cl' = (&} 0]h). (2.32)

In order to provide wavelet and scaling coefficients on all length scales, the function f, on
which the operator is applied, is transformed into a redundant form. This redundant form
is sometimes also called non-standard form of the function tree.? In Fig. 2.7 the application
of an operator in non-standard form on a function in redundant representation is illustrated.
The resulting function tree is in a mixed representation meaning the function is represented
by scaling functions and wavelets on all levels but is not redundant. In a post-processing
step, the result tree is transformed into reconstructed representation.

Multiresolution operators in non-standard form have a similar structure to the two dimen-
sional functions from the preceding section. The connection can be illustrated by considering
an integral operator

Of (z) = /dx/K (z,2") f (). (2.33)

The kernel K (z, ') can be represented as a two-dimensional function tree shown in Fig. 2.6
and the elements of the tree will be the same as for the non-standard operator. The main
difference is that the operators are not constructed adaptively to a given precision but are
constructed on demand when acting on an adaptive function tree (see Fig. 2.8). Convolution
operators (i.e. K (z,2') = K (x — 2’)) which decay with increasing distance from the diag-
onal are represented with banded matrices making the application efficient. In Fig. 2.8 the
application of a banded operator on refinement level 4 is shown. The banded structure of
the operator reduces the matrices which have to be constructed significantly and also results
in a already locally refined result tree. Since the input tree is also locally refined the number
of matrices which have to be constructed decreases further.

Convolution operators on higher dimensional functions can be applied efficiently if separated
representations can be constructed.*® For the convolution with the Coulomb potential, and
the BSH Green’s function, which are used in electronic structure theory, this is possible.®
In MADNESS the separated form of the convolution operators is represented by a sum of
Gaussians. >0

#For multidimensional function trees this might lead to confusion since the term non-standard could also
be referring to the construction of the multidimensional wavelet bases (see Sec. 2.2).
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Figure 2.7: Non-standard form of an operator (middle) applied to a function tree in redundant
form (left) on length scales n = 0, n = 1, and n = 2 with the resulting function
tree in mixed representation (right). The Figure illustrates Eq. (2.28),(2.29) and
(2.30) where in order to keep the tree structure similar to the previous figures the
equations are represented in transposed form.
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2.3 Operators

Figure 2.8: A banded operator applied to an adaptive tree on length scale n = 4. The blue
boxes indicate the banded structure of the operator with entries above a given
accuracy. The green (respectively yellow) boxes indicate non-zero entries of the
adaptive output (respectively input) trees. Omnly the yellow marked operator
boxes act on the non zero entries of the adaptive input tree.
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3 Real-Space Coupled-Cluster: Ground State

The real-space solution scheme to the Hartree-Fock equations given in Eq. (1.27) is restricted
to bound states (i.e. negative eigenvalues) and is usually used to compute only the occupied
Hartree-Fock orbitals. Although some systems also have bounded virtual orbitals the vast
majority of them is unbounded. Unbounded virtuals could in principle also be computed
with Eq. (1.27) (either by introduction of a constant energy shift in the potential or by
applying the Green’s operator for unbounded states“®), but due to their unbounded nature,
the virtual orbitals become less and less confined making them hard to converge on finite
domains and also a bad choice to construct a basis for bounded multi-electron states.? Since
only a finite number of virtuals can be calculated, the resulting truncation in the one-electron
basis leads to an uncontrolled error in the multi-electron basis which is also not desirable in an
MRA approach. The coupled-cluster equations will therefore be reformulated in a basis-set
independent way similar to Refs. 47 and 48 which derived real-space equations for closed-shell
CCSD. Coupled-cluster theory based on occupied and virtual orbitals can be represented very
elegantly with second-quantized creation and annihilation operators and their diagrammatic
interpretation. * It is shown that the real-space formalism introduced here can be formulated
in the same diagrammatic language with only minor modifications.

3.1 First-Quantized Formalism
The Schrodinger equation for the coupled-cluster wavefunction is

|CC) = Ecc|CC), |CC) =e7|0). (3.1)

Since the coupled-cluster energy is a sum of the reference energy Ey and the coupled-cluster
correlation energy FEcoy, it is convenient to rearrange Eq. (3.1) to

H|0) = Ecor|0), (3.2)
with the similarity transformed, non-hermitian Hamiltonian
H=cT <H - E0> e’ (3.3)

The correlation energy can then be obtained by projecting the transformed Schrédinger
equation onto the reference

<0|/H‘0> = Ecorr- (34)

2In fixed basis-set approaches, the chosen basis-set puts a constraint on the virtuals so that the unbounded
nature of the true virtual orbitals is not an issue here.
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3 Real-Space Coupled-Cluster: Ground State

Similarly, the projection onto excited determinants results in equations which determine the
coupled-cluster amplitudes ¢

02 = (3[H]0) = 0. (3.5)

To avoid the usage of virtual orbitals, the cluster operators in real-space formalism excite
electrons from the reference determinant into correlated n-electron functions

Tal0) =150 m) = =10, m, € Lo (3.6)
The functions 7 are called n-body cluster functions?® and are purely virtual
n
Qiln) =), Q=QRQ=Q®Qo..., (3.7)
i=1

and antisymmetric with respect to permutations of the electrons or in the multi-index i®.
Comparison of Eq. (3.6) with Eq. (1.24) gives the relation of the Cluster functions to the
virtual spin orbitals

m) = ta),  Ja) = ) lam). (3.8)
m=1

where the coupled-cluster amplitudes are the expansion coefficients of the cluster functions
in the virtual tensor-product basis

= (a|n). (3.9)

Equations (3.8) and (3.9) provide a simple scheme to switch from the amplitude to the
real-space formalism. The cluster functions can be determined from Eq. (3.5) as

1) = Qfja) = 0. (3.10)
If the amplitude equations (3.5) are known explicitly, the real-space equations (3.10) can be
determined by the following steps: !
1. Multiply the amplitude equations (3.5) by tensor products of virtuals according to
Eq. (3.10).
2. Replace all amplitudes by the inner products given in Eq (3.9).

3. Do the summation over all virtuals and identify @, projectors given by Eq. (3.7)
and (1.21).

4. If possible, use Eq. (3.7) to absorb the @, projectors into the cluster functions to
simplify the expression.

The real-space equations can also be determined directly (see for example Ref. 48). Compared
to diagrammatic approaches, this derivation is rather tedious so that it is not explicitly
repeated here. A framework to derive the real-space equations directly via diagrammatic
techniques is introduced in the next section.

#Note that in Ref. 48 the cluster functions are given for the closed-shell case and only for the spatial
domain which will be treated in Sec. 5.1.
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3.2 Second-Quantized and Diagrammatic Formalism

3.2 Second-Quantized and Diagrammatic Formalism

The equations of coupled-cluster and other many-body theories can be described in an elegant
way by expressing the multi-electron states in terms of operators (second-quantized represen-
tation) and their diagrammatic interpretation. In Sec. 3.2.1 the formalism for fixed basis-set
approaches like LCAO is briefly introduced; a detailed introduction into second-quantized
and diagrammatic approaches in the context of non-relativistic many-body physics can be
found in Ref. 49. In Sec. 3.2.2 the necessary changes for a real-space description are made.
Explicit expressions for the individual terms of the coupled-cluster equations in real-space
are not given in this section but in Ch. 5 where the implementation of closed-shell CC2 is
described. The notation as well as the used conventions mainly follow Ref. 49.

3.2.1 Fixed Basis-Set

Instead of Slater determinants many-particle states can also be expressed as string of creation
(and annihilation) operators é}; (4,) which act on a vacuum state; here denoted as [). The
operator é;) (or &,) creates (or annihilates) particles in specific one-particle states X}, which
are usually the occupied and virtual orbitals of the reference system. An arbitrary n-electron
state expressed by a single Slater determinant can then be expressed as a string of creation

operators acting on the vacuum state

ab al ... &l |). (3.11)

The last equation is equivalent to a Slater determinant constructed from the spin-orbitals

Xp1s Xpgs -« - Xp, - Antisymmetry of the many-particle state is ensured by the anti-commutation
relations
sl af| —
[ap, aqL —0, (3.12)
(08, | =0, (3.13)
. aqL = 6y (3.14)

In the particle-hole formalism the vacuum state is denoted as |0) and is defined to be the
many-particle state build up from all occupied reference orbitals (i.e. the reference determi-
nant)

0) = Hay). (3.15)

The vacuum state |0) of the particle-hole formalism is also called Fermi vacuum. The cre-
ation (and annihilation) operators of occupied and virtual states act differently on the Fermi
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3 Real-Space Coupled-Cluster: Ground State

vacuum?
4/10) =0, 8;[0) = [2), (3.16)
aflo) =1%), 8,]0) =0, (3.17)

where the |;) (respectively |*)) state denotes an (N, — 1)-electron state (or respectively an
(Ne + 1)-electron state).” The action of 4; on the Fermi vacuum can be interpreted as the
creation of a hole while af still creates particles in the usual sense. Virtual states of the
reference are therefore referred to as particle states, and occupied reference states as hole
states. In Fig. 3.1 a schematic overview over second quantization and the corresponding
antisymmetric many-particle spaces is given.

Operators in the second-quantized form are represented as strings of creation and annihi-
lation operators weighted by matrix elements of the operator with the corresponding one-
electron states. It is convenient to express operators in normal ordered form meaning that
creation and annihilation operators are ordered such that the expectation value with the
vacuum vanishes. In the particle-hole formalism this means that hole-creation operators él-L
and particle-annihilation operators a, have to be on the right of the operator string. General
one-electron and two-electron operators in normal-order are, with respect to the particle-hole

vacuum, expressed as*?

Fx = (plflg){afa,}, (3.18)
A 1 T
Gy = 7 (pallrs){afalaa, }, (3.19)
with the antisymmetrized two electron integrals
(pqllrs) = (pal8i2|rs) — (palgialsr). (3.20)

The curly brackets denote the normal-product of an operator string defined as
{operator string} = (—1)U(P) (normal ordered operator string), (3.21)

where J(f’) denotes the number of individual transpositions in the permutation operator P
which creates the normal ordered operator string from the initial operator string; take for
example

{afa,} = —aal, (3.22)
{a,8)} = —4}a,, (3.23)
{ala} = —a,al, (3.24)
{éjA;r'aaéb} = ézTA;AaAb = *azTA;ébAa = (3.25)
{afalaa} = aaafa) = —aa.alal = (3.26)

#Since in the Fermi vacuum all orbitals from the reference determinant are occupied the application of
a further creation operator results in the zero vector. This follows from the anti-commutation relation of
the operators. Since the common notation |0) is used here for the reference determinant/Fermi vacuum the
zero-vector is just denoted as 0.

PLet N. denote the number of electrons present in the reference state |0).
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3.2 Second-Quantized and Diagrammatic Formalism

a7 Vg

Ipq . .. stu)

[tu)

al a,
|w)

al 4,

li.. k)

af a,
li...kl)

al a,,

Figure 3.1: Connection of the second-quantized creation and annihilation operators with the
corresponding antisymmetric many-particle spaces (left) and illustrative examples
of the formulation with the physical vacuum (middle) and the Fermi vacuum of
the particle-hole formulation (right).
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3 Real-Space Coupled-Cluster: Ground State

A general one-electron operator from Eq. (3.18) can be graphically represented as a vertex

with three lines
A a j z\/a
Fn= - + gl - + - . (3.27)
T A

The dashed line represents the operator itself while the in and outgoing lines represent particle
and hole states. To distinguish particle and hole lines they are given directions indicated by
small arrowheads. Upgoing lines are interpreted as particles and downgoing lines as holes.
Open lines which enter (leave) the operator vertex are interpreted as annihilators (creators).
The matrix element of the operator is also obtained from the in and outgoing lines via
(out|f|in). This leads to the following algebraic interpretation of the diagrams of Eq.(3.27)

b1 =laibala), oo = Glfliala) (3.28)

1 a R N
f\/ = (alf|i){afa,}, & = (i|f|a){ala,}. (3.29)

The diagrammatic representation of the normal-ordered two-electron operator is similar
with two vertices connected by the operator line. The matrix elements are then obtained
via (left out,right out||left in, right in). Similar the string of operators is interpreted as
{8lett outright outfright indeft in) One of the diagrams of the normal ordered two-electron oper-
ator is for example

= (aj||bi){afala,a,}. (3.30)

In this example, the factor % from Eq. (3.19) is not present. This is a result of grouping dia-
grams with proportional algebraic interpretation together and assigning them weight factors.
In the given example there are actually four algebraically equivalent diagrams

a 7 a 71 ai a 7 g4 Q
HH+H+\Z7\+/%/,(3.31)
b i b i b b M) b J
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3.2 Second-Quantized and Diagrammatic Formalism

and instead of taking all four diagrams into account only one of them is chosen with the factor
of one instead of 1 (the left hand side of Eq. (3.31) is interpreted with weight factor one, while
all diagrams on the right hand side would get the factor of i) In general the weight factors
can be deduced by the topological structure of the corresponding diagrams. For the real-space
interpretation of diagrams the weight factors will not change and are therefore not discussed
further in this work. Detailed information can be found in Ref. 49. In Ch. 5 the rules to as-
sign weight factors for closed-shell coupled-cluster diagrams are given explicitly (see Fig. 5.1).

The n-body cluster operators are diagrammatically represented as

a 1
T = — t9{afa}, (3.32)
ai bJ
T = _ Ly alaala )} (3.33)
4 ij a“ b I

T.= \I \J _ ! St2{al &, ...af & 1 (3.34)
(n!) L mon

Vacuum expectation values over products of operators can be evaluated by Wick’s theorem
and the so called Wick contractions.* In diagrammatic representation this results in a simple
contraction scheme were only lines of the same type are contracted. The result is then the
sum of all possible contractions which leads to closed diagrams (i.e. the diagram has no open
lines). Closed diagrams are fully contracted meaning no creation or annihilation operator
shows up in their interpretation.

In second quantized form the coupled-cluster Hamiltonian from Eq. (3.3) reads
H=eTHye. (3.35)

Applying the Baker-Campbell-Hausdorff expansion in combination with Wick’s theorem re-
sults in the connected form of the Hamiltonian %2

H= (ﬂN eT)C, (3.36)

2The original work of Wick®® was formulated for electrons and positrons in the context of quantum
electrodynamics. An introduction in the context of quantum chemistry can be found in Ref. 49 or Ref. 51.
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3 Real-Space Coupled-Cluster: Ground State

meaning that the diagrammatic representation will only contain connected diagrams. The
coupled-cluster equations in connected form are then given by

<0’ I:IN eT|O>C = Ecorra (337)
@ HneT|0)e = 02 = 0. (3.38)

Diagrams which represent the n-body amplitude equations are often not drawn as closed
diagrams but with n pairs of open particle and hole lines which are labelled by the entries
of a and i. In other words, one could say that the (| part is neglected in the diagrammatic
representation. Usually the explicit labelling is also omitted. In this work both conventions
will be used. A simple example for the two conventions is

wan e Q00 NLN (3.39)

Because of the used conventions the diagram given in the last equation is identical to one of
the diagrams representing the two-electron operator but the interpretation is different since
it results only in the matrix element. It is always clear from the context what kind of diagram
is represented.

3.2.2 Adaptive Real-Space Formalism

The real-space formalism presented here uses the formal eigenstates of the position operator
as a formal basis. Following Ref. 53 a possible L? () eigenfunction of the position operator
could be constructed as

0, else,

for (r) = {C’ r=r (3.40)

with an arbitrary constant c¢. Since the functions f,» vanish everywhere except a for single
point, their L? (Q)-norm is zero which makes them equivalent to the L? () zero-function
and therefore not suitable as basis. Instead the eigendistributions of the position operator
are used which are the Dirac delta distributions § (r — r’) defined as formal convolutions

f(r)= /dr’(5 (r—1') f (). (3.41)

Although Eq. (3.41) is written as a formal integral there is no L? (Q) function which sat-
isfies the definition. It is however possible to represent the delta distribution as a limit of

convolutions with ordinary L? () functions??34
f(r)= 71113010 dr'g, (r—r') f (v'), (3.42)

where one typical example for g, is a Gaussian convolution

gn (r) — Ee—n2r2'
™

(3.43)
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3.2 Second-Quantized and Diagrammatic Formalism

Functions on which distributions like the delta distribution act, are usually restricted to the
space of test functions which are smooth on the whole domain.?? The n-cluster functions are
certainly not test functions since they have cusps at the electron-electron and electron-nuclei
coalescence points (see Sec. 5.2.3). In the end, the functions will be represented with MRA
and finite resolution so that instead of taking the limit n — oo in Eq. (3.42) an arbitrary large
n < oo can be chosen such that the width of the Gaussian g, is smaller than the finest used
MRA length scale. With arbitrary small width Eq. (3.42) is a Gaussian convolution defined
for all L? (Q) functions. The usage of delta distributions in the following should therefore be
viewed as a formal scheme to arrive at the coupled-cluster real-space equations suitable for
numerical applications with finite precision.

In the real-space formulation the formal excitation into virtual spin-position eigenstates is
considered. The spin-position eigenstates are constructed from the corresponding spin and
position eigenstates which are denoted as

1
) = [ru) @ lsp), 1p € RS sy € (£ (3.44)

The position eigenstates form a continuous set resulting in a real-space representation by
delta distributions

</’[”V> = 6 (/’L - I/) = (5 (rl-’» - rV) 55u5u (345)
Virtual spin-position eigenstates are formally obtained by applying the Q projector
v) = Qlu)- (3.46)

The particle-creation (and particle-annihilation) operators ! (and &,) are now replaced by
al (1) (and & (u)) which create (and annihilate) particles in |v,). In order to keep the result-
ing many-particle states anti-symmetric, the new set of commutators needs to fulfil similar
anticommutation relations

iAW) =a(-v), (3.47)
[gﬂ (1), at (V)L —0, (3.48)
[a (1), 4 (V)L —0, (3.49)

while the anticommutators of the hole-creation and hole-annihilation operators stay the same,
and the mixed anticommutators vanish. From the definition of the |v,) states, a relation
between the 4! and éL operators can be deduced as

AT (1) = Xa (1) A} (3.50)

or correspondingly

af = / A X (1) &7 (1) (3.51)
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3 Real-Space Coupled-Cluster: Ground State

With those relations, the anticommutation relations given above follow directly from the
anticommutation relations in Egs. (3.13), (3.12) and (3.14). This approach creates (and an-
nihilates) particles at specific points in real-space similar to the first approaches by Fock*
and Jordan®® (see also Ref. 56) while the description of the hole states remains unchanged.

With the new set of operators one arrives at similar normal ordered operators and corre-
sponding diagrammatic interpretation where the indices of the virtual spin-orbitals a, b, ...
are replaced with the continuous spin-position index p,v,.... Since the new set of indices
is a continuous set, summations become integrations and matrix elements depending on the
new set of indices become functions.

As an example the two-body cluster operator is given
miovJ
/du/duZngTU wv) (8 (Waat (a)  (3.52)

Due to the Q12 projector the 7;; function can be restricted to the virtual space (as in the
first-quantized formalism in section 3.1). With the explicit expression for the Q projectors in
terms of virtual orbitals, Eq. (1.21), and the relation between the creation (and annihilation)
operators in Eq. (3.51), the 75 operator can be expressed as

T = /d,u/dVZQmTu psv) (a1 () ;87 (v v)a;}

/du/dVZXa ) (v) {ablrij {at () 2,41 (v) &, }

ijab

- Z (ablrij){aka;a0a,}. (3.53)

zgab
Through comparison of Eq. (3.53) with Eq. (3.33), the amplitudes can be indentified as
t“b (abl|i;), (3.54)

so that the 7;; functions are identical to the ones from the first-quantized formalism; the
same holds true for a general n-body operator which is in this formalism

B1t1 M2t Hnip

v v ....... v S / du Quri () i, (3.55)

= {]] & (um) 4, }- (3.56)
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3.2 Second-Quantized and Diagrammatic Formalism

The multi-indices are denoted similar as before with the usual notation for multiple integrals

/ dp = / dps- - / dfin, (3.57)

= Tiyooin (W1 ooy i) - (3.58)

In this notation the electron number n of the n-body operators is not denoted explicitly, so
that for example 7; (i) could stand for any of the n-body cluster functions. In some cases it
will be useful to explicitly include n into the notation. A specific n-body cluster function (or
other quantities) is then denoted as 73, (p). The whole cluster operator can then for example
be written as

T=370= [ dnQuri, ()i, (3.59)

where the sum convention also holds for the n label. Note, that in this work i and p always
have the same number of entries (i.e. 7y, (1) =71 (1) = 71, (1£,)).2

General one- and two-electron operators like in Eq. (3.18) and Eq. (3.19) are represented
similar but with functions instead of matrix elements. Those functions can be derived from
formal matrix elements, build with the formal virtual spin-position eigenstates |v,). For a
general one-electron operator f the formal matrix elements are given by

(ulfli) = QF (1) X; () , (3.60)
(it = @ (F () % (7)) (3.61)
(valflow) = @QF (1) Q6 (1 — ) (3.62)

while matrix elements between hole states stay the same. The real-space interpretation of
the four diagrams of the one-electron operator is then

H .
PR /du/du’ Quf (1) 6 (n— ') {7 (w)a (')}, (3.63)

~

(ilf]7){ala;}, (3.64)

i
|
|
|
‘
Il

2For the description of processes which will not keep the number of particles constant (e.g. ionization)
this would not necessarily be the case
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3 Real-Space Coupled-Cluster: Ground State

fz\/u E/du Qf (12) X; (1) {aT (1) &;} (3.65)
= / an (£ ()% (1))l ()}, (3.66)

For the two-electron operator the formal matrix elements are derived from the diagrams as
before and their functional interpretations are for example

(V1 Vpn | 91210, 0,1 ) = Qu2912@Qu2 6 (11 — 1) 6 (p2 — i) (3.67)
(U Vs | g12179) = Qu2g12Xi (1) X (p2) (3.68)
(Vprilgralivug) = X5 (1) Qugr2X; (1) Qa. (3.69)

The commutation rules for the new set of virtual creation and annihilation operators lead to
the exact same contraction patterns as the formulation with an explicit set of virtual orbitals.
Real-space coupled-cluster equations in connected form can then be written as

<0| I:IN 67’|0>C = Ecorr (370)
#Hx e |0)c = Qi (1) =0, (3.71)

and the diagrams which represent those equations are structurally the same as for the fixed
basis-set formulation. Only the interpretation rules have slightly changed:
1. Interpretation of hole lines stays the same.

2. Particle lines are labelled with the spin-position index p and interpreted as formal
virtual spin-position eigenstates |v,) = Q|u).

3. Summation over particle indices becomes integration over spin-position variables.

4. Former matrix elements with particle indices become functions.

In the interpretation of the real-space diagrams of the connected coupled-cluster equations (3.70)
and (3.71), the delta distributions which occur in the formal matrix elements are, after inte-
gration, not present in the final expression. Take for example one of the diagrams from the
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3.2 Second-Quantized and Diagrammatic Formalism

MF - / e’ (wulflve)Ti (1)

=a / au' () 6 (n— ) 72 ()
=Qf (1) 7i ()
zaf|n> (3.72)

singles equations

Another example is a diagram from the doubles equation (see also Eq.(3.67) for the formal

matrix element)
Eft' .Sg /dﬂl/dﬂz Uulvuzuvu’v '> ( )Tj (MIQ)

=V Vpe| |75 (1) 73 (p2))
=Qu2612 (i (1) 75 (p2) — 7 (p2) 75 (1))

=Qugua (1= Pra) () ©175)) (373)
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4 Real-Space Coupled-Cluster: Linear
Response

Molecular properties for excited states can be determined via linear response theory which
is formulated in terms of a time-averaged quasienergy if the underlying model is solved vari-
ationally; for the case of non-variational models like the projected coupled-cluster equations,
the time-averaged quasienergy is replaced by a time-averaged Lagrangian. First, a brief in-
troduction following Ref. 57 is given. Second, the formalism for real-space coupled-cluster is
derived and subsequently a general instruction (following the appendix of Ref. 2) to derive
the working equations is given. Explicit working equations for the closed-shell CC2 model
will not be given in this chapter but in Ch. 5. The notation in Sec. 4.1 follows Ref. 57 and
will only be used inside this chapter.

4.1 Linear Response: Introduction

A time-dependent potential is introduced as external perturbation to the time-independent
Hamiltonian of the physical system

Ht)=H+V (1), (4.1)
where the time-dependent potential is assumed to be periodic with some period T, i.e.

V)=V (t+T). (4.2)

The time-dependent potential can be expanded in a Fourier series in which the monochro-
matic potentials V¥ are expanded into a set of hermitian perturbation operators X weighted
by the field strengths e (wg)

V (t) = e ntyer,
—iwgt 7 27
=e €1 (wk) X, wp= k?, kez, (43)

where the property for the frequencies follows from the periodicity of the potential.? The
time-dependent perturbation V (¢) is required to be hermitian which implies

V) =V (1) < (V) =V = & () = e (—wp). (4.4)

2Note that there is a sum over the frequencies wy as well as over the perturbation operators X and the
corresponding field strengths. Note also that w_, = —wk.
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4 Real-Space Coupled-Cluster: Linear Response

In the following, various quantities will be expanded into Fourier series and the corresponding
Fourier components will be expanded in terms of the field strengths associated with the
perturbation V (¢). The terms of the expansion are then grouped according to the order in
the perturbation. For an arbitrary function f (¢) this expansion is given by

fO=fO+00+ 20+ (4.5)
with the Fourier expansion for the time-dependent first and higher order
FO () =FO () e, (4.6)

FO (1) =@ () e it

and the Fourier components expanded in terms of the field strengths as
FO (wr) = e (wi) 5 (wr) (4.8)

F® (Wi, w) = %55( (wr) e (w1) S5V (wry i) (4.9)

Note also, that the zeroth order term is always the corresponding time independent quan-
tity. The time-dependent state |0(t)) of the system is determined by the time-dependent
Schrédinger equation (1.1) and can be written in a phase isolated form®®

0() = e V10 (1)), (4.10)

such that in the time-independent limit the solution e~*0|0) for stationary states is obtained.
Consequently F' (t) goes to Ept in the time-independent limit and the time-derivative of F' ()
is called a quasienergy which can be determined from the phase isolated time-dependent
Schrodinger equation as
dF < - 0\ =~
)=—=0()||H®) —i= ) |0(2)). 4.11
=5 =001 (i1~ i) ) (a11)

Expectation values for arbitrary observables represented by hermitian operators can be for-
mally expanded in terms of the field strengths of the perturbation

(0 (1) [X]0 (1)) = (OIX[0) + e~ *eg (wi) (Ks Y + -+ (4.12)

The exansion is done similar to Eqs. (4.5)-(4.9) and the term ((X;Y)),, is called linear re-

sponse function.

k

With the solutions to the time-independent Schrédinger equation H¥;, = E;¥; the linear
response function can be written as
(OIX[a)(i[Y]0)  (0[Y[i)(i|X]0)

X;Y)) = — , = E; — Ey. 4.1
<< ’ >>w w— w; W+ w; y Wi 7 0 ( 3)

#See Ref. 57 for details and note that Ey is the exact ground state energy of the system (not the Hartree-
Fock energy).
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4.1 Linear Response: Introduction

The linear response function has poles for the excitation energies w; of the unperturbed
system. In order to compute excitation energies for approximative models the poles of the
corresponding response functions are investigated. The response functions are identified
with derivatives of variational time-averaged quasienergies; in the case of non-variational
wavefunctions, response functions are identified as derivatives of variational time-averaged
Lagrangians.

With the time-average of a function defined as

Oy =7 [ atrw (114)

N

the variational condition for the time-averaged quasienergy®?

{Q )}y =0 (4.15)
leads to a Hellmann-Feynman theorem for the time-averaged quasienergy

HQWIr _ [ V0
o= {00 Sow) (4.16)

If the variational condition (4.15) is fulfilled, the linear response function can be identified
as second derivative with respect to the field strengths of the time-averaged second-order

quasienergy

e 42 {Q®
(XsY))w = deq (_{f) dE}YT(w). (4.17)

This follows from Eq. (4.16) and the expansion of Eq. (4.12)*

(
= (01X[0)d0. + ¢ (—w) ((X; YD) + ... (4.18)

Note that the QXY function® coincides with the linear response function if the variational
condition (4.15) is fulfilled.

Assume that the time-dependent state ]()) is parametrized by some time-dependent parameter
A which is usually a multi-indexed set of parameters or in the real-space case a multi-indexed

*Note that {e_i‘”’ct}T = 0,0 which follows from the condition in Eq. (4.3)

bQXY is obtained from the formal expansion of the quasienergy in terms of the field strengths (Egs. (4.5)—
(4.9) with f replaced by Q)
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4 Real-Space Coupled-Cluster: Linear Response

set of functions. To simplify the notation the parameter is in this section treated like a scalar
quantity similar to Ref. 57. The parameters are also expanded according to Eq. (4.5)—(4.9)
where the zeroth order parameters correspond to the time-independent ground state. With
this expansion of the parameters and the quasienergy, the (total) second derivative of the
second-order quasienergy can be expressed as?®

o B 0?2 {Q(Q)} . 52 {Q(Z)} R
O el g o @ W a e @ ) (4.19)
82 {Q(Q)} . N 62 {Q(2)} o
+ a)\(l) (—W) 8)\(7£) (w) )\X (—CL)) )\Y (w) + M)\XY (—W,CU)

Since the variational condition (4.15) for the quasienergy holds for variations in the state |0)
it implies the same condition for Q*Y with respect to variation of the parameters of first and
second-order
HOXY HOXY
Oy, 99, (4.20)
INX INXY

The first equation determines the first-order parameters

QX {QY}, G () P
AKX OAD (—w) Deg () OAD (—w) OAD (w) @)
=n¥ (W) + F (w) AY (w) = 0, (4.21)

so that the linear response function for variational models can in general be written as
A~ 1. +w ~ A X 1 X Y
(¥ = 5C (1 +nypw,_w) B (—w)+ N () F@) ) A @)y (422)
Here the permutation operators and the operator Ciw ensure the symmetry <<X,§(>>w =

(V3 X)) = ((X5¥))7,."

For non-variational models like coupled-cluster with projected equations, a Lagrangian is
used instead of the quasienergy. The Lagrangian is usually constructed from the quasienergy
and the time-dependent equations C' (A, t) = 0 as

L(t)=Q(\t)+AC(\t), (4.23)

#Note that the second partial derivative with respect to the field strengths vanishes since the only part of
the quasienergy that depends explicitly on the field strengths is the time-dependent perturbation (4.3) which
depends only linearly on the field strengths.

PThe complex symmetrizer Ciwf (w) = f(w) + f*(—w) is not necessary at this point but for non-
variational models.
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4.2 Linear Response: Coupled-Cluster

where the new set of Lagrange parameters A was introduced. By requiring the time-averaged
Lagrangian to be variational 0 {L}; = 0 one receives equations to determine the parameters
A and \

X (W) + Aw) XX (w) =0, (4.24)
M (W) A (~w) + 75 (w) + F () XX (w) =0, (4.25)
where the quantities F' and 7 are defined as before with {L(Q)}T instead of {Q(Q)}T and

B 52 {L(Z)} N _ 0?2 {L(Q)}
AW = 2y /\(1)T(w)’ € @=5m (—w) GyT(w)'

(4.26)

The linear response function can be written in the same way as Eq. (4.22) or when Eq. (4.24)
is inserted as

(X V) = —%Ciw (1 + PX?PW,_UJ) {nﬁ (A*ng) - % (A*lgﬁ) (FAlg‘?)} . (4.27)

where the w dependence was dropped for better readability.? The poles of the linear response
function are determined by the inverse of A (+w) which is in the general case the inverse of
an operator. For coupled-cluster wavefunctions the inverse of the operator A (+w) becomes
the resolvent of the coupled-cluster Jacobian which is shown in the next section.

4.2 Linear Response: Coupled-Cluster
The coupled-cluster Lagrangian is given by

L(t) = Q)+ (7, (1) |G, (1)), (4.28)

where the 73, functions are the n-body Lagrange multipliers in real-space, @ (¢) is the coupled-
cluster quasienergy, and |Cj, (¢)) are the time-dependent coupled-cluster equations

Q0 = 0l (x5 ) 70, (4.29)
Ci (1, 1) = Qu (P T (ﬂN igt) ¢T00) = 0. (4.30)

The time-dependent cluster operators T (t) are defined in the same way as the time-independent
ones but with time-dependent cluster-functions 7 (t). With the Fourier expansion similar to
Eq. (4.5)-(4.9) the second-order time-averaged Lagrangian becomes

@l —p® ~W oMy _ =0 (1)
{L }T {Q }T+<Tl |Q1 > w<7—1 ’Tl >7 (431)

2For n and £ the sign of the w argument is always opposite between the X and Y dependent terms. The
w dependence of F' and A is indicated by bracketing, i.e. (FA_lfY) =F(w) A ™ (w) €Y (w)
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4 Real-Space Coupled-Cluster: Linear Response

S 77(0)
o (1, w) = Q| Ax TO (@) 7 0)ec. (4.32)
The operator A (w), defined in Eq. (4.26), becomes an integral operator

(R £), = [ du'ay (mw'sw) 5 (). (4.33)

1

with the kernel given by the functional derivatives of {L(z)}T with respect to the cluster
functions 7; and the Lagrangian multipliers 73

5 (L (1)
Aij (u,ul,w) _ { }T _ 691 (Wau) —wé (/1:/ . [J/) 5i’j. (434)

&én(w,uﬂ5ﬁm(—uau) &ﬁ”(w,u@

The first term on the right hand side of Eq. (4.34) is equivalent to the coupled-cluster Jacobian

5% (1) _ 3% ()
(5Tj(1) (w,p!) 07 (w')

, (4.35)

with the time-independent cluster functions 73 = Ti(o) and the projected coupled-cluster equa-

tions ©; of Eq. (3.71). The linear dependence on the first-order functions 7(!) (w) of the
first-order cluster operator

~

T (@, 1) = 7" (w, 1) i (4.36)

leads to a functional derivate which is frequency independent and identical to the functional
derivative of the unperturbed cluster operator 7

5TO () _ 6T ()
57'i(1) (w,p/) 0T (1')

=0 (p—n'). (4.37)

The functional derivative of the projected coupled-cluster equations is given by

08 (1) _ 0 N T
o7y (1) = HGL’(STJ_ () (HN eT> 0)c
_ o 0T 7
—a, (HN - ) Olc, (4.39

and results in the same expression as the functional derivative of the first-order functional
Qi(l) (w) of Eq. (4.32) with respect to the first-order functions (Y (w).

The poles of the coupled-cluster linear response function are determined by the inverse of

the operator A (w). For coupled-cluster wavefunction this inverse is the resolvent of the
coupled-cluster Jacobian so that the poles of the linear response functions are determined by
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4.3 Real-Space Working Equations

the eigenvalues of the Jacobian. Thus in order to determine the excitation energies of the
system, one has to find the eigenvalues of the coupled-cluster Jacobian

) 68, (1) N
/dﬂ mka (M) = wzi, (1) (4.39)

Note that the coupled-cluster Jacobian is not hermitian. Consequently there is no guarantee
for the eigenvalues to be real and the ”left-“ and ”right-“ eigenvectors are in general not
the same. In order to compute excitation energies it is sufficient to solve for just one set of
eigenvectors; For this work the set of right eigenvectors of Eq. (4.39) is chosen. The non-
Hermiticity and the therefore resulting problems (see for example Refs. 60-62 or 63) is an
intrinsic problem of the theory and does not depend on the chosen basis. It is therefore not
further discussed in the scope of this work. Possible solutions are methods based on varia-
tional (instead of projected) coupled-cluster (see for example Refs. 64, 65) or the algebraic
diagrammatic construction scheme. %6

4.3 Real-Space Working Equations

For the following sections it will be convenient to introduce the short notation

5= Yo = [ au mka (). (4.40)

and call §f just the variation of f. Correspondingly d, denotes the variation with respect
to a specific n-body cluster function. The eigenvalue equation (4.39) of the coupled-cluster
Jacobian is then for example compactly denoted as

08 = wxi. (4.41)

The variation of the cluster operator 7T results in a new cluster operator R (see also Eq. (4.37)
for the functional derivative of 7T")

7= [ dum (1) = [ s (= ') i, () i,

A~

:‘Tk'm (IJ’) [l'km = R (442)

In order for R to be a cluster operator in the sense of Eq. (3.6) the functions z; need
to have similar properties than 7y i.e. they have to be purely virtual and fulfil certain
symmetry constraints under particle and index permutation. This is indeed the case since the
projected coupled-cluster equations also have the demanded properties and the z; functions
are eigenfunctions of the coupled-cluster Jacobian. Take for example the constraint for the z;
functions to be purely virtual and use the property of the projected coupled-cluster equations

ana:i =9 (Qngl) =9 (Ql) = WZIj. (4.43)
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4 Real-Space Coupled-Cluster: Linear Response

Equivalently this is done for the symmetry constraints like for example for the two-body
(4.44)

lsijﬂij = _Qz’j < 151-]-3:2-]- = —T4j
(4.45)

cluster functions
P12Qi; = —ij <= Prowij = —xy;

In diagrammatic notation, the R operators are represented similar to the 7 operators
(4.46)

If the variation of a product of T is computed, the product rule for derivatives has to be taken
into account. Take for example the variation of the 7171 product which is in diagrammatic

ERTIRTRA,

Taking functional derivatives of the projected Coupled cluster equations in connected form is

(4.47)

done in the same way. An explicit example is (see also Eq. (3.73))

(V) VYAV

= Qugia (1= Pi2) (|21} ® |1y) + [73) @ |a;)

In Ch. 5 the equations for the closed-shell CC2 Jacobian will be given explicitly.
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5 Implementation of Closed-Shell CC2

In this section, the working equations for an implementation of closed-shell real-space correla-
tion energies and excitation energies are derived. Here the second-order approximate coupled
cluster singles and doubles model (CC2) is mainly used. The resulting working equations are
implemented into MADNESS. Sec. 5.2 mostly follows Ref. 1 while Sec. 5.3 mostly follows
Ref. 2. Tabs. 5.1, 5.2 as well as Tab. 5.3 were taken over from Ref. 1 respectively Ref. 2
in slightly modified form. The implementation uses reference orbitals from already existent
solvers in MADNESS (see Refs. 5 and 67) and is based on the MRA-MP2 implementation
described in Refs. 6, 18, 40.

5.1 Closed-Shell Formulation

In the closed-shell formulation the hole states are doubly occupied spatial orbitals (occupied
by one spin-up and one spin-down electron) and the total wavefunction is required to be
a singlet state with respect to the total spin operator. With this restriction the cluster-
operator becomes spin independent (see Ref. 47 for a formal proof), i.e. the cluster-functions
are defined on the spatial domain.*”®! Let in the following the index set |Z| denote the indices
over the spatial hole states. The closed-shell Fock operator is then given by

F= —%+2J—f{, (5.1)

with the closed-shell Coulomb and exchange operators defined as
T=gi, KIf)=gjli), VIf)eL® (R, (5:2)

with i € |Z], |i) = |¢;) € L? (R?), and convolutions with the Coulomb potential denoted as
= lgela) = [ dra 6} (r2) 9oy ). (53

Analogously, the corresponding Coulomb integrals are written as

gPd = (pq|gi2|rs). (5.4)

The closed-shell cluster functions 7; and 7;; are functions of the spatial electron coordinates
indexed by the spatial index set |Z|

7)€ L* (R?), |my) € L* (RY), 4,5 €|Z|, (5.5)
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5 Implementation of Closed-Shell CC2

Additionally, the closed-shell two-body cluster functions are symmetric with respect to mu-
tual permutation of the indices and electron coordinates

plQPij|7—ij> = |Tij>- (56)

For a diagrammatic formulation of the closed-shell coupled-cluster equations, the (formal)
matrix elements of the operators are no longer antisymmetrized. Instead, additional ex-
change diagrams are constructed by reconnecting the contracted operators of the original
antisymmetrized diagram. The exchange diagrams are connected diagrams which are topo-
logical identical if the two-body vertices are joined together and for the doubles equations,
the path connecting the index and coordinate pairs (4,1) and (j,2) remains continuously con-
nected.*? Overall sign and additional factors of the closed-shell terms given by each diagram
can again be derived by the topology of the corresponding diagram.*® The interpretation
rules for closed-shell CC2 (and CCSD) diagrams in real-space are summarized in Fig. 5.1

An explicit example for the generation of exchange diagrams, with real-space interpretation
according to Fig. 5.1 is given by the S46 diagram (see Tab. 5.1)

coV-af ooV

(g%, )2 )

oxe Vi
<—2<”9§k ’%’1)1)
i M
(~2(klgk 7a)2)
s/
<<k\glfk\7il>1> : (5.7)

where, for convolutions over the two-body cluster functions, a subscript denotes the particle
on which the convolution acts; take for example

(klgk, |min)e = /drz ¢k (r2) gb, (r2) 7t (r1,72) . (5.8)

The second diagram in Eq. (5.7) shows the topological structure if the two-body vertices are
joined.? In the general spin-orbital case, all four diagrams are equivalent leading to only one

2Such diagrams are referred to as Hugenholtz®® diagrams while the type of diagrams used in this work
are referred to as Goldstone®® diagrams
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10.

11.

. Assign overal sign by (—1)

. Multiply with factor

5.1 Closed-Shell Formulation

Real-space interpretation rules for closed-shell coupled-cluster diagrams

. All indices i, 7, ... are part of the closed-shell spatial index set |Z|.
. Label external hole lines from left to right with: ¢, 7,...

. Label external particle lines from left to right with: 1,2, ...

MM where Ny, is the total number of hole-lines and N the

total number of loops (including external loops i.e. loops which connect the external
particle and hole lines, see section 3.2.1).

% if the diagram is symmetric under permutation of external
particle and hole labels (affects only diagrams for the doubles equations).

. Multiply with factor 2 for each internal loop.

Interpret one-electron, two-electron, and cluster-operator according to section 3.2.2
with spatial orbitals [X;) — |¢;), virtual position-eigenstates |v,) — Q|r,,), and without
antisymmetry in the matrix elements.

1 4 iv 1
e.g. !’ =7 (r1), \L,Z\ = Qi2(r1k[g12]irs)
2 Yk

. Sum over all indices from internal hole lines (in this work this summation is hidden by

the sum convention).

. Integrate over all coordinates from internal particle lines.

Simplify if possible:
e Absorb @ projectors into the cluster functions
e.g. Q1) =|m)
e Use the notation f(r) = (r|f) and the formal resolution of the identity for con-
tinuous states® 1 = [ dr|r)(r|

e.g. Q/y: Q/dr’(r1/€|g12i1‘/>7k (r') = Qgﬂm)

Generate all possible exchange diagrams and interpret them in the same way.

Figure 5.1: Rules for the interpretation of closed shell coupled-cluster diagrams.
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5 Implementation of Closed-Shell CC2

diagram with antisymmetrized matrix elements and weight factor one while all four diagrams
lead to different contributions in the closed-shell case. Apart from this particular example,
the exchange diagrams will not be given explicitly.

5.2 CC2 Ground State Correlation Energies

The coupled-cluster correlation energy (3.37) is in diagrammatic form given by

+ (2(kl|gr2|mimi) — (lk|gr2|TrT1))
+ (2(kl|gr2|mi) — (Iklg12]mk)) » (5.9)
where the diagrams were interpreted according to Fig. 5.1. For CCSD, the cluster-operator

7 is truncated after the doubles excitations and the equations for the singles and doubles in
connected form are

Q (r1) = (M THxn e |0)e =0, 0 € L* (RY), (5.10)
Qij (r1,12) = (| Hn e’ [0)c = 0, Q;; € L* (RY). (5.11)

For the CC2 model, the doubles equations are approximated as
Qij (r1,r2) = (7| Fx T2|0)c + (iF [ Hn e [0)c = 0 (5.12)

while the singles and the energy equations remain unchanged. Similar to the closed-shell
cluster functions, the closed-shell doubles equations are symmetric under simultaneous coor-
dinate and index permutations

Qij (r1,r2) = Qji (r2,11) - (5.13)

The connected form of the CCSD equations can be expanded in terms of connected diagrams
which are then interpreted according to Fig. 5.1 resulting in®

) = _Qlsh), (5.14)
1€2i5) = (1 + Pijf’u) > QizD}), (5.15)

where the corresponding interpretation of the diagrams for the singles and doubles is ab-
breviated with the symbols S and D. In Tabs. 5.1 and 5.2 the explicit expressions for the
diagrams are given. For reasons that will become clear later, the abbreviations [S}') and |D}’)
denote the interpretation of the corresponding diagrams explicitly without the projectors Q
and Qo resulting from the external lines.
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5.2 CC2 Ground State Correlation Energies

Table 5.1: Diagrams for the closed-shell CC2 singles equations (5.14) and the corresponding
interpretation in real-space formalism.®

abbrev diagram expression

Q[s?’) X&Z Q (2(klg12|7ir)2 — (klg12|7ik)1)
Q[S7) m —Q (2{Ugf )2 — (Ugf Imra)1)
Qlsi) MF Q (Fin))

Qlsi) XZF ~Q (Im) (KIE1))
Q[sj) va Q (245, [i) — gF|mk))
Q|s?’) &Z Q (295, |7i) — g |mi,))
Q[sy*) Qy ~Q (2957, — 95) I7w)
Q|S?) W‘Q —Q (2g¥ — gk ) )
Qs \m Q (2(Ug¥ Ima)2 — (U gk [Tri)1)
Q|si*) \m ~Q (297, — gt ) |7i:)

Q‘S{Lc> Q (4<l\g’ﬁk\m>2 - 2<l|9§k|m>1
<O d —2(klgr, i)z + (Klgy, [Ti)1)

% Adapted with permission from Ref. 1. Copyright 2017 American Chemical Society.
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5 Implementation of Closed-Shell CC2

Table 5.2: Diagrams for the closed-shell CC2 doubles equations (5.15) and the corresponding
interpretation in real-space formalism.®

abbrey. diagram expression
Q12|Dj;) pVanvd Q12 (39121i5))
Qi2|D}f) ¥ Qi (F (r1) \m))
Qi2[D) y_‘F \/ ~Quz (I (KIF))
Qu2|D}f) W Qu2 (912]7i5))
Qi12D;?) w —Qi2 () @ g75))
Q12D St 5{ Qi2 (39127i75))
Qus[D) 3 }_@% Z Qiz (398 Imm) )
Q12|Dg¥) W ~Qu2 (I7) ® (95 17) + gF17)))
Qi2|DFf) \W —Qu2 (|7) ® gk |75))
Qis[DEY) M Qs (941
Q12|DEF) \/W\/ Qi (%glﬁfrj|7kn>>

@ Adapted with permission from Ref. 1. Copyright 2017 American Chemical Society.
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5.2 CC2 Ground State Correlation Energies

The CC2 equations can be simplified by introducing relaxed orbitals defined by the sum of
the hole states with their corresponding one-body cluster function

[ti) = i) + |73). (5.16)
Furthermore, modified Q and O projectors introduced similar to Eq. (1.21)
O'=ti)(k|, Q@ =1-0" (5.17)
Both operators are still projectors
o'o'=0" Q@' =aq (5.18)

While O! projects onto occupied and virtual space, Q! still projects onto the virtual space
which can be seen by

QQ'=qQ'", o0qQ'=o. (5.19)
Two-body projectors are constructed as before as
Q,=Q' Q. (5.20)
The notation will also be used for other functions indexed by |Z| e.g. O = |73) (k|-

In the following, the singles and doubles CC2 equations are simplified with the relaxed orbitals
t; and the modified projectors Q' and Q!,. A useful identity which will be used later is

Q' [F.@| =-a' ko]
:w—[F,OT}+—OT[F,OT}
o
- [ﬁ,at] : (5.21)

which follows directly from [F, Q} =0,Q'=Q— 07,0707 =0, as well as

OTFO™ =|m) (ky |F|m) (1]
=ek|7i) (ki) (I =0 (5.22)

?Note that for the doubles the (1 + pijf)lQ) operation is sometimes included into the interpretation rules.
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5 Implementation of Closed-Shell CC2

5.2.1 Singles Equations

Some of the CC2 singles diagrams in Tab 5.1 can be summed up to give a new diagram with
the relaxed orbital ¢; instead of the hole state ¢;. Take for example the diagrams S3¢ and S

S) + 187 = (204, 11) = gFlr)) + (265 I7) — gbm))
= <Zg’§k|ti) - QZ|77€>)

Or in diagrammatic notation with dashed bars as relaxed orbitals t;

Similarly, it holds that

[St7) = IS7°) + [Si%) (5.25)
IS, = 1S7°) + IS7). (5.26)
Further simplifications can be obtained with the modified projector like
Qs =@ (IsP) +1s5)) (5.27)
Q') = @ (Is?) +Isi"). (5.28)

Because the Q projector is always present in diagrammatic interpretation and Q'Q = Q the
last two equations are not represented with new diagrams.® With this simplifications, the
CC2 singles equations can be written as

) = (F =) ) + IVz), (5.29)
where the applied singles potential was introduced as

Vi) = @ (ISt%) + 1819) + @ (IsP) + 1s7)) (5.30)

5.2.2 Doubles Equations

Similar to the singles equations in the last section, the doubles equations can be simplified.
The following doubles diagrams given in Tab 5.2 can be summed up to new diagrams

(1 + f’z’jf’m) \D?ﬁj> = (1 + pz‘jpu) (\Dzlj) + \Df]a) + \D?]a)) , (5.31)
(14 PigPi) D55 = (1+ PyPiz) (IDI) + D) + D5 ) (5.32)
(1+PisPiz) ID55,) = (1+PiyPrz) (D) + DS + D) ) (5.33)

*This is the reason why the Q projector is excluded from the short-notation of the |S) and |D) terms. The
equation could be represented with 77 transformed diagrams (see section 5.2.4). Since this would only be a
partial 7; transformation in specific terms this formulation is not beneficial here.

54



5.2 CC2 Ground State Correlation Energies

Those new diagrams can again be summed up to give
(1 + f’ijf’u) Q},/DY ) = (1 + f’ijpm) Q12 (|D?ﬁj) +DJ) + |D§§j>)
= Qi,g12|tit;). (5.34)

The CC2 doubles equations are then given in the simple form
25 = (1+P12Py; ) (QuIDH) + QualD) + @,[DE ) )
= (Flz - 5ij) |7ij) + Qlaguzltits), (5.35)
with the two-body Fock operator Fiy = F (r;) + F (r2) and the sum of the corresponding
eigenvalues €;; = €; + €;.

5.2.3 Regularization

The second term on the right hand side of the real-space CC2 doubles equations (5.35)
contains the unscreened Coulomb potential

Qiag12|titj) = galtit;) — (O] + O3 — Ofy) gialtit;), (5.36)

which is singular at the three dimensional subspace spanned by the coalescence points of the
two electrons. This and the high separation ranks of the Coulomb potential make Eq. (5.35)
unfavourable for a direct grid-based representation. In order for the CC2 doubles equations
(5.11) to hold, the singularity has to be cancelled out by another singular term. The only
other term which can result in a singularity of similar form is the Laplacian applied to
the cluster function. As a consequence, the two-body cluster functions have cusps at the
electron-electron coalescence points.'? Following Refs. 15 and 18 the cusp in the two-body
cluster function is introduced by an explicitly correlated ansatz similar as it was done for
MP2!8 but with the relaxed orbitals #; and the modified projector Qf,

I7i) = |uij) + Qi fraltity). (5.37)
In this work the correlation factor is given by a Slater-type geminal

fi2 = 217 (1—em2), (5.38)

with the real parameter v > 0. The regularized two-body cluster functions |u;;) inherit the
properties from the 7;; functions

Qu2|uij) = |ugj) (5.39)
P12Pij\uij> = |u;j). (5.40)
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5 Implementation of Closed-Shell CC2

With the explicitly correlated Ansatz of Eq. (5.37) the Coulomb singularity is cancelled from

the CC2 doubles equations (5.35). The commutator of the correlation factor with the kinetic

energy operator is!%18

1 N
3 (Vi fi2] = Utz — g12, Vi, =Vi+ V3, (5.41)

with Kutzelniggs regularized two-electron operator which is for the correlation factor of
Eq. (5.38) given by

. 1—e M2~ _ 1 _ .. T2
U= 4 Jemme _ —omml12 (g, vy, 5.42
12 _ + 26 26 - (V1 2) ( )

Using the commutator in Eq. (5.41) and the commutator relation in Eq. (5.21) the following
relation holds

(Fiz = i) Qbafisltity) + Qlagraltit) (5.43)
=Qi, {(Fm - €ij> Ji2 + [Fu, sz] Ji2 + 912} [tit;)
() + [ ][] s
=Qi, {f12 (Flg - eij) - [Klz, flg} + [Flg,Q§2] fi2 + Ulz} Itit;),
=Q!,515 |tit;). (5.44)
(i)

In the last equation the regularized Coulomb operator g;;’ was introduced
gg) = f12 <F12 - 6ij> - [Kw, f12] + [Flz,Qfg} fi2 + U1a. (5.45)
With this ansatz, the regularized doubles equations are
Q) = (F12 - 61’3‘) |uij) + (F12 - 6ij> Qiy f12ltits) + Qlagialtity)
= (F1a — ) Juig) + @uald ltty), (5.46)

and the CC2 energy of Eq. (5.9) is given by

=0 Q0 Q-0

=2(kl|g12|mem) — (jilgr2|mem1)
+ 2(kl|gr2|ur) — (k|grzfur)
+ 2(kl|g12Qu2 fr2ltits) — (lk|g12@Qu2 fr2[tits), - (5.47)

where the double lines represent the fio correlation factor and the lines representing the
two-body cluster functions are interpreted with the regularized u;; functions.
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5.2 CC2 Ground State Correlation Energies

Apart from the chosen explicitly correlated Ansatz, another possibility would be to use the
Q12 projector instead of Q},. With this ansatz the commutator between the Fock operator
and the Q!, projector are replaced by the terms ]Dfﬁj,) and \D?ﬁﬁ of Egs. (5.32) and (5.33).
Since the commutator of the Fock operator and the Q!, can be efficiently evaluated the given
ansatz with the Q!, projector is preferred in this work. Note also, that the reintroduction
of \Dfﬁj,} into the equation would increase the formal scaling with respect to the number of
occupied orbitals by one order of magnitude. The CC2 equations for singles and doubles with
the relaxed orbitals t; and the modified projector Q scale formally as N2.. with the number
of occupied reference orbitals.

5.2.4 Comparison to 7; Transformed Formulation

The usage of the relaxed orbitals ¢; and the corresponding modified projector Q! is simi-
lar to the so called 77 transformed CC2 equations (see Ref. 22 and Ref. 51 for a general
introduction). With the 7; transformed Hamiltonian defined as

9

H=eTilyen, (5.48)
the CC2 doubles equations in connected form are
(FIFT2(0)c + (7 [H[0)c = 0. (5.49)

The first term of Eq. (5.49) is not affected by the 7 transformation but the second will result

in just the |D11j> diagram of Tab. 5.2 but with the 77 transformed Coulomb potential g;,.

Within the first quantized formulation the T operator can be written as*®

Ti=) () k(ra) | =D O, (5.50)

so that the transformed Coulomb potential becomes?

_ 0703, +07+0]

12 2 g12€
=(1-07 =03 +013) g12 (1 + O + O3 + Of5)
=Q7,012Q75, (5.51)

where the operator Q" =1+ O7 was introduced. An important property of the QT operator
is its application on hole states which results in the relaxed orbitals Q"|i) = |t;). The second
term of Eq. (5.49) is then the same as the second term of Eq. (5.35)

<le~2!f1|0>c = Q12912%7)
= Q1T2912éf2|2'j>
~ (@@ ©QQ") g1z (@i} © Q1))
= Qlyq12ltit)). (5.52)

*Note that O"O™ = 0 which follows from Q|7;) = |7:).
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5 Implementation of Closed-Shell CC2

The closed-shell CC2 doubles equations given in Eq. (5.35) are therefore equivalent to the
real-space representation of the 71 transformed equations given in Ref. 22. This is not the
case for the singles equations given in Eq. (5.29) since here the terms including the Fock
operator are not transformed. The real-space form of the 71 transformed singles is given in
the appendix of Ref. 1.

5.3 CC2 Excitation Energies

In this section, the working equations for the eigenvalues of the coupled-cluster Jacobian in
real-space for the closed-shell CC2 model are derived. The ground state cluster functions
7; and 7;; and the corresponding projected equation in CC2 approximation €2; and €;; are
solved according to section 5.2. Equations for the (right-) eigenfunctions of the CC2 Jacobian
are in short notation

68 (r1) = way (ry) z; € L* (R?), (5.53)
6825 (r1,12) = waij (r1,12), z; € L* (RY). (5.54)

The cluster functions x; and x;; as well as the Jacobian are purely virtual and the doubles have
the same permutation symmetries than the ground state cluster functions (see section 4.3)

Qlz;) = |z:),  Qualzyy) = |zi),  PijPualwy) = |2ij). (5.55)

In diagrammatic form, the singles and doubles equations for the eigenvalues of the Jacobian
are given by

160%) = Z Q657 = wlzi), (5.56)

The variation of the corresponding singles and doubles diagrams is done similar to Sec. 4.3. In
the following, the relaxed orbitals ¢; (Eq. (5.16)) and the corresponding modified projectors
Q',Ql, (Eq. (5.17)) will be used. The variation of ¢; and the projectors follows directly from
their definition

|6t;) = [07i) = |z:1), (5.58)
6Q! = 50" = 0% = — k) (x4], (5.59)
5Ql, = -Q' 20" -0 2 Q" (5.60)

5.3.1 Singles Equations

The variation of the projected singles equations (5.29) is

|0€2) = <_€z) i) + Vi), (5.61)
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5.3 CC2 Excitation Energies

with the variation of the applied singles potential given by
Vi) = 10V) = @ (1651%) + 1651)) + @' (18S3") + 052) ) + @' (IS7) + 152)) . (5.62)

Explicit forms for the variation of the diagrams are given in Tab. 5.3. The eigenvalue equation
for the singles part of the Jacobian is rearranged to

109) — wlz:) = (qu —w) |2;) + |0V;,) = 0. (5.63)

5.3.2 Doubles Equations

The equation for the two-body cluster functions x;; can be derived similar to the singles from
the diagrams in Tab. 5.2 or directly as the variation of Eq. (5.35)

|082i5) — wlwsj) = <F12 — €5 — ) i) + Qlagrz (|ity) + [tizs)) + 0Qiag1ltit;).  (5.64)

5.3.3 Regularization

The doubles of the applied Jacobian (Eq. (5.64)) are again singular due to the Coulomb
potential. A regularization similar to the ground state equations can be realized by choosing
an appropriate explicitly correlated ansatz like

|ij) =|vij) + 6 (Qf2 fr2ltit;))
=lvij) + Qiafra (Jzity) + |tiz;)) + 0Qis fraltity). (5.65)

Since |zi;) = |67i;) by definition it follows |v;;) = [du;;) for the regularized two-body func-
tions. The doubles equation (5.54) in regularized form is then given by using the regularized
form of the ground state equations (5.46) and the ansatz from Eq. (5.65)

|0€25) — wlzyj) = (Fw €z'j> |vig) + 0 (széfzj [tit; >> — wlwi;)
= (F1s ey - u)) o) + 6 (@S 1)) — w3 (Qlafaltity)
= (Fiz — ey —w) o) + 8 (Qlz (815 — whz) ltity))
- (1312 s — w) i) + 6 (Vr” |titj>> (5.66)
with the regularized potential defined as
= @, (815~ whi). (5.67)

Again the ansatz chosen in Eq. (5.65) is not the only ansatz which regularizes Eq. (5.54). In
particular the second term of the ansatz is not needed and the Q!, projector could again be
replaced by the Q2 projector.
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5 Implementation of Closed-Shell CC2

Table 5.3: Diagrams for the variation of the closed-shell CC2 singles with respect to the
one- and two-body cluster functions of the ground state and the corresponding
interpretation in real-space formalism.®

abbrev. diagram and explicit expression

Q (2(k|g12|zin)2 — (k|g12|Tir)1)

- gz“\/ sV

[t:) — gt ‘xk

*M
QIS A\

—Q (2(l|gF (2)|zri)2 — (UgF (1)]zw)1)
—Q (2(1lgk, (2)|r)2 — (Ulgh, (1)lma)1)

mﬁl * M
Q|6sie)

Q (41gk |2 — 2(Ugk |mi)1 — 2(k|gh, |ma)2 + (KlgL, [Tu)1)
Q (4(11gk, |wa)a — 2(Ugk |wa)1 — 2(k|gh, |win)2 + (klgh, [za)1)

@ Adapted with permission from Ref. 2. Copyright 2017 American Chemical Society.
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5.4 Implementation Details

The closed-shell CC2 equations for excitation energies and ground state correlation are solved
similar to the Hartree-Fock equations (1.27) given in section 1.5. In order to solve for the
ground state singles, the following equation is iterated

i) = =2 G (elm) + |Ve)}, =26 (5.68)

where éu is the three dimensional BSH Green’s operator (see Eq. (1.28)). Similar the regu-
larized doubles are determined by

fuig) = =2 Gy (1,02) { (5 (r1) + ¥ (v2)) Ju) + QL& tit) = /=265, (5.69)

with the six dimensional BSH Green’s operator. In the same way the singles and regularized
doubles of the Jacobian eigenvector are solved. The singles of the CC2 Jacobian eigenvectors
are determined by

i) = =2 G (tla) + [Var)}, =V =2(ci +w), (5.70)
and correspondingly the doubles of the CC2 eigenvectors

o) = =2G (1, 72) { (B r0) + ¥ (r2) o) + 8 (V7 lt) by o= /=2 (e +)
(5.71)

The excitation energy is computed from Eq. (5.56) as
(k] 09%)

{x[x)

o xx) =D (), (5.72)

k
where the “bra”-element (x| is the same one-body part of the “right”-eigenvector of the CC2

Jacobian, and the kinetic part is evaluated by partial integration

1 1
—§<l’k‘vz‘$k> = 5<ka\ka) (5.73)

On demand, the singles can be normalized.

For convenience, the definitions of the applied singles potential |V;,) and the regularized

(i4)

doubles potentials g( ) and V are repeated here:

V) = Q(I81) +1819) + @ (IsP) +157)) (5.30)
gy = (f12 (Fn - 6z’j> - [Ku, f1z} + [1:“12,6252] fi2 + ﬂ12> : (5.45)
Vi) = 10V5,) = Q (1655) + 1981)) + @ (105 +1587)) + @' (IS7) +[82)),  (5.62)

v — gt ( W f12> . (5.67)

61



5 Implementation of Closed-Shell CC2

5.4.1 NEMO Formalism

Instead of the conventional occupied orbitals, the so called numerical exponential molecular
orbitals (NEMOs)™ can be used. Similar to the explicit correlated ansatz for the electronic
cusp, the NEMO ansatz regularizes the singularities arising from the nuclear potentials.
While the regularization of the electron-electron singularity is practically unavoidable, the
use of the NEMO ansatz is optional; nevertheless, it saves a significant amount of memory
(see Ref. 40 for a detailed discussion).

In this section, the NEMO ansatz is introduced briefly; explicit derivations, as well as the
specific form of the nuclear correlation factors and the resulting potentials, can be found
in Ref. 67 (one-electron part) and Ref. 40 (two-electron part). The used notation for the
NEMOs as F; and the corresponding nuclear correlation factor as R follows Refs. 67 and 40
and will not be used outside of this section.

The NEMO ansatz for the occupied orbitals is given by
i) = R[F}), (5.74)

where R is the nuclear correlation factor and F; the NEMO. Unlike the regularization of
the electron-electron singularity, the regularized equations are obtained by a similarity trans-
formation. The nuclear correlation factor is therefore always invertible. Compared to the
electron-electron correlation factor, the commutator of the nuclear correlation factor with
the kinetic energy is built up in a slightly different way from the nuclear Coulomb potential
V95e and the corresponding regularized nuclear potential operator Une

~

1
—3 [V,R] = RUpe —RVpe (5.75)
As an instructive example the NEMO Hartree-Fock equations are given
Fr |F) = al|F), (5.76)

with the transformed (closed-shell) Fock operator
. . 1 . .
Fr=R 'FR= —5V +2] = K + Upe. (5.77)

The transformed exchange operator Kg acts on NEMOs as
Kg |F;) = RT'KR|F})
= RK|i)
= R~ [k)(K|gr2])
= |Fi)g}. (5.78)
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The convolutions gf still depend on the conventional orbitals and are implemented by intro-
ducing |R|? as weight function

gt = / dry ¢ (2) g (11 — 12) 61

= [ dra B ()[R (s2) P (11— v2) Fy () (5.79)

Other operators like Q and J are transformed in the same way. The NEMO ansatz is used
for the cluster functions 7; and z; analogously to the occupied orbitals in Eq. (5.74). For
two-electron functions, the NEMO ansatz looks like

luij) = (R® R) |nij) = Raalnij), (5.80)

which leads to one additional term in the regularized Coulomb operator (5.45) resulting from
the transformed Ujs potential

R;21612R12 = 612 + szl [612, Rm] . (5.81)

5.4.2 CIS and CIS(D) Approximation

Besides CC2 models, other models which all can be seen as approximations to CC2 were
implemented. For the ground state, this is MP2 and for the excited state CIS and CIS(D)."
MRA based MP2 and CIS were already implemented into MADNESS and details can be
found in Refs. 6, 18, 40 (MP2) and Refs. 11, 73 (CIS).

MP2: The MP2 pair functions can be obtained from the CC2 working equations by setting
the ground state singles 7; to zero

9312) = [05°?)

T,L':O
= <F12 - ‘fz’j) |7ij) + Qi2912[17), (5.82)
and the MP2 correlation energy is
Eoor? =2{kl|g12|71a) — (Ik|gra|mhi)- (5.83)

CIS: The CIS model uses a CI wavefunction (see Eq. (1.22)) where the cluster operator
contains only the one-body cluster operator. CIS excitation energies can be obtained from
linear response theory (similar to coupled-cluster, but for CIS the model is in fact variational,
see Ref. 57 for details). Another way to obtain the working equation for CIS excitation energy
is to use the coupled-cluster singles model (CCS) which results in the same equations for
excitation energies. In Ref. 11 the CIS equation were derived by applying the Tamm-Dancoff
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5 Implementation of Closed-Shell CC2

approximation (TDA) to the time-dependent Hartree-Fock equations. All three ways lead to
the same working equations which are

60575) = QISH*) + QISP") + QISY) = w|w;). (5.84)
The CIS vectors [x“™) are normalized, and the CIS energy is given by

WO = (2, |QCTS). (5.85)

CIS(D): CIS(D) uses MP2 as ground state, the CIS functions as excited state singles, and
the excited state doubles are obtained from the CC2 working equations by setting the ground
state singles to zero

50" = sage| (5.86)

Ti:(]

The CIS(D) excitation energy is calculated similar to the CC2 excitation energy in Eq. (5.72);
again, with the ground state singles set to zero

wSO) = (|5,

7;=0

= {axlSk)

—wOS - ((al0SE) + (pldSE) + (wplISE) + (akl6SE) + (24 |9SE))

TiZO

(5.87)

7;=0

For the case, that there is only one hole state the S** and S*¢ parts cancel each other and the
S* part becomes equal to the MP2 correlation energy. The CIS(D) energy is in this case

corr

WOISO) =15 4 EMP2 4 ((1[6530) + (2 |35T))

71=0

—C18 4 gMP2 | pCIS(D). (5.88)

corr corr

The ES}S(D) term is structurally comparable with the MP2 correlation energy since it can be
written as

ESSM) — (0|R] Fiy Ra|0) = (CTS| Ay Ro|0), (5.89)

corr

with R; and 7@} as the cluster operators which excite into the CIS singles and CIS(D)
doubles. With 7z as the cluster operator for the MP2 doubles, the MP2 correlation energy
can be written in a similar way

EMP2 — (0| Hy T3/0). (5.90)

corr

Because of this structural similarity, the E(%I]S(D) term is interpreted as correlation energy

of the excited state. Note again, that this holds only for closed-shell systems with only one
occupied orbital.
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Table 5.4: Parameters and corresponding keywords in MADNESS

parameter keyword description

€ thresh.-3D MRA threshold for 3D functions
€ thresh.6D MRA threshold for 6D functions
d deony 3D convergence for Green’s operator iteration

of one-body functions
convergence for Green’s operator iteration

d2 deonv 6D of two-body functions

ds econv energy convergence

N freeze Freeze hole states 1 to Ng

I L size of the one- and two-body simulation boxes

O3 = (-L,L)% and Q° = (—L,L)5

5.4.3 lteration Scheme

The working equations of the last section are iterated subsequently until an overall conver-
gence is reached. For the ground state equations, the singles and doubles can be initialized as
zero functions since the equations for the doubles (5.69) have a non-vanishing inhomogeneity.
This makes the first iteration of the CC2 ground state doubles equivalent to MP2.

For the calculation of excitation energies the doubles are again initialized as zero functions.
Since the excited state doubles have no inhomogeneity which is not proportional to the ex-
cited state singles, an initialization of singles and doubles as zero functions results in the
trivial solution to the equations. Instead, a CIS calculation is performed beforehand (see
Refs. 11 and 73) and the result is used as first guess for the CC2 calculation.

In Fig. 5.2 the iteration scheme is given as a flow chart and a description of the parameters
is given in Tab. 5.4. Both algorithms require converged Hartree-Fock orbitals which are
computed with MADNESS in a previous step (see section 1.5 or Refs. 5 and 33 for more
details).

5.4.4 Evaluation of Fock Operator Dependent Terms

In the working equations for the ground state correlation energies (Egs. (5.68) and (5.69)) as
well as for the excitation energies (Egs. (5.70) and (5.71)), several terms are left which still
include the Fock operator. For the ground state those terms are

fi2 (Fm — 6ij> |tit;), (5.91)

[Fiz, Q1o froltity), (5.92)
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TZ'=0, uij=0

Iterate Eq. (5.69)
stop when
Auij < dg VZ,]

!
Iterate Eq. (5.68)
Tiy Ecorr stop when no
ATi < d1 Vi

HTi — 72” < dp
|Ecorr - Corr| < d3

yes

Finished

— ,.CIS —
Ty = T; ,’Uij—o

Iterate Eq. (5.71)
stop when
A’Uij < dz VZ,]

)
Iterate Eq. (5.70)
T, w stop when no
Az, < di Vi

Hacl = .i'z” < d
|w = (:)| < ds

yes

Finished

Figure 5.2: Flowcharts for the determination of the CC2 ground state correlation energies
(top) and excitation energies (bottom).
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and they can be evaluated with the singles equation (5.29) rearranged to
(F =) Im) =~ V7). (5.93)
For the term in Eq. (5.91) this leads to ®
<?12 - Gij) |tit;) = (ﬁ - Ei) [t:) @ [t;) + [t) ® (ﬁ - €j> It;)
= — ([Vaty) +t:V,)) - (5.94)

The commutator from Eq. (5.92) can be evaluated in a similar way by considering the one-
particle commutator

f.a]-[ro
— (1) k] = [t) (I
=~ (P~ &) I (k]
= |V;) (k| = 0. (5.95)
With this, the two-particle commutator from Eq. (5.92) is evaluated as
Fi2,@h] = (14 P12) @' & |, @']
- (1 + 1512) Qw0 (5.96)

For the excited state equations the corresponding terms are evaluated similarly with the
rearranged singles equations (5.63) leading to

(Frz = ey =) laity) = (F - & = w) la) @ [t5) + o) © (F — ;) It)
= — (IVasty) + |ziVz)) - (5.97)
With the identity (5.21) the variation of the regularized potential can be written as
6V, (i7) =5Q!, (g12 wf12> +Q! 25g1
=0Q, (gu wf12> +Q, [13“12,5&'{2] fi2
=0Q188 + ([F12. 0@, | — wo@') fro. (5.98)
The second term is evaluated as

([F12, 5%} - wa%) — (1 n 1512) ([Flg, Q@ 093] —wQt® 01)

- (1 v ﬁm) (Qt ® ([F oﬂ _ wa) _ [F 07} ® OI)

_ (1 + 1512) (@ ®0% - 0" 0%, (5.99)

*Note that (15‘ — ei) t:) = (F - ei) |7:) since (13‘ — ei) |i) = 0.
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where the following relation for the one-particle commutator was used
[F,OI} —wOo* = (F — €, — w) |z ) (K|
= — |V ) (k| = —O"=. (5.100)

5.4.5 Internal Checks

The application of the Ups operator and the exchange-commutator [Klg, flg} in the regular-

ized Coulomb operator (see Eq.(5.45)) can become inaccurate. In order to detect inaccuracies,
two internal checks were implemented.

For the exchange commutator, the error results from accumulated inaccuracies of low-rank

tensor additions (see Ref. 18). To get an estimate on the magnitude of this error, the
expectation value

(zy| [Km,fm} lzy) =0, (5.101)
is calculated (here z and y are generic functions).
Inaccuracies of the Uyy operator result mainly from undersampling. This problem is solved by

enforcing deeper refinement near the electron-electron coalescence points (see also Sec. 2.1).
Numerical accuracy of the Uyo operator is checked similar with the relation

1 A .
5oyl [Viz gio] lay) = (@y|Urzloy) = (wylgizlay) = 0. (5.102)
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6 Numerical Results and Discussion

The implementation of closed-shell MRA-CC2 (as well as CIS, MP2 and CIS(D)) was tested
on small molecules which are Hy, BH, BeHy, CHy, H2O, and CoH4. Numerical results in
comparison with LCAQO calculations are given in this section. In this work, the CIS model
was mostly used as first guess for CC2; a detailed discussion on the performance of MRA-CIS
on small organic molecules can be found in Refs. 11 and 73 (see also Refs. 10 and 12 for the
related MRA-TDDFT model). All reported results are given in atomic units. Part of the
results were already published in Refs. 1* and Refs. 2P.

6.1 Computational Details

In the following, the used parameters for MRA and LCAQO calculations are given.

Molecules The coordinates for the BH and CHs molecule were taken from Ref. 20 and
Ref. 21. All other molecules are optimized CC2/aug-cc-pVTZ structures. The coordinates of
all used molecules can be found in the appendix A2. In all calculations the 1s orbitals were
kept frozen for all non hydrogen atoms (frozen core approximation).

MRA Parameters: The default threshold for the two-body functions (6D MRA represen-
tation) was € = 1073 but for some calculations ¢ = 10™* was also used (in those cases the
two thresholds are explicitly given in the corresponding tables). The one-body threshold (3D
MRA representation) was always chosen two magnitudes smaller than the two-body thresh-
old (i.e. € = 1075 and € = 107%). One- and two-body convergence thresholds were set to
d1 = 0.1-d9 and do = €. Polynomial orders of the MRA representation were £ = 5 and k = 6.
All MRA calculation were performed with the NEMO ansatz using a Slater type nuclear
correlation factor with exponent a = 1.5 (see Ref. 67). The size of the simulation box was 60
ap in each dimension (L = 30). The exponent of the correlation factor was set to v = 1.

LCAO calculations: MP2, CIS, CIS(D), CC2, and MP2-F12 calculations where performed
with the ricc2 ™ module of TURBOMOLE ™. CC2-F12 energies were computed with KOALA 7677
and CC2-R12+ results were taken from Ref. 20. As basis sets mainly the (d-)aug-cc-
pVXZ 78! basis sets, with the corresponding auxiliary basis sets®?%3 were used. Additionally
the XZaPa-NR (X-tuple-( augmented polarized augmented nonrelativistic)®* basis sets were
used for BeHs (the corresponding auxilliary basis sets are then chosen as the highest aug-
cc-pVXZ available). In the case of the 7ZaPa-NR set the k-function of the basis-set were

aTabs. 6.3, 6.4, 6.7 and parts of Tab. 6.1
PTabs. 6.13, 6.15 as well as parts of Tab. 6.11 and Tab. 6.12
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excluded since TURBOMOLE does not support them. The basis set without k-functions is
denoted as 7ZaPa-NR*. Triply augmented basis sets were created by adding the diffuse func-
tions from the doubly augmented set with exponents divided by two. In the same way, the
doubly augmented sets for beryllium were created. Basis set extrapolations for correlation
energies were computed as®’

ExX3 — EyY3
X3_y3

CBS(X)Y) = (6.1)
where X and Y denote the cardinal numbers of two aug-cc-pVXZ sets and Ex,Fy the corre-
sponding correlation energies. MP2-F12 and CC2-F12 denote explicit correlated calculations
with F+K approximation, the fixed-amplitudes (SP) ansatz, and an fi2 exponent of 1.4. For
a comparison of the different explicitly correlated CC2 methods with MRA-CC2 see Ref. 2.

Plots: All isosurfaces where created with VESTA®¢ and an isovalue of 0.002.

6.2 Ground State Correlation Energies

The MP2 and CC2 correlation energies of BeHs, BH, CHs, HyO, and CsHy are given in
Tabs. 6.1 (BeHs), 6.3 (BH), 6.5 (CHz), 6.7 (H20), and 6.9 (CoH4). Additionally the indi-
vidual MP2 pair correlation energies are given in Tabs. 6.2 (BeHs), 6.4 (BH), 6.6 (CHz), 6.8
(H20), and 6.10 (C2Hy); to take the permuted pair into account, off-diagonal pair correlation
energies are already multiplied by a factor of two.

BeH; and BH: For BeH, the MP2 correlation energy of MRA with € = 10~ agrees per-
fectly with the best MP2-F12 calculation. The difference between the best CC2 correlation
energy obtained with MRA and CC2-F12/aug-cc-pV5Z is similar to the difference between
MP2-F12/aug-cc-pV5Z and MP2-F12/7ZaPa-NR*, so that the best MRA result is assumed
to be close to the basis set limit. MRA results with € = 1073 are slightly below the results
obtained with the tighter threshold but are still within the targeted accuracy e. The BH
molecule shows similar results, where again the difference between CC2-F12/aug-cc-pV5Z
and the best MRA results is in the same range as the difference between MP2-F12/aug-
cc-pV5Z and MP2-F12/aug-cc-pV6Z. Since the best MRA-MP2 results agrees with MP2-
F12/aug-cc-pV6Z it is again assumed that the MRA-CC2 result is close the basis set limit.
The individual MP2 pair energies, given in Tab. 6.2 and Tab. 6.4 are also all within the
targeted accuracy when compared to the best explicitly correlated calculation. CC2-R12+
results, taken from Ref. 20, slightly overestimate the correlation energy.

CH, and H>0: For the larger molecules CHy and HyO the MRA results differ up to a few
millihartree from the extrapolated or explicitly correlated values. The reason for that is an
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accumulation of small errors in the individual pair correlation energies. For MP2, the pair
correlation energies of MRA, as well as the best explicitly correlated calculation, are given in
Tab. 6.6 (CHz), and Tab. 6.8 (H20). The individual pair correlation energies are all within
the targeted accuracy, where the largest deviations are in the range of half a millihartree. For
correlation energies, the precision, given by the MRA threshold, is only guaranteed for the
individual pair energies. In order to have guaranteed accuracy for total correlation energies,
the corresponding MRA threshold would depend on the number of pairs and therefore on
the system size. For the accurate calculation of total correlation energies of larger molecules,
local formulations will therefore be unavoidable.

CsH,4:  The calculations for the CoHy4 molecule, given in Tab. 6.9, show a similar behaviour
than for HoO and CHy, with deviations up to 11 millihartree in the total correlation energy.
Again, the individual MP2 pair energies, given in Tab. 6.10, are all within the MRA target
accuracy when compared to the best explicitly correlated LCAO result.

Internal Checks: The internal checks of Sec. 5.4.5 were performed within each calculation.
For the exchange-commutator, slight deviations (< 1.5¢) from the targeted accuracy e were
detected for HoO and the (e = 1074,k = 5) calculation of BH. Larger deviations of about
5e were detected for the & = 5 calculation of the CoHy molecule, while only slight devia-
tions were detected for kK = 6. In Tab. 6.10 the pair energies and the exchange-commutator
accuracy checks are given explicitly for CoHy. A direct correlation between the deviation
of the pair energies and the inaccuracy of the exchange-commutator is not observed which
may be due to the application of the Green’s operator and its smoothing properties. For all
other calculations the expectation value of the exchange-commutator was below the targeted
accuracy. Increasing inaccuracies with growing system size can be expected from the current
implementation where a possible solution is again a local formulation of the working equa-
tions. An efficient local formulation of the exchange operator within an MRA framework has
been described in Ref. 87. Along with the local reformulation of the working equations, an
improvement of the low-rank tensor methods which are currently used is expected to increase
accuracy and performance further.

Accuracy checks for the Us operator were below the targeted accuracy in all calculations.
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Table 6.1: Correlation energies (in mFy,) for BeHg.*

Basis MP2 CC2 MP2-F12 CC2-F12
aug-cc-pVTZ —61.60 —61.70 —66.66 —66.79
aug-cc-pVQZ —64.75 —64.88 —67.10 —67.24
aug-cc-pV5HZ —65.90 —66.03 —67.19 —67.33
CBS(4,5) —67.10 —67.24

6ZaPa-NR —66.44 —66.58 —67.24
7ZaPa-NR* —66.64 —66.77 —67.23

MRA (e=10"3k=5) —66.63 —66.77
MRA (=103 k=6) —67.03 —67.17

MRA (e=10"%k=5) —67.23 —67.37

% Adapted with permission from Ref. 1.
Copyright 2017 American Chemical Society.

Table 6.2: Deviation of MRA-MP2 and MP2-F12 for the individual pair
correlation energies (in mEy) of BeHa.

AMRA-MP2
MP2-F12 (e=1073) (e=107%)
Pair 7ZaPa-NR* (k=5) (k=6) (k=5)
2,2 —15.87 —0.14 —0.04 0.00
2,3 —32.54 —0.33  —0.09 0.01
3,3 —18.82 —0.13  —0.07 —0.02
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Table 6.3: Correlation energies (in mEy) for BH.¢

Basis MP2 CC2 MP2-F12 CC2-F12 CC2-R12+°
aug-cc-pVQZ —78.63 —79.02 —81.77 —82.19 —81.24
aug-cc-pVbhZ —80.21 —80.62 —81.91 —82.36 —82.02
aug-cc-pV6Z —80.92 —81.34 —82.00 —82.63
CBS(5,6) —81.91 —82.33

MRA (e=1073 k=5
MRA (e=1073 k=6

—81.40 —81.70
—81.69 —81.98

( )

( )
MRA (e=10"%k=5) —82.00 —82.47
MRA (e=10"%k=6) —81.98 —82.47

%Adapted with permission from Ref. 1
Copyright 2017 American Chemical Society.
bCC2-R12+ results taken from the appendix of Ref. 20.

Table 6.4: Deviation of MRA-MP2 and MP2-F12 for the individual pair
correlation energies (in mFE}y) of BH.®

AMRA-MP2 (e=1073)

MP2-F12 (e=1073) (e=107%)
Pair aug-cc-pV6Z (k=5) (k=6) (k=5) (k=6)
2,2 —27.01 —0.20 —-0.12 0.00 —0.01
2,3 —25.91 —-0.26 —-0.10 0.00 0.04
3,3 —29.08 -0.15 —0.09 —0.00 —0.05

% Adapted with permission from Ref. 1. Copyright 2017 American Chemical Society.
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Table 6.5: Correlation energies (in mFEy,) for CHs.

Basis MP2 CC2 MP2-F12
aug-cc-pVQZ —149.28 —150.02  —155.50
aug-cc-pVdHZ  —152.40 —153.18 —155.73
aug-cc-pV6Z —153.81 —154.59  —155.83
CBS(5,6) —155.74 —156.53
MRA (k=5) —154.28 —154.91
MRA (k=6) —154.90 —155.51

Table 6.6: Deviation of MRA-MP2 and MP2-F12 for the individual pair

74

correlation energies (in mEy) of CHa.

MP2-F12

AMRA-MP2

Pair aug-cc-pV6Z (k=5) (k=6)

2,2 ~17.97  —0.18 —0.09
2.3 ~3281  —0.37 —0.24
2.4 —24.72  —0.21 —0.09
3,3 —2242  —0.20 -0.19
3.4 ~30.60  —0.49 —0.30
4,4 —2731  —0.09 —0.03

Table 6.7: Correlation energies (in mFEy,) for HyO.®

Basis MP?2 CC2  MP2F12 CC2-F12
aug-cc-pVQZ —286.41 —288.79  —300.02 —302.37
aug-cc-pVhZ  —293.40 —295.77  —300.60 —302.94
aug-ccpV6Z —296.46 —298.81  —300.83
CBS(5,6) —300.65 —302.98

MRA(k=5)  —297.52 —299.65

MRA(k=6)  —298.70 —300.82

% Adapted with permission from Ref. 1

Copyright 2017 American Chemical Society.
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Table 6.8: Deviation of MRA-MP2 and MP2-F12 for the individual pair
correlation energies (in mFE}) of HyO.

MP2-F12 AMRA-MP2

Pair aug-cc-pV6Z (k=5) (k=6)

2,2 ~13.29  —0.27 —0.14
2,3 2938  —0.14 —0.05
2,4 ~-26.18  —0.26 —0.14
2,5 —28.35 0.06  0.08
3,3 —25.72  —0.54 —0.36
3.4 4181  —0.63 —0.51
3,5 —40.35  —0.38 —0.20
4,4 —25.81  —0.52 —0.34
4,5 —43.64  —0.40 —0.34
5,5 ~-26.31  —0.23 —0.12

Table 6.9: Correlation energies (in mFEy,) for CoHy.

Basis MP2 CcC2 MP2-F12

aug-cc-pvVQZ —358.40 —361.64  —372.07
aug-cc-pVdZ  —365.21 —368.53  —372.49
aug-cc-pV6Z —368.31 —371.66 —372.66
CBS(5,6) —372.57 —375.96

MRA(k=5)  —361.97 —365.30
MRA(k=6)  —363.74 —367.05
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Table 6.10: Deviation of MRA-MP2 and MP2-F12 for the individual pair correlation energies
(in mEy) of CoHy, and the result of the exchange-commutator accuracy check of
Eq. (5.101).

MP2-F12  AMRA-MP2  (ij| [Ku, flg} i)

Pair aug-cc-pV6Z (k=5) (k=6) (k=5) (k=6)

3,3 —9.81 -0.23 —-0.13 —4.81 —1.54
3,4 —10.04 -0.07  —0.05 —4.82 —1.47
4,4 —10.36 —-0.37 —0.34 —4.20 —1.46
3,5 —13.67 -0.09 -0.11 —-3.61 —1.20
4,5 —17.52 —-0.50 —0.43 —2.54 —0.83
5,9 —11.13 —-0.42 —-0.36 —0.15 -0.19
3,6 —18.92 —-0.26 —-0.21 —2.65 —1.08
4,6 —18.78 —-0.56 —0.44 —-1.91 —0.90
5,6 —20.84 —-0.57 —0.52 —0.21 —0.30
6, 6 —15.15 —-0.49 —0.44 —0.32 —0.53
3,7 —11.46 -0.09 -0.05 —3.63 —1.20
4,7 —19.35 —-0.54 —-0.50 —2.73 —0.90
5, 7 —22.51 -0.83 —0.75 -0.20 -0.19
6,7 —20.59 —-0.67 —0.61 —0.27 —0.35
7,7 —12.77 —-0.59 —-0.44 —0.21 —0.14
3,8 —21.72 —0.54 —0.42 —2.87 —1.00
4,8 —17.83 -0.70 —0.45 —2.08 —0.72
5,8 —20.83 —-0.72  —0.53 —0.27 —0.14
6, 8 —32.74 —-1.07 —-1.20 —0.25 —0.32
7,8 —18.92 —-0.74 —0.58 —-0.32 —0.11
8,8 —27.73 —-0.65 —0.36 —0.30 —0.11
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6.3 Excitation Energies

Various excitation energies were calculated for the same molecules as before and the corre-
sponding results are given in Tabs. 6.12 (BeHs), 6.13 (BH), 6.14 (CHz), 6.15 (H20), and 6.16
(C2Hy4). Additionally, the convergence of CIS(D) excitation energies for two excitations of
the hydrogen molecule is investigated in Tab. 6.11. The individual excitation energies are
labelled by the irreducible representation of the corresponding symmetry group, where the la-
belling refers to the irreducible representation of the whole excitation.? The transformational
behaviour of the corresponding singles functions can be determined from the corresponding
reference orbitals and the multiplication table of the corresponding point group. Take for ex-
ample the By excitation of HoO with the transformational behaviour of the functions denoted
as superscript

B A
¢§ s 1
B
s - Ty’
By BoExcitation Ao
A %
5 5”
4\1 , ,BZ

D1 Xy

The frozen core approximation is indicated by the transparent notation of the core orbital ¢;
and the corresponding singles function x;. Since only singlet excitations are calculated the
spin multiplicity will not be denoted explicitly.

H,:  For two electron systems, like Hy, the CIS(D) energy consists of three formally® inde-
pendent parts (see Sec. 5.4.2). For the 3} excitation energy, which is the lowest excitation
energy of Hg, the deviation of the CIS(D) excitation energy is dominated by the deviation of
the MP2 correlation energy. In the case of the d-aug-cc-pV6Z calculation, where the devia-
tion in the CIS energy approaches zero, the deviation of CIS(D) is equal to the deviation in
MP2. In Fig. 6.1 the CIS functions for the two Hy states are represented. Both functions are
comparable in diffuseness. The X state can be well approximated with s-functions which
are diffuse enough in the singly augmented basis sets. The s-functions, centred at the hy-
drogen atoms, are not able to represent the nodal structure of the II, state, but p-functions
are. Since the aug-cc-pVXZ series adds more p-functions, which tend to get more diffuse
with rising cardinal number X, the results improve but still differ significantly from the MRA
calculation. In order to accurately describe the diffuse I, state, doubly augmented sets are
necessary. For the doubly augmented basis sets, the II, state shows a similar behaviour
than the ¥ state for the singly augmented sets and the deviation from the MRA calcula-
tion is again dominated by the MP2 deviation. The MRA results calculated with e = 1073

2Note that the MADNESS implementation of MRA-CC2 does neither exploit nor enforce spatial symmetry.
For the TURBOMOLE calculations, the largest Abelian subgroup of the corresponding symmetry group was
used.

P All parts still depend on the reference orbitals and the term which is interpreted as the CIS(D) correlation
energy depends on the CIS orbitals.
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are close to the ¢ = 10™* results and all deviations are below the targeted accuracy. The
non-monotonous convergence of the CIS error for double-( basis sets can be explained by
the unconverged reference orbitals indicated by the Hartree-Fock eigenvalues ¢; where the
deviation is larger than for the CIS excitation energy.

BeH,: The first four excitation energies in Tab. 6.12 (labelled as Tlg, IT,, ¥, and ¥J) are
in good agreement with the largest LCAO calculations for all three models. For the last two
states (227 and A,), triply augmented basis sets are needed in order to accurately describe
the excitation. The excitation energy for the 2% state did not converged to the expected
state. Instead, convergence towards the first 3.7, or towards the II, excitation energy were
observed; a problem known from MRA-CIS. ! Convergence to a different state usually occurs
if the used guess has significant overlap with a lower lying state. Since the application of
the Green’s function tends to converge to the lowest state possible,®® such a condition often
leads to convergence towards the lower lying state. In MRA-CIS, this problem is solved by
orthogonalization of the corresponding states. Since the CC2 Jacobian is not Hermitian, the
corresponding eigenstates are not in general orthogonal and orthogonalization like in MRA-
CIS is not an option here. Let it be noted at this point that most states computed here
are orthogonal by symmetry making this problem less probable to occur. One way to avoid
convergence to wrong states would be to compute the corresponding left eigenvectors and use
them to orthogonalize the states subsequently. Another possible solution which avoids the
calculation of left eigenvectors is to solve for the whole set of demanded excitation energies at
once and enforce the condition 2 = Sw to hold after each macro-iteration. The given matri-
ces are defined similar to Ref. 74 as Q,, = (2i1,,|Q%,,) Smn = (i, |71,) and Wy = Omnwm.
Another possible source for this problem here is the diffuse nature of the corresponding state
which probably requires a tighter MRA threshold than 1073. The CIS funtions of the 2%,
state are not orthogonal to the CC2 singles functions of the 13, state, but, are by symmetry
orthogonal to the CC2 singles functions of the I, state. The observed convergence towards
the I, functions can only occur if the symmetry is broken at some point. This is possible since
the current implementation does not enforce point-group symmetry and the corresponding
symmetry of a function can be broken by numerical fluctuations. If the targeted accuracy of
MRA is not accurate enough to describe a specific state, those numerical fluctuations become
larger in magnitude. The high diffuseness of the functions corresponding to the X excitation
might be one of the reasons why the current MRA threshold is not sufficient for that state.
Note that the A, state is also highly diffuse but easier to represent with MRA since the nodal
planes are dyadic planes of the MRA refinement scheme.

BH: The two calculated BH excitation energies are close to the results obtained with the
largest LCAO basis sets. For the II state the CC2-R12+ is slightly overestimating the ex-
citation energy. This might be inherited from the ground state where the overestimation of
the correlation energy was of comparable size, or, from the truncation of the virtual space
entering the R12+ residues?’. In the case of MRA, the II excitation energy does not change
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significantly if the MRA threshold or the polynomial order are changed. For the X1 state the
CC2-R12+ result agrees with the MRA results. The two states of the BH molecule were also
discussed in Ref. 20 where the pseudo convergence for CC2-R12+ in the X7 state (between
the triple- and quadruple-¢ basis sets) was adressed to the unconverged one-electron part.
Here, the insufficiency to describe the one-electron part of the CC2 energy is again indicated
by the CIS energy.

CHs: For the CHs molecule the By and Ay excitation energies were computed. Both are
in good agreement with LCAO based calculations for all models. In the case of CCSD the
aug-cc-pV6Z results are close to the basis set limit?' so that the same is assumed here for
cCa2.

H,0: For the water molecule the first By excitation energy was calculated. The Bs ex-
citation agrees with the CC2-F12 calculations while the conventional LCAO based method
underestimates the excitation energy. CC2-F12 with SP ansatz is known to overestimate ex-
citation energies which results from an imbalanced description between excited and ground
state.® This happens usually for excitations where the dominant singles contributions differ
significantly from the ground state orbitals, which is especially the case if those contribu-
tions have different symmetry properties. For the Bs excitation of the water molecule, the
dominant part of the CC2 singles vector is the x5 function which transforms under A;. Two
of the four active ground state orbitals of HyO also transform under A;. Those orbitals as
well as the x5 function of the CIS singles are depicted in Fig. 6.3. The By excitation is
therefore not a case where CC2-F12 with SP ansatz typically fails. It is therefore expected
here, that the MRA results are close to the true basis set limit of the By excitation energy. A
CC2-F12 calculation with the so called extended SP ansatz (XSP)?!, where virtual orbitals
are included into the F12 residues P, should verify this result.

CoHy:  For the CoHy molecule the first By, excitation was computed and the results are
given in Tab. 6.16. The results are comparable to HoO where the deviation of MRA and the
best LCAO results is about one millihartree. Again, CC2-F12 results tend to converge to the
MRA result, but in this case the CC2-F12 results could only be computed up to the triple-¢
basis set for all atoms so that the result is not as reliable as for HyO. A third CC2-F12
calculation with mixed basis sets (aug-cc-pVTZ on hydrogen and aug-cc-pVQZ on carbon
atoms) is given to further verify the results. The CC2 and CIS results for the mixed basis
set are similar to the results obtained with the quadruple-{ basis set on all atoms and the
CC2-F12 result lies between the k=5 and k=6 MRA results. The By, excitation of CoHy
is again not a typical case where the SP ansatz of CC2-F12 fails for symmetry reasons:
The dominant part of the singles functions is the xg function which transforms as A, and
two active orbitals of the reference transform under the same irreducible representation. In

*A detailed discussion for the SP ansatz and related approaches can be found in Ref. 21 (CCSD) and
Refs. 19, 20 (CC2).

PSee Refs. 21 and 20 for more details and Ref. 2 for a comparison with the explicit correlated ansatz used
for MRA-CC2
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Fig. 6.4 the corresponding functions are shown. Because of this, and since the CC2-F12
results seem to converge towards the MRA results it can be expected that the MRA results
are in fact close the the true basis set limit. As for HoO, CC2-F12 calculations with XSP
ansatz are expected to verify this result further.
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Table 6.11: Convergence of CIS(D) for the Hy molecule. The differences to the MRA (e=10"4,
k=6) values are given in mF},. See Sec. 5.4.2 for the definition of the terms. Note
that e; denotes the Hartree-Fock eigenvalue of the occupied orbital.”

GS A= Zq‘f E. =11,
Basis? €1 EXL? WCIs  WIs(D) EGRP) WCIs  WCIs(D) EGa®)
apVDZ —2.14 —6.99 1.25 5.71 —2.54 —98.09 —92.81 —-1.71
apVTZ —0.25 —2.28 —0.04 1.62 —0.62 —51.85 —45.44 4.14
apVQZ —-0.04 —-1.01 —0.07 0.71 —0.23 —-33.71  —29.09 3.60
apV5hZ —0.00 —0.52 —0.15 0.27 —0.10 —24.22  —=20.73 2.98
apV6Z —0.00 —0.30 —0.08 0.21 —0.02 —18.32 —15.53 2.49
dapVDZ —2.09 —6.94 1.51 5.97 —2.47 0.77 4.29 —3.42
dapVQZ —0.26 —2.26 0.20 1.90 —0.56 —0.14 1.65 —0.47
dapVQZ —-0.04 —1.00 0.00 0.80 —0.20 —0.21 0.69 —0.11
dapV5Z —0.00 —0.51 —0.02 0.43 —0.06 —0.15 0.36 —0.01
dapV6Z —0.00 —0.30 —0.00 0.30 0.00 —0.10 0.25 0.05
MRA(3,5) —0.01 0.02 0.00 0.07 0.09 0.01 —0.01 —0.00
MRA(3,6) —0.00 —0.03 0.00 0.09 0.06 0.00 0.10 0.07
MRA(4,6) —595.63 —34.25 469.06 473.06 —30.26 482.28 489.26 —27.26

% Adapted with permission from Ref. 2. Copyright 2017 American Chemical Society.
bapVXZ:aug-cc-pVXZ, dapVXZ=d-aug-cc-pVXZ, MRA(x,y)=MRA (e=10"" k=y)

Figure 6.1: The CIS functions for the X7 and II, states of Ha.

81



6 Numerical Results and Discussion

Figure 6.2: The CIS x3 functions for BeHs. Note that the superscript labels the irrducible
representation of the whole excitation and not of the specific functions.

253 Ay
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Table 6.12: Excitation energies (in mFEy,) for BeHy.*

Ey, =11, Ep, = II,
Basis CIS CIS(D)  CC2 CIS CIS(D) CC2
aug-cc-pVDZ 259.16  248.78 248.62 340.53 327.82  328.09
aug-cc-pVTZ 259.84  249.83 249.50 339.39 327.32 327.03
aug-cc-pVQZ 259.87  250.20 249.78 338.86 327.36 326.78
aug-cc-pVoZ 259.85 250.31 249.86 338.54 327.38 326.65
7Za-Pa-NR* 259.92  250.43 249.98 338.95 327.61 326.89
MRA (k=5) 259.84  250.29 250.01 338.39 327.36  326.99
MRA (k=6) 259.84 250.44 250.20 338.40 327.58 327.22
1A, = 157 Ay =3}
CIS CIS(D)  CC2 CIS CIS(D) CC2
aug-cc-pVDZ 345.24  340.73 340.41 366.47 362.07 361.74
aug-cc-pVTZ 345.41  344.57 343.69 366.74 366.32 365.33
aug-cc-pVQZ 345.43  345.91 344.80 366.53 367.52 366.26
aug-cc-pVoZ 345.35 346.34 345.15 366.17 367.72 366.36
7Za-Pa-NR* 345.28  346.61 345.37 365.95 36791 366.48
MRA (k=5) 345.26  346.91 345.63 365.81 367.89 366.52
MRA (k=6) 345.26  347.23 345.98 365.81 368.19 366.82
2A1u = QEj E2u = Au
Basis CIS CIS(D)  CC2 CIS CIS(D) CC2
aug-cc-pVoZ 373.40 371.63 370.48 419.73  420.18 419.08
d-aug-cc-pV5Z 370.02 368.90 367.68 396.28 398.04 396.86
t-aug-cc-pVbhZ 369.83  368.77 367.54 391.86 393.64 392.46
t-aug-7ZaPa-NR** 369.83 369.07 367.78 391.85 393.99 392.76
MRA (k=5) 369.82 369.01 no conv. 391.65 394.19 392.94
MRA (k=6) 369.82  369.42 no conv. 391.65 394.23 392.96

®Adapted with permission from Ref. 2. Copyright 2017 American Chemical Society.

b Additional diffuse functions from t-aug-cc-pV5HZ*.
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Table 6.13: Excitation energies (in mEy) for BH.*

Ar=11 B =%X"
Basis CIS CC2 CC2-R12+ CIS CC2 CC2-R12+°
aug-cc-pVDZ 104.75 105.29 107.23 238.41 234.92 238.58
aug-cc-pVTZ 105.16 104.13 104.99 236.43 236.79 238.50
aug-cc-pVQZ 105.19 103.74 103.96 23591 237.60 238.50
aug-cc-pVbhZ 105.20 103.59 103.71 235.42  237.73 238.28
aug-cc-pVo67Z 105.20 103.53 103.60 235.22  237.82 238.32
d-aug-cc-pVQZ 104.93 103.12 234.96 237.30
d-aug-cc-pV5Z 105.20 103.58 234.99 237.41
d-aug-cc-pV6Z 105.20 103.52 234.99 237.66
MRA(e = 1072, k=5) 105.20 103.48 234.99 238.29
MRA (e 10*3, k=6) 105.20 103.49 234.99 238.36
MRA(e = 1074, k=6) 105.20 103.47
%Adapted with permission from Ref. 2
Copyright 2017 American Chemical Society.
bCCQ-RlZ—}— results taken from the appendix of Ref. 20
Table 6.14: Excitation energies (in mEy) for CHas.
B2 A2

Basis CIS CIS(D) cCC2 CIS CIS(D) CcC2

aug-cc-pVTZ 60.77 58.54 59.04 220.22  210.76 211.01

aug-cc-pVQZ  60.85 58.29 58.78 220.27 21041 210.75

aug-cc-pVdZ  60.86 58.22 58.71 220.29  210.31 210.68

aug-cc-pV6Z  60.87 58.20 58.68 220.30  210.24 210.63

MRA (k=5) 60.86 58.23 58.66 220.30  210.08 210.83

MRA (k=6) 60.86 58.28 58.70 220.30 210.04 210.81
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Table 6.15: Excitation energies (in mEy) for HyO.*

1Bs
Basis CIS CC2 CC2-F12
aug-cc-pVDZ 317.50 259.47  272.22
aug-cc-pVTZ  318.19 264.76  270.51
aug-cc-pVQZ 318.22 266.97  269.75
aug-cc-pVbhZ 318.23 267.90  269.45
aug-cc-pVo67Z 318.22 268.34
d-aug-cc-pV6Z 318.19 268.30
MRA (k=5) 318.18  269.60
MRA (k=6) 318.16  269.42

% Adapted with permission from Ref. 2.

Copyright 2017 American Chemical Society.

o)

Figure 6.3: The z5 function from the By excitation of HoO and the active reference orbitals
which transform under the same irreducible representation. Note that Bs la-
bels the irreducible representation of the whole excitation. The four functions

transform under Aj.
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Table 6.16: Excitation energies (in mFE},) for CoHy.

1B1y

Basis CIS CC2 CC2-F12

aug-cc-pVDZ  262.11 263.11  270.60
aug-cc-pVTZ 262.03 267.61  270.97
apV(T/Q)Z* 262.17 269.34  271.21
aug-cc-pVQZ 261.99 269.34
aug-cc-pVoZ  261.82 269.88
aug-cc-pV67Z  261.75 270.14

MRA (k=5) 261.66 271.38
MRA (k=6) 261.66 271.01

8aug-cc-pVTZ on H and aug-cc-pVQZ on C

B
¢3 (256 Tg tu

Figure 6.4: The xg function from the B, excitation of CoHs and the active reference or-
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7 Conclusion and Outlook

In this work real-space coupled-cluster equations were derived and a multiresolution solver
for closed-shell CC2 correlation and excitation energies was implemented into the MADNESS
library.

The coupled-cluster equations have been formulated in a generalized real-space framework
where the cluster operators excite electrons into correlated n-body cluster functions instead
of individual virtual orbitals. Conventional coupled-cluster amplitudes are the expansion
coefficients if those cluster functions are expanded into (tensor-) products of virtual orbitals.
With this connection the real-space and amplitude based forms of the equations can easily be
translated into each other. Like in the LCAO based framework, the corresponding equations
can be represented diagrammatically where the same diagrams with only slightly adjusted
interpretation rules can be used. The working equations are simplified significantly by in-
troducing relaxed orbitals ¢;; a procedure which is comparable with the 7T;-transformation of
the Hamiltonian. Excitation energies based on linear response theory can be computed by a
set of equations obtained from the functional derivatives of the ground state equations.

An MRA based implementation for ground state correlation energies of excitation energies
is only feasible if the two-electron Coulomb singularity is eliminated from the working equa-
tions by an explicitly correlated ansatz. Additionally the singularities caused by the nuclear
potentials are regularized with the NEMO ansatz which is not as crucial as the regularization
of the two-electron singularities but still reduces the amount of data significantly.

For the ground state correlation energies, all pair energies agree well with best explicitly
correlated LCAO based results and the deviations are below the given MRA threshold. De-
viations of the total correlation energies are larger resulting from an accumulation of small
deviations in the individual pair energies. In order to compute total correlation energies
with controlled overall precision, the MRA threshold would depend on the number of elec-
trons. It is expected that a local formulation of the current implementation will improve this
issue significantly. In addition to the local formulation, tighter thresholds will still be nec-
essary for total correlation energies with millihartree accuracy, especially for larger molecules.

MRA-CC2 excitation energies agree well with the best LCAO based results for all states of
the smaller molecules Hy, BeHy, BH, and CHs, while for the two states of HoO and CoHy,
explicitly correlated approaches are needed for results comparable to MRA-CC2. Other than
the ground state correlation energy, excitation energies are relative quantities which are ac-
curate if the functions representing the ground and the excited state are represented in a
balanced way. For LCAO based methods this balanced representation is often an issue, es-
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pecially for explicitly correlated methods®2%6% or if the virtual space is truncated®® in some

way. In both cases the resulting problems are caused by approximations which try to reduce
the number of used virtual orbitals. The MRA approach in this work is formulated without
virtual orbitals and each function is represented individually in an adaptive and numerically
controlled way. Since there is no global truncation, an imbalance between functions of ground
and excited state is in general not expected and also not observed in the calculations of this
work. For high lying excitation energies and larger (less symmetric) molecules the conver-
gence into lower lying states will become an issue. Possible solutions are either subsequent
computation of left and right eigenfunctions and orthonormalization via projection, or simul-
taneous iteration of multiple roots where the non-Hermitian eigenvalue problem is enforced
to hold every macro-iteration. Also, tighter MRA thresholds are probably needed for stable
convergence of exited states with strong Rydberg character.

The main bottleneck of the current approach is the vast amount of data needed to represent
the six-dimensional two-electron functions and potentials (see also Ref. 6 for a discussion
of MRA-MP2 which behaves similar to MRA-CC2 in terms of memory). Usage of low rank
tensor representations like high-dimensional SVD reduces the amount of memory significantly.
With the NEMO ansatz, the complexity of the functions to represent with MRA is reduced
which results in further memory reduction. It is expected that the memory requirement
and overall performance can be further reduced by improved low rank representations and
optimization of individual algorithms.
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Al Green’s Function For the BSH Operator

The Green’s Function for the n-dimensional Helmholtz Equation (follwing Kalos®® and
Beylkin®’) is given by

pe Ko (pr)
(2m)*tt e

Gu(r) = a:%—l (1)
In this section a brief justification of this result is given.

The n-dimensional Laplacian is

AVl Tnll; (r”1;> + A, (2)
where A is the angular part. The condition which has to be fulfilled is
(=¥ 4 1#%) Gy (jr = x']) =6 (jr —x']). (3)
For r > 0 this means
(=V2+p®) G(r)=0. (4)

For r > 0 and « chosen as above, it holds that

il o L8 (210

87‘ r%fl

Tpa  pn=19p

2 n n n 2
=— <2 - 1) (512 4 r*(ifl)*lﬁ + T*(f*l)ﬁ
2 or
32
= <—a27~a2 +r " ar + TO‘W> f(r). (5)
The condition for the Green’s function is then equivalent to the modified Bessel equation

(—V%+u2)w:0@ro‘v2 <f(T)> — 12 f(r)=0

Toz
0? 40
(et e )10
2 0 9 2 22
& rw—i—rg—(a +wr?) ) f(r)=0. (6)

For p =1 this is the modified Bessel equation solved by the modified Bessel function K, (7).
i # 1 corresponds to a transformation r — ur and is solved by K, (ur). The normalization
factor (2757&“ ensures equality in Eq. (3). For a derivation based on the Fourier transformation

see Ch. 22.4 of Ref. 34.*> A Gaussian integral representation can be found in Ref. 30.

?Note that Ref. 34 expresses the Green’s function with the Hankel function HY. With the identity
Kq(r)= gi"‘HHS) (ir) the representation of Eq. (1) is obtained.
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A2 Molecular Coordinates

90

Molecular coordinates in ag

Ho

h 0.00000000000000  0.00000000000000  0.69701826106345
h 0.00000000000000  0.00000000000000 -0.69701826106345
BH
b 0.00000000000000  0.00000000000000  -1.16444915420000
h 0.00000000000000  0.00000000000000  1.16444915420000
BeH2
be  0.00000000000000  0.00000000000000  -0.00000000000000
h 0.00000000000000  0.00000000000000  2.51261098858827
h  0.00000000000000  0.00000000000000 -2.51261098858827
CH,

C 0.00000000000000  0.00000000000000  0.18923424000000
h  -0.00000000000000 1.62569044000000 -1.12658982000000
h  -0.00000000000000 -1.62569044000000 -1.12658982000000
H,O
0 0.00000000000000  0.00000000000000  -0.74803583254128
h 1.43358660382183  0.00000000000000  0.37401791627063
h  -1.43358660382183  0.00000000000000  0.37401791627063
CqoHy
¢ 1.26252820737498  0.00000000000000  0.00000000000000
¢ -1.26252820737498 (0.00000000000000  0.00000000000000
h 2.32435615900438  -1.74577043375230  0.00000000000000
h 2.32435615900438  1.74577043375230  0.00000000000000
h  -2.32435615900438 1.74577043375230  0.00000000000000
h  -2.32435615900438 -1.74577043375230 0.00000000000000




Bibliography

Kottmann, J. S.; Bischoff, F. A. J. Chem. Theory Comput. 2017, 13, 5945-5955.
Kottmann, J. S.; Bischoff, F. A. J. Chem. Theory Comput. 2017, 13, 5956-5965.

Schuchardt, K. L.; Didier, B. T.; Elsethagen, T.; Sun, L.; Gurumoorthi, V.; Chase, J.;
Li, J.; Windus, T. L. J. Chem. Inf. Model. 2007, 47, 1045-1052.

Feller, D. J. Comput. Chem. 1996, 17, 1571-1586.

Harrison, R. J.; Fann, G. I.; Yanai, T.; Gan, Z.; Beylkin, G. J. Chem. Phys. 2004, 121,
11587-11598.

Bischoff, F. A.; Valeev, E. F. J. Chem. Phys. 2013, 139, 114106.

Jensen, S. R.; Saha, S.; Flores-Livas, J. A.; Huhn, W.; Blum, V.; Goedecker, S.; Fredi-
ani, L. J. Phys. Chem. Lett. 2017, 8, 1449-1457.

Yanai, T.; Fann, G. I.; Gan, Z.; Harrison, R. J.; Beylkin, G. J. Chem. Phys. 2004, 121,
2866-2876.

Bischoff, F. A. J. Chem. Phys. 2017, 146, 124126.
Yanai, T.; Harrison, R. J.; Handy, N. Mol. Phys. 2005, 105, 413-424.

Kottmann, J. S.; Hofener, S.; Bischoff, F. A. Phys. Chem. Chem. Phys. 2015, 17, 31453~
31462.

Yanai, T.; Fann, G. I.; Beylkin, G.; Harrison, R. J. Phys. Chem. Chem. Phys. 2015, 17,
31405-31416.

Jensen, S. R.; Fla, T.; Jonsson, D.; Monstad, R. S.; Ruud, K.; Frediani, L. Phys. Chem.
Chem. Phys. 2016, 18, 21145-21161.

Kato, T. Comm. Pure Appl. Math. 1957, 10, 151.
Kutzelnigg, W. Theoret. Chim. Acta 1985, 68, 445-469.

Klopper, W.; Manby, F. R.; Ten-No, S.; Valeev, E. F. Int. Rev. Phys. Chem. 2006, 25,
427-468.

Kong, L.; Bischoff, F. A.; Valeev, E. F. Chem. Rev. 2012, 112, 75-107.
Bischoff, F. A.; Harrison, R. J.; Valeev, E. F. J. Chem. Phys. 2012, 137, 104103.

91


http://dx.doi.org/10.1021/acs.jctc.7b00694
http://dx.doi.org/10.1021/acs.jctc.7b00695
 http://dx.doi.org/10.1021/ci600510j
http://dx.doi.org/10.1002/(SICI)1096--987X(199610)17:13<1571::AID--JCC9>3.0.CO;2--P
https://doi.org/10.1063/1.1791051
 https://doi.org/10.1063/1.4820404
https://doi.org/10.1063/10.1021/acs.jpclett.7b00255
https://doi.org/10.1063/1.1768161
https://doi.org/10.1063/1.4978957
https://doi.org/10.1080/00268970412331319236
https://doi.org/10.1039/C4CP05821F
https://doi.org/10.1039/C6CP01294A
https://doi.org/10.1002/cpa.3160100201
https://doi.org/10.1007/BF00527669
https://doi.org/10.1080/01442350600799921
https://doi.org/10.1021/cr200204r
https://doi.org/10.1063/1.4747538

BIBLIOGRAPHY

[19]
[20]
[21]
22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[32]

[33]
[34]

92

Fliegl, H.; Hattig, C.; Klopper, W. J. Chem. Phys. 2006, 12/, 044112.

Neiss, C.; Hattig, C.; Klopper, W. J. Chem. Phys. 2006, 125, 64111.

Kohn, A. J. Chem. Phys. 2009, 130, 104104.

Christiansen, O.; Koch, H.; Jorgensen, P. Chem. Phys. Lett. 1995, 243, 409-418.

Grofimann, S. Funktionalanalysis : im Hinblick auf Anwendungen in der Physik, 4th ed.;
Studien-Text: Physik; Aula-Verlag: Wiesbaden, 1988.

Rohwedder, T. An Analysis for some Methods and Algorithms of Quantum Chemistry.
Doctoral thesis.

Schneider, R.; Weber, T. Appl. Numer. Math. 2006, 56, 1383 — 1396.

Yserentant, H. Regularity and Approximability of Electronic Wave Functions; Lecture
Notes in Mathematics; Springer Berlin Heidelberg, 2010.

Szabo, A.; Ostlund, N. Modern Quantum Chemistry: Introduction to Advanced Elec-
tronic Structure Theory; Dover Books on Chemistry; Dover Publications, 1989.

Genovese, L.; Deutsch, T.; Neelov, A.; Goedecker, S.; Beylkin, G. J. Chem. Phys. 2006,
125, 074105.

Genovese, L.; Neelov, A.; Goedecker, S.; Deutsch, T.; Ghasemi, S. A.; Willand, A.;
Caliste, D.; Zilberberg, O.; Rayson, M.; Bergman, A.; Schneider, R. J. Chem. Phys.
2008, 129, 014109.

Beylkin, G.; Mohlenkamp, M. J. STAM Journal on Scientific Computing 2005, 26, 2133~
2159.

Danos, M.; Rafelski, J. Pocketbook of Mathematical Functions; Verlag Harri Deutsch -
Thun, 1984.

MADNESS: Multiresolution Adaptive Numerical Environment for Scientific Simula-
tion, hitps://github.com/m-a-d-n-e-s-s/madness,.

Harrison, R. J. et al. Siam J. Sci. Comput. 2016, 38, 123—-142.

Hassani, S. Mathematical Physics: A Modern Introduction to Its Foundations, 2nd ed.;
Springer, 2013.

Daubechies, 1. Ten Lectures on Wavelets; CBMS-NSF Regional Conference Series in
Applied Mathematics; Society for Industrial and Applied Mathematics, 1992.

Jensen, S. R. Real-space all-electron Density Functional Theory with Multiwavelets.
Doctoral thesis, 2014.

Alpert, B. K. SIAM J. Math. Anal. 1993, 24, 246-262.


https://doi.org/10.1063/1.2161183
https://doi.org/10.1063/1.2335443
https://doi.org/10.1063/1.3079543
https://doi.org/10.1016/0009--2614(95)00841--Q
http://dx.doi.org/10.14279/depositonce-2649
https://books.google.de/books?id=wSW7BQAAQBAJ
https://books.google.de/books?id=6mV9gYzEkgIC
https://books.google.de/books?id=6mV9gYzEkgIC
https://doi.org/10.1063/1.2335442
https://doi.org/10.1063/1.2949547
https://doi.org/10.1137/040604959
https://doi.org/10.1137/040604959
https://books.google.de/books?id=rAMbAQAAIAAJ
https://github.com/m-a-d-n-e-s-s/madness
https://doi.org/10.1137/15M1026171
https://books.google.de/books?id=Nxnh48rS9jQC
http://hdl.handle.net/10037/6151
https://doi.org/10.1137/0524016

BIBLIOGRAPHY

Alpert, B.; Beylkin, G.; Gines, D.; Vozovoi, L. J. of Comp. Phys. 2002, 182, 149-190.
Geronimo, J. S.; Iliev, P.; Assche, W. V. SIAM J. Math. Anal. 2017, 49, 626-645.
Bischoff, F. A. J. Chem. Phys. 2014, 141, 184106.

Bellman, R.; Corporation, R. Dynamic Programming; Rand Corporation research study;
Princeton University Press, 1957.

Bischoff, F. A.; Valeev, E. F. J. Chem. Phys. 2011, 134, 104104.

Beylkin, G.; Coifman, R.; Rokhlin, V. Comm. Pure Appl. Math. 1991, /4, 141-183.
Beylkin, G. Proc. Symp. Appl. Math. 1993, 47, 89-117.

Beylkin, G.; Mohlenkamp, M. J. Proc. Natl. Acad. Sci. U.S.A. 2002, 99, 10246-10251.

Bjgrgve, M. Separable representations of the Poisson, Helmholtz and complex Helmholtz
kernels. Master thesis, 2017.

Jeziorski, B.; Monkhorst, H. J.; Szalewicz, K.; Zabolitzky, J. G. J. Chem. Phys. 1984,
81, 368-388.

Bukowski, R.; Jeziorski, B.; Szalewicz, K. J. Chem. Phys. 1999, 110, 4165—-4183.

Shavitt, 1.; Bartlett, R. Many-Body Methods in Chemistry and Physics: MBPT and
Coupled-Cluster Theory; Cambridge Molecular Science; Cambridge University Press,
20009.

Wick, G. C. Phys. Rev. 1950, 80, 268 -272.

Helgaker, T.; Jorgensen, P.; Olsen, J. Molecular electronic-structure theory; John Wiley
& Sons Inc, 2000.

Cizek, J. Adv. Chem. Phys.; John Wiley & Sons, Inc., 2007; pp 35-89.

Schwindt, J. Conceptual Basis of Quantum Mechanics; Undergraduate Lecture Notes in
Physics; Springer International Publishing, 2015.

Fock, V. Z. Phys. 1932, 75, 622—647.
Jordan, P.; Klein, O. Z. Phys. 1927, /5, 751-765.

Schweber, S. An Introduction to Relativistic Quantum Field Theory; Harper & Row,
1961.

Christiansen, O.; Jgrgensen, P.; Hattig, C. Int. J. Quantum Chem 1998, 68, 1-52.
Olsen, J.; Jorgensen, P. J. Chem. Phys. 1985, 82, 3235-3264.

Langhoff, P. W.; Epstein, S. T.; Karplus, M. Rev. Mod. Phys. 1972, /4, 602—644.

93


https://doi.org/10.1006/jcph.2002.7160
https://doi.org/10.1137/16M1064465
https://doi.org/10.1063/1.4901022
https://books.google.it/books?id=wdtoPwAACAAJ
https://doi.org/10.1063/1.3560091
http://dx.doi.org/10.1002/cpa.3160440202
http://amath.colorado.edu/~beylkin/papers/index.html#1993
http://www.pnas.org/content/99/16/10246.abstract
http://hdl.handle.net/10037/10840
http://hdl.handle.net/10037/10840
https://doi.org/10.1063/1.447315
https://doi.org/10.1063/1.479109
https://books.google.de/books?id=SWw6ac1NHZYC
https://books.google.de/books?id=SWw6ac1NHZYC
https://link.aps.org/doi/10.1103/PhysRev.80.268
https://doi.org/10.1002/9780470143599.ch2
https://books.google.de/books?id=PW0YswEACAAJ
https://doi.org/10.1007/BF01344458
https://doi.org/10.1007/BF01329553
https://books.google.de/books?id=2ghRAAAAMAAJ
http://dx.doi.org/10.1002/(SICI)1097--461X(1998)68:1<1::AID--QUA1>3.0.CO;2--
https://doi.org/10.1063/1.448223
https://link.aps.org/doi/10.1103/RevModPhys.44.602

BIBLIOGRAPHY

[60]
[61]
[62]

[63]

[64]
[65]
[66]
[67]
[68]
[69]
[70]
[71]
[72]
[73]

[74]

[75]

94

Hattig, C. Adv. Quant. Chem. 2005, 50, 37-60.
Ko6hn, A.; Tajti, A. J. Chem. Phys 2007, 127, 044105.

Plasser, F.; Crespo-Otero, R.; Pederzoli, M.; Pittner, J.; Lischka, H.; Barbatti, M. J.
Chem. Theory Comput. 2014, 10, 1395-1405.

Kjonstad, E. F.; Myhre, R. H.; Martinez, T. J.; Koch, H. J. Chem. Phys. 2017, 147,
164105.

Kats, D.; Usvyat, D.; Schiitz, M. Phys. Rev. A 2011, 83, 062503.

Wilz, G.; Kats, D.; Usvyat, D.; Korona, T.; Schiitz, M. Phys. Rev. A 2012, 86, 052519.
Schirmer, J. Phys. Rev. A 1982, 26, 2395-2416.

Bischoff, F. A. J. Chem. Phys. 2014, 141, 184105.

Hugenholtz, N. Physica 1957, 23, 481 — 532.

Goldstone, J. Proc. Roy. Soc. A 1957, 259, 267-279.

Ten-no, S. Chem. Phys. Lett. 2004, 398, 56—61.

Seelig, F. F. Z. Naturforsch. A 1966, 21, 1368.

Head-Gordon, M.; Rico, R. J.; Oumi, M.; Lee, T. J. Chem. Phys. Lett. 1994, 219, 21-29.

Kottmann, J. S. Numerical calculation of exicted states in multiresolution multiwavelet
bases. Master thesis, 2014.

Hattig, C.; Weigend, F. J. Chem. Phys. 2000, 113, 5154-5161.

TURBOMOLE V7.0 2015, a development of University of Karlsruhe and
Forschungszentrum Karlsruhe GmbH, 1989-2007, TURBOMOLE GmbH, since 2007;
available from

http: //www.turbomole.com.

KOALA, an ab-initio electronic structure program, written by S. Hofener with contri-
butions from A. S. Hehn, J. Heuser, and N. Schieschke.

Hofener, S. J. Comp. Chem. 2014, 35, 1716-1724.
Dunning, T. H. J. Chem. Phys. 1989, 90, 1007-1023.

Wilson, A. K.; van Mourik, T.; Dunning, T. H. J. Mol. Struc.-Theochem. 1996, 388,
339-349.

Peterson, K. A.; Woon, D. E.; Dunning, T. H. J. Chem. Phys. 1994, 100, 7410-7415.

Kendall, R. A.; Dunning, T. H.; Harrison, R. J. J. Chem. Phys. 1992, 96, 6796-6806.


http://www.sciencedirect.com/science/article/pii/S0065327605500030
https://doi.org/10.1063/1.2755681
http://dx.doi.org/10.1021/ct4011079
https://doi.org/10.1063/1.4998724
https://link.aps.org/doi/10.1103/PhysRevA.83.062503
https://link.aps.org/doi/10.1103/PhysRevA.86.052519
https://link.aps.org/doi/10.1103/PhysRevA.26.2395
https://doi.org/10.1063/1.4901021
https://doi.org/10.1016/S0031--8914(57)92950--6
http://rspa.royalsocietypublishing.org/content/239/1217/267
https://doi.org/10.1016/j.cplett.2004.09.041
https://doi.org/10.1515/zna--1966--0906
https://doi.org/10.1016/0009--2614(94)00070--0
https://doi.org/10.1063/1.1290013
http://www.turbomole.com
https://doi.org/10.1002/jcc.23679
https://doi.org/10.1063/1.456153
https://doi.org/10.1016/S0166--1280(96)80048--0
https://doi.org/10.1063/1.466884
https://doi.org/10.1063/1.462569

BIBLIOGRAPHY

Weigend, F.; Kohn, A.; Hattig, C. J. Chem. Phys. 2002, 116, 3175-3183.
Hattig, C. Phys. Chem. Chem. Phys. 2004, 59-66.
Ranasinghe, D. S.; Petersson, G. A. J. Chem. Phys. 2013, 138, 144104.

Halkier, A.; Helgaker, T.; Jorgensen, P.; Klopper, W.; Koch, H.; Olsen, J.; Wilson, A. K.
Chem. Phys. Lett. 1998, 286, 243-252.

Momma, K.; Izumi, F. J. Appl. Crystallogr. 2011, 44, 1272-1276.

Yanai, T.; Fann, G. L.; Gan, Z.; Harrison, R. J.; Beylkin, G. J. Chem. Phys. 2004, 121,
6680-6688.

Kalos, M. H. Phys. Rev. 1962, 128, 1791-1795.

Hofener, S.; Klopper, W. Chem. Phys. Lett. 2017, 679, 52-59.

95


https://doi.org/10.1063/1.1445115
http://dx.doi.org/10.1039/B415208E
https://doi.org/10.1063/1.4798707
https://doi.org/10.1016/S0009--2614(98)00111--0
https://doi.org/10.1107/S0021889811038970
https://doi.org/10.1063/1.1790931
https://link.aps.org/doi/10.1103/PhysRev.128.1791
https://doi.org/10.1016/j.cplett.2017.04.083

Ich erkldre, dass ich die Dissertation selbstiandig und nur unter Verwendung der von mir

gemafl 7 Abs. 3 der Promotionsordnung der Mathematisch-Naturwissenschaftlichen Fakultat,

veroffentlicht im Amtlichen Mitteilungsblatt der Humboldt-Universitat zu Berlin Nr. 126/2014
am 18.11.2014 angegebenen Hilfsmittel angefertigt habe.

Berlin, den

Jakob Kottmann



	1 Introduction
	1.1 Quantum Mechanics and Hilbert Spaces
	1.2 The Electronic Schrödinger Equation
	1.3 One-Electron Wavefunctions
	1.4 Multi-Electron Wavefunctions
	1.5 Adaptive-Real-Space and Fixed-Basis-Set Methods
	1.6 Notation and Conventions

	2 Multiresolution Analysis
	2.1 One-Dimensional Functions
	2.2 Multi-Dimensional Functions
	2.3 Operators

	3 Real-Space Coupled-Cluster: Ground State
	3.1 First-Quantized Formalism
	3.2 Second-Quantized and Diagrammatic Formalism

	4 Real-Space Coupled-Cluster: Linear Response
	4.1 Linear Response: Introduction
	4.2 Linear Response: Coupled-Cluster
	4.3 Real-Space Working Equations

	5 Implementation of Closed-Shell CC2
	5.1 Closed-Shell Formulation
	5.2 CC2 Ground State Correlation Energies
	5.3 CC2 Excitation Energies
	5.4 Implementation Details

	6 Numerical Results and Discussion
	6.1 Computational Details
	6.2 Ground State Correlation Energies
	6.3 Excitation Energies

	7 Conclusion and Outlook
	A1 Green's Function For the BSH Operator
	A2 Molecular Coordinates
	Bibliography

